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ON E. CARTAN’S PROLONGATION THEOREM OF 
EXTERIOR DIFFERENTIAL SYSTEMS.* 


By MASATAKE KURANISHI. 


Introduction. The purpose of the present paper is to give necessary and 
sufficient conditions for E. Cartan’s conjecture on the prolongations of exterior 
differential system ([1], p. 116) to be true. To begin with, we shall explain 
roughly what the problem is. 

An exterior differential system is defined to be a finite set of homo- 
geneous analytic differential forms on a domain D in a real euclidean space; 
analytic functions are considered as differential forms of degree 0. A sub- 
manifold D, of D is called an integral manifold (or :ntegral, or solution), 
of the system if the differential forms on D, induced by those in the system 
are always zero forms. The main purpose of the theory of exterior differential 
systems is, it seems to the writer, to find an effective method to construct all 
integral manifolds and to clarify the structure of the sei of all integral mani- 
folds. The theory is essentially a theory of systems of partial differential 
equations. Namely, given a system of partial diffe-ential equations, for 
example F,(z, y, 2, 2/0x, 82/0y) — 0, we construct, introducing new variables 
p and q, a differential system consisting of F'4(«,y,2, p,q), dz — pdx — gdy 
on an appropriate domain in the five dimensional euclidean space (x, y, 2, p, q). 
If D, is a two dimensional integral manifold of this system and if da and dy 
are linearly independent on D,, we can express the sukmanifold in the form 
(2,9,2(2,4),p(2,9),9(2,y)). Then the function 2(z,y) is a solution of 
the original equations. Conversely if 2(x,y) is a solution of the original 
equations, the submanifold (x,y,2(x,7), [92/0x] (x,y), [82/öy](z,y)) is an 
integral manifold of the system. 

The above observation suggests the following restriction to the problem. 


Fix a set of linearly independent Pfaffian forms dæ',:: -,dwr on D and 
restrict "our attention to the integral manifolds on waich dat, `- +,da? are 
linearly independent. In this case, the functions =’, : -,a? will be called. 


independent variables. In the present paper, we shal eng concern our- 
selves with this restricted problem. 
"The problem, which i is to find a general method to construct all integral 
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manifolds, seems rather hard. Consequently, the results obtained so far are 
‘limited to furnish methods to construct integral manifolds satisfying some 
regularity conditions. For example, E. Cartan introduced the notion of 
general solutions of exterior differential systems and found a method to 
construct all general solutions. But unfortunately, there exist even examples 
of exterior differential systems which have integral manifolds but all the 
integral manifolds of the systems are not general solutions (cf. Example 1). 
Cartan’s idea to proceed further starting from the theory of general solutions 
was to construct canonically new differential systems on new domains in 
such a way that the integral manifolds of the original systems correspond 
naturally in one-to-one manner to the integral manifolds of the newly con- 
structed systems. If one constructs the new systems appropriately, it may 
possibly happen that an integral manifold of the original system which is 
not a general solution corresponds to a general solution of a newly constructed 
one. | | 

For this purpose, E. Cartan defined the notion of prolongations of 
exterior differential systems, which is essentially to add partial derivatives 
of the unknown functions to the original systems of partial differential 
equations, and he said that, under certain conditions which are not easy to 
state precisely ([1], p. 116), every integral manifold will become a general 
solution after a finite number of prolongations. In the present paper, we 
shall justify this conjecture, giving a necessary and sufficient condition (cf. 
Fundamental theorem, §6, Chapter III). Though E. Cartan considered two 
kinds of prolongations, that is, total and partial, we shall consider here only 
total prolongations. We shall also neglect the process of adding functions 
to the given system. 

Since the theory develoved so far is purely eet: we shall restrict our- 
selves to differential systems on domains in real euclidean spaces. But it is 
easy to describe the theory on arbitrary real analytic manifolds, using the 
language in the theory of sheaves. : 

After some preliminaries, we shall summarize, in Chapter I, the Cartan- 
Kahler theory of exterior differential systems; except in a few cases the 
proofs are omitted. In Chapter II, we shall introduce the notion of normal 
exterior differential systems, and their prolongations will be examined. In 
Chapter III, after some preliminary notions are introduced and studied, the 
fundamental theorem will be formulated and proved. | 

Let me explain the expression “mod A,” where A is a subspace of a 
vector space B. The writer uses this expression in two different meanings. 
By the first usage, it indicates the image in the factor space B/A by the 


E. CARTAN’S PROLONGATION THEOREM. 3 


natural mapping. . For instance, . (bmod A), where b is an element of B, 
means ‚the. image of b in the factor space B/A by the natural mapping, and 
if he says “b,,- - -,b, are linearly independent mod A,” he means that 
(bmod A),- > ., (b;mod A) are linearly independent. The second usage 
occurs when B is a subspace in a ring. For instance, “b, = b, (mod A)” 
means that b, — b. is in the ideal generated by A. The meaning will always, 
we hope, be clear from the context. | 

The writer owes thanks to Professor S. Chern for a valuable suggestion 
on the theory of exterior differential systems, and to Professor T. Nakayama 
for useful suggestions on the algebraic tools in this paper. The writer was 
introduced to the theory of exterior differential systems in the seminar by 
Professor Y. Matsushima at Nagoya University, 1952-53 and the formulation 
of the theory in §§ 1-3 of Chapter I is mainly borrowed from his seminar. 
The writer wishes to express his grateful thanks to all of them. 


1. Preliminaries. As for the fundamental concepts in the theory of 
manifolds we shall adopt the definitions given in C. Chevalley’s book [4]. 
We shall consider exclusively real analytic manifolds, mainly domains in real 
euclidean spaces, which will be generally denoted by Y. We shall often omit 
the adjective “real.” For a point x in Y, the tangent vector space at x 
to Y. will be generally denoted by €,U. If V, is a submanifold of V and x 
is in U, EV, is a subspace of EV. Two submanifolds Y, and V, of V 
passing through « are defined to be equivalent at x if there is an open 
neighborhood N of z in Y such that NN V, =N NY. The equivalence 
class is called a germ of submanifolds of Y at x. Ifa germ contains Va, VU: 
is called a representative of the germ. For any germ of submanifolds V at x, 
the tangent vector space to V, EV, can be defined uniquely as the tangent 
vector space at x to a representative of V. A subset T in Y is called a 
subvariety of ©, if for any point x of T there is an open neighborhood N of x 
and there is a set K of real analytic functions defined on N such that TAON 
is equal to the common zeros of the functions in K. A subvariety is not 
necessarily the underlying space of a submanifold. A point x of a subvariety 
T is called a regular point of T if there is a neighborhood N of x in Y 
such that TN W is the underlying space of a submanifold. A subvariety T 
of Y is called proper if TV. Remark that the empty set is a proper 
subvariety. By the classical theorem on the theory of analytic functions, 
it is clear that a proper subvariety of a (connected) manifold does not contain 
interior points of the manifold. Let f be an analytic mapping of a manifold 
V onto a manifold Y,. Assume that for any point = of V, there is an open, 
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neighborhood N of x and an analytic homeomorphism g:N X V: fN), 
where ®. is a manifold independent of æ, such that (fog) (av) =.’ 
for any # in N and v in Us, where fog is the composite mapping of n and g. 

In this case we shall say that f is a fiber mapping. 


2. Let AY be the ring of real scsi differential forms on. y. ei 
AIQ) be the module of homogeneous real analytic differential forms cf degree. 
gon V. A is the direct sum of APY,A'Y,- - -, and A"Y, where n is the 
dimension of Y. A°Y is the ring of real analytic functions on Y. The 
exterior, derivative and exterior product would be denoted by 4 and A, 
respectively. Let 6 be a differential form of homogeneous degree g defined 
on an open set N in Y. By deñntion (p. 146 [4]), for each point x of 
N .a 'g-multilinear function on €,Y is assigned by 6. ape function will: be 
denoted by 


(1) <0, ED). 


If L, ~- -Lq E€ €), the value of <6,E,Y> at. List - -, L, will be denoted by 
<B, La A A Lo. IE 0= 0, A- A ba then Caha 


<0, Da A> A La = det (<0; L;>). 
For any subspace E of EU, the restriction of the function <8,€.4> to E 
will be denoted by 
(2). | | <6, €>. 
Let ¢1,-- *,¢n be homogeneous differential. forms defined on an open set 
containing 2. Let E be a subspace of EY. If <$ E>, ' +, <n E> are 


linearly independent multilinsar functions, we. shall say that ¢,,° : ‘ga are 
linearly independent on E. If ¢1,- -, pr are linearly independent on EV; 
we shall say that ¢1:,- ' -,¢, are linearly ‘independent. at =. 


Let f be an analytic mapping of Y into Vi. Let 6 be a differential es 
on an open set N in Y:. The differential forms on (N) induced by f and 6 
will be denoted by f*-6, (8f-6 by the notations in [4], ef. p. 151 [#]). 


3. A’ q-dimensional subspace of EU is called a g-dimensional contact 
` element to Y at T, and æ its origin. The set of all g-dimensional contact 
elements to V at x, ’8.(V,g), naturally forms an analytic ‘manifold, the 
so-called Grassmannian manifold. There is a natural analytic ‘manifold 
structure in ^% V, 9) =U (4-9, 9); zE V} such that ’$.(V,q) is a sub- 
manifold of 78 (®, À and such that the projection pi (V,a) >V is an 
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4... We shall construct the systems of coordinates of ’&(Y,g) which will 
be used later frequently. Let ot,‘ : -,w% be analytic Pfaffian forms defined 
on a coordinate neighborhood N. Assume that wt,: - -,w% are linearly inde- 
pendent at each point in N. Set 
(3) U (ot, + -, oT) = {EES (V, a); p(B) EN and wt, : -,w? 

are linearly independent on Jr}. 


Take analytic Pfaffiian forms rt, - -mut such that wt,- + -,%, wt: + „mt 
form a base of Pfaffian forms on N. If FEU—U(wt,- - -,o%), there is a 
unique system of real numbers af (E), (r==1,---.q; o=l1,: + -+n—q), 
such that 
q 
(4) <77, E> — a (E) Kor, E> = 0, (s=1,: : :,n—q). 
r=1 
The functions a,” are analytic functions on U and (top, + :,20p,. - -, 
a, - :) a system of coordinates on U, where (a!,- - -,2") is a system of 


coordinates on N. Moreover, this system gives a homeomorphism of U onto 
N x Reed, where RU-% is a real euclidean space of q(n—q) dimensions. 
If E’ is in U, E” is equal to the set of all solutions of the following system 
of linear equations on EV: 


(5) a, Ex VS — ar (EI) Kar, Ex U> = 0, (o==1," -:,q), 


where 2’ is the origin of W’. Let L,(B’),- - -,L,(H°) be the tangent vectors 
‘in F, defined by the formulas: | 


(6). u <u, L,(B’)> = 8,8, (r,s—1,: 75), 
where 8,5 is Kronecker’s delta symbol. Then we have the equality: . > 
am) a to (BY) = <°, Li (B°) >. 


“Let Y, be a q-dimensional submanifold of Y. The mapping T ‘of DA 
into 4 (V, q). defined by the formula: . 


(8) T(a)—E UV, (€V), 

is regular and locally univalent mapping. Thus T defines a submanifold of 
’S (VU, q), which will be denoted by JUV.. If V, is a germ of g-dimensional 
submanifolds of Y at x, we can define the germ of submanifolds TV,.in 


‘&(V,q) at EF, taking a representative of V, and applying T. Define 
BV, q) and F'Y,, 1—1,2,: - +, by the inductive formulas: 


EV, q) =f (V, q), CRC q) —"# UBD, q); q), 


gr è ; 
( ) TV. T'Y, FY, =J (TV). 
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We can define T!Y, by similar formulas. 4%), and TV, are submanifold 
and germ of submanifolds, respectively, of /82(), q). : 

Throughout this paper, let U be a (not necessarily bounded) connected 
domain in the real euclidean space. 


Chapter I. Exterior Differential System. 


1. Exterior differential system. Definition I.1. An ideal 3 in the 
ring óf real analytic differential forms on Y is called an exterior differential 
system if it satisfies the following conditions: | | 


(i) ds cs, 


(ii) X is homogeneous, i.e, X= SO 4-24. ..4 3!) where 
SE 3M AVY and n is the dimension of Y, 


a) 3 is finitely generated, i.e., there is a finite number of forms 
045° °°, 0, in x such that 3 is generated, as an ideal, by 6:,- - >, Oa. 


Let Be - ",dg be homogeneous differential forms on UY. The ideal n 
AW generated by d1,° ` ', $g dhu’ : >, dog is an exterior differential system, 
which is called the exterior differential system generated by ¢1,° - -, dg. 


. Definition I.2. A (q-dimensional) contact element W to Y- at.s. is 
called a (g-dimensional) integral element of X if and only if <0, Ey = 0 for 
every 0 in & (cf. (2)). Let ‘493 be the set of all g-dimensional integral 
elements of 2. A zero- a integral element is sometimes ealed an 
integral point: : 

Take linearly independent Pfaffian forms »',- - -,w? defined on an open 
set N.. Set U—U(w,: : +, 0%), (cf. (3)). Then BEU is an integral 
element of X if and only if l : 


(9) 9 Ln (F) N AL,(E)>=0. | 
| (86.851, title=" °",9;a=0, 1°: EG divs 


“x 


hs in the case a= 0, the left hand side of (9) means the value of the 
function ‘8 at the origin of E. Hence, if we define the analytic -function 
KO, sty: 7 Ta] on U by the formula : | 


10) (KË qir DE) A AI 


and denote by K (330, - +,@7) the ideal in the ring A°U of all real analytic 
functions on U generated by all such K[8;q; ru" : >, Ta]; then ‘AE NU is 
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equal to the set of common zeros of the functions in K(3;*,- + -,o%). There- 
fore we have the following: 


Proposition 1.1. ’&% is a subvariety of $ (VU, ç). 


Definition I.3. Let T be a subvariety of Y and x be a point of %. 
Let K be a set of analytic functions defined on an open neighborhood N of x. 
The equation K = 0 is called a local equation of T at x (or on N) if NNT 
is equal to the set of common zeros of K. : 


- Definition I.4. The equation: K(2,0%,- > :,wt) 0 is called, the 
canonical local equation of ‘423 (on U (ot, - -,%)). 


Definition I.5. A submanifold VY, of Y is called an integral manifold 
of X if, for each point x in Yı the tangent vector space to V, at z is an 
integral element of 3. . À germ of submanifolds F, in ® at w is called an 
integral at + if there is a representative of V, which is an integral manifold 
of =. 

It is clear that VU, is an integral manifold of X if and only if the 
subring X, of AY; which is the image of X under the dual mapping of the 
injection of Y, into V consists of only zero. 


2. Polar equations, regular and ordinary integral elements. Let Æ be 
a g-dimensional contact element to Y at x. Any vectors [,,---,Lq in E 
and any form @ in 3) define a linear functional 68[Z,,: © +, La] on €. 
by the formula: 


10) (IL, Da]) (L) =<, A Ala A L>, (LEEM). 
EL ok] is equal to <6,€,V>, when a—0. 


- Definition I.6. . The subspace of the conjugate space of €,Y generated 
by all such 6[Z,,- > -,L,], (4€ 30; L,- - -,Da€ E; a=0,1,- + -,q, will 
be called the system of polar forms of X at # and will be denoted by J (3; E), 
(or by J(E)). The equation J(E)—=0 is called tke polar équation of 3 
at E. The set of all solutions of this equation will be denoted by H(E). 

_ If E is an integral element of %, H(E) contains W. It is easy to see 
the following: 


Proposition I. 2. Let E be an integral element of 3. Let L be a 
tangent vector to Y at the origin of #. Then the éubspace spanned by F 
and L is ‘an integral element of X if and only if L is in H(Z). 


Proposition 1.3. Let w,- - -,«? be linearly independent Pfaffian forms 
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on an open set N. Let #,,°.- ‚6. be a system of ons (as an ideal 
of 3 If EEU (wt, - +, 0%, the set . 
{ba [La (E); d Ba ',a; SLS: : ‘Susq; 
. _ . d= (degree of fa) —12 0} 
.is a system of generators of J(E), (cf. (3) and (6)). 
“<The dimension of the vector space J (E) over the field R of real numbers 
will be denoted by t(2;EF), (or by ¢(#)), where ¢ is considered as an 
integer yalued function on ’S(Y,q). If E’ CE, the definition implies that 
J(E’) CIE). Hence we have LT 
Proposition 1.4. If F'G E, then t(P’)St(E). IE He’Acy, then 
CHE) Eng. | LE a 


Definition I. 6. . Let E be an element in ’S(Y,g). Set: 
t.(E) —Max{t(2’) BE’ is a r-dimensional subspace of F}. | 
je = (r—0,1,: 49). 
“ Proposition I.4 implies that 4(#) St (E) S- - -St(E) =i(£). - 
Definition I.Y. Let E be an element in ’ &(V,q). Define integers 
So(E), + -,8(E) by the formulas : . 
DEE) eg), 
| sa(E) =n—q— ta (8). | | 
sl), issa (E) is called the system of characters at E of X. 


Denote by &(E,r) the set of r-dimensional contact elements contained 
in E. $(E,r) is a submanifold of ’% (E,r). 


“Lemma I.1. The set of call HE S(E, r) such that t(E’) StF) i is 
‘a proper subvariety of &(E, r). 


Let T be a subvariety of an`analytic manifold y. Let an o 
K —0 be a local equation cf T on an open set N (cf. Definition 1.3). 


Definition 1.8. Let x be a point in NNT. Kis called regular at æ, 
if there are functions f,,- - -,f, in X such that the equation: fı =- - -= fr 
.— 0 is a local equation of T on a neighborhood of z and such that dfa - -, 20s 
‘are linearly independent at x. : 

_ Now we shall define the notions of regular g-dimensional integral element 

X by induction on q. 
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Definition 1.9. A point x of ’2°S is called a regular zero-dimensional 
‘integral element if and only if there is a neighborhood N of æ in Y such 
that ¢ is a constant function on NN’A°S, N N’À°S is a submanifold of Y, 
and the equation S"! ==0 is a regular local equation of ’&°S on N. A q- 
dimensional integral element (g>1), is called regular if and only if 


a E contains at least one regular (g-—1)-dimensional integral 
element, 


(ii) there is a neighborhood N of E in ‘&(%,q) such that ¢ is a 
constant function on N N’A«2, 


"Definition I.10. An integral point w is called ordinary if and only if 
there is a neighborhood N of z in Y such that ‘MXN N is a submanifold 
‘and such that the equation: 3—0 on N is a regular local equation of 
ASNN. ‘A q-dimensional integral element E (qÈ 1), is called ordinary 
if and only if Æ contains at leäst one eur (gp ‘dimensional integral 
element. 


“Difinition 1:11. Let E be a q-dimensiondl vector space. By a flag F 
on E we mean a chain of subspaces of F, 


(O}— Bo CE, C++ CE, C++ CEE, 


where the dimension of F, is r. Æ, will be called the r-th component of the 
flag F. q is called the dimension of F. The set F (5) of all flags on E 
forms a real analytic manifold. There is a natural manifold structure on 
F, g) =U {F; Fe F(E), Fe ED. N) such that F (E) isa submanifold 
of ¥(%, 9). 

Let F be a flag on HE'S (Y, q). Let N, be a neighborhood of the r-th 
component of Fin ’SiV,r). | Br 


(11) UN Ny: > e Na) = {EE F (V, q); the r-th component 

= ot Wis in Na r—0,1,- :*,q}. 
Then all such U(N o Ni *, Na) form a fundamental system of neighbor- 
hoods of F in F(V,g)- | 

- Definition 1.12. Let FẸ be an ordinary integral element. A flag F on 


E will be called regular if the r-th component of F is a regular integral 
element for r=—0,1,- + :,q—1. 


We see easily the following 


© Proposition 1.5. Let Æ be an ordinary integral element of 3. Then 
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there exists at least one regular flag on F. The set of all regular flags of g 
dimensions forms an open set in F (V, q) Nr (4°), where r is the natural 
mapping of #(¥V,q) onto "$ (V, q). 

Set 


(12) R'A — (HE'S (V,7); E is a regular integral element of 3} 
(13) OA = {HE'S (V,7); E is an ordinary integral element of 3}. 
Clearly we have the relation: R’Ar2C 0'923 CAS. 


THEOREM 1.1. R'A and O’A1S are open subsets of "AIS. Let E 
be an ordinary g-dimensional integral element of X. Then there is a neigh- 
borhood N of the origin of E such that "ASS N N is a submanifold. Let m 
be the dimension of this submanifold. Let wy: > -,0% be analytic Pfaffian 
forms on N which are linearly independent at each point in N, and which 
are also linearly independent on E. If N is sufficiently small, then there is 
a neighborhood N of E in ’S(V,q) such that 


(i) ASNN is a submanifold of dimension (Dr-s(E)) + no 
rzi 


(ii) the equations K (3,4, : :,w1) =0 on N is a regular local 
equation of ‘AS NN. 


(iii) the restriction of the projection p on "AS NN is a ae mapping 
of AS NN onto. ann. . 


The esential part “of the theorem is due to Cartan [4]. The present 
formulation is due to Y. Matsushima (unpublished). This theorem will 
not be used in. the remainder of the present paper. E 


Remark. GO'A2% may be an empty set, even if ‘7% is not empty, as 
in the following 


Ezample 1. Let Y be the three-dimensional euclidean space with a 
system of coordinates (x,y,z). Denote by 3 the exterior system generated 
by z- dz and z- da A dy. Then ’&23£9$, in fact, z= 0 is an integral mani- 
fold of %. The origin of any 2-dimensional integral element must setisfy 
the condition: z==0, but such a point is not a regular integral ents 
Therefore it follows that O’A?S is empty. ; 

The following proposition, which is a corollary of Theorem I. 1.will. i 
used later. Therefore we shell prove it here directly. 


. Proposition 1.6. Let Æ be an, ordinary, g-dimensional integral element 
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of X. Then, we can find a neighborhood N of the origin + of Ein Ÿ such 
that N n'A°S is a submanifold and such that there is an analytic mapping 
f: Nn'A°s-> 8 (V,¢q) satisfying the following conditions: (i) f(z) =F, 
(ii) pof—the identity mapping, and (iii) f(Nn’A°s) C’ Aes. 


Proof. By definition, there is a neighborhood N, of x such that M, N'A°S 
is a submanifold. Let F be a regular flag on E. Let E, (r—0,1,: : -,q), 
be the r-th comporent of F. It is sufficient to show the following statement 
(#), by induction on r {r—0,1,:-:,q): 


(#),: There is a neighborhood N, of æ such that N,‘&°S is a sub- 
manifold and there is an analytic mapping f, of N,N ’2°S into ’&(V,r) such 
that -f,(z) =F, pof, =the identity mapping, and such that the image of 
f, is in ‘Ars. 


(#). is trivial. Assume that (#),-ı is proved. Let w, '',o” be a 
base of Pfaffian forms on Npa. By Proposition I.3, there are analytic 
functions Ay (b=1,' : +, h;j=1, >n), on "S(N.ur—1) such that 


Š Ayj(B’) - Lui, &,V> (b=1,: - -,h3a’ =p (E')), generate J(E’) for any 
j=t ' ý 


EY’ in (8 (N, ar — 1), (ef. Definition I.6). -By definition I.9, there is a 
neighborhood N of E, such that-the dimension of J (F) is constant when 
Jf’ runs through N. Take a vector L in E, but not in FE,- Then it follows 
that there is an analytic mapping g: fra(N, N’) —> EV (=the manifold 
of all tangent vectors to V) such that p° g o fr. = the identity, g(L,.) = L, 
and such that g(£’) € H(E’) for any E’ in f,.(N,N'A°X), where N, is a 
‘sufficiently small neighborhood of x contained in N,.. Adopting the system 
of coordinates mertioned in the preliminaries, we see easily that the mapping 
fr of N,N’9°8 into ’S(Y,r), defined by the formula: f,(2’) = {the sub- 
space spanned by f,.(2’} and gof,;,(x)}, has the required properties. 


8. E. Cartan’s fundamental theorem. : 


THEOREM 1.2. Let X be an exterior differential system on Y. Let V, 
be an integral of 2 at x (Definition 1.5). Assume that EV, =F is a 
regular integral element of 3. Let E be a p-dimensinnal integral element 
of 3, where p—1 is the dimension of V,. Let V, be a germ of submanifolds 
in V. Suppose that they satisfy the following conditions:. (i) CH, 
(ii) the dimension of Vi=n—5,1(#") +1, where n is the dimension of 
Y, (ii) V, C Ve, and (iv) EV,NH(P)—E. Then for any such E and 
Va, there is a unique integral V, of % at x such that EV, = E and such that 
‘Vy, CV; CVs. 
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The theorem was first proved by E. Cartan, in the case X is generated 
as an ideal by 2, st), and 32. The general case was proved by E. Kähler 
[5]. The formulation of the theorem given here is due to E. Kahler. — 


Definition 1.13. An integral V, of X (at x) is called a general solution 
of & (at x) if EV, is an ordinary integral element of 3. 


Remark 1. Theorem I.2 (and its proof) provides an effective method 
to construct all general solutions at a regular integral point. The theorem 
is classically expressed by saying that, for any (p—1)-dimensional integral 
V, of 3 such that EP, is a regular integral element and for any p-dimensional 
integral element Æ containing EV,, the set of all integrals whose tangent 
‘vector space is E, depends on sp,(€V,) —1 number .of arbitrary functions 
of p variables. But it seems to the writer that some ambiguous points are 
left open about this notion. 


4, Exterior differential system with independent variables. 


Definition 1.14. A A°Y-submodule Q of AY is called a system of p 
independent variables if it satisfies the following conditions: there are analytic 
functions fi,‘ ‚fr, on ® such that ot—df,,- - -,oP = dfp are linearly 
independent at each point in Y and such that Q is A°Y-generated by 
dfu’ > +,dfp. “The set {w',- - -,w?} is called a base of Q. 

Let n be the dimension of YU. Then A1 itself is a system of s inde- 
pendent variables (since ® is a domain in a euclidean space). | 


Proposition I.Y. Let f be an analytic mapping of V onto Us. Let Q 
be a system of p independent variables on %,. Let f*Q be the A°Y-sub- 
module generalted by all f*o, where w runs through the forms in Q Then 
1*Q is a system of p independent variables on 4. 

Set 
(14) So(V, a) = {FES (UV, q) ; the dimension of the vector 

space <Q, Æ> is- equal to q}. 


Then &9(V,q) is an open submanifold of ’S(V,q). Let f be an analytic 
mapping of V, onto Y. Then f inducas an analytic mapping 


(15) dif: ld) > Ga(Y, g). 


We shall write simply 81%, q) instead of $o(V,q), when there is no 
ambiguity about what a ‘system of independent variables is considered. 
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Definition 1.15. A pair of exterior differential system 3 on Y and a 
system of p independent variables N on Y is called an exterior differential 
system with p independent variables and will be denoted by (3,9). p is 
called the number of independent variables in (3,0). 


Definition 1.16. A g-dimensional integral element E of % is called 
. an integral element of (2,0), if FE is in So(Y,g). By an integral manifold 
of (2,0), we mean a p-dimensional integral manifold UY, of (2,0) such 
that €, is an integral element of (3,0) for each x in V, where p is the 
number of independent variables in Q. A germ o? submanifolds is called 
an integral of (2,0) if it contains a representative which is an integral 
manifold of (2,2). 


Set 
(16) 92(2,0) —=’d12 N Sa(Ÿ, q), ‘ 
kin). © 0922,02) = O'N Ha(V,Q): 
(18) RAV, 2) = R'ASN Go(V, 0). 


Since $o(V, q) is an open submanifold of ’% (VY, q), Proposition I. 1 implies 
that &1(3, 9) is a subvariety of So(YV,¢). 
Let E be a contact element to V at ©. J(3;E) and <Q, EU) are 
subspaces of the vector space <A?Y, €. >= (€) (cf. Definition I.6). 
Let f be the natural mapping of (€,V)’ onto (€,V)’/<Q, EVY. Denote by 
J(2,0;E) the image of J(S,E) by f. J(S,Q;E) is called the system of 
reduced polar forms of E. The dimension of J(3,9;H) will be denoted 
by #(3,0; E), (or by ¢(#,Q)). If CH, then it follows that t(H’;Q) 
St(#;Q). i 
Definition 1.6’. Lei E be an element in Bo(Ÿ, a). Set t (E) 
= Max{t(H’,Q); W is a r-dimensional subspace of E}, (r—0,1,: - -,q). 
Then (F, Q) S h(E) S- + -<t(E,0) —t(E,0). 
Definition I.Y. Let E be an'element in Ss(%,g). Define integers 
S(E,Q)," > +, 8q(#,Q) by the formulas: ` u 
So( B#, Q) = ty (E, 2), 
s, (E, Q) = f(E, Q) — tr (F, Q), (r=1,: ::,q—1), 
se (E, 0) =n—q— te: (E, 9). | 


8)(#,Q),- + -,8(E,Q) is called the system of reduced characters at H 
of (3,0). 
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Definition 1.17. Let (2,0) be an exterior differential system with p 
independent variables. Let x be an integral point of (3,2). (2,0) is called 
involutive at x if it satisfies the following conditions: (i) (zo) N p> (e) 
is not empty, (ii) &?9(3,2) O pt(z) TOA(2,0). f 


5. Prolongations of exterior differential systems. Let Q be a system 
of p independent variables on Y. We shall write simply &(V,p) instead 
of Go(VU,p). We remark that 4 (U, p) is again a domain in the euclidean 
space of n+p(n—p) dimensions (cf. 4. Preliminaries). Let p be the 
projection of & (V, p) onto V. Denote by p*- AV the AP (V, p)-submodule 
of A'S (V, p) generated by all p*-0, where 6 runs through forms in A?V. 
A°S (V, p) is, according to our general notations, the ring of real analytic 
functions on S(V,p). Let E be an element in &(V,p). Let L be a 
tangent vector to &(%,p) at E (i.e, LE EnG(V,p)). Ude L=0 and 
if y is in p*A*Y, then clearly <y, Lò —0. Therefore a linear functional 
<v.EzVU>n on EV, where « is the origin of F, is defined by the formula: 
<y, En% (V, p)> = <y, EVDr 0 dp. The restriction of <¥,€,U>z to a sub- 


k 

space E’ of EU will be denoted by <y, E's. If we write y= $ g;: p*0, 
gel 

where g; are analytical functions on $/Y,») and 6 are analytic Pfaffian 


x 

forms on Y, then clearly <y, En =X g;(E): <0, E. We shall write 
jal 

<y, E> instead of <y, Eòs. f 


Definition 1.18. Denote by IMQ the set of all y in p*A?Y such that 
<y, Eò = 0 for all E in (VU, p) = Go(V,p). Denote by IQ the ideal in 
AY (V, p) generated by IQ and 4(IIHIQ). We shall see that HQ is an 
exterior differential system on $4 (V, p). The exterior differential system 
with independent variables (UQ, p*Q) will be called the associated differential 
system with Q. í 

Let ot = df,,--- oP —dfp be a base of ©. Then it is obvious that 
U (w, > :;w?) (cf. (3)), is equal to (U, p). Therefore, if we choose 
analytic Pfaffian forms zt,- - +," such that wt, - -,o?, mt: +, mp form 
a base of At), we may define af, (i—1,: ::,p; o—1,-- -,n—p), on 
(V, p) by formula (4). 


sys : ; 2 ee 
Proposition 1.8. TQ is generated by pm — Xar- put, (e= 1, >>, 
4-1 
n— p). 


Proof. Any y in p*A!Q) can be written as y = gi pot +: + gp: p*u? 
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+ Ay p*rt + + Ray’ p*x™?, where g; and ha are analtyic functions on 
S(V,p). y is in HHQ if and only if l | 


0 È g(E) cat, BY + Sho(B) <°, B> 
= 3 (g(B) + She (E) - a (B))<o, B> 


for any Ein $ (V, p). Therefore g=—S ho a. Thus y is in NEO if and 
ol. . 
only if p= Sho: (tm — Sas - put). ` 
g=l 4=1 , 


Proposition I.8 implies, in particular, that TIQ is an exterior differential : 
system. 


THEOREM 1.8. Let Q be a system of p independent variables. If D 
is a p-dimensional submanifold of V such that EV E (V, p) for any x 
in V., then TUV, (cf. (8)) is an integral manifold of (IQ, p*Q). Con- 
versely, if Vy" is an integral of (QTL, P*Q), then there is. a unique germ of 
submanifolds U, of Y such that FTU, = U*. 


Proof. The first half of the theorem is almost obvious by the formula 
(4) and Proposition I.8. As for the second half, let Y,* be an integral 
manifold of (IN,p*Q). Then if # is in Yı*, then <r”, dp: (ErVı*)> 


— >> af (E): <a, dp: (EzVi*)> == 0. By (5), it follows that dp: (EnV,*) CE. 
4=1 


Since eV," is in p-0( J (V, p), p), it follows that dp- (EzVı*) is p-dimen- 
sional. Hence dp: (En Ÿ:*) =H. And locally dp is univalent. Therefore 
p:Yı*—>®V defines a submanifold V, of V. For any E in Vı*, Epes V 
= dp: (€eVi*) =F. Thus V,*—2FV;. In the above proof, V, is not a 
submanifold in the strict sense, because dp is only locally univalent. But 
what matters here is the germs determined by Y,*. Therefore this point does 
not matter in this proof. 

Let w!,: + +,w? be a base of Q. Then the ideal K(S;wt,: - -,w?), (cf. 
(10)), in the ring of analytic functions on U(wt,: - -,w?) = 4 (V, p) does 
not depend on the choice of the base. Let us denote this ideal by K(3,Q). 
We showed that K(%,0) is finitely generated. Let Po% be the exterior 
differential system on Yo(V,p) — &(V,p) generated by K(%,Q) and IQ. 


Definition 1.19. Let (3,9) be an exterior differential system with inde- 
pendent variables on Y. The exterior differential system with independent _ 
variables (Pa$,p*Q) on Ya(Y,p) is called the prolongation of (2,0), and 
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will be denoted by P(S,Q). The l-th iteration of prolongations will be : 
denoted by P!(3,9). Shano g 


Proposition 1.9. 'A°Po3 = Ar (3, Q), where p is the number of inde- 
pendent variables in (2,0). “ 
The proof is obvious by the definitions. 


THEOREM 1.4. Let (2,0) be an exterior differential system with inde- 
pendent variables. If Yı is an integral manifold of (3,2), TV, is an integral 
manifold of P(3,2). Conversely, if U,* is an integral of P(S,Q), there 
is a unique germ of submanifolds U, of Q such that FU,=U*. Then U, 
is automatically an integral manifold of (3,0). 


Proof. Let U, be an integral manifold cf (3,0). Then TVU,C’I°Pos 
= A?(2,0), where p is the number of irdependent variables. By Theorem 
I. 3, JUV is an integral manifold of (IQ, p“Q). Then it follows that TV, 
is an integral manifold of P (3,9). Let Y,” be an integral manifold oz 
P (3,9). Then Y,* is an integral manifold of (HQ, p*2). Therefore, by 
Theorem I.3, there is a unique submanifold 9, of V such that FV, = Vı*. 
Since JY, =V" G’A° Pos = (2.0), V, is an integral manifold of 
(3,0). Here, we assumed that Y,* is a sufficiently small represen ‘ative 
of V,*. i 


THEOREM I.5. Let (3,Q) be an exterior differential system with p 
independent variables on Y. Let E* be a p-dimensional integral element of 
P(2,0). If, moveover, dp: E* is an ordinary integral element, we have 
the following relations: 


wl a 
- 8q(E*) = 3 s (E), (E = dp: E*; q=1,: : +, p). 
r=q 


This theorem was proved by E. Cartan [2] in the case where x is 
generated by 2, 30, and d3, The general case was proved by Y. Matsu- 
shima [6]. | 


‘Remark. The theorem shows that, if # is-an ordinary integral element 

f£ (2,0), any integral element E* of P(2,0) such that dp: E* =E is 
in But the ordinarity of E* does not imply that of F. : j 

The following lemma, which is easy to prove, is often useful in caleu- 
lating prolongations. 


| Lemma I.2. Let (%,Q) be exterior differential system. Let wt, ++, 0? 
bea base of Q.. ‘Then the functions E[6,p3rij°- -,re] = Kpn. ion 


Kn 
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So(V, p) =U (o,- : :,w?), defined by formula (10), where a is the degree 
of the differential form 6, are uniquely determined by the following formula: 


(19) cz % Ki pfo À: A poe (mod I). 


IE <reSp 


Chapter II. Normal Exterior Differential System. 


1. Normal exterior differential system. 


Definition II.1. An exterior differential system with independent vari- 
ables (3,0) on a real analytic manifold Y is called normal if it satisfies 
the following conditions 


(i) 210; 


(ii) there are analytic Pfaffian forms 6%,- - -,6% on Y which form 
a system of generators of 3! and which are linearly independent modulo 0 
at each point in 4; 


(iii) SPl==0; (mode + 3) 
(iv) % is generated as an ideal by 3™ and 3". 


THEoREM II.1. Let (2,0) be an exterior system with p independent 
variables on VY. Then P(S,Q) satisfies the conditions (iii) and (iv) in 
Definition IT. 1. 


Therefore, if A?(3,Q) forms a submanifold on a neighborhood N of a 
p-dimensional element, restricting ? (3,9) on N, we may obtain in general 
a normal exterior system with independent variables. For this reason, we 
shall restrict our attention to a normal exterior differential system with 
‘independent variables. Of course, there are many systems which cannot be 
treated by the-theory of normal systems. We shall say simply normal system 
instead of normal exterior differential system with independent variables. 

Our next concern is to express P!(2,N) more explicitly. To do this 
we shall*restrict P?(3,Q) on a submanifold of &'(V,p) which contains 
d°?1(3,Q), and we shall write down explicitly the systems and their systems 
of polar forms. 


2. Admissible restriction. Let X be an exterior differential system 
on V. Let fi, * ‘,f. be analytic functions in Xl such that df,,: - -, df, 
are linearly independent at each point in Y. Let Y be the submanifold of 


2 
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Y defined by the conditions: f,=—=---—f,—0. 3 induces an exterior 
differential system 3’ on Y. >’ is called an admissible restriction of 3 and 
e is called the character of the admissible restriction. Let Q be a system of 
p independent variables on Y. Denote by Q’ the A°Y’-submodule generated 
by the restriction of Q to Y. If 0’ is a system of p independent variables, 
we shall say that (3’,0’) is an admissible restriction of (2,0), and that c 
is the character of the restriction. 


Proposition II.1. Let (3/,9’) on ® be an admissible restriction of 
(3,0) on Y. For g=0,1,---,dimV, denote by tq the injection of 
Sa(V’,q) into So(V,q) induced by the injection i of Y into V. Then 
tg induces a homeomorphism of &4(3/,0’) onto &9(3,@). If # is an element 
of &2(3/,0’), then s(w(E))+c—s(E) and s,(ig(#)) =s,(#) for 
r==1,' + ',q, where c is the character of the restriction. 


. Proof. Let (3/,9’) be an admissible restriction by the functions fis "le 
in 301, The first half of the proposition follows from the fact that f; and 
dfa (j=1,: ::,c), are in X. Let x be an integral point of 3’. Let i* be 
the linear mapping of A, ES onto LAV, EV induced by i. Then 
the kernel of i* is the subspace generated by <df,,E.V>,- - - <df., € Ùy. 
Hence ¢(3’,v) +c=t(2,i(z)). Assume that ¢(3’,#,) + c =t(3,i(E,)) 
for any E, in 9o(V’,r) for r—1,: : -,q—1: Let E be an element in 
Sa(V,q). Take a (g—1)-dimensional subspace E, of E. Then i* induces 
a mapping J(1(#))/J(i(#i)) onto J(E)/J(Eı). The kernel of i* is in 
J(S,i(x)) CJU(3,i(#,)), where v is the origin of Æ. Hence 


J(3,t(B))/F(3,1(Hi)) =I (V, B)/d (3, Ba). 


Therefore, using the assumption of induction, we see that ¢(3’,B) +c 
=t(2,i(E)). Then, by Definition I. 7, we can easily deduce the second half 
of the proposition. 


Proposition II.2. Let (2,07) on V’ be an admissible restriction of 
(2,0) on V. Let c be the character of the restriction. We can naturally 
identify Bo (V’,p) to a submanifold of %e(V,p), where p is the number 
of independent variables. Then ?(3’,Q’) is an admissible restriction of 
P(3,Q) and its character is equal to c(p +1). 


Proof. Letot,- -,o®be a base of Q. Then $o(V,p) =U (o, - ,w?). 
To construct a system of coordinates on U(wt,: ' ’,w?), we can choose 
mic; such that m= dfu’ + :,n°—df, (cf. 4 in Preliminaries). 
Then $o(%,p) is the submanifold defined by the system of equations (*) : 
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im fp ad =0 (ri, :,pij—1,.::,c). Since df; is in SM, 
the functions a, are in P (3,9). Hence (*) defines an admissible restriction 
P (3,0)’ of P(3,Q) and its character is c(p +1). It remains to prove 
that P (3,9) = 9 (3/,0’). This can be done by writing down the elements 
in P(¥, Q) and ?(3,2)’. 


Proposition 11.3. Let (3’,Q’) be an admissible restriction of (3,0). 
Let (3”,0”) be an admissible restriction of (3’,Q’). Let c’ and c” be their 
characters. Then (3”,0”) is an admissible restriction of (2,0) and its 
character is c’ + c”. 

The proof is easy. 


8. The exterior differential system RÆ. Let (23,0) be a normal © 
system on Y. Let wt, - -,e? be a base of Q. Remark that dwt =0 by 
Definition I.14. We can choose a base wt,- - ‚or, Ohe + +,6%, wt --,o™ 
of Pfaffian forms on Y such that 0%,- - -,6% generate 351, and dw*=—0. 
Throughout §2 and $3, we shall fix a base. Let wr,-.4, A=Ll ‚m; 


ul, 1,9; 1=1,2,-::), be a system of indeterminates under 
the conditions: Un- =U,- jp where fa’  ,jı is any permutation of 
iu, "de We can consider uA,...;,, for a fixed J, as a system of coordinates 


in euclidean space R; of dimension n,—= m: CP, where Ose is the binomial 
coefficient. Set R == Y and n»—the dimension of Y. 

Set Ri—RXR XX BR (1Z0). We have the projection pr!: 
Ri— Rr for 1V. To avoid inessential complications of notations, let us 
omit the symbols opr!, (py')*, as far as confusion may not occur. For 
example, if f is a function on Ry, f automatically means also the functions 
fopr!on R: for any L&V. The same rule will be applied to differential 
forms. When we want to indicate on what manifold f is considered, we 
shall say f on R, for example. 

Let II; be the APR submodule of A+R, generated by the following set 
(II) of Pfaffian forms on R: 


6%, (a = 1,- , *,&), 


2. p 
* i ` A 
a re D Su: wi, tor, = dy, — DS Uhi ot, cb 
#1 i=1 i 
(1) | 
ST À À ` 2 A F 
“TD kie kp = du ky ky — DU moki o ©, 
il 


p 
À mass N + 
WD iy py dus. kia > Wry Krai @", 
421 


(As=1,-- som; a’ Ce, kii = l, i -pire l, ý -,t—1). 
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We shall consider *w* as the case v0 of “òk -rp It is obvious that 


wt, © +,w?, the elements of (Il), and dux,.….x, form a base of Pfaffian forms 
on R Thus 
: 1-1 
(20) dim <I, ER D + p= X n, = dim Ria 
v=0 R 


for any y in R..- If f is a function on Rra, d(foprat) is in (pr1!)® ATR i. 
Therefore, for any function f on ıı, we can define the function D,'-f, 
(k=1,: : :,p), on Rı by the formula: 


(21) d (fo prt) =È (Dr f) ef (mod Mh). 


It is easy to see that, if 1,21, Dp» (fo pr!) = (D,!'-f) op". Hence we 
may. omit the index l and simply. write D,-f. Let D, be the mapping of 
the vector space of analytic functions on r to that on R, of which value 
at f is Dy: f. Since d(d(fo rit) =0, 
(22) Dro Dy = Dy © Dy, f (h,k—1,: ; -,p). 
Clearly, they have the usual properties of differentiation. For example, 
(23) Dr: (F: g) = (Def) 9 +F: (Deg). 

By the condition (ii) cf the normal system, we can write, for any ọ 
in 32]. 


p m 
(24) =$ SAs A wS S 4Bgao No (mod 3?) 


i=1 i=1 j=l 


where 44:a and B4:;; are analytic functions on Y and Bg, + Bén—0. Set 
(25) Oti = (Avian us — Agia ur) + Bo. 


They are analytic functions on R, for 1Z1. Starting from @4:;,, we shall 
define analytic functions pm. (bf Was * *, ka 1," : *,p) on Ry 
(Vv 21), by the formula: 


(26) ®$ Ha kia = D °° oy © Dy, © Dy, (6 :i3;)- 


For simplicity, we shall denote by Kı the set h,,---,k. Kık, kK, 
` means the set kı; kık, kk,’ - -kı respectively. 

By (22), @¢.;4,, are symmetric with respect to the indexes k,- +, ki, 
and it is easy to see, by induction on l, that 


m 
(27) Opiij kia => (paua a — Apia) + Boia 
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where Bojij;x,, are analytic functions on Ra for L Æ1—1. Therefore it 
follows that Bou: are symmetric with respect to the indexes k, + +, ky. 
By:i:x,, are defined inductively by the formula: 4 


(28) Bear and {Dia Agen) un 


= (Dur Agen): Wits ters} + Dir. Boire 


(1= 2), where, when 1—1—0, Bo,yiın-- k means Bg, sie 

Let RS be the ideal of A'R, generated by all 9.4; x, (ij sl,’ 
ky=1,---,p3v=0,1,---,1—1;6¢€ 3). Since X? is finitely generated, 
RATS is also finitely cette 


Definition 11.2. Let RS be the exterior differential system on R, 
generated by Il, and R3, for 121. 


Set #@,.%3—% on UY. It is easy to prove the following relations: 
(29): if OSvSl—2, dOgiyj;4,= => Op: ¢,x0" (mod. mi), 


(30): dx => (Asia du; = nur 4 3) +88. des 
(31); d9=0 mol(@y:;d € 32,4 7—1,:- +p}, 
(32), dO 4, -2 ara, r À oF 


THEOREM 11.2. oe 2) on Ris isomorphic to an admissible restric- 
tion of P*(3,Q) (1—0,1,: : :). The character cı of the restriction is equal 


t-1 
to E (p41) te’, where oo = ap and 
v=0 
vl 
cy = ap + dmp(p—1) (Cra) LT (C) for vee. 
i z h=1 


Proof. (Induction on 2). In the case ¿= 0, the theorem is trivial. 
Assuming that the theorem holds for l, we shall prove it for +1. The 
proof for the case I+1=1 is almost the same as that for the case 1+ 1>1 
and is easier. Therefore we shall deal with the case 24151. By Proposi- 
tions IT.2 and 11.3, it is sufficient to show that (0 12,0) is isomorphic to 
an admissible restriction of P(R 2,0) of the character cr. 


ol or, (Ih); © °, duhe form a base of Pfaffian forms on R.. 
Hence as in 4 of Preliminaries, So(R,p)=%(R,p) has a system of 
coordinates #1, o c, a”, Wey ty (rel: yl), 

Vr”, op f Du i Ako W gik 
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defined as follows: (i) 21,:--+,a" is a system of coordinates on YU, (ii) if 
E is in $ (Rap), E is the space of all solutions of the following system of 
linear equations on the tangen: vector space to R, at the origin of E: 


— En (Eye = 0, 


k=1 


P p 
(83) IND, Fr At, 
k=1 kek 


P p 
EDA gia T2 waik( EB) oF == 0, dur g, -2 uw y, (EE ot = 0. 
= =i 


To avoid confusion, let Q; be the system of independent variables Q on R, 
and p; be the projection $ (0R »P)- — Rı Then, by Proposition I.8, mg, 
is generated by 


2 p 
—ł Dot, FDA — or put, N — D pot, 7, 

(34) k=1 k=1 

? p 

ON gra — 2 CAPTER dud g, — LU y ut. 
k=1 k=1 
Then, by Definition I.19 and Lemma I. 2, it follows that (P 02,3) is 

generated by 


Obito (v= 9,1,-- -.1—1; ¢€ 3), 
K[d@6 us P3k] = Oo 535; yrs MOD (Vay Nm, Oy fae), (cf. (29):), 
K[d8 345; % 29 pk] =F (Aen gran 
—AgipwWix ase) + Bouin MOd( 5, Wan, Ojai), (ef (80)2), 
Ki = v, Eto, p; k] =n, 
K Oks pik] = Dri > K T us Pik] = ae 
K[d*m4,, pii j] =0 (modo, Dpi Une), 
Beirats (22). ), 
K[d*@® gras Di te] =O iim as, and 
K[d6*, p;i, j] =0 (mod Ogrik). 
Let S* be the restriction of PoR% to the submanifold 9* of Y (R, p) 
defined by the equations: 
(35) erahnen 


(a=1,- "ttil, +, 34,9, le, kag . `y krmi =]1,: “,p). 
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Then 3* is an admissible restriction of Pa 3 of character c/ and 3*5] 
is generated by all 9 i4j;, Op °°, Oé::x,s and by 
m 7 
2 (Ay NY aa — Ag tO’ wae) + Bossa ae 
=i 
2*0] is generated by d3*0l, by ge, on “oh, … W grs and by dudy,, 


— Sw Kiso. 2* is generated by 3*0], S*{, and d2", Then it is clear 
kel 


that the mapping Ru G*, defined by Wm- kr Wy kre. and by 
Ri— ®%, (identity mapping), is well defined and induces an isomorphism 
from (RX, Q) onto (9*,Q). The number of independent equations in 
(35) is equal to c/. Thus the proof of Theorem II.2 is completed. 


4. System of polar forms of RÆ. Let us make explicit the system 
of polar forms J(#) of an integral element E of (R 12,0). Let pa be the 
projection of &(@R:,q) — Go(Ri¢g) onto Ry We shall omit op, and p,* 
in Ag: pg, pawi, etc. since the omission will not cause any confusion. 
Note that ot, > -,0?,@,---,6%,@1,---, w® is the base of Pfaffian forms 
on Y fixed at the beginning of § 3. 


(36) UVs—= {HE &(W1,¢); w: -, 0% are linearly independent on E}. 


Ve is an open submanifold of (R,g) and VP = $ (Rp). Define the 
tangent vectors Z,(E),- - -,L,(#) to R, contained in E, by the formulas: 


(37) Kar, Lr (E) = 87" (rl, x ,g) 


for any Æ in Ve. Denote by », the projection of Va onto Vs defined by 
the formula | 


(38) (Æ) = {the space spanned by Z(E),: - -,L,:(E)}, 


(EE YA). na is defined for q=1,: : ',p. Define analytic functions w,@* 
and wtry,,, on Pe by the formula: 


(39) wer (E) = Ko, L(B)>, wt 4, ( 2) = de, Lr(E)y, 

(EEV; r=1,:-+,q;h=1,:-+,p—q;rA=1,--+,m; k++  k=1,'--,p). 
Clearly we have 

(40) WT Ong = WA, (41) WG yp Og == WO ys ry 


for r==1,---,qg—-1. Denote by p,*-A'#&, the A°Y,t-submodule of Ats 
generated by all p,*-0,0€ At. 
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Definition II.3. Denote by A the A°U%-submodule of po AR, 
generated by the following set of Pfaffian forms defined on Ya’: 


m » ? 
Ép iij; tira = (Ag adwyx..—Agandwigi.) + 2 Bo sj; xo; 
= = 


(48) Ox ar = du Har + Foyer du tagh — > WEN Kırkır“ wk 
k=1 k=1 
(ge 381; 4, j, ka, ‘jk =1,- + pj A=1,- ++ ms r=, : eRe 
We remark that A;° is the submodule generated by all é6:5:#,, According 
to the notations in §5 of Chapter I, if 
é=fi- p9 + “he; Pa” "Oa, 

: (fo: i "fa € A” Vit, 61, +, 0€ AR), 
and if # is in Yu, then <é,E, Mid», where y is the origin of E, is the linear 
functional on the tangent vector Te EyRito Rat y, defined by the formula: 
LE ER Dr = fi (E) <h, ERD ++ +R) <Oa, Ey Ry. Then we hava 
the following 

Proposition II.4. If E is in Y, and if the origin y=p,() is an 
integral point of ®ı2, then _ 
J (EB) = Cry EvR iY + A4, ER Dr, 
where the plus sign denotes the direct sum. 


Proof. By the definition of J(#), (Definition I.6), it is generated by 
the following linear functionals on €,&,: 


(42), d9¢ ijito ER D 

for v—0,1,: : ,1-—1, 

(43) <Il; Erh i>, 

(44) d&s[Z,(E)], and d*o\4,[L,.(E)], (v=0,1,--+,d—1). 


(cf. (10)). Since y is an integral point of ®%,2, (29), implies that the 
members in (42), are congruent to 0 modulo (43) for »—0,1,: > :,1—&. 
(30), implies that 


C496 iij ir ER D> = Km Ef DE 


modulo <m, Eyf. By (31): and (32), members in (44) are congruent to 
0 modulo (43) except dOn- m.lLr(#)]. A direct calculation shows that 


er da Kia [L,(£)] SR <a Kia: ER DE. 
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Hence J(E) is generated by <I, ER > and <A, Em Since “ox, 
(v=0,1,:--,1—-1), ol, - -,w?, dug, form a base of Pfaffian forms on 
Ra we see easily, by the explicit expressions for the members in (IL) and © 
(A), that the summation must be a direct sum. 


Proposition II.5. Let Ai(q), p=q=l1, be the A°Y,?-submodule of 
pr AIR, generated by all Ay. Let # be an element in V2 whose 
origin y is an integral point of 02,3. Set #?’=n,(E). Then <Ar, EyRide is 
generated by <4ii1,€, Riom and <A,(g),E,R De. 

Proof. Clearly £,(#’)=£,(#) for r=1,---:,g—1. Then the 
proposition follows from the definition of A“, (40), and from (41). 

In the following, we shall write X instead of Kıs. 


Definition II.4. Denote by A'a the A°Y,%-submodule of p AR, 
generated by the following set of Pfaffian forms defined on Ve. 


LER. =È (Ag,adw; g — Ap ipduy ), 
(AR) Ria = : 
Ea ir = AU yr + Zu du g qah 
h=1 
($E 30; A==1,---,m;7r=—1,-- “393 pl, kam] *,D). 
Set | 
(45) t (E) = dim<4’1, &,R dn, (y = the origin of F, E € Ya). 
Then by Proposition II. 4 we have the formula 
1-1 
(45) dim(J(Z) mod <0, €,@ >) = (EB) +n—p+m( SC"). 
B : p=1 


` Proposition II.6. Let E be a g-dimensional integral element of R 12. 
Assume that E is Vs. Set E’ =n (#) (cf. (38)), and B” = dprit E, 
where pr! is the projection R:—> MR... Let y be the origin of Æ. Then 


U(E) < dim LAS, ER DE = dim <A, ER DE + Ni — v (E”), 


where n = dim R p = m: Opt. 

To simplify the notations we shall omit < ‚E,Rı> and -< ,EyR De. 
Thus, for example, du\, and ¿^x :r means <du\ g, ER» and < x, Ey RDE, 
respectively. In general, we shall denote by 9 the set of indexes k1, >+, kre- 
As before, # represents the set of indexes ku: <- kia. Let duge, (XE X), 

.be the maximal number independent du4\mod ¢A’_.%", Ey R rade? dpt, 
where y'= r,'(y) and X is a set of indexes. Then the number of elements 
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in X is ma —t(E”). Take any À and #. Then, adopting the tensor 
notations, we can write 


du y = axdu g + bei: gie o dp, + a” TER g ir © Apr 


(7 ==1,--+,qg—1), where ax, b#:5#3:58#, c\$#ir are constants. We claim that, 
for any k=1,-- :,p, 


(a) dw yx = ÅU gx + DOE AE a gr + o% ar 


To prove formula (a), observe that, for each k, there is an isomorphism of 
the space generated by <du\y,€,(0?'*)> which maps each duXg upon du gr. 
Then clearly this mapping maps ég: upon Egaye Since w,7*(E) 
== wt (p (E)) by (39), it follows that this mapping maps ¿^s ;r upon 
Ex. Therefore formula (a) holds. 

Since F is an integral element of RX, taking the value at L,(E), we 
have the equality 


(b) WA grial E) = axwO uig lE) — b9: (Bo 5:40 (9) 
+ wa (E) Bo 45; 94 raun (2) ) + aT (WR cg ix (E) 
+ WE) gran ir (E) ). 
Then, by (a) and (b), 
E g a = UW ga + Wet" (EB) du’ gan — wygl E) oF 
= OO gra + DOTE (Ep a5, + war (E) Ep aitam) 
HAT (agir F Wwa (EE sean ire); 


since Bas. and WON... are symmetric with respect to the indexes. 
kıt + -,k Therefore 


O 4 10 = AKL yy iq (mod CAR, Ey R DE © dp'ra). 
Then, by Proposition II. 5, 


dim <A, E R p < dim (Art, ER Dr + the number of indexes in X 
= dim Ae, €, R De + Na t (E”) B 
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Chapter III. Prolongation Theorem. 


The problem we are going to concern ourselves with is the following: 
when the given normal system (3,0) is not involutive (Definition I.17), 
what are the conditions that will assure the involutiveness of the l-th pro- 
longation P!(2,0) of (3,Q) for sufficiently large 1? By Theorem II. 2, 
it is sufficient, for that purpose, to examine (013,02). We shall first study 
the ranks of the reduced polar equations of integral elements, which are 
equal to the dimensions of the A’. The Definition II.4 suggests that they 
may be equal to the dimensions of homogeneous parts of appropriately 
defined ideals in some polynomial rings. This will be done in $1 and §2. 
Then, using the Noetherian property of polynomial ring, we shall derive, 
in $3, the crucial property of the reduced characters, which will help, with 
Proposition II.6, to bridge the characters and the reduced characters (§ 5). 
To complete this bridge, we must choose points which are regular in some 
respects (§4), and the differential system must satisfy some conditions. 
The exact form of the conditions will be given in the fundamental theorem 
in $6. These conditions are also necessary for P4/3,Q) to be involutive. 
In $7, we shall give an example which indicates that our conditions are, 
>in some respect, the best possible one. 


1. Fiber bundles associated with a system of independent variables. 
Let Q be a system of p independent variables on Y. For any point æ of Y, 
denote by €*,U the space of all tangent vectors L to V at x such that 
<w, Ly = 0 for all wE QO. Set EtV =E,V/E*,V. It is a p-dimensional 
space. The elements in EtU will be called a reduced tangent vector to UV 
at z (with respect to Q). It is clear that EtV — U {Et ;xe V} has a 
natural analytic manifold structure and is a fiber bundle over % with fiber 
EtV. Denote by pt the projection. A g dimensional subspace Zt of EtU 
will be called a reduced contact element to V at x (with respect to Q), and 
æ its origin. If €Q, we can naturally define <w, Et as a linear functional 
on Et. The set of all q dimensional reduced contact elements forms an 
analytic manifold 8t(Y,q). It is a fiber bundle with the base manifold Y 
and with the projection pt}, mapping each element to its origin. In particular, 
we shall identify &t(V,0) with Y. | 

We shall construct a system of coordinates on &t(%, q). Let ot,‘ : -,w 
be linearly independent elements in Q. Set 


(5)t Ui (wt, - +, 0%) ; i 
= {Ete &t(YV,¢) ; lwt, Et5,- + -, <w?, Ety are linearly independent}. 


28 MASATAKE KURANISHI. 


Let Z,(Et) (r=1,---+,q); be the elements in Et defined by the formula 
(6)? Kor, Ly (Et)> = 8", (7,7 =1,- . 59) 


Define the functions ¢w,", (r—1,: © +q; h=1,: < :,p— q), on Ut(w,- =, w1) 
by the formula 


(46) aw, (Et) = <w, L (Et) >, (Ete SY(V, q)). 
If (21,° + *,@m) is a system of coordinates on Y, then 
(21° plat ne >) 
is a system of. coordinates on Ut (wt, - -,wf). 
In the remainder of the present paper, (w',: : -,w?) represents a base 


of Q. Then there is an analytic mapping yt, of Ut(wt,- --, 0%) onto 
Ut (at, + +, oTt) defined by the formula: for HtE UW (wt, - +, of) 


(47) yt, (Zt) =the space spanned by L, (Et), > +, Dig (BY). 
Then clearly 
(48) wo! (r=1,: ,g-1;h-1:,99). . 


Let Ut be an open subset in &t(V,q). By a cross-section of &t(Y, q) 
into EY over Ut, we mean an analytic mapping X of Ut into EtU such 
that pto X =pt,. Since &,Y is a module, it is clear that the set K2(%Ut, Q) 
of all cross-section of 9t(V,q) into EV over Ut forms a module over the 
ring A°Ut of all analytic functions on Ut. If UY C Ut, the restrictions of 
cross-sections over Ut to U induces an additive mapping tut,ut’: X2(U,Q) 
>X (UY, Q). If W” C UW, then clearly ‘ui’, ut” o tut, uY = tut, ut” By 
the classical theorem of analytic functions, the mapping tut, u” is univalent. 
Denote by X%(w',-  ',0#) (i=1,' : :,g), the element in ¥a(8t(V, q), 2) 
defined by the formula l ; 


(9) Alt, IE) = LED), (2 — pa(E'); BY € BV, q)) 


Let Xa (wt, - -,w?; UW) be the restriction of X%;(w',- > -,0?) to U. Then 
-it is easy to see the following: 


Proposition III.1. Let U! be a connected open subset of S&t(Y,¢). 
Then the A°Ut-module X7(U,Q) is equal to the direct sum of the A°Ut- Xa, 
(i—1,: <, p), where Xq =X; (wt, - : ,wP; Ut). 

An element X in X7(Ut,Q) is called proper, if X (Et) € Et for any 
Ete W. Let X3{%U},Q) be the set of all proper cross-section over Ut. 
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X(Ut,Q) is a A‘Ui-submodule of X2(U,2). Suppose that WU CU 

(wt, > t,o). Then 

Bolot aP Ut) = En (ot + + ju, U) + Sont Xaa lat zur; Ut) 
A=1 


is in Æ2(U},Q), where %w,” is the function defined br the formula (46). 


Proposition TII.2. Let Ut be a connected open set in Ut(wt,- - :,w?). 
Set 36%, = W, (w, : :,w?; U). Then A°Ut-module Ze(Ut,n) is equal to 
the direct sum of the A°Ut- 96%, (r =1,: : -,q). 


For any manifold ®, let [A°]® be the field of real meromorphic 
functions on Y. [A°]V is equal to the field of quotient of A°%. Set 
[Xe] (Ww, 92) = [A]U @ X2(Ut,Q), the tensor product of [A°}Ut and 

AU 


X7(Ut,Q) over AU. Set [E1] (Ut, Q) —[AC]JUt @ EU, a). We can 
AU 


naturally identify Xa(Ut, Q2) and X2(U',Q) with submodules of [X] (W, Q) 
and [¥1] (U, Q), respectively. By Propositions III.1 and III.2, we have 


Proposition 111.3. [X1] (W, 9) is a vector space over the field [A°]Ut 
of p dimensions. Then the Xi(wt,: >- oP; Ut) (i—1,---,p), form a 
base of [X7](Ut,Q). If, moreover, Ut is contained in Ut(wt,: - -,o7), then 
[¥7](Ut,Q) is a vector space over [A°]Ut of Cimension q and the 
Gao, - ut; Ut) (r—1,: q), form a base of it. 


2. Ideals associated with a normal system. Let (3,0) be a normal 
system over Y. Let p be the number of independen; variables in Q. For 
any subset A of AM and for any open subset Ut of St(Y,q), denote by 
(A, Ut) the A°Ut-submodule of AU! generated by ell pgi*6, (BEA). Set 


(50) CG, Ut) = (AV, W) / (3 + 9, Ut) 


Y: (3, Ut) is a module over the ring AU. If U” CU, there is an uni- 
valent additive mapping «Ut, U: Ya(s, Ut) > Ya(s, U”). Set 


[Ye] (2, Ww) = [A']Ut @ Ya(s, ui). 
AU 


[Y9] (3, Ut) is a vector space over [A°]Ut. By the condition (ii) of normal 
systems, one sees easily that Ye(3, Ut) is torsion free. Therefore we can 
naturally identity Y?(2,Uf) with a submodule of [Y«](2,U}). For any 
w in A*Y, set 


(51) {©} = (the class modulo (3") -+ 2, Ut) containing (pa')*w). 
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We remark that, by Definition II.1, there is a base of A!%-modulo 
3214.0. This base consists of m elements. 


Proposition III.4. [¥#](3,Ut) is a vector space of dimension m over . 


[ae]. 


_ Let @!,- - -,@" be a base of A*Y modulo 2! +0. Then {1}: ::, 
{wm}, form a base of [¥2](3,Ut). Y7(3,Ut) is equal to the direct sum 
of AU tar), (A1, - :,m). 

Denote by [Z](S, Ut) the (abstract) direct sum of the vector space 
[Ye] (3, Ut) + [Xe] (UW, 2). Let 
(52) Po (3, Ut) 
be the symmetric algebra over [Z](3,Ut). Thus if we choose bases 
wo, ,or and, wt, - :,@" of Q and of A'V modulo 3f!4-0, and if we 
set X;—=LA(ot,- P UY) and Y*={@},, then the elements in 
P,(2,U) are expressed as polynomials X,,---,X,p, Y4,---,¥™ with 
coefficients in [AP]Ut. Let 


(53) PU) 


by the subring of ?,(3,%t) which is APQUf-generated by Ye(3, Ut) and 
X7(Ut,Q). Thus the elements in P’,(2,U*) are expressed as polynomials 
in Zi, Xp Ye ,7” with coefficients in AW. 

By Definition II.1, we can write any ọ €30 as 


p m p 2 x 
(24) => 2 44 iio! ADHS DiBesot À of (mod 32), 
i=1 Al i=1 j=l 


where Ayıa and Bo. are in A°Y and Bey + Be;;=0. Then 
= l | | 
Peu 2 (44:59 pa’) F> Zj— (Agro pat) FAX 
=ı 


is an element in ?’,(%,Ut). Of course, Ps; depends on the choice of the 
bases wt,- ‚or and wt, - +, Ñ", But one can verify easily that the AU- 
submodule S,(Ut) of P’q(3,Ut) generated by all Po: (D € 35), does not 
depend on the choice of the bases. Denote by T,(t) the APUt-submodule 
of P’,(3, Ut) generated by all Y- X, where F and X run through Y2(3, Ut) 
and X7(Ut,Q), respectively. . When g=0, T (W) is defined to be 0. 


Definition I1T.1. A4(3, Ut) is defined to be the ideal in ?,(3, Ut) 
generated by S,(Ut) and T,(U), (g—0,1,: : :,p—1). A’, (3,Ut) is 
defined to be the ideal in #’,(%, Ut) generated by S,(Ut) and T,(Ut). 


ae 
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Definition III.2. Bg(3,Ut) is defined to be the product of Y7(%, Ut) 
and A2(3%, Ut). B’,(S, Ut) is defined to be the product of ¥2(3,Ut) and 
4,5, W). | 

Proposition III.5. Let Ut be an open connected subset of Ut(o!,- - -, w1), 
(ef. (5)!). Set X= Xa (ot, - ‚ur; U). Let wt, : -,w” be a base of 
AVY modulo 32140. Set Yi={@m},, (cf. (51)). Define the function 
aw, on Ut by the formula (46). Then 4A,(3,Ut) and 4’,(3,Ut) are 
generated by all 
ép y (UW) = E (Apandi Aa) PN, 
es) ae 

AU) = (X, + È w: Xan) Y^, 
h=1 
(As=1,--+,m3i,j—=1,--+-,p;r—1,:-+-,q) (cf. Proposition III.2 and 3). 

Let x be a point of Y. Set F(z) = <AIY,EV>/<S + Q, EsV>. Let 
(55) P(«) 
be the symmetric algebra over the direct sum Y (£) + EtV. IE we take 
bases X;,---,X,, and Y1,---,¥™ of EtU and Y(x), then. P(s) is 
canonically isomorphic to the polynomial ring R[X:,: - -,X,, Ÿ1,: - -,Y"]. 
Let Et be a q dimensional reduced contact element to Y at x. Then taking 
the value at Zt, we can define, for any Ete Ut, a homomorphism 

kot: P’,(3, Ut) > P(z). 

More explicitly, if one take bases wt, --,w? and w',---,@” of Q and of 
AV modulo 341-+4-0, respectively, then «zt is defined by the following 
formulas: 

'«et(f) =F (Et), (fe aout), 
(56) xet {OR}. = (ça, Es V> mod (341 + 9, EV), 

Ket (£i (ot, poe yey ut) ) — Iy (EtV). 

Clearly, if UWD UY, then xat (A'a (2, UV)) D Kut (A’g, Ut)). Set 


(5?) A(E) =U {xet (A'a (3, Ut) ) ; Ut connected open 
: neighborhood of Zt in §t(%,q)}. 
A(E*) is an ideal in P(x). Set Xi = [X%(w',- : -,wr)] (Et), (ot. (50)). Set 
P= <T>, EVY modulo {SEL Q,E,V>. These are elements in P(x). Set 
2-4 
(58) ép (Et) =È (Asale) F^- Xj— Agin(z) F> X) 


Then we have 
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Proposition III.6. A(Et) is generated by all ép; (Et), (BE 3), and 
by all PA-X, (XeEtc Et,Y). Assume further that Et is in 


UW = Ui (ot, - ` ‘,of), 


(ef. (5)*). Then A(Et) —ust(4'4(8, Ut)) and A(Et) is generated by all ` 
ép (Et) (BEZ), and by all í : - 


(58)’ EN YX, + Saw, (Et) Xam 
h=1 


(A=1,:--,m;r—1,::-,q). 
Similarly, we shall set i 


(59) B(Et) = U {xet(B’, (2, Ut)), U connected open 
neighbcrhood of Et in &t(Y, q)}. 


Then, by the definition of B’,(3, Ut), 
(59)’ B(Et)—7Y(x):A(E*). 


3. Hilbert’s characteristic functions. Let X,,' : ',X, be p indeter- 
minates. Order monomials X,%- - -X,# lexicographically. Let M be the 
set of all monomials of total degree ? smaller than a fixed monomial of total 
degree 7. Let k be the number of elements in M. Denote by Qı(k,p) the 
number of elements in the set MX,U- - -UMX,. It is easy to see that 
if 7 is sufficiently large compared with k,Q;(k,p) depends only on k and p. 
Thus we can define the integer Q(k,p) —@.(k,p) for sufficiently large l. 
The function Q(k,p) may be called the Macauly’s function. 

Let K be an arbitrary field and let J be an homogeneous ideal in the 
polynomial ring K[X.,---,X,], “homogeneous” means that T= ZIM, | 

af 
Im =I Nn K[X,- -, Xp], where KULX,,- - *,Xp] is the submodule of 
all homogeneous polynomials of degree I. Set #!(T) =the dimension of the 
vector space I, 


THEOREM IIIi. (Hilbert-Macauly). For any homogeneous ideal I in 
ETX:,: - -,X,], there is an integer 1,(I) satisfying the following conditions: 


(i) (I) > Q ($ (I), p), forl < h(T), 
(ii) $" (I) = QM), p), for 1 (1). 


For the proof, consult S. Bochner [1, p. 8]. 
When the ring K[X,,- - -, Xp] has a double degree, i. e, K[X:,: - :,X,] 
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=YKlbu[Y,,. :.,X,], and if an ideal I is homogeneous with respect to 
Ql 


the double degree, we shall set ¢%?(1) =the dimension of the vector space 
Jeu. 


The ring ?,{%,Ut) introduced in §2 is a polynomial ring over the 
field [A°]Ut. Let PH (3, Ut) be the module of all homogeneous polynomials 
of degree J. It has also a double degree, that is, the degree with respect to 
[Ye] (3, Ut) and to [X2](S, Ut). Denote by P,4(3,Ut) the submodule of 
all homogeenous polynomials of degrees a and I with respect to [Ye] (3, Ut) 
and to [X1] (3, ùt), respectively. Similarly we define P (s), PeU(z). 
P(e) is the submodule of all polynomials of degrees a and l with respect 
to Y(z) and &,®, respectively. 

Definition 111.3. 


hs, Q) = Max{¢'(Aq(3, Ut)) ; Ut connected open set m St(V,¢)}, 
Yl(S, 2) = Max{p!(B,(S, Ut)) ; Ut connected open set in Ht(V, q)}, 
RO) =D) — y (3,9). 
p! (3, Et) =g(A(E')), (3, Et) =p! (B(E*)), 

"US, Et) = p (3, Et) —y™ (3, Et). 
Since the dimension of the vector space P (3, Ut) is independent of 


Ut, p (3,9) and y*(3,Q) are well defined integers. One sees easily by 
(59)’ that 
(60) t (3, Et) = p4 (A (Et) ) 

Let w',: - -,? be a base of Q. Let F be an element in Ve (cf. (86)). 
Let x be the origin of #. Then the set of all (dp'L mod &*,V), LEE, 


forms a q-dimensional reduced contact element Et = p(FE) contained in 
U—U (ot, : +, 0%), where p! is the projection of Y1 onto Y. The mapping 


(61) ni Vil UW (a: : 0) 

is analytic and onto. By (39) and (46), it follows that 

(60)’ wa" (5) =w (u(B)), (BE Va). 
Now we claim the following equality 
(62) V(E)=#(Su(8)), (BE VE). 


(cf. (45)). To prove (62), denote by S the subspace of the conjugate 
space of €, generated by all <dud,---t ERY = X^ -i Then X^, -i 
= X^ j for any permutation j,,-- -,j, of di, -,%, and as far as the 


3 
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linear relations among X%,...,, are concerned, we can think of X... as 
indeterminates under the conditions of symmetry stated above. Let M be the 
subspace of $ generated by 


m x 

Piim ea = (Agia (y) Xe wea Apia (Y) As ka) 
2-4 

Parka = AN kar +2 wt (E) XMa riagh 

Fi =1 


(pe 30; A=1,::-:,m; i, j, ka 2 ka =], “SP; pend): 9); where 
y=p'(x). Then by (45) 


(62)’ (E) = dim M. 
Set Et=yu(E). Then 
(62)” (3, Bt) = dim (4 (Et)@4), 


By Proposition ITI. 6, A(#t)]48 is a subspace of the vector space (P(x)) "N 
generated by all 


épa (Et) I > Ku (doa (y) FX Xa Zu 
| —Agipn(y) PL Xn + ra) 
& (Et) Kay : ‘Xing = YX x," . ‘Xie 


+ Saw (Bt) OCR A XX qu 
h=1 


(sex; A=1l m; hh ky kmal, np; Don > 4). Let 
a be the homomorphism of S onto the vector space (P (a) ) a defined by 
formulas: a(Y4X,,: © +,Xy,) =. Then, by the remark im the 
beginning of this proof, a is an isomorphism. Comparing the system of 
generators of M and (A(Ht)@), we see by (60)’ that a maps A(Et) 
upon M. Hence, by (62)’ and (62)”, the equality (62) holds. 


Lemma III.1. Let W be a real analytic manifold. Take a system of 
indeterminates Wac, Wa Lei Fi" -Fp be linear elements in 
(A°W)[Wi,- ++, Wa], that is, linear combinations of W;,::-,W, with 
coefficient analytic functions on M. Let D be u connected open subset 
of W. Then F, is considered as an element in (A°D)[Wi,---, Wal, by 
restriction. If there is D such that F., : ',Fı have a non-trivial linear 
relation in (A°D)[W,- >; Wa], then Fa  ',F, have also a non-trivial 
linear relation in (A°W)[Wi,- °°, Wal. 


Proof. By the restriction mapping, we can identify K, = [A°]W with a 
subfield of K—[A°]D. This follows from the theorem of identity in the 
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theory of functions of several complex variables Set F;—a#,W,, a) € Ky. 
Assume that Bi; = 0, BEK. ` Since K can be considered as a vector space 
over the field K,, there is a base {e7} such that,any 8€ K can be expressed 
uniquely as 8 == Boe’, where Bo€ K, and, for almost all o, Bo is zero. Set 
Bi== Bote’. Then BiF;— 0 implies that BotF#;=— 0 for all o. Then it follows 
easily that F’,,:--, Fa have a non-trivial linear relation in (A°W)[W,,---, Wal. 


Proposition III.T. Let w1,- - -,w% be linearly independent elements in 
Q. Then, for any open connected set Ut contained in Ut(o,- DER 
$'(Aq(3,U')) = (3,2) and y'(Ba(ZUW)) =y (3,9) and 12,0 
= pDA, (2, W)). 


Proof. We shall show first that, for any connected open sets U” C Ut, 
$'(Ag(3, W) ) = $'(A,(3,U")). By Proposition III.5, there is a system 
of generators F,,---, Fe of Aa (3, Ut) such that the restrictions of Fa,- +, Fo 
to Ut form a system of generators of A,(3, U"). Then our contention 
follows from Lemma II.1. In particular, we have 


p' (Aa (3, UH) ) = p (Aa (Z, Uw,» +, 0"))). 


Lemma II.1 implies that, for any connected open subsets WY C Wt, 
PAS W”)) Ip (Aa(2,Ht)). Assume that p% (3, Q) = p (44 (3, M)). 
Since W (wt, : -,o%) is everywhere dense in 4t(V,q), there is a connected 
open set U in Ulat, - zo) Ni. Then $'(A,(3,Ut)) = (3,0). 
Therefore for any U in Ut(wt,- - -, 07), (3,0) = ¢'(A,(3,U")). The 
same argument proves the second equality. The third equality follows from 
the first two equalities and Definition IIT. 2. 

By Proposition III.?, the integer L(44(3, W (ot, --,0%))) (defined 
in Theorem III.1) does not depend on the choice of w*,- : -,%. This integer 
will be denoted by 1,(%, 2), 


(63) In (3, 2) =h (4a (3, À (ot, í ‘yot))). 


Lemma 111.2. Let ot, +>, 0? be a base of Q. Set Ut = Ut(ot,- --, 0%). 
Let Fy, + +, Fa be elements in P’,(2,U}). Take Et in St. If xut(Pı), - +, 
ket(H,) are linear independent, then F,,- - +, Fy are also linearly independent 


in Pa(3, Ut). 


Proof. There is a neighborhood At of Et such that, for any EY € Nt, 
Ket (Fi) + >, «pt (F;) are also linearly independent. If F,,- - +, Fe are not 
linearly independent, there is a non-trivial relation BF, +- - + Bifo = 0, 
B: is an analytic function on W. There is BY in Nt such that BE") 40 
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for i—1,: --,b. Then kst (Fi), © <, «xt (Fe) are not linearly independent, 
which contradicts to the choice of Nt. 


Proposition 111.8. Let # be an element in t(U; q). Then, 
(i) - $ (3, Et) S $ (3,9): | | 
(ii) if $'(3, Bt) =$% (3,9), then ya, Et) = yh (3,9); 
(iii) if Ete W= Yi(ot,: - -,w?) and if F;,: > +, Fp are elements of 
degree I in 4’,(5, Ut) such that «pt(F,),: © : ,«kpt( fs) form a base of AUU(EN, 


then ¢!(3, Et) — (3,0) when and only when F, -:-,fF, a base of 
AUS, Ut). 


Proof, (i) and (iii) follow from Lemma II1.2. (ii) follows from 
Proposition ITI. 7. 


4, P-regular points. Let (3,0) be a normal system on Y. Let p be 
the number of independent variables. A point x of Y is called a P-semi- 
regular point of order J with respect to (3, Q) if, for any g=0,1,- - -,p—1, 
there is a g dimensional reduced contact element Et to Y at x such that 
p! (3, Hot) = (3,9). A point v is called a P-regular point (with 
respect to (%,0)) if there is an integer l, such that v is a P-semi-regular 
point of order 7 for every L= lo. I, will be called a weight of the P regular 
point x. - 

Set 


(64) §(3,0,1) = {the set of all points which are not P-semi-regular 
points of order 1}; 


(65) 8(2,0) = {the set of all points which are not P-regular points}. 
Clearly we have | 
(66) $(3,2)—N LU SGS]. 


Definition III.5. Let z be a point in Y. Let Ft be a flag on Et, 
(Definition I.11). Denote Ey #,t the g-th component of Ft (¢=0,1,-- -, 
p—1). Ft is called a regular reduced flag (with respect to (3,9)), if 
there is an integer J, such that ¢*,(3,Q)—=¢"(3,H,t) for any I>1, 
and any g—0,1,: - -,p—1. I, will be called the weight of the regular 
reduced flag Ft. 

Denote by Ft(x) the set cf all flags on EtV. Set F*V = [J{F(x)55E V}. 
#*Y is an analytic manifold and Ft(x) is a submanifold of ¥*Y. The main 
theorems of this section are the following: 
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“Treorem HI. 2. S(S,Q) and S(3,0,1) are proper subvarieties of U. 


THEOREM 111.3. Let x be a P-semi-regular point of order V with 
respect to (3,9). If V 21,(3,Q), then x is a P-regular point of weight V 
(ef. (63)). 


THEOREM TIT. 4. ` Let x be a P-regular point of weight lh. Assume that 
1p 2 1,(3,02). Then there is a regular reduced flag Ft on Et of weight lp. 
Moreover, the set RFt(V;1,) of all reduced regular flags of weight ly is 
an open set in FtY. 


Lemma JII.3. Denote by 8(3,0,1;q) the set of all Ei in &t(%,q) 
such that (3, Et) <olt(3,0). Then 8(2,0,1;g) is a proper sub- 
variety of &t(V,q). | 


Proof. Take a base 0, - -,o? of Q. Set W= U(wt, : -,a?). - It is 
sufficient to show that S(S,Q,1;q) N Ut is a proper sübvariety of Ut, since 
Ut is an open subset of St(Y,g) and St(V,¢) is covered by such Us. It 
‘is clear by Proposition III. 5 and (56) that, for any linearly independent 
fu Fa in A (3, Ut), the set of elements Et in Ut such that xet (fa), °°; 
xzt(fo) are linearly dependent forms a proper subvariety of Ut. It is also 
clear that there are homogeneous elements f,,--°:fo in A’g(3,Ut) such 
that they [A°]Ut-generate A, (3, Ut) and such that, for any Et in Ut, 
ket(fs),: > ,«et(fo) generate A¥*?,(3, Et). Then Propositions III.8 (i) and 
(iii) imply that Æt is in .§(3,09,1;¢) Ut if and only if, for any subset 
„fist © "> fia Which is a base of AU (3, Ut), «et (fs), © +> «nt (fia) are linearly 
dependent. Therefore $(2,0,1;q) N Ut is a proper subvariety of Ut. | 


Lemma IIT.4 Let St be an element of &t(VU,q) such that, for an 
integer I, #',(2,0) = (3, Et). Assume that 1=1,(3,0). Then $*,(%, Q) 
GE) 

Proof. Let w!,: - -,w? be a base of Q such that <ot, Et), - E ', lat, ETS 
are linearly independent. Set Ut = UW (wt, : -,wt). Then 


ps, Q) =p (4a (3, Ut) ), (by Prop. III. 7), 


= Q (p (Aa (3, U)),p+m), (by Theorem II.1), 
=Q ($ (AB), p +m), (by the assumption), _ 
S (A (Er), (by Theorem III. 1), 
=" (3, Et), .. . . (by Def. III. 3). 


‘Therefore, Proposition TIT.8(i) implies that ¢%1,(3,2) = (3, E): | 
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By Lemma III. 4 it follows that the sequence $(2,0,1) for 12 1,(3,Q) 
is decreasing. Hence 


(66)’ 8 (3,2) = N S(3,9,1). 


Proof of Theorem 2. Take w!,: - -,w and w, --,@" as in Proposi- . 
tion III.5. Denote tentatively by p the projection &1(V,q)-—>V. Set 
Ut = U(o',- - -,0%). Define the function %w,* by the formula (46). Let 
N be the set of all Et in Ut such that | %w,"(Zt)| < e for any r—1,: - ,q 
and h—1,:::,p—g. Now there does not exist Zt in p(t) such that 
$1, (3,2) — (3, Bt) if and only if p (x) CS(S,0Q,1;q). Since p* (x) 
is a connected submanifold of St(Y,g) and $(2,0,1;g) is a subvariety of 
St(V,g), either p(s) N S(3,Q,1, q) =p (£) or p(s) N 8(3,0,1,¢) does 
not contain any non empty open subset of p> (s). Therefore it follows that 
there does not exist Zt in p(x) such that 1t (3, Q) = p?" (3, Et) if and 
only if pt(z) NN. CS8(%,0,1;¢), because p(x) N Net is a non empty 
open subset of p™ (æ). 

Fix a point v in U. Take an open neighborhood N of x and e so small 
that $(3,0,1;¢) NP (N) ANt is equal to the set of common zeros of 
functions f„(z,w) on p'(N) Nt. For any system of values a= (a), 
(la#]<e), denote by fu(&) = fult, © a" + -). Denote by 8%, the set 
of all a in UY such that there does not exist Et in p(s) such that 
pa (3, Q) = (3, Et). Then the conclusion reached above implies that 
S'a N N is equal to the common zeros of all f,%, that is, $!, is a proper sub- 
variety. Therefore. S(3,Q, 7) = U{S8"',;q¢=0,1,---,q—1} is a proper 
subvariety. By (66y, S(3,Q) is also a subvariety. 

Theorem IHI. 3 follows easily from Lemma IIIT. 4. Theorem FII. 4 follows 
easily from Theorem IHI. 2 and Lemma ITI. 4. | 


5. Regular bases. Let Lt be a reduced tangent vector to UY at x. 
We remark that PH (g) = EtU 3 Lt (cf. (55)) and so the product v: Lt 
is defined for any v € P(x). Let Et, x as its origin, be an element in &t(Y, q). 


Definition III.6. Lt is called l-prime to Et (with respect to (3,0)) if 
the conditions ve P® (2), 1=L, and v- Lte A(#) always imply that v 
is in A(E*). 


Lemma II.5. Let Et de an element in Yt(V, q) (qg—0,1,: + -,p—1). 
Then there is an integer lı =l (Et) such that the set of reduced tangent 
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vectors Lt at the origin x of Et which are l:-prime to Et is everywhere dense 
in EtV. 


Proof. Since P(x) is a Noetherian ring, A (E') =Q, N- + -NQ,, where 
Qa, Da are primary ideals of P(x). It is well known that P, = {v € P(x); 
there is an integer r such that v7 € Q,} is a prime ideal of P(x). There is 
an integer p, such that Pr C OQ, (v=1,---,@). We can assume that, 
for v==l,---,b (b=Sa), and for any integer !, Q, does not contain 
P(x), but that, for each r =b + 1,- : -,a, there is an integer L(y) such 
that Q, D P@ A(z) for any I > lv). b may be equal to zero. In this case 
A(t) = PUA) for 12 h = Max{l(v);v—1,: : -,a}. Therefore any 
vector Zt in €t,® is I,-prime to Æt. Hence we shall suppose that b > 0. 
Put l = Max{l (r) ;vr=b +1,- -,4} if b<a, and L=1 if b=a. Set 
A =Q NA: Qa Then 


(67) AN PHN (a) = AUU(E*T) for ih, 


The choice of b and the property Br C Q, imply that P, N PPH (g) is 
a proper subspace of €1,Y—POU(x) for v—1,---,b. Assume that 
Ltd (PU: --UB,) NPON(a). Let v be an element of Pl»U(z), where 
12 l, such that v-Lte A(Et).: Then, for vy—1,---,b, v-LteO, and 
DIEB, Hence tE Qn ie, ve A=O1N-- -Qy. Then (67) implies that 
© vE A(Et). Thus the complementary set of (P, U- - - U Wa) N EtV, which 
is eyerywhere dense, consists of vectors l,-prime to Et. 


Definition III. Y. Let wt, - -,w? be an ordered base of Q. Let s be a 
point in Y. By a dual reduced flag at x to the ordered base wt, - -,w? we 
mean the flag Ft on €+,U such that the g-th component Fat of Ft satisfies 


the conditions: (ut, Bt) =- + -= <o., Eg = 0 for g=0,1,-- -,p—1 
(cf. Definition III.5). ; 

Thus for each ordered base o!,' : +,w? of Q, there is one and only one 
dual reduced flag at æ to wt, --,w? Conversely, any reduced flag is the: 


dual reduced flag of an ordered base, since for any base of Q, the linear: 
transformation of it by non-singular matrix with constant coefficients is: 
again a base of Q (note that dwt — 0). 


Definition III.8. An ordered base w',- - -, uw? of Q is called 1,-regular 
at « (with respect to (3,0)), if it satisfies the following conditions: 


(i) the dual reduced flag °Ft at æ to w!,: - -,o? is a regular reduced 
flag at v of weight J, ; 
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(i) X,—L, (EV) (cf. (6)! for g=p, i—1,: + -,p), is L-prime to 
Bat for i—1,: + -,p, where "Et is the ith component of the reduced 
flag °F, 


Taxorex 111.5. Let (3,0) be a normal system. Let x be a P-regular 
point of weight ly. Then there is an ordered base w',- - - ,w? of Q which is 
I,-regular at x for sufficiently large l. 


Proof. If x is a P-regular point of weight lo then ~ is a P-regular 
point of weight I for any l= lo. Therefore we can assume that l = 1,(%,Q). 
Take a regular flag Ft of weight I, at z (Theorem III. 4). Let #,t be the 
q-th component of Ft. Then there is a neighborhood N. of Et in the 
manifold of all q dimensional subspaces of Et V such that any reduced flag 
‘Ft, of which g-th component is in Rg for g==1,---,p—1, is again a 
reduced regular flag at x of weight l, (cf. Theorem III.4). Let us choose 
N, in such a way that, for any ’E,* in Ma the set of all vectors Lt in Et, Y 
such that the space spanned by “Et and Lt is in Mas contains an interior 
point for g—0,.::,p—%. Set °Et—{x}. Then, by Lemma III. 5, 
there is a vector Z,t in EtU waich is -prime to °Æ,t and the space Wt 
spanned by L,t and °#yt is in N,, where =], (’Est) (cf. Lemma III.5). 
Continuing this process, we can choose easily °Æ,t in N, and Liat in Et, 
(q=0,1,---+,p—1) such that {PR}: form a reduced flag at x, °Eout is 
generated by °E,t and by Lout, and such that Lant is I¢-prime to °Z,t, where 
la—=1,(°H,t). Set l—Max{i,: - -,121}. Then it is easy to see that an 
ordered base of Q such that °F is the dual reduced flag to the base is /,-regular 
at x, since if X is I-prime to °# then any vector in the space spanned by X 
and. Et but not in *E,t is again I-prime to °E,t. 


Taeorem III.6. Let (2,0) be x normal system with p independent 
rariables. Then there is an integer 1,(3,Q) such that for 1Z1,(2,0) 
2,30) = ma— to (2,0) + t'a (3, 0) 
where 1=q=p and m= mC pt, 


Proof. By Theorem III.2 there is a P-regular point x of weight lọ. 
By Theorem III.5, there is an ordered base w!,- + -,? of Q which is lh- 
regular at x. Let Ft be the dual reduced flag at x to ot,‘ - :,w?. Let Egt 
(g=0,1, =- p) be the g-ch component of Ft, Then #!,(3,Q) = $'(3, E,') 
for 121, Hence by Definition III.3, Proposition ITI.8 (ii), 


(68) ta (3, G) = i (3, Et) AZLI) 
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Let Xa} °,X, be the base in €t,® dual to <w, Et, dd,‘ : `, <P, Ets VY. 
Then Et is generated by X., © -,X4 By Proposition III. 6, A(H,t)@4 is 
generated as a vector space by all 


tpi (Eat) Ent Xi, and (Bot) Xie is 
(PE B54, 7, ki, ` kia =1,: . spi= l: g m; r=l,: g *,4), 


© for each q. Therefore since ép (Bo) = épi Bat) and (Ei) = Pr (Est) 
for 7 =1,---,q—1, 


A (Bot) À (Baat) H 4 Š PaE) PO (2) 
A=1 
for g>1. On tke other hand %w,"(E,t) =0 for k—1,- < -,p—q, since Ft 


is the dual reduced flag at æ to o,- © -,w?. Hence, by (58), &, (EN = VAX. 
Then, for qZ 1, 


A (E) EH =A (Egat) EO + XPE (e), 


since PEHY (g) = PIPIN (a) HH PAPULE (£), Leto: -,0 be a 
base of Pi- (%) modulo A (Egt). Then | 
A (Bè) 0 A (Boa) E8 Ko Roi + + Xu Roe 


Since w, --,w? is l-regular, X, is l-prime to A(Hq.t). Therefore it 
follows that the above sum is a direct sum, that is, 


(3, Ea) = dim (A (Bat) E0) = t (3, By at) F a. 
By the definition of a, a= mi — tH (3, Ey1). Hence 
(69) (3, By!) = ma — th! (3, Egat) F (S, Egat) (GZL) 
Then the theorem follows from (68) and (69). 
6. The fundamental theorem. Let (3’,0’) be an exterior differential 
system with independent variables on a real analytic manifold %’. 


Definition III.9. An integral point y of (3’,’) is called normal if 
y is an ordinary integral point and if there is a nzighborhood N of y in Y 
such that for any y’ in N N Ay 
(x) UN Y, EV = 0. 


Proposition ITI.9.. If (3’,Q’) is involutive at an integral point y. 
then y is normal. 
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Proof. By Definition I.17, y must be an ordinary integral point and 
there is a p dimensional integral element # of (3/,0’) at y such that 
<Q, E> is p dimensional, where p is the number of independent variables 
in ©. Let w',- --,0? be a base of Q. By Proposition 1.6, there is a 
neighborhood N of y in Y suck that, for any y in MN IX, there is an 


an integral element #’ on which o',- - -,w? are linearly independent. Take 
an element a,<o', EyV’> — - Lao, EVS ELE NAY, EVY. Since 
CWT ES =0, <at+-- ++ a0, ES —0, that is ver -= ap = 0. 


Therefore y is a normal point. 


THEOREM II.7. Let (3,0) be a normal system on Y. Let x be a 
_P-regular point wth respect to (3,0). Let w,- - - ,w? be an ordered base 
of Q which is L-regular. Construct (R:3,N) by the base w, : - ,wP. Let 
y be an integral point of (R13,G). Assume that L= l, and that po'(y) =x, 
where pot is the projection of R onto Y= Ro. Then (R13,Q) is involutive 
at y if and only if y is a normal point of (R1S,Q). Moreover if y is normal, 
and if E is p-dimensional integral element of (R 12,0) at y, then the rn 
of characters of E is given by the following formula: 


: 1-1 
s(E) =t')(3,2) +n—p+m( 2 Cr) 3 
p= 
8q(#) = tg(3, 0) — tg (3,9) for g=1,-- -,p—1, 
where y is the number of independent variables in Q. 


Proof. By Proposition III. $, it is sufficient to show that, if y is normal, 
then (073,Q) is involutive at y. Let M, be a neighborhood of y such that, 
for any yE N,N AR IS, 


(71) LRZ N QE RD = 0. 
Let Ft be the dual reduced flag at x to w,- > -,wP. Denote by Zst the g-th 


component of Ft. Then there is a neighborhood Mt of Et in S (V, q) such 
that, for any Zt in N, we have the equality 


(72) t4 (3,9) =t (3, Et), 


because w!,: - +,w? is a l-regular base (cf. Lemma III. 3 and Lemma III. 4. 

We can choose Mt in such a way that pt (N) D Pot and such that 

N) C Non (cf. (47)). First we maintain the following, for qg = 0, 1, 
jets DT 1. | | 
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(*)4: Let E be a g-dimensional integral element of (0 13,0) such that 
p(B) (cf. (61)), is in Nt, and such that its origin is in nı. Then 


dim J (E) = dim (J (E) mod <0,&,Rı>) 
SO) pt Z0), 
where y’ is the origin of F. By Proposition II.4, (45), and (45), 
dim (J (B) mod <0, Ev R>) =t (E) +n—p +(X (07) 
= dim (<A, EyR D) +n—p+m( > (C,>)) = dim (J(B)). 


Therefore, by (62) and (72), it is sufficient to show that 
(73) q dim <A, Er R Ya = ta (3, 0). 


We shall prove this equality by induction on q. Let y’ be an integral point 
in N. Then, since <4, Ey RY CRS, E Ry, (71) implies that 
dim (AP, Ep Ry = dim <A’, Er R > = th (3, y’) = th (3,9). Assume that 
(73) is proved and that Æ is a g-dimensional integral element of #13 
such that „(E)EN,. Then #’=n,(E) is a g— 1-dimensional integral 
element of RX such that (E) E€ Ngat. Hence by Proposition II.6, (45), 
(62), (72), and (73)e 
ts Q) = dim <Ar, Ey R DE = l'on (3, Q) Fra Erg (2, 2), 

since p.(dp,14lh’) =p (E). Then Theorem FII. 6 implies the equality (73),. 
Therefore we have proved (*), for g—0,1,: < :,p— 1. 

Now let # be a p dimensional integral element of (% 2,0). Then there 
is a unique subspace E, of Æ such that p(#,) — Et for g—0,1,: : -,p. 
The spaces W form a flag on E. Let Wig be a neighborhood of Æ, such 
that p(Nig) C Miand a{Nira) Co. Then for any EE N, N AR 12, 


dim J (E) —t,(3,0) +n—p+ m(S Op") 


for g=0,1,: > :,p—1. This shows that, on a neighborhood of E, in 
AR 3, the rank of system of polar forms remains constant, for g= 0,1, 
**:,p—1. Therefore # is an ordinary integral element. Moreover we 
have the formulas: 


8o(#) = t!,(3,Q) +n—p+m( S Gp) ; 


` sa (E) = (50) — t'a (3,9) for p—12g21; 
sp (E) = mCP — tpa (3,2). 
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‘We must show that there is at least one g dimensional integral element 
E of origin y. By (*)., we know that dim J (y) = dim (J (y) mod <Q, ER D). 
Therefore we can solve the equation (y) —0, under the conditions: 


Kat, ER »=1, <u, ER> = = LoP, ER 1» = 0. 


Let L, be a solution. Let F, be the 1-dimensional contact element spanned 
by Lı. Then EZ, is 1-dimensional integral element of RZ such that 
(E) == H,t Then, since din J (E) = dim (J (E) modulo <0, E>) by 
(*),, there is a tangent vector L, to À, at y such that <J (E1), Le = 0, 
Co, La = 1, <w, Lay = Loë, Ly = + >= <w?, Day —0. Then the contact 
element Ẹ, spanned by F, and L, is an integral element such that u(E,) = Hit. 
Repeating this process, we can obtain a p dimensional integral element E at 
y on which œ}, - -,o? are linearly independent. Therefore (#13,Q) is 
involutive at y. | 


FUNDAMENTAL THEOREM. Let (2,0) be a normal system with p inde- 
pendent variable on Y. Let P'(5,Q) be the I-th prolongation of (2,0). 
“PIS, Q) is defined on Y'(V, ¢) =U: Let p! be the natural projection of 
V, onto V. Let x be a P-regular point of (2,0). Then there is an integer 
1,(x) satisfying the following conditions: if y is an integral point of P!(2,0) 
and if lez (x) then P.4(3,Q) is involutive at y if and only if y is a normal 
point of P!(2,0). In this case the sytem of characters of a p-dimensional 
integral element E at y is given, by the following formula 


1-2 | 
S(E) = (3,2) +n—p+m(Z(Cr2)) ta; 
á yal 2 
8q(#) = tu (S, G) — t'g (3,9) for g—=0,1,- - -,p—1; 
DCE) = mph! — ty, (3,2). | 


1-1 
where a= X (p +1) en ep, 
y=0 
= pel 
Cy p + mp $(p—1) (Co) + 2 (Cr) 


for v>1, and æ, is the maximal number of linearly independent Pfaffian 
forms in 2. = 


Proof. By Theorem 111.5, there is an ordered base w',- ‚or of Q 
which is Z-regular at x. Set (z) =l. Then the theorem follows easily 
from Theorem IT.2, Theorem III. 7, and from Proposition TI.1. 
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7. An example. If one replaces the condition (70) by the following 
weaker condition : 


(74) <d(2)ON Y, EV — 0 


then the Fundamental theorem does not hold for this definition of normal 
point, that is, (70) does not imply (74), as one can see easily by the 
following. 


Example 2. Let V be a 4-dimensional euclidean space with a system of 
coordinates (21,25, W, U). Set wt— de, w — dt, w'—=du!, and w? = du?. 
Let Q be the system of 2 independent variables generated by w* and w*. Let 
3 be the exterior differential system generated by 


bi) = Tool À wt + utot À w?; 
hey = — tie À D? + Ww Au; 


(a) = w! À ot + u? N T’. 


Clearly the subspace: wt=u?=—0 is an integral manifold of (3,02). We 
shall show that (i) there exists a P-regular point P such that w (P) =w (P) 
=0, t! (P) #0, æ (P) 0, (ii) if y is any integral point of P!(2,0) such 
that p!(y) = P, y is an ordinary integral point and satisfies (74) but not (70). 

By Theorem II.2, it is sufficient to observe (R5, Q). It is easy to 
see that 


em; = Toto + ur; Olie; = U HU; Ogy: = Wa — Uy," +. 
: I 
Oia; aee tee = TU yee H (+ bry) Wa ters 
pal 


l 
ann (1 + DZ Ory Wg tes 
v1 
< Oiz; koe kr = Ua te Ur mer 


Thus the coefficients of elements in (4’%), when they are written by 
power series of a, a, u!, u?, do not contain u! and u?. Hence if P’ is a 
P-regular point, then the point P such that t! (P) =2'(P’), 2 (P) =27(P’), 
uw (P) =u?" (P) =0, is also a P-regular point. Moreover, it is clear that 
there is a P-regular point P’ such that z!(P’) 40 and z?(P’) 340 (Theorem 
III. 2). This proves (i). Set 


(ky sk) = (DH +X AP), (022). 
p=1 p=vslh 
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Then it is easy to see that e(k,,- ` `, k1) =e(kaay: ` "krıy) for any permu- 
tation + of 7 letters, and that 


E 
e(1, 2, ki, À +, k:) = — (1+ E ôr’) -e(1, ka: u *, ki) 
ye 
H 
=— (1+ E br) eh, > +, ka). 
p=1 


: L 
Now R: is a euclidean space of dimensions 4+ 2 © (y +1), with the 
system of coordinates di 
(21, Zo, ut, UË, 7 DE ` 35 (v—1,- ` PHT . ‘lp à=], 2). 
Denote by ®%’, the open set of 0, formed by all points such that z540 and 
a? 0. It is easy to see that '& RZ N Rr is the submanifold of R? defined 
by the conditions: 
Us me kia = e(l, 2, kyt, lr) ul (Sa au: kun); 
Ws ty ra = €(1, 8, kayt = skra) ur (8e kr); 
zu = TU? = U. 
Thus the dimension of the submanifold ‘2° 30 ®/ is 5 and the system of 
functions 2, Ta, Waan bib Where a =` + = a= 1 and bj==: + D, 
= 1, and u can be considered as a system of coordinates on ARZ N Ri. 
It is not hard to see that 


dOn; nky AO; mrp AO aray and dOl; woy 
(vw =0,1,: : -,1—1;4 = + = 0y = 1; | 
bi by = 2;22h 2 o Zk,), 
are linearly independent modulo © at each point of œr. Their number is 
equal to dim #@,—-5. Therefore any point in APRS N Ry is an ordinary 
integral point and satisfies (74). If y is in ’O°R,SN Rr and if a=- 
== (lh = 1, 


Id (3) 125 mara — TlO (2) 125 a ayy A (5312; ay ars 
= (Ptaa (Y) + (E+ 1)! u(y) (a) Do 


at y modulo o? and IL. Since w'g,...¢,,2%:, and u are independent variables 
on ARAN Rr, it follows that y is not a normal point of (#.3,9). 
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UNIFORM SPACES WITH UNIQUE STRUCTURE.* 


By W. F. Newns. 


1. It bas been proved by A. Weil [10] that a compact space has a 
unique uniform structure, and by Dieudonné [3] that a completely regular 
(or even completely normal [4]) space can have a unique structure without 
being compact. The problem of characterizing spaces with unique structure 
has been taken up by R. Doss [7], who has given a topological condition 
for the structure to be unique. It transpired also that a space with a unique 
structure is necessarily locally ccmpact and that its Alexandroff compactifi- 
cation was the only possible compactification (cf. also [2]). It does not, 
however, seem to have been pointed out that this last property is equivalent 
to that of having a unique structure, a fact which is not quite obvious since 
there may conceivably be many structures on a space, but only one in which 
it is totally bounded. 


THEOREM 1. In a completely regular space E, the following properties 
are equivalent: 
a) Æ has a unique uniform structure; 
b) Æ has a unique tolully bounded uniform structure ; 
c) Of any pair of normally separable closed subsets of E, one at least 
is compact ; 
d) Hach vicinity for each uniform structure on E contains a set of 
the form AX A, where A is the complement of a compact subset 
of E. 
Any space having these properties is locally compact, and if not compact 
ils unique compactification is its Alexandroff compactification. 


The property c} is the one given by Doss: two closed subsets A and B 
are said to be normally separable if there exists a continuous mapping f 
of E into the compact interval [0,1] such that f(x) —0 for se A and 
f(x) =1 for ve B. 

If E is compact, the properties are evident, so that we assume hence- 
forth that # is not compact. In this case, the complements of relatively 


* Received August 16, 1956. 
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compact subsets of Æ form a filter, and the property c) is clearly equivalent 
to: . te 
ad’) The filter F of complements of relatively compact subsets is a 
Cauchy Filter for every uniform structure on F. 

That d’) implies a) has been proved by Dieudonné [3,291] by observing 
that any ultrafilter on E must either converge or be finer than 7, and hence . 
that any completion of E has just one extra poin; and is compact, i.e., is 
the Alexandroff compactification. The property d) is useful in establishing 
that a given space has a unique structure (cf. [3], end [1, Chap. II, §4, 
Exerc. 12]). 

It is obvious that a) implies b). To show tkat b) implies c), let % 
be the unique totally bounded structure. Since any structure U on E is 
finer than some totally bounded structure [1, Chap. IX, §1, Exerc. 6], it is 
finer than U,. Thus U, is the coarsest structure on Y and is therefore the. 
Alexandroff structure [ibid., Exerc. 11]: the completion # has just one point 
© at infinity. Now let À and B be closed subsets of # normally separated 
by f.. Since # is the Stone-Cech compactification of F, f is uniformly con- 
tinuous in the structure induced on F by that of P, and hence extends to Ë. 
If A is not compact, we have w€ A, so that f(w) —0. - Thus o¢ B (other- 
wise f(w) —1) so that B is closed in # and therefore compact. 

Since the last part of the thegrem has already transpired, it remains 
only to prove that ce) implies d’): i.e., that given any continuous écart f and 
any e > 0, there exists À € F such that f(x,y) Se whenever ze A and y€ A. 
Let V—ÿf1([0,e/8]) and, suppose that V(z) is not compact: then since 
V(z) and the set {y:f(y,2) Ze/2} can be normally separated, the latter 
must be compact, and hence its complement A must belong to F. If x and y 
are any two points of A we have f(x,y) =f(2,z) +f<y,z) Se as required. 
It remains to prove the existence of z. Now if no such z existed, then V(x) 
would be compact for all ve E, so that # would be complete and para- 
compact [1, Chap. II, §4, Exerc. 10], hence normal [6]. But this means 
that, contrary to hypothesis, # would be compact in view of the following: 


.À normal space satisfying ce). is countably compet 


For if not, there would exist in F a sequence (£a) of distinct points 
without a limit point. The sets (x..} and {4.,,.} would then be closed and 
disjoint hence normally separable, contrary to c) since neither is compact. 

This completes the pe of Theorem 1, so that the -result ee proved 
may be stated : : 
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THEOREM 2, A normal space with a unique structure is. countably 
compact. 


This is, in fact, a special case of a known result [1, Chap. IX, §4, 
Exerc. 24] to the effect that a rormal space which is totally bounded in all 
` its structures is countably compact. Contrary to a statement by Dickinson 

[2, Theorem 3], the assumption that the space is normal cannot be omitted 
from the result. Miss Dickinson showed that the sets {on} and {ens} 
could be enclosed in disjoint neighbourhoods (without assuming normality) 
and then asserted that the condition c) is violated (thus implicitly assuming 
normality). We shall now exhibit a space with a unique structure which 
is not countably compact. 
Let w,Q be respectively the first ordinals of the second and third kind, 
Ey, Fo the intervals [1,w], [1,G] endowed with the open interval topology, 
and T the complement in Hy X Fy of the point (w,Q). The space 7 was 
first discussed by Tychonoff [8] and has been shown to have a unique struc- 
ture by Dieudonné [3]. It is clear that T is not countably compact (contrary 
to [5, § 4]), the sequence {({n,@)}, for instance, having no limit point. 
It is easy, moreover, to verify directly that the sets A —{(?2n,Q)} and 
B = { (2n — 1, Q) } have disjoint neighbourhoods but are not normally separ- 
‘able. Indeed, if V is any neigkbourhood of 2 in Fo, the sets {n} X V are 
mutually disjoint, and suitable unions form the required disjoint neighbour- 
_ hoods: if f separated A and B, then for each n we could find «, such that 
for «= a, we have f(n, £) Sł or f(n, 2} = 2 according as n is odd or even; 
if a < Q majorised {æ}, we should then have f(n,«) S4 for n odd and 
f(n, a) = 2 for n even, contrary to the continuity of f at the point (w, a). 


2. It is natural to ask whether the property of having a unique struc- 
ture is inherited by subspaces. Since frontier points are potential points 
at infinity, it is the closed subspaces which are most likely to have this 
property. 


THEOREM 3. À closed subspace of a normal space with a unique struc- 
ture has itself.a unique structure. 


For let A, B be normally separable closed subsets of the closed sub- 
space F of E. Then A and B ere closed in E and disjoint, hence normally ` 
separable. Since Æ has a unique structure, either A or B is compact, so that 
F satisfies the condition c) of Theorem 1 and hence has a unique structure. 

A glance at Tychonoff space above will show that the result may fail in 
non-normal spaces. Indeed, the assumption that E is normal is necessary. 
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THEOREM 4. If every closed subspace of a completely regular DEE E 
has a unique structure, then E is normal. 


For let A be any closed subset of E and f a continuous real-valued 
function defined on A. The closure À of A in the completion # of E is 
the completion of A for its unique structure. The function f, being uniformly 
continuous on A, extends by continuity to À ; but since # is normal, f may 

. be further extended to #, and its restriction to Æ is then a continucus exten- 
sion of f from A to E. 

A subspace may have a unique structure without being closed, as is 
shown by regarding a non-compact space with unigte structure as a sub- 
space of its compactification. However, it is clear that a subspace with 
unique structure must either be closed or have a compact closure. In par- 
ticular, this means that the closure of a subspace with unique structure also 
has unique structure. 

The union of two sets with unique structure nezd not have a unique 
structure: the topological sum of two spaces with unique structure (and 
non-compact) will have two distinct structures, the Stone-Gech compactifi- 
cation providing two points at infinity. 

The intersection of two sets with unique structure need not have a unique 
structure: in the compact space E, X Fo above, the subspace Hy X {N} is 
compact, but its intersection with T'has not a unique structure. 


3. The product of two spaces with unique structure will not in general 
have a unique structure. Indeed, if a product has a unique structure, then 
either one of the factors is trivial (i.e., consists of a single point) or both 
are compact: for let Æ be non-compact, F non-triviel, Fo, Fo compactifi- 
cations of E and F respectively, » a point at infinity in Z, and x,y distinct 
points of #; then Fo X Fa is a compactification of E XF having two distinct 
‘points at infinity, namely (w,æ) and (w,7). 

If E is a space with unique structure and R an equivalence relation on 
E such that E/R is completely regular, then the quotient space will also 
have a unique structure. This is an immediate corollary of the following 
result: 


THEOREM 5. Let E be a space with unique structure and f a continuous 
mapping of E into a completely regular space. Then f(E) has a unique 
structure. 


For if A, B are closed in f(E) and normally separated by a function g, 
f7(A) and f1(B) are closed in Æ and normally separated by the function 
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gof. By Theorem 1, one cf thase sets, say f-!(A), is compact, and hence 
so is A=f(f(A)). Applying Theorem 1 again, we see that f (F) has a 
unique structure. 


4. Let E be a space with unique structure, F a completely regular space 
and f a continuous (1,1) mapping of W onto F. Then-if E is compact, 
so is F, and f is a homeomorphism. The mapping f ‘will also be a homeo- 
morphism in the case where F ‘and hence FE) is non-compact: for if Fy is 
any compactification of F, f is uniformly continuous as a mapping of E 
into Fy, hence extends to a mapping f of Ë onto Fy; onto since fi?) is 
compact and everywhere dense; since E has just one point at infinity, so 
has Fo, and F is (1,1), hence a homeomorphism. 

The case where F is compact but Æ is not can easily be seen to occur, 
so that f will not always be a homeomorphism. We need only take Æ to be 
a non-compact space with unique structure and F the quotient space obtained 
by identifying, in #, some voint of Æ with the point at infinity. It Zollows 
that the topology of a (non-compact) space with unique structure is not a 
minimal completely regular topalogy, though all strictly coarser topologies 

must be compact (cf. [9]). 
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` THE CRITERIA FOR ALGEBRAIC EQUIVALENCE AND THE 
TORSION GROUP.** 


By T. Marsusara. 


Let V be a variety in a projective space, non-singular in co-dimension 1. 
We assume that the reader is familiar with the notion of numerical, algebraic 
and: linear equivalence of divisors, as well as algebraic families of divisors 
(Weil [14], Chow-v. d. Waerden [2]). Let us denote by G(V), G(V) 
and G,(V) the groups of V-divisors, V-divisors algebraically equivalent to 0 
and V-divisors linearly equivalent to 0 respectively. When V is non-singular, 
let us denote by G,(V) the group of V-divisors numerically equivalent to 0. 
The set of V-divisors X, such that mX is in G.(V) for a certain positive 
integer m, forms a group containing G(V) and the factor group of it with 
respect to Ga( V) is called the torsion group of V-divisors. By Néron’s result 
(Néron [8]) G(V)/G,(V) is finitely generated; therefore the torsion 
group of V-divisors is a finite group. One of the aims of this paper is to 
show that when V is non-singular, the torsion group is nothing but 
-Gy(V)/Ga(V). We shall prove this directly and we shall not assume Néron’s 
result. Since we need an equivalence criterium for algebraic equivalence, first 
we shall settle that. This includes, as a special case, the criterium which is 
formulated in terms of the Poincaré normal function in the classical case of 
algebraic surfaces (Zariski [16], pp. 128-132). 

Let V and V’ be two complete non-singular varieties, and f be a birational 
transformation of V onto V’. Then it is not difficult to see that when Z is a 
V-divisor such that mZ is algebraically equivalent to 0 on V, f-*-f(Z) =Z. 
The same is true for V’-divisors of the same nature. From this it follows 
that the torsion group is an absolute invariant of a class of birationally 
equivalent non-singular complete varieties. But it is not so, when we consider 
a class of birationally equivalent complete varieties, non-singular in co- 
dimension 1. For instance, the quotient variety of an Abelian variety A by 
the group of automorphisms consisting of $ and —8, which is usually called 
the ordinary Kummer variety of A, is non-singular in co-dimension 1 and 
has a finite number of singular points; moreover, it is easy to see that it has 
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a non-trivial torsion group of divisors. On the other hand, when we 
desingularize it, we get a complete non-singular variety without a torsion 
group of divisors, as was shown recently by Spanier (cf. E. Spanier, “ The 
homology of Kummer Manifolds,” Proceedings of the American Mathematical 
Society, vol. 7, 1956). 


We assume that the reader is familiar with Weil’s fundamental works 
(Weil [12], [13]) and we shall fcllow the same terminology and conventions. 
If two divisors X and Y on V are such that X==YmodG,(V), we shall 
write X ~Y. We shall denote by 2*, Q* cosets of G(V) modulo G,(V) and 
Gi(V) respectively. If 2* or L* contains a divisor X, we shall write some- 
times W*(X) or &*(X) for N* or B*. In the same way, when V is non- 
singular, we shall denote by N* a coset of G(V) moduloG,(V) and when | 
it contains a divisor X, we shall write N*(X) for R*. We shall denote by 
MN, WB (resp. N(X), A(X), Q(X; ) the sets of positive divisors in NH, NH, gl 
(resp. RF(X),MF(X),RF(X)). It is well-known that © is an algebraic 
family, usually known as a complete linear system. Let X be a V- 
divisor and L(X) be the moduls of rational functions f on V such that 
(f) >—X. We shall denote by 1(X) the dimension of L(X) over the 
universal domain, which is dim &(X) +1, where dim2(X) means the 
dimension of R(X) as an algebraic family, i.e. the smallest dimension of 
varieties which parametrize Q(X). 

Let Y be a positive cycle in a projective space. Regarding the set of 
coefficients of the Chow-form (Zugeordnete Form) of Y, arranged in a 
certain order, as a set of homogeneous coordinates of a point, we call it the 
Chow-point of Y. If an integer d is given, the set of all positive V-divisors 
of degree d forms a finite set of algebraic families (Chow-v. d. Waerden [2]). 
Each such family is called a maximal algebraic family since it is not con- 
tained in another family consisting of positive divisors of the same degree. 
An algebraic family % is called total, if for any V-divisor Z algebraically 
equivalent to 0, there is a divisor X in § such that Z ~ X — JX), for a fixed 
divisor X, in % (Matsusaka [3], Th. 1). We shall say that an algebraic 
family is defined over a field K, if its Chow-variety (i.e. the set of corre- 
sponding Chow-points) is defined over K. About maximal algebraic families, 
we know the following results. 


THEOREM 1. Let V be a projective variely, non-singular in co-dimension 
1, and C be a hyperplane section of V. (i) For a given divisor X, there is 
a positive integer m, such that whenever m Z mo, there is a total maximal 
family in A(X + mC). Gil If 3 and À are two total maximal families of 
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divisors on V in the same coset U*, then =F. (iii) Assume that V is 
non-singular. If a V-divisor X is given, there is a positive integer m, having 
the following properties: whenever m Z mo U(X+ mC) itself is a total 
algebraic family; any two divisors in U(X + mC) determine complete 
linear systems of the same dimension; and for any divisor Y in U(X + mC), 
Q(Y) contains a non-singular variety. 

For these, see Matsusaka [5], Th. 2, Lemma 2. 

: We can define specializations of cycles on projective varieties. Specializa- 
tions are compatible with the operations of addition, multiplication and 
algebraic projection. As far as positive cycles are concerned, specializations 
are compatible with the operation of intersection-product. Moreover, when 
the ambient variety is non-singular in co-dimension 1, algebraic equivalence 
and linear equivalence of divisors are preserved by specializations. For the 
general treatment of specializations, we refer to Shimura [10]. We shall 
write X — X refk, when a cycle X’ is a specialization of a cycle X with 
reference to k. 

Let V be a variety defined over a field & in a projective space and Hy,---, 
` H, be s independent generic hypersurfaces in the ambient space over k. Then 
V-H,- -H, is defined and is a variety; and it is non-singular (resp. non- 
singular in co-dimension 1) when V is non-singular (resp. non-singular in 
co-dimension 1) (Weil [14]). Let us call it a general variety on V generic 
over k. When we say that a variety W is a general variety on V, it is under- 
stood that W is a general variety on V, generic over a certain field of 
definition for V. 


1. Let us fix orice for all a projective variety V, non-singular in co- 
dimension 1 and an algebraically closed field of defintion & of V. We 
regard & as a basic field and all fields will be assumed to contain &. 


Leama 1. Let W be a general variety on .V generic over k and K be 
a common field of definition for V and W.. Let X and X’ be V-divisors such 
that XX ref K and that X-W is defined. When 


(G) (ÆX-W)= (X,Y) ref K, (2) (X,X-W)-> (X, Y*) ret K, 


are two specializations of (X,X-W) over YX’ ref K, then Y and Y* are 
linearly equivalent on W.? 


- Proof. First let us consider the case when X is positive . Then X’ is 


| * The writer side to take ae‘ eppor tunity to correct the error in the proof of 
Prop. 2, Matsusaka [3]. Prop. 2 itself is an immediate consequence of this lemma, 
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also positive. We can find projecting cones R and R’ of X and X’ BB l 
tively such that 


R-V=¥ 4N, R-V=X EN, deg(R) = deg(R’) — deg (X) — deg (X’), 


that N-W, N’-W are both defired and that R’ is the uniquely determined 
specialization of R over the specialization X — X’ ref K (for projecting cones, 
see v. d. Waerden [11], pp. 634-535). Let H be a hypersurface of the same 
degree as R defined over K such that H-V and H:W are both defined. We 
have X ~H- V—N, X’~H-V-—WN’. By the compatibility of specializa- 
tions with the operation of intersection-product, X —> X’ ref K “determines 
uniquely the specialization. (X,N,N-W)—> (X’,N’,N’-W) ref K. Hence 
(1) and (2) determine uniquely specializations | 


a’) - (X, X- W, N, N-W) > (X',Y,N', N-W) ret K, 
(2) (X,X-W,N,N-W) > (X, Y*, N’, N'-W) ref K. 


Since linear equivalence is preserved by specializations and since X-W 
~H-W—WN-W, we get, from (1’) and (2’), the following relations: 
X~H-W—WN'-W, Y*~N-W—N’-W. This proves our lemma in the 
case when X is positive. 

Suppose that X is nat pee and write X =X, — X., X,>0 for 
i=1,2. Let 


(X,X-W, E, Xo, X, W, X2: W) > (X,Y, XY, Ke, Zu Ze) ret K, 
(X, X- W, Xn Xa Xi W, Xo W) > (X, VE, X, X, Z,*, Zo*) ref K, 


be extensions of (1) and (2) respectively. . We have XY’ = X; — X,’ and by 
what we have seen already in the case of positive-divisors, Z, ~ Z.*, Za ~ 23". 
Since X -W =X, W— X.: W, we have Y =Z, — 2, and FF = 2,* — Z.*, 
which prove that Y —Y*. Thus our lemma is proved. 


Lemma 2. Lei U be a variety in a projective space L, and f be a rational 
mapping of U into a projective space L, such that f is everywhere single- . 
valued. Let X be a subvariety of U and X’ be a specialization of X over a 
common field of definition K for U and f. If the image of X by f is a 
d-dimensional variety, there is c component of X’ such that its image by Î 
has at least dimension d. 


Proof. It is clear that if our lemma is true when U is a normal variety, 
it is true in general, by passing from the given variety to its derived normal 
variety. Therefore, let us assume that U is a normal variety. Let Z be the 
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graph of f. By our assumption, f is everywhere defined on U. There is 
a uniquely determined subvariety X* of Z of the same dimension as X 
with the projection X on U (Weil [12], Chap. 4, Th. 15). Let (X,X*) 
-> (X,Y) ref K be an extension of X — X’ ref K on Lı X Le. By the com- 
patibility of specializations with the operation of algebraic projection, we see 
that pr,Y =X’, where pr, is the operation of algebraic projection on the 
first factor of the product L, XL. Hence if Y’=)uaZ; is the reduced 
expression for X’, Y — X aZ" is the reduced expression for Y, where Z;* is 
the uniquely determined subvariety of Z with the projection Z; on U. 

Let H be a generic linear variety of co-dimension d in L, over a field 
over which X,X’ are both rational and K(u) be the smallest field of 
definition for H containing K. Then (X,X*)— (X’, Y) ref K(u) on Ly X Le. 
Since X*-(Z, X H), Y- (Lı X H) are both defined (Weil [12], Chap. 5, 
Prop. 2), we see that X*- (Lı X H)—>Y-(L,XH) vet K(u) on Li X Le. 
Because of the fact that the former is not empty, the latter cannot be empty. 
_ This proves our lemma. 


Lemma 3. Assume that V is normal and let X be a positive V-divisor. 
: Let K be a field of definition for V over which X is rational and let C be a 
hyperplane section of V, generic over K. There is a positive integer ho such 
that whenever h Z ho, the. Comm HEte : linear system 2(X+hC) induces a 
complete linear system on C. 


This is the so-called Castelnuovo lemma in the classical case. As to 
the proof, see Matsusaka [5], p. 126. 


2. Let us recall some of the known results on Picard varieties which 
.we shall need later. Let U be a complete algebraic variety, non-singular in 
co-dimension 1 and K be a field of definition for U. Let G be a subset of 
G(U) and f be a mapping of G into an algebraic variety W with the 
following properties: (i) f is defined outside of a proper subset of G; (ii) 
there is a common field of definition K’ for U and W such that when Z is a 
divisor in G, rational over a field K* containing K’, f(Z) is rational over 
K* if it is defined. When f satisfies the above conditions, then we shall say 
that f is a rational mapping of G and K’ is a field of definition of f. More- 
over, if G is a subgroup of G(U), W a group variety and f a group- 
homomorphism, we shall say that f is a rational homemorphism, There is an 
Abelian variety P and a rational homomorphism f of G(U) onto P such 
that the kernel of f is G,(U) and that f has the universal mapping property as 
a rational homomorphism of G{(U) into an Abelian variety. P is called the 
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Picard variety of U and f is called the canonical homomorphism of Ga(U) 


onto P. When U is a projective variety, we may take P,f to be defined 
over K and when dim U > 2, the Picard variety of U and the Picard variety 
of a general variety on U of dimension at least 2 differ by a purely inseparable 
homomorphism. As to these, see Chow [1]; Matsusaka [3], [4], [6], [7]; 
Neron-Samuel [9]. > 

Let us asume, from now on, that V is a normal variety. Let W be a 
general variety on V generic over & and k(w) be the smallest field of definition 
for W. Then &(u) is a purely transcendental extension of k. We regard 
(u) as a parameter on which W depends over the field k, and we shall write 
sometimes W, for W. W is a normal variety since V is normal (Zariski [15], 
Th. 3). Let us denote by P(V) and P(W) the Picard varieties of V and W: 
Then as we have remarked already, we may assume that P(V),-P(W) are 
defined over k and over k(w) respectively, together with the canonical homo- 
morphisms. Let § be an algebraic family of positive V-divisors defined over 
a field K and assume that W, is a general variety on V generic over K. Let 
X be a generic divisor of 3 over E (u) ; then X W, is defined and is rational 


- over a regular extension of K(u). Let % be the set of specializations of 


X-W, over K(u), which we shal. call the family induced on Wy by X.. 


Lemma 4. Let % and %* be two total maximal families of positive 
V-divisors and W, be a general variety generic over a common field K of 
definition for V,% and &*. Let X and X” be generic divisors of % and J! 
over K(u) and assume that Q(X), 2(X*) induce again on Wu, complete 
linear systems. (i) If dim W,—1 and if the induced families X, 3” 
contain W,-divisors linearly equivalent to each other on Wy, then % and 3” 
coincide. (ii) If dimW,>1 and if 5 and %* contain divisors alge- 
braically equivalent to each other on Wy, then % and % coincide. 


Proof. According to Weil’s equivalence criteria for linear equivalence 
(Weil [14], Cor. 2, Th. 7), any V-divisor Z such that Z-W,—~0 on W, is 
linearly equivalent to 0 on V, provided Z is algebraically equivalent to 0. 
Let us omit to write u and let PiW) and f be the Picard variety of W and 
the canonical homomorphism of G, (WV) onto P(W), both defined over K (u): 
Let us assume that dim W—1; let Y and F* be W-divisors contained in 
5,3” which are linearly equivalent to each other on W and T,T* be the 
loci of f(X-W—Y), f(X*-W—Y*) over the algebraic closure of K (u) 
respectively. Then T and T* are Abelian varieties in P(W) and T = T* 
since 5 and %* are maximal total families. T is isogenous to the Picard 
variety P(V) of V (in fact, differs from P(V) by a purely inseparable homo- 
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morphism) by Weil’s equivalence criteria for linear equivalence. Let x be a 
generic point of T over the algebraic closure X’ of K (u). Then by the main 
theorem on Jacobian varieties (Weil [13], Th. 19), there is a positive W- 
divisors Z of the same degree as Y, Y* such that F(Z —Y) =z =f (Z— Y*). 
Let X, and X,* be generic divisors of and %* over K(u) such that 
MX, W-P)=er=f(X,*W-—Y*. Then X, -WeoX®W-Z By 
our assumption, X(X,),2(X,*) induce on W complete linear systems. There- 
fore, (X) =L(X,*) =Q(Z) and L(Z) is contained in both 3 and 5”. 
Let K* be a field of definition for the algebraic family 2(Z) containing K’ 
and Z* be a generic divisor of 2(Z) over K*. Then X, W and X,*-W are 
specializations of Z* over K* and, a fortiori, over K’. This proves (i) when 
we take the definition of induced families into account. 

Assume that dim W>1. The same. equivalence criteria of Weil show 
that $ and %* are total families on W since P(V) and P(W) have the 
same dimension in this case (Chow [1], Matsusaka [7]). By our assump- 
tion, %,%” contain divisors Y and Y* which are algebraically equivalent 
to each other on W. Hence % and %*’ coincide by Th. 1, (ii), provided 
both are maximal families. But since generic divisors of % and %* over 
K (u) are such that the complete linear systems determined by them induce 
on W complete linear systems by our asumption, and 5°” must be maximal. 
Our lemma is thereby proved. 


Proposition 1. Let % and %* be two total families on V; let K be 
an algebraically closed common field of definition for V, 3 and 5”; let Wy 
be a general variety on V generic over K and %, 3%” be the families induced 
on W, by 3 and 3°” respectively. Assume that F =F. (i) When dim W, 
== 1, there is a finite set of subvarieties D,,---,D, of V depending only . 
upon W, such that if X and X* are divisors in 3 and %* respectively, X — X* 
is algebraically equivalent to a linear combination Y, mD, of the Di. The 
D; have the property that YaD:=0mod G(V) tf and only if a—0. 
(ii) When dim W, > 1, Y and §* belong to the same coset of G(V) mod G,(V). 

When & and 3” are both maximal and totai, then S—D* tf every 
m;==0 in the case when dim W, =1. %—=%” when dim W, > 1. 


Proof. Let X and X* be generic divisors of % and %* respectively over 
K(u) and C be a hyperplane section of V raticnal over K. By using 
our Lemma 3, we see that when m is sufficiently large, Q(X +mC) and 
SCX* + mC) again induce on W, complete linear systems. Let %. and &.* 
be maximal families containing X¥-+mC and X*+ mC respectively as 
members. Then it is easy to see that §, and $,” are both maximal total 
families and by our assumption the induced families $, and %,* contain 
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common W,-divisors. By our choice of X, X* and C, À + mC and Y + mC 
are linearly equivalent to generic diviscrs of %, and g* respectively over 
K(u). Therefore, 3,’ and 35,” coincide by Lemma 4. If (i) and (ii) are 
true for %, and %,*, they are also true for % and %*. Hence let us assume 
that % and %* are both total and maximal. 

Let U and U* be the Chow-varieties of % and %* (the set of Chow- 
points of divisors in % and §*) and z,z* be the Chow-points of X,X*. Let 
hus Ru”, gu be the rational mappings from U,U* and from U X U* defined 
as follows: 


hula) = fa ( (X — Xo) Wa) ; hy* (2*) = fu( (X* — Xo) Wu); 
lex) = fy((X—X*) Wu), 


where X, is a fixed rational divisor in & over K and f, is the canonical 
homomorphism of G(W,) onto P(W,). Since W, is defined over K(u), 
we may assume that P(W,) and f, are both defined over K(u). Of course, 
the second and third formulas have a meaning by our assumption; h,(x) 
and h,*(x*) have the same locus A, over K(w), which is an Abelian 
~ variety on P(W,) and differs from the Picard variety P(V) of V by a 
purely inseparable homomorphism. Let us observe that hu, hy* and gy are 
everywhere single-valued razional mappings defined over K(u); this is an 
immediate consequence of our Lemma 1. 

Let 0, be the neutral element of P{W,) as a group, which is also the 
same for the group Au. Let us prove that g,*(0,) contains a component Z, 
defined over a purely inseparable extension of K (u) such that when y X y* 

_is a generic point of Z, over the algebraic closure of K (u), y and y* are 
generic points of U and U* over E(u). We have gr X 2) = hat) —hy*(e*) 
and hence gx (0,) consists of points s’ X y* such that hy(y’) = hy* (y*). 
Let us put u(x) =w. It is not difficult to see that hyt(w) consists of — 
Chow-points of divisors ‘contained in R(X) by Weil [12], Chap. 6, Th. 11 
and by the criteria for linear, equivalence. Let y* be a generic point of U* 
over K(w) such that h,*(y*) =w and Y* be the divisor in &* with the 
Chow-point y*. Then again hy*-?(w) consists of Chow-points of divisors in 
2(¥*). Therefore, the point sets | h,-1(w)|, | hu*-*(w)| are the point sets 
of Chow-varieties of Q(X), R(Y*) respectively. Let us assume that x and 
y* axe independent generic points of | hy*(w)|, | Au**(w)| over the algebraic 
closure of K(u,w); let Z, be th locus of x X y* over the algebraic closure 
of K(u). We see that Z, is contained in a component of g,"*(0,) and x, y* 
are generic points of U, U* over K(u). Let T be a component of g,*(0,) 
containing Z, and {X t* be a generic point of T over the algebraic closure 
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of K(w). Then h(t) =hu*(t*) =w is a generic point of A, over K(u) 
and is a generic specialization of w over the algebraic closure of K(u). 
Therefore, by our choice of z,y*, tX t* must be a generic specialization of 
æ X y* over the algebraic closure of K (u). This proves that T—Z,. Now 
let (Z,’, 2’, y*’) be a generic specialization of (Z,2,y*) over K(u). Then 
ha) = hu” (y*’) =w is a generic specialization of w over K(u}. Since 
A, is defined over K (u), it follows that w’ is also a generic specialization of w 
over the algebraic closure of K(w). Therefore (w, ty *(w),hu*-1(w)) is a 
generic specialization of (w, hu (w), hy*-1(w’)) over the algebraic closure 
of E(u). This shows that Z, and Z,’ coincide by the definition of Z,. Thus 
our assertion is proved. 

Now we are in position to prove our proposition. Let © be the set of 
specializations of Z, over K in the ambient space of U X U*; © is an algebraic 
family of varieties defined over K and Z, is a generic variety of it over K. 
Let w’ be an independent generic specialization of u over K, then Zw is also 
a generic variety of © over K. Moreover, Zw is also a generic variety of © 
over K(u) and consequently Z, is a specialization of Zw over K(w}. Since 
gu is everywhere single-valued and since Z, is such that every point on it is : 
mapped to one and the same point.0,, it follows that every point on Zw is 
mapped also to one and the same point by g, accerding to Lemma 2. Let 
us denote such a point on P(W,) by Q(w’). Since Zw is defined over a 
purely inseparable extension of K (w), there is a positive integer m such that 
it is defined over K(u’?"), where K(wr™) is the image of K(u’) by the 
automorphism of the universal domain defined by 2—>27". Let R be the 
locus of v’ =u’? over K, which is a rational variety since K (w) is a purely 
transcendental extension of K. Put vw". We get a rational mapping f 
from R into P(W,) defined over K(u) such that [(v’) —Q(u’) and that 
(v, Q(u)) is a specialization of (v’,Q(u’)) over K(u). On the other hand, 
every rational mapping from a rational variety into an Abelian variety is a 
constant by Weil [13], Cor., Th. 8. Hence f(v) =Q (w) —0, and from 
this we see that (X —Y*)-W,—0 on W,. Therefore, when dim W, > 1, 
A~Y* and when din W„=1, Y—Y*~ È mD; where the D; are sub- 
varieties of V having the properties stated in our proposition (Weil [14], 
Cor., Prop. 5). Thus we have proved (i) and (ii). The rest of our assertion 
follows from Theorem 1. | 

Let C be a general curve on V generic over k, J be the Jacobian variety 
of C and ¢ be the canonical function of C into J. Let us associate to every 
positive V-divisor X the point 


S(p(C°X)) =f(X), 
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which is the sum of the components of C-X on J. In the case when C-X 
is not defined, let 7 be a Civisor linearly equivalent to X such that C- Y is 
defined, then we define f(X) =f(F). This definition is compatible with 
specializations by Lemma 1. 

Let $ be a total family on V defined over k and X, be a fixed rational 
divisor in § over k. When X is a generic divisor of § over a common field 
of definition K for C,J and 6,f(X) —f(X,) has a locus A over K which is 
an Abelian variety in J, and differs from the Picard variety of V by a purely 
inseparable homomorphism. Let us prove the following theorem. 


THEOREM 2. Let C, J, p, A be as described and Y,Y’ be two positive 
divisors of the same degree on V. Let D,,: + +, D, be subvarieties of V with 
the properties stated in Prop. 1. If Y and Y’ are algebraically equivalent 
to each other, f(Y) and f(Y’) differ by a point of A. Conversely, when 
FI) —f(P’) is a point of A, Y —Y’ is algebraically equivalent to a linear ` 
combination of Dı: > +, Ds. 


Proof. Suppose that F — Y’ is algebraically equivalent to 0. Let % be 
a total family on V and X, be a fixed divisor in %. There is a divisor X 
in % such that Y—Y¥’~2X—X,. Hence f(Y) —f(¥’) =f(X) —f (Xo) 
which is a point on A. Therefore, we get the first assertion. 

Let W be a hyperplane section of V and let us take m so large that there 
are total maximal families ©, & such that Œ is contained in X(Y + mW) 
and W’ is contained in U(¥’-+- mW) (cf. Th. 1.). Let K be an algebraically 
closed common field of definition for V,C,J, p, A, %, @,@’ and Z and Z’ be 
generic divisors of © and & over K. By the Lemma 3, we may assume that 
2(Z) and 2(Z’) induce on C complete linear systems. Since Œ and © are 
total, the loci of f (Z), f (Z) over K are of the form Ay, Ay. Our assumption 
shows that f(Y + mW) —f(Y’-+ mW) + a where a is a point on A. Hence 
Arn Av have a point in common, and consequently A,= 4y. On the other 
hand, since 2(Z) and 2(Z’) induce on C complete linear systems, © and ©’ 
induce on C the same algesraic family, as can be seen easily by using the 
fundamental theorem on Jacobian varieties (Weil [13], Th. 19). Then our 
assertion follows from Prop. 1. 


Remark. It is very desirable to eliminate the subvarieties D,,- + -,D, 
from our theorem. In order to do so, we have to eliminate them from Weil’s 
equivalence criteria. In particular, we have to do so for Weil [13], Th. 2. 
Suppose that W is a general surface on V generic over k. Assume that W 
has the property that the generic linear pencil contained in the linear system 
of hyperplane sections on W does not contain reducible members. Let H be 
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.& generic hyperplane with respect to V and W and take W-H to be a general 
curve on V generic over &. Then we can eliminate those special subvarieties 
from the equivalence criteria for linear equivalence and our theorem becomes 
as follows. 

- The necessary and sufficient condition that Y and Y’ are algebraically 
equivalent is that f(Y) and f(Y”) differ by a point of A. 

Those algebraic surfaces which do not fulfill the above mentioned property 
are known to be the ruled surfaces or the Steiner surfaces in the classical 
case. But this difficulty may be avoided by applying a birational transforma- 
tion to V. In fact, there is a normal projective variety V’, birationally equi- 
valent to V, such that a general surface on V’ has the above mentioned 
property (cf. Néron-Samuel [9], §4). 


THEOREM 3. Let W be a general variety on V generic over k; let Z be 
a V-divisor such that Z-W is defined. When dimW=2 and Z-W is alge- 
` braically equivalent to 0 on W,Z is algebraically equivalent to 0 on V. 


Proof. Let us write Z as the difference X — X* of two positive divisors. 
Since we are interested in algebraic equivalence, we may replace Z by another 
V-divisor algebraically equivalent to Z. In particular, we may assume that Z 
is rational over k since k is algebraically closed. Let C be a hyperplane 
section of V, rational over k and let 3 and 3” be total maximal families con- 
tained in U(X -+ mC) and A(X* + mC) for sufficiently large m (cf. Th. 1). 
By Lemma 3, we may assume that the complete linear systems determined 
by generic divisors of & and %* over a common field K of definition for V 
and W induce on W complete linear systems, by taking m sufficiently large. 
Our assumption shows that the induced families 3’ and %* on W by # and 
3” contain divisors algebraically equivalent to each cther on W. Therefore, 
by Lemma 4, (ii), 3’ and %*” coincide and consequently § and %* coincide 
by Prop. 1. This proves that Z is algebraically equivalent to 0. 


3. Let us assume here that V is a non-singular algebraic surface. 


Proposition 2. Let X and X’ be V-divisors numerically equivalent to 
each other. Then the virtual arithmetic genus pa(X) of X and that of X’ 
coincide (for the definition of the virtual arithmetic genus, see Zariski [15]). 


Proof. Let K(V) be a canonical divisor of V. Let us assume first 
that X and X” are both non-singular curves. Since Q(Y + K(V)) induces 
on X a linear system contained in the canonical system (Zariski [15], § 13), 


we have 


des X- (X + K(V))) = 2g(£)—2,  deg(X’- (X + K(V))) = 29(X’) —2, 
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where g(X), g(X’) denote the genera of X,Y’. Since X and X’ are numerically 
equivalent to each other, we see, from the above formulas, that g(X) —g(X’). 
Consequently we get the equality pa( X) = pa ( X’) since the virtual arithmetic 
genus of a non-singular cucve and its genus coincide. In the general case, 
let C be a hyperplane section of V. When m is sufficiently large, Q(X + mC) 
and Q(X’ + mC) contain non-singular curves (Matsusaka [5], Lemmas 1, 2). 
Since all divisors in the same coset of G(V) mod G,(V) have the same virtual 
arithmetic genus (Zariski [15], Lemma 4), we get the following equality by 
using the so-called modular property of po. ` 


Pal X) + pa(mC) + pa (MX: C) = pe(X’) + palmC) + pa(mX’- 0). 
(cf. Zariski [15], p. 582). 


By the definition of Pa, we have pa(mX -C) = deg(mX : C) — 1 and pa( mX’: 0) 
= deg(mX’:C)—1. Therefore, we get the equality pa(X) = pa( X’). 


PROPOSITION 3. G,(V?)/G;(V?) is a finite group. 


Proof. Let % be a maximal total family on V such that it contains a 
divisor X satisfying the inequalities | 


deg(X-X) — p(X) + pa(V) +120, deg(X) > deg(K(V)). . 


When we take % to be a maximal total family contained in X(mX), where 
mC is a sufficiently high multiple of a hyperplane section C of V, the above 
condition is satisfied (cf. Th. 1 and Zariski [15], §14). By the main 
theorem in Chow-v. d. Waerden [2], there is a finite number of maximal 
families of divisors $1 = Y,- ` `, En in N(X) such that any divisor in R(X) 
is algebraically equivalent to a divisor in %,; for some t, but no two of the 
ois contain divisors algebraically equivalent to each other. Let X, be a 
divisor in %; and assume that X, = X. By our assumption, X; and X; are 
algebraically equivalent to each other if and only if vj. Let Z be any 
divisor numerically equivalent to 0. Then ¥+Z and X are numerically | 
equivalent to each other. Hence both have the same self-intersection number 
and the same virtual arithmetic genus by Prop. 2. Moreover, since deg(K(V)) 
< deg(Z + X), it follows that 1(K(V) —X—Z) =0. Hence 


deg ((X +2): (N+ 2Z)) — pal X +2) + pa(V) +120. 


By the theorem of Riemann-Roch (Zariski [15], § 14), we see that 2* (X + Z) 
contains a positive divisor 4’. Hence X’ must be algebraically equivalent to 
one of the Xs. This proves that ¥,—Y (i=1,: : ',m) gives a complete 
set of representatives of 4%,(1) mod G(T). Our proposition is thereby 
proved. | 
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Tueorem 4° Let V be a non-singular projective variety. Then 
Gi(V)/Ga(V) is a finite group, and consequently it is the torsion group 
of V-divisors. 


Proof. Let W be a general surface on V and let r be the order of the 
group G,(W)/G.{W). Assume that G,(V)/G.(V} contains more than r 
elements and let Z1,’ ` °, Zr be r + 1 representatives of G,(V) mod G,(V) 
such that Z,;54Z;mod,(V) for 1-27. We may assume that Z;- W is defined. 
By Theorem 3, X a:Z;- W=0 mod G,(W) implies X a= 0 mod G,(V), but 
we must have a relation of the form Z;: W = Z; W mod G,(W) for a certain 
pair (i,j) of indices. This is impossible by our choice of the Z; and conse- 
quently G,(V)/Ga(V) contains at most r elements. From this.our theorem 
follows immediately. 


. Let Z:,: : <, Zs be a complete set of representatives of G,(V) mod G.(V) 
and C be a hyperplane section of V. When m is sufficien:ly large, Q" (Z; + mC) 
contains a divisor X, >0 for every i Let us assume that Z; is algebraically 
equivalent to 0. Then X, is algebraically equivalent to mC. Thus we get 
the following corollary. 


COROLLARY. Let V be a projective non-singular variety and X be a 
positive V-divisor such that Q(X) determines an everywhere biregular bi- 
rational transformation of V into a projective space. There is a positive 
integer mo with the following property: let. mX =F,- - -, Y, be a complete 
set of representatives of N(mX) mod G.(V); then when mZ m, Y;—Yı, 
for j==1,---,t, is a complete set of representatives of G,(V) mod Ga( V). 


CHICAGO UNIVERSITY AND 
OcuHanomizu UNIVERISTY, TOKYO. 


* The writer was informed that Mr. Y. Nakai obtained the same result. 
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THE NILPOTENCE OF NIL SUBRINGS.* 


By M. P. Drazin. 


1. It is well known that, in any associative ring À with minimal con- 
dition on (say) left ideals, every nil left ideal is nilpotent (for the simplest 
known proof of this, due to R. Brauer, see [4, Theorem 13, p. 64]); more 
recently, Jacobson has shown ([5], and cf. also [4, Theorem 30, p. 71]) that 
every nil subring of R, besides also certain types of (nil) subsets not admitting 
the addition and multiptication of R, must be nilpotent. We recall also 
[4 Theorem 29, p. 71] that, at least in the presence of a two-sided identity 
element, the minimal condition on left ideals implies the maximal condition 
on these’ ideals. 

Our main result in this note is that, in any associative ring with maximal 
condition on nilpotent subrings, every nil subring must in fact be nilpotent. 
Indeed, we establish the stronger result stated as Theorem 1 below; this may - 
be compared with a result of Levitzki [6], who showed that, if À has maximal 
condition on both left and right ideals, then every nil subring of R is nil- 
potent (and that every nil ideal is nilpotent under a weaker, though more 
complicated, hypothesis; cf. also [7]). 

In a coneluding section, we establish some analogous results for Lie 
rings. 

We note first a trivial lemma, which serves as a starting-point for our 
arguments in both the succeeding sections: 


Lemma 1. Let M be any given set, let sX Et be any given binary 
operation in M, and lei A be any subset of M closed under this operation. 
Then, for any given subsets T of A and U of M, either (i) ASU, or 
(ii) we can find ae A and an infinite sequence tı, ta` in T such that 
Coo (Xh) Xt) X) Xtrg U (k=1,2,- +--+), or (ii) we can find 
be A such that bé U and bXtEU for all teT. 


Proof. If (i) is false, then we can certainly choose a € A with ag U. 
Then we have the following inductive method of constructing a sequence 
ist - + satisfying (ii), which method can break down at some stage only 
if (iii) holds: supposing, for a given positive integer k, that ty- -tpa 


* Received July 30, 1956. 
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are already defined so that b= (-: -(aX 4) Xto ++) XteagU, then, 
since TSA and A is closed, we have b€ A, and so, if b does not satisfy 
(iii), we can choose a suitable t}, and sO on. 


2. In this section we take M to be an associative ring R (possibly 
considered as a ring with operators) and, given any subset C of R, we 
write C* to denote the subring generated by C. We also now require, for 
each pair s,t€ R, that s X t should be of the form 


sXt==st+2s+y, 


where both æ—zx(s,t) and y=y(s, 8) are in the subring {t}* of R 
generated by #; and, when we speak of a closed subset A of R, we shall 
mean that sX te A whenever both s,t€ A. 


Lemma 2. Given any ring R, any closed subset A of R and an arbitrary 
subset T of A, then either (1) ore or (2) we can find a€ A such 
that T*ia + aT*t*s40 (i—1,2,- - +), or (3) we can find b€ A such that 
bé T* and, for each tE T, bt € T* + T*b. 


Proof. We show that, on taking U=T* in Lemma 1, then (i), (ii), 
(iii) respectively imply (1), (2), (8). For, if (i) holds, ie, if A = T*; 
then of course A* <= T*, while also (since A=T) 4*=T*, so @) follows. 
Next, for any tp’ ',trE T, clearly (---((a@Xti) Xt) X`: °) X te is, 
modulo T*, a sum of terms cf the form z,° - us -Zk with each € T*, 


so that (.--((a@Xt) Xt) XK- ++) Kee TH+ > T#iaT#k-i; if (ii) holds, 
e. if the element on the left is not in T*, red any Zr JaT*r-3 & 0 


(k==1,2,- + -), which gives (2) on taking k = 2i— 1. Finally, (iil) gives 
b¢ T* and, for any tET, we have bt=b X t—y— zb, where bX t, 
T, „yE i, ss 

Lemmas 1 and 2 are both implicit in J acobson’s paper [5], though he 
considered only “products” of the more special form s X i==st-++ zs, with 
z—=x(s,t) an operator multiple of t. It is, of course, easy to deduce from 
(3), as Jacobson did, that bT* = T* + T*b; however, Jacobson’s own later 
argument uses only the fact that bT* is contained in the right ideal of R 
generated by T, and this is an obvious consequence of (3). 


THEOREM 1. Let R be any given associative ring with maximal con- 
dition on nilpotent subrings, and A any closed subset of R. Then, if A i 
nil (i.e. has all its elements nilpotent), il generates a nilpotent subring of R. 
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Proof. We first apply our hypothesis about R to select, from among 
those subsets B of A which generate nilpotent subrings B* of R (and 
certainly such B exist provided that A is not empty), a subset T of A such 
that T* is maximal in the class of all subrings B* arising in this way. 
Since T* is nilpotent, it is enough to show that (1) of Lemma 2 holds; 
and, since the nilpotence of T* contradicts (2), we need consequently only 
prove (3) false, i.e., show that no element b of A can have the stated 
properties. _ l 

To do this, let b be as in (3), and let S denote the subring generated 
by T together with b, so that (since bé T*) 8 contains T* properly; then, 
by the maximality of T* among all the B*, it will suffice, in order to obtain 
our desired contradiction, to show that S is itself a B*, i.e. (since S is 
certainly generated by a subset of A), that S is nilpotent. 

Since A is nil and bE A, we have b"—0 for some ‘integer m = 2, 
Now, for each positive integer n, every element of Sn is a linear combina- 
tion of monomials g = c1: : -c,, where r= mn and, for each i, either c; = b 
or c;€ T. Also a non-zero y can have no more than m—1 consecutive factors 
b oceurring anywhere in it, so, if g denotes the total number of factors 
. from T occurring, then g can be non-zero only if ` i 





> —q = 
À | 7 Er iE o. 
so that qÈ (r—m +1)/m Z (mn—m + 1)/m, i.e. gn. In other words, 
at least n factors from .T must occur in any non-zero monomial g € S™", and 
so, by use of (3), we can express every element of S”* as a linear combina- 
tion of podnete d,- + - db, ‚where qZ n, each dE T*and0=j=m—l,ie. 


gen Ts "+27 RB i (n=1, 2,° : Jo 


21 


Henee, since T* is nilpotent, so is S ‘and the theorem follows. 


‚3. . Arguments analogous to most of idee in the die section can 
be. carried. through for Lie rings. This can be done in two ways, by applying 
Lemma 1 with M taken to be either the given Lie ring itself or the (asso- 
ciative) set of (say) right multiplications of the given ring. However, the 
results obtainable by the former method seem to be the more ‘interesting, 
and we. shall not discuss the other possible approach further. 

: From now on, we suppose that we ‘are given a ‘Lie ring L and an 
de ‘8 xt in L such that, for each pair See D 


Se er 
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where y—y(s,t) is some integral or operator multiple of t (and where st 
is of course now a Lie product). Closure will, naturally, refer to this 
operation, while C* will now denote the Lie subring of L generated by a 
given subset C of L. Corresponding to Lemma 2 above, we now have 


Lemma 3. Given any Lie ring L, any closed subset A of L and un 
arbitrary subset T of A, then either (1°) A* = T*, or (2’) we can find a€ A 
and an infinite sequence tı, t: -in T such that (- >- ((aty)t.)- > Jir T* 
(k= 1,2,-- +), or (3°) we can find bE A such that bé T* and DT STE, 


Proof. We apply Lemma 1 with U = T*, much as before. We deduce 
(1’) from (i) exactly as in Lemma 2, and this time it is even easier to 
deduce (2’) from (ii). Fixally, (iii) gives błe T* for every t€ T, whence 
the Jacobi identity, together with a straightforward induction on the degrees 
of the T-monomials involved, gives (3’). 

In order to be able to state our next theorem concisely, we introduce 
some notation and terminology. Given any elements @;,@,° : : of L, then 
any product @,@2- - ‘a, written without parentheses is to he understood as 
standing for the corresponding left-normed Lie product (- + > ((a,a»)a,)* - Jar; 
and, more generally, given subsets A,,As,- - : of L, we write 4,4:- ` A, to 
denote the set of all products of the form @,a,- > ‘a, with each a; € A With 
these conventions, we can use Bc* to denote the set of all (- : -((zc)c)- > -)e 
as z runs through B (with just & factors c) ; similarly, BC* will denote the 
set of all (- - -((zax)@2)- * “ax as z runs through B and the a; run inde- 
pendently through C. We shall call an element c of L nilpotent on L if 
Lc = 0 for some integer k= k(c), and shall call a subset C of L nilpotent 
on L if LO*=0 for some k= k(C); if every element of a subset C of L 
is nilpotent on Z (the implied #’s being not necessarily bounded) then we 
shall call C nal on L. 

We can now apply Lemma 3, and arguments parallel to those used in 


proving Theorem 1, to derive 


THEOREM 2. Let L Le a given Lie ring with maximal condition on 
nilpotent subrings (nilpotent being here interpreted in the ordinary Lie 
sense) and A any closed subset of L. Then, if A is nil on L, the subring 
of L generated by A is nilpotent on L (and, a fortiori, nilpotent). 


Proof. We first apply the hypothesis on L to select, from among those 
subsets B of A which generate subrings B* of L which are nilpotent on Z, 
a subset T of A such that T* is maximal in the class of all subrings B* 
arising in this way. As before, it is enough to show that (1’) of Lemma 3 
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holds; and, since the nilpotence of T* on L rules out (2’), we need only 
prove (3’) false. = 

Suppose then, by way of contradiction, that A contains an element b 

` satisfying (3’) and let S denote the subring of L generated by T* together 
with b, so that S contains T* properly; then, by the maximality of T* 
among the B*, it is enough to show that S is a B*, i.e., that S is nilpotent 
on L. 

Since À is nil on L and b€ A, we have Zb"—=0 for some m= 2, 
and, since bT* = T*b < T*, clearly S — T* + Fb, where F denotes the ring 
of integers (or any commutative ring of admissible operators). Next, for 
any u€ L, vE T*, we have, by the Jacobi identity and (3°), that ubv == uvh 
+ u(bv), where bve T*, so that 


(3”) | ubv— uvb € uT* whenever u€ L,e E T*. 


Now, for any positive integer n, since S = T* + Fb, clearly every element 
of LS" is a linear combination of Lie monomials g == Z0:C2* * * Cmn, Where 
3€ L and, for each i, either =b or c€ T*. Also a non-zero g can have 
no. more than m— 1 consecutive factors b occurring in it anywhere, so, if q 
denotes the total number of factors from T* occurring, then, as before, 


q= (mn—q)/(m—1) —1, 
le, q=n. In other words, at least n factors from T* must occur in any 
non-zero monomial g, and so, by use of (3”), we can express every element 


cf LS". as a linear combination of products 2d,: > -dabi with q = n, each 
de T* and OSjSm—1, ie. 


i m-i 
LE” S ET 4 S LT*rbi ins (n = 1, 2,° . ‘). ‘ 
: jal 


Hence, since T* is nilpotent on L, so is S and the theorem follows. 
Theorem 2 generalizes a result of Zorn [8], who considered only the 
case in which, s X t=st and A = L. 
We conclude with two other results, which, though little short of obvious, 
seem worth putting on record for comparison with Theorem 2 (cf. also 


11, [2], [3]): 


THEOREM 3. Let L be a Lie ring with maximal condition on Lie 
ideals and having characteristic zero. Then, if to each 2€ L there corre- 
sponds a positive integer k(z) such that zc) 0 for every cE L, we can 
find a fixed integer k such that zc —0 for allz,ceL. 


Proof. For each positive integer j, let X, denote the set of all ze L 
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such that syi =0 for all y€ L. Then it can be shown that each X, is an 
ideal of L; we shall not go into the (straightforward but not quite trivial) 
proof of this fact in detail here, but see e.g. [3, Lemma 4], where a more 
general result is established. Also clearly ¥; S Yj. (j=—1,2,: : -),.and so, 
by the maximal condition, there is an integer k such that X, contains all 
the other X; Thus, for each z€ L, we have z€ Xr) S Xx, Le. Z% —0 
for all z,cé L. 
In a precisely similar way, we find 


THEOREM 4. Let L be a Lie ring with maximal condition on Lie ideals 
and having characteristic zero, and suppose that, to each z€ L, there corre- 
sponds a positive integer k{z) such that 2L*@) == 0. Then L must in fact 
be nilpotent. 


TRINITY COLLEGE, CAMBRIDGE. 
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‚A CHARACTERIZATION OF THE LEBESGUE AREA* 


By CHRISTOPH J. NEUGEBAUER. 


Introduction. The characterization of the Lebesgue area as a functional 
defined on a certain class of continuous mappings has attracted a great 
deal of attention. The conditions that are imposed upon a functional & in 
this paper (see Section 3) are essentially those listed in L. Cesari [2; 7.5]. 
Let © be the class of all continuous mappings (7T,A) from an admissible 
subsct 4 of E, into E, (see Section 1), and let Z(T,A) be the Lebesgue 
area of (7,4). A subclass X of T is. considered which consists of all 
mappings (7,A) in © admitting an elementary shrinking approach (see : 
Section 4), and it is shown that X is the class of mappings on which each 
functional © satisfying the conditions of Section 3 agrees with the Lebesgue 
area. 


1. Some definitions. We will be concerned with the collection of 
admissible subsets À ‘of the Euclidean plane P.. By L. Cesari [2; 5.1] this 
collection comprises (a) all open subsets of F., (b) all finite unions of 
disjoint closed finitely connected Jordan regions, and (c) all open subsets 
of sets described in (b). The interior’ of a set A will be denoted by 4°, 
and the closure o? A will be designated by À. . The distance between two 
. point p’, p” of a Euclidean space will be abbreviated by | p’—p’ |. 
© Let X be the class of all continuous mappings (T, A) from an admissible 
sets A C E, into the Euclidean three space +: Tne following statements 
are needed. 


-(i) -A sequence of mappings (Ta, a) in Ẹ is said to converge to a 
mapping (T, A) in © provided (1) Ay C Ann CA, 447 A0, (2) d(T, Tn, An) 
> 0 as no, where d(T, Tn, An) =L u.b. |T (w) —Tn (w)|, wEAn (see 
[23-5.3]). 


(ii) Let R be the generic notation for the interior of a finite union of 
disjoint finitely connected Jordan regions. A mapping (T,R) in © will be 
termed elementary provided (a) -T admits of a continuous extension to À, 
(b) there is a quasi-linear mapping Fréchet equivalent to (T, È). For the 
concept of Fréchet le see Bs 31.2]. | 
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2. Some preliminary results. In this article we will discuss some 
lemmas which are concerned with Lipschitzian mappings F of constant one 
from E, into E, The class of those mappings F will be denoted by & 
The lemma (i) below is a special case of a theorem in E. J. Mickle [5]. 


(i) Lemma. Let B be a subset of LE, and let F be a Lipschitzian 
mapping of constant one from B into Hy. Then F can be extended to @ 
Lipschitzian mapping of constant one from E, into Es. 


(ii) Lemma Let (T,A) and (T’,A) be two mappings in Æ such 
that for each w, w in A, |T’(w) — T’(w)|S|T(w) —T{w’)|. Then 
there exists a mapping F in & such that (T’,A) = (FT, A). 


Proof. Let ybe a set in A on which T is constant. Then by hypothesis 
T’ is also constant on y. Therefore, the mapping #=T’T is a single- 
valued transformation from T(4) onto 7’(A). We assert next that 
|F (p) — F (|S |p—p |, pp ET(A). For p,p'€T(A) let ww be 
‘two points in A for which T (w) =p, T(w) =p’. Then 


| E (p) — E (p')| = [TT (p) —T'T= (p')| 
=| T (w) -T(w)|s|T(w) —T(w)|=|p—p|. 
By (i), F’ admits an extension F to Æ, satisfying the desired properties. 


(iii) Lemma. Let (To Ao) be a fixed mapping in X and let (Tn, An), 
n=1,2, -bea sequence of mappings in & satisfying (1) (Tn, An) > (T, A), 
(T,A)€X, AC Ao (2) for each n, there is a mapping F„ER such that 
(Ln, An) = (Pao, An). Then there exists a mapping F € Q with the property 
that (T, A) = (FT, A). l 


Proof. Let w, w be any two points in A and let {wi}, {w} be two 
sequences in A° such that ww, w —>w. Since by 1(i), An C Ana C A, 
A°,7 4°, we may choose integers ny < na <° © <mn <L: such that w, wr 
are both in 4°, Now, since T(w,) >T(w), T(wÿ) — T(w'), and since in 
view of 1(i), | T(wi) —T a, (wi)| — 0, | T(w/) — Tua (w’)|>0 as i>o, we 
conclude that Tn, (w:) > T(w), Ta (w) > T(w’). Moreover, the continuity 
of To implies T,(w) > To(w), To(wi) > To(w’). f 

Let e> 0 be given. Then we can determine an integer J > 0 such that 
for i> J, i 


| P(w) — Tam) < 43, |T (w) — Tu (we) | < 4/3, 
| Tolm) — Tolm) | < | Tel) — To (w) | + 6/3. 
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Since Tu (wi) = Fn,To(wi), Tun, (wi) = PuTo(wi), there follows for 4 > J, 
|Tw) —T(w)|s|T(w) —T,(w)| + | Pa. (ws) — Ta (7) | 
F| Tn (wi) Ta) S | To) — Ta (w) | + | Toto) —Po(we)| 
+| Ta (w) — T(w/)| <|To(w) —To(w’)| + e 
Since e> 0 was arbitrary, | T (w) —T(w’)|<|To(w) —To(w’)|. By (ii) 


the proof is complete. 


3. Class S*. Let % be the class of all functicnals # (T, A) defined for 
(T,A) E£ satisfying the following conditions: 


(a) (T, A) 20 for (T, A) EF. 


(b) ®æ(T,A) is lower semi-continuous, i.e., if (Tua, 4n) > (7,4), then 
@(T,A) Sliminf (Ta, An). 
n>% 


(ce) ®(T,A) satisfies the Kolmogoroff principle, i.e, for FER, 
®(FT,A) <&(T, A). 


-(d) ®(T, A) is monotone, i.e., for (T,A)EX and A’ an admissible 
subset of A, P(T, A’) S8(T, A). 


(e) For (T, R) an elementary mapping (see Section 1(ii)), (T, R) 
—L(T,R). 


Remark. The Lebesgue area L(T, A) satisfies the above conditions and 


hence is a functional in % (see [2]). For each DEZ and each (T,A)ET 
we have D(T, A) = L(T, A) (see [2; 5.121). 


For every & € % let T(®) be the class of mappings (T, A) € Z for which 
$(T,A)=L(T,A). Finally, let T* —NT(@), BES. In view of (e), 
T* contains all elementary mappings. 


4. Class 2’. Definition. A mapping (T,A) € is said to satisfy the 
condition (s) provided for every e > 0 there exists an elementary mapping 
(T’,R) (see Section 1(ii)) with RCA and 
1). | 1’(w) —T’(w’)| S|T(w)—T(w’)|, wweR 
(2) L(T,A)—L(T,R) <e if L(T, A) <œ, L(T',R) > 

| if L(T, 4) = Ho. 

It may be of interest to note that (1) does not imply that (7’,R) 

approximates (T, A). It is only required that L(T”, R) approximates L(T, A). 
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Let us denote by X the class of all mappings (T7, A) in X which satisfy 
the condition (s). Concerning the class Y’ we have the following two lemmas. 


(i) Lemma. The class © contains all elementary mappings as well 
as all mappings (T,A) for which L(T,A) =0. 


Proof. The first statement is obvious, and for the second it suffices to 
let (T’,R), E C À, be constant on R. 


(Gi) Lemma. If (T, À) is in X, then (T, 4°) is also in X. 


. Proof. Since (T, A) is in X’ there is, for «> 0 given, an elementary 
mapping (T, R), RC A, such that (1) and (2) are satisfied. Since AT, R) 
is elementary, the set R is an open subset of F, (see Section 1(ii)). Hence 
R C A’, and since L(T,A)=L(T, 4°), the mapping (T,A°).is in Z. 


5. Main result. We are now ready to prove 
THEOREM. ZT* = WV’. 


Proof. In view of Section 3 we have for every ®€ % and for every 
(T,A)EX the inequality d(T,A) <L(T,A). We will first prove that 
Ÿ* D T. Lf we deny this inclusion, we have a functional & € § and a mapping 
(T,A) in T’+such that @(7,A) <L(T,A). Since (T,A) satisfies the 
condition (s), there is an elementary mapping (7’,R), RCA, such that 

a R) > &(T,A) and 


(1) |T (w) —T"(w’)| S| T(w)—T(w')|, ww eR. 
In view of the conditions 3(d), (e), we infer that 
(2) _ @(T,R) = L (1, R) > (TA) = @(T, RB). 


However, from 2(ii) and 3(c) we deduce by (1) (T, R) =@(T,R), a 
contradicion with (2). Fine TEDY. 


6 To prove the naea inclusion %* C y, let us assume that 
there is a mapping (To, A) in: &* which is not in X. From 4(i) we have 
that L(To, Áo) > 0. There exists now a number A, = 0 with L(To, Ao) > Xo 
such that for every elementary mapping (7’,R), RCA», for which 
| T (w) —T’(w’)| S| To(w) —To(w’)|,.w, w’ € R, we have L(T’,R) SA). 

Let & be the class of mappings (7,A’) in Z such that (1) A’C An 
(2) there exists a mapping ‚FE such that (7,47) = (FT, A’), (3) 
L(T,A’) > à. ones let Sa”: be the class of mappings .(T, A) ET _ for 
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which. there exists a sequence (Tn, An) € Ro such that (Tr, An) -> (T, A) and 
L(T,A) > A Note that CR, and if A, is compact then Ry = Ky’. 


7. In this paragraph we will prove some lemmas concerning the 
class À’. 


(i) Lexma. If (T,A) E&Y, then (T, A°) € o. 


: Proof. We have a sequence of mappings (Te, An) ER, such that 
(Tu An) > (T,A) and L(T,A) >A. By 1(i), An = Ånn CA, An? Î A.. 
Since also A, C Ao, n== 1,2, - +, the set 4° is a subset of Ay. For each n, 
there is a mapping Fr € 2 for which (Ta, An?) = (FT, An°). Since clearly 
(Tn, An) (T,A°), we have by 2(iii) a mapping FER such that 
(T, A°) = (FT,,A°). Since, finally, L(T, A?) =L(T,A) >, we infer 
from the definition of Q, that (T, A°) € Qo. 


` (ii) Lemma. Ñy’ conluins no elementary mapvings. 
| y mappi 


Proof.’ If (T,R) is an elementary mapping in Ro’, then from 1(ii), 
R=. Thus by (i), (7,8) ER But then from the definition of 5% 
we have a mapping FE such that (T, R) = (FT, E) and L(T,R) > à. 
In view of Section 6 this is impossible and hence & contains no elementary 
mappings. 


(Hi) Lemma. Let (T,A) be in & and let A’ be an admissible subset 
of A. Assume there is a mapping FE such that L(FT,A’) >o Then 
(FT, A’) ER. 


Proof. We have a sequence (Trh An) in 8, such that (Tn, An) > (T, A). 
Since the sets A,’==A,M A’ satisfy the properties A,’ C Ania’ C A’, An? TA”, 
we have that (FT, An?) — (FT, A’). From L(FT, A") > À, we have as a 
consequence of the lower semi-continuity of the Lebesgue area, L(FT,, An?) 
> À for n large. Thus (FT,,4,°) is in 8, for n large, and the lemma 
follows. 


| (iv) Lemma. Let (Tm An) be a sequence in À such that (Tn, An) 
— (T,A). Then, if L(T,A) > ào the mapping (T,A) is in À. 


Proof. From (i), (TAS) is in & for each n, and from a0) 
(Tm An°) > eek Thus, (T, A)i is in Ry’. 


8. Define a functional 8(T7,A) for (T,A) € as “ollows: &(T, A) = ^ 
if (T, A) € ÑQ’, and &(T, A)=L(T,A) otherwise. We will verify now that 
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$(T,A) satisfies the conditions of Section 3. Since 3(a) is obvious, we 
will prove that 


(b) (T, A) is lower semi-continuous. 


Proof. Let (T,,4A,„) te a sequence of mappings in € which converges 
to (7,4). Then L(T,A)Sliminf L(T,,4,) as no. Hence, if 
L(L,A) SA, then (T, A) Sliminf (Tr, An), from the definition of 
$(T,A). Assume now that L(T,A) >A. Then there exists an 
integer N>0 such that for n>N, L(T,, An) > ào- Hence for n>N, 
%SS0(T,A,)SL(T,An). If (T,A)ER, we infer that ®(T,A) 
<lminf®(T,4,). If (T,A) is not in N’, then by 7(iv), only a finite 
number of the (Ta, An) can be in R. Thus (7,4) Sliminf®(T,, An). 


(c) - @(T,A) satisfies the Kolmogoroff principle. 


Proof. Let F be in &. If (T,A) is not in 8, then clearly ®(FT, A) 
SL(FT,A) SL(T,A)=6(T,A). Assume now that (7,4) is in &’. 
If L(FT,A) > Ao, we conclude from (iii) that (FT,A) is in Ro, and 
hence S(FT,A)=&(T,A\. If L(FT,A)SAo, then clearly ®(FT,A) 
=L(FT, A) Sd\.=8(T,A). 


(d) P(T,A) is monotone. 

Proof. This is a ready consequence of the definition of & and R%. 
(e) P(T,R)—=L(T,R) if (T,R) is elementary. 

Proof. If (T,R) is elementary, then it follows from 7(ii) that (T, R) 
is not in R,’. Therefore, (e) is a consequence of the definition of æ. 

Under the assumption that there is a mapping (To, Ao) in T* not in 
V there can be exhibited a functional & € % such that (To, Ao) < L(To, Ao). 


But this contradicts the definition of T*, and therefore &* C Z’. With the 
‘inclusion established in Section 5, the proof of the main result is complete. 


9. Lemma. For EG and (T,A)ET* we have 6(T,A°) =@(T,A). 


© Proof. From 5, (T,A) is in X and from 4(ii), (7,A°) is in 7. 
Thus (T, A?) = L(T, A?) =L(T,A) =Ẹ(T, 4A). 


10. A definite relation between the classes X’ and © is not known to 
the writer. A solution of this problem would answer the question whether or 
not the conditions listed in Section 3 suffice to characterize the Lebesgue area. 
In this connection the following comments are in order.‘ The condition 3(e) 
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is concerned with Fréchet equivalence. If one were to modify the condition 
3(e) to (e’) by replacing Fréchet equivalence by Lebesgue equivalence in 
3(e), then an example of a functional satisfying the conditions 3(a), (b), 
(c), (d) and (e’) can be exhibited which does not agree with the Lebesgue 
area. An example of such a functional will be pubilshed elsewhere. 


PURDUE UNIVERSITY. 
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WEAKLY STANDARD RINGS.* 


By R. L. San SoucıE. 


1. Introduction. Gereralizing the standard algebras of Albert (see [1], 
p. 576), Kleinfeld [5] has called a ring accessible if the following identities 
hold: 


(1.1) (2, 9,2) + (2,2, y) — (2,2, Y) —0, 

(1.2) ((w,2),y,2) —0, 

where the associator (x,y,z) and the commutator (w,x) are defined by 
(1.3) (£, Y, Z) = TY : 2 — xyz, (w, £) = wae — aw. 

The substitution of æ for 2 in (1.1) gives the relation 

(1.4) (2,y,2) =0, 


so that accessible rings are flexible (see [1], p. 561). A linearization of 
the flexible law yields the identity 


(1.5) | (2, 7,2) = — (zy, £), 


valid in any flexible ring. Hence it follows from (1.2), (1.5) and (1.1) 
that the following identity also holds in an accessible ring: 


(1.6) (w, (x,y), z) =0. 


We propose, therefore, to call a ring, R, weakly standard * if R is flexible 
and if identities (1.2). and (1.6) hold. in R. Thus the accessible rings of 
Kleinfeld, as well as the standard algebras of Albert, are automatically 


* Received July 10, 1956. 

1 Rleinfeld’s analogue of our Theorem 2 was announced by him in an abstract 
which appeared in the January 1956 Bulletin and it was this result of his, as published, 
which called our attention to these matters. We then generalized the concept of acces- 
sible ring to that of weakly standard ring, and proved Theorems 1, 2, and 3, as well as 
a weaker version of Theorem 4, requiring also the absence of non-zero nilpotent elements. 
Subsequent communication with Kleinfeld informed us that his results, for accessible 
rings, also included the prime, primitive and semi-simple cases, although not included 
in his abstract. Hence our work on Theorems 1 and 3 was independent. The author 
hereby acknowledges this communication with Kleinfeld and notes, with thanks, that 
Kleinfeld provided him with a copy of his manuscript of [5], prior to its publication, 
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weakly standard. On the other hand, we shall give an example later in the 
paper of a weakly standard ring which is not accessib-e. 

The results obtained parallel those of Kleinfeld for accessible rings, 
but the method is different. We first show that a prime ring is weakly 
standard if and only if it is either associative or commutative, and then we 
prove that simple rings and primitive rings are prim2, with the exception 
of rings R such that R?=0. But for these the conclusion holds trivially. 
The Brown-Jacobson theory for arbitrary rings then yields a structure 
theorem for semi-simple weakly standard rings. 

Section 3 of the paper is concerned with a proof of the fact that 
simple flexible rings satisfying (1.2) are either associative or commutative. 
This generalizes the result for weakly standard rings but appears to be of 
considerable interest in itself. Various applications of this theorem are 
mentioned. 

The last section contains the example referred to above, as well as 
examples showing the impossibility of making certain plausible generaliza- 
tions in our hypotheses. 

Throughout the paper we use the letters ¢, u, v, w, x, y, z to stand for 
arbitrary elements of the ring under consideration, thus obviating expressions 
like “for all and y of the ring.” 


2. Main results. To facilitate our computations, we begin by defining 
the following functions: 
(2.1) f(w, x, y, 2) = (wa, y, 2) — (w, vy, 2) 
+ (1, 2, ye) — w(x, y, z) — (w,2,9)2, 
(2.2) g(a,y,2) = (29,2) —a(y,2) —(a,2)y . 
— (4, 9,2) — (22,9) + (42,9). 


It is well known that each of these functions is identically zero in any ring 
whatever. We now assume that R is a flexible ring and make 


Definition 1. Let 
S==[s¢ E | (s,2,y) =0], M—=[meR]|(z,m,y) =0]. 
Then we call S the left nucleus of R and M the center nucleus. 


With these definitions, the flexible ring Æ is weakly standard if and 
only if commutators are in SMM. For any s€ 8, f(s,%,y,z) —0 implies 
| that (sa, y,z) =s(2,y,2) while (1.5) implies that (x, y, s) — 0. 
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Definition 2. A ring R is called prime if, whenever J and J are ideals 
of R such that JJ 0, then either I=0 or J —0. 

Our first. goal is to prove that a prime ring is weakly standard if and 
only if it is either associative or commutative. We take a significant step 
in this direction by letting C be the set of all commutators of a weakly 
standard ring R and proving 


Lexma 1. If A is tne set of all finite sums of elements of the form 
R(C,B), then A is an ideal of R. 


Proof. That A is a left ideal is immediately obvious in view of 
the definition of a weakly standard ang: For any commutator c€ C, 
g(u,v,c) —0 implies that 


(2.3) (cuv) =u(c,e) + (c u)v. 

Hence consider æ((y,z),u):v and let c—(y,z). Then we get 
z(e,u) v=g: (c,u)v = 2(¢,u0) + wu: (cv). 

Thus A is also a right ideal and the lemma is proved. 


COROLLARY. The set B of all finite sums of elements of the form 
(C,R)R is an ideal of R. 


Henceforth we assuma that R is a not associative, weakly standard, 
prime ring. It follows immediately that R does not have any non-zero 
absolute zero divisors, since the set of all such absolute zero divisors forms 
an ideal Z such that RZ = 0. 


Lemma 2. (0,2) =9. 


Proof. Assume that there exist elements d,e,f in À such that ((d,e),f) 
0 and let Q—=[gER}giC,R}— (C,R)q—0]. It is easy to verify, using 
(2.3), that Q is an ideal of R. To prove that Q 540 we suppose the contrary 
and let c= (x,y). From g(z,c,w) —0 we get that (ze, w) = z(c, w) + (2, w)e 
so that z(c,w) is an element of S. Consequently (c,w)(z,t,v) —0 anc 
also (2,t,v)(c,w) —0. But this implies that all associators are in Q, R 
is associative, and this is a contradiction. We must therefore conclude that 
Q 0. However, AQ = QB =Q implies that A= B = 0, and from this we 
are led to the fact that ((d,e),f) is an absolute zero divisor and hence zero. 
The now inescapable conclusion is that the lemma is proved. 


Henceforth assume that R is not commutative either and select a,b ir. 
R such that d= (a,b) 40. Let P=[peR| pd=dp=0], and observe 
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that P is an ideal of R. Assume for the moment that P=0. From 
g{a,b,b)—0 we infer that (ab,b) —db. Thus 0= ((ab,b),a) =— d? 
and this implies that d=0, a contradiction. Therefore P40. However, 
Rd is an ideal of R and RdP=0. The hypothesis on R forces the conclu- 
sion that Rd = 0, from which d is an absolute zero divisor and hence zero. 
This contradiction shows that R must, in fact, be commutative. We have 
all but proved 


THEOREM 1. Let R be a prime ring. Then R is weakly standard if 
and only if R is either commutative or associative. 


Proof. It remains only to remark that a commutative ring is flexible 
with (R, R) —0, while an associative ring is automatically weakly standard. 

We are now in a position to derive a structure theory for weakly 
standard rings. If R is simple? and R?—0, R is both associative and 
commutative. If À is simple and R? 40, then R is prime. We consequently 
have 


THEOREM 2. Let R be a simple ring. Then R is weakly standard if 
and only if R is either associative or commutative. 


Let us now recall that a ring R is called primitive if R contains a 
regular maximal right ideal Æ which contains no two-sided ideal of R other 
than the zero ideal. The following lemma was proved by Kleinfeld [5] 
using the hypothesis of accessibility. We do not use the hypothesis. 


Lemma 3. Let R be an arbitrary primitive ring. Then R is a prime 
ring. 

Proof. Suppose # is a maximal right ideal of R such that ex—z is 
in E for all v in À and for some e in R. Let I and J be two ideals of 
R such that IJ —0 and assume that 1-£0. Then IŒ E so R==H-+TI and 
RJ =HJ CH. Hence e1€ E and thus —j¢ E, JC E and J=0. 


As an immediate application of the lemma we have 


THEOREM 8. Let R be a primitive ring. Then R is weakly standard 
if and only if R is either associative or commutative. 


Since it follows from a theorem of Brown (see [4], p. 116) that a 
semi-simple ring is a sukdirect sum of primitive rings, the structure theory 
for semi-simple weakly standard rings is completely determined by Theorem 3. 


? By a simple ring we mean one which has no proper two-sided ideals. 
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8. Simple flexible rings. In this section we show that it is possible 
to improve upon Theorem 2, but in a way that does not seem, at this 
writing, to carry over to the results of Theorems 1 or 3. The starting 
point is a remark by Kleinfeld in [5] to the effect that, if D is the set of 
all finite sums of elements of the form (R,R,R) and R(R,R,R), then D 
is an ideal of R, where R is any ring whatever. 

Assume now that R is flexible and that (R,R) CS. From g(a,y,y) =D 
we get (xy, y) = (z,y)y and this idenzity implies 


(3.1) (x, y) (yu, o) = 0. 


A linearization of (3.1) yields (z,z)‘y,u,v) + (x,y) (z,u,v) —0 and the 
substitution z = s gives 


(3.2) (2,8) (y, u,v) =0. 


A similar argument, togethər with (1.5), implies the analogous 


(3.3) (y, u, v) (£, 3) =0. 


At this point we add the requirement that R be a simple ring. If the 
ideal D= 0, then R is associative. If D40, the simplicity of R requires 
that D= R. Consequently, any t in & can be expressed as a finite sum 
of elements of the form (R, R, R) and R(R,R,R). Thus, for any (z,s), 
(3.3) implies that #(x,s) —0. A similar argument, using elements of the 
form (R,R,R) and (R,R,R)R, as well as (3.2), gives (z,5)i=0, and 
therefore (x,s) is an absolute zero divisor. We now have two alternatives: 
if some (s,s) 540, the ideal of absolute zero divisors is all of R and R is 
both associative and commutative; on the other hand, if (xs) 0, then 
commutators are automatically in M and Theorem 2 applies. We have proved 


THEOREM 4. Let R be a simple flexible ring. Then commutators are 
in the left nucleus of R if and only if R is either commutative or associative. 


This result is a considerable generalization of Albert’s Theorem 14 
([1], p. 593) that a simple standard algebra is either an associative or a 
Jordan algebra. But the theorem has other applications. Albert has also 
proved ([2], p. 519) that a simple, ccmmutative, power-associative algebra, 
of characteristic prime to #0 and of degree greater than two, is a Jordan 
algebra. Our Theorem 4 shows that the conclusion of Albert’s theorem 
‘holds with less restrictive hypotheses. The same remarks apply to Alberts 
Theorems 1 and 2 in [8]. 
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4. Examples. 


Example 1. Let A be an alternative ring of characteristic prime to 3 
generated by three elements x, y, z such that (2,y,z) 0. Let B be the 
alternative ring obtained from A by setting all products (in A) containing 
at least four factors equal to zero, and by preserving all other sums and 
products. Then (x,y,z) 540 in B also. Moreover, B is flexible and trivially 
weakly standard. However, B does not satisfy (1.1), for otherwise (2, ¥,z) 
== 0 as a consequence of the alternative law. 

This gives an example of a weakly standard ring that is not accessible. 
Thus our results generalize and subsume those of Kleinfeld in [5]. 


Example 2. In [1], pp. 588-589, Albert gives an example of a simple 
flexible algebra over any field F of characteristic not two. A not difficult 
calculation shows that commutators are not in the left nucleus. This example 
proves that the hypothesis of Theorem 4 could not be “simple flexible” 
instead of “simple flexible with commutators in the left nucleus.” 


Example 3. Let A be an algebra over a fieid F with basis elements 
e, u, V, w, 2, where the only non-zero products among the basis elements are 
e = 6, eu = ue =V, ev = ve =u, we—ze—w. If 


T= aye + aut asv + ayw + az, y = Bie + Bou + Bav + Baw + B32, 
and t= yie + y2t + yat + yaw + Y2 


are arbitrary elements of A (with the a, B; and y; in F), a straightforward 
calculation shows that 


(4.1) (z, Y, t) = (asßıyı + &ßıys — asßıyı — %Bry2)U 
+ (&sßıyı + %1B1y2 — Bai — aßıy3)®. 


It is easy to see from (4.1) that (x,y, £) — 0 so that A is a flexible algebra. 
Moreover, 8, —0 makes the right hand side of (4.1) vanish. It therefore 
follows that 5 


(4.2) M=[mecA | m = mu + mav + mw + msz]. 
Direct computation shows that = | 

(4.3) | S = [5 € A | s= szu + sev + ssw + saz]. 
Now (4.2) and (4.3) together imply that SC M. Finally 


(4.4) (T, y) = (4481 + 4581 — Ba — 2ps) W 
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and from this we conclude that commutators are in S N M. However À is 
neither associative nor commutative, so that the weakly standard hypothesis 
alone is not enough for Theorem 2. 


Hzample 4° Let A be an algebra over any field F of characteristic not 
two and with basis elements 2, u,v, where the only non-zero products among 
basis elements are e?—0, eu = ve =v, ue==u—v. Calculations as out- 
lined above show that A is flexible, that £ C M, that commutators are in M, 
but that commutators are not in 8. Hence the definition of weakly standard 
ring cannot be modified in this direction. 


Example 5. Let A be an algebra as above with basis e,u,v,w, where 
T6, CU== Ue = VW =U, ww—=—u, and all other basis products zero, 
It is easy to see that A is not flexible, but that commutators associate in any 
of the three places in the associator. Thus the definition of weakly standard 
ring cannot be modified in this direction either. 
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5 Examples 4 and 5 were constructed by Albert in [1] for a different purpose than 
we use them here. 


DIFFERENTIAL OPERATORS ON A SEMISIMPLE LIE ALGEBRA.* 


By HarisH-CHANDRA. 


1. Introduction. The object of this paper is to present in as concise 
and coherent a form as possible, certain results on differential operators which 
will be needed in two subsequent papers for application to the theory of 
Fourier transforms on a semisimple Lie algebra go. When go is compact, 
this theory is not difficult (see Section 5) although some of the results 
obtained here (e.g. Thsorems 2 and 3) seem to be new. ‘Therefore the 
main application cf our results will be to the case when go is noncompact. 
There it will appear that one can obtain certain formulas of a more or less 
analytic (as against algebraic) nature, which bear a great resemblance to 
their counterparts in the compact case (see [4(i)]). However, in view of 
their non-algebraic character, it would seem rather unlikely that the main 
burden of their proof could be transferred to the compact case by some formal 
device such as the “unitarian trick.” For instance, let us consider the 
following example. Let g the the Lie algebra of all 2 X 2 complex matrices 
of trace zero and G, its (connected) complex adjoint group. Let g, and u 
be the real subalgebras of g consisting of the real and the skew-hermitian 
matrices respectively and G,U the corresponding real analytic subgroups of 
Ge Then go N u= fo, where Ho is the vector space spanned over the real 

0 1 
field R by a( °, 0 
respectively which vanish outside a compact set. Pui 


y(t) = J. FiH)de, ol) =t f o(turr)du (GER) 


where dz and du are the Haar measures on G and U respectively. It is not 
difficult to show that ¢, is well defined and of class C” for all ¿+40 and one 
can prove that 


Lim ((a/at)e) —cf(0),  Lim((d/dt)4o(— 9 (0) 


). Let f,g be functions of class C? on go and u 


where cı, Ca are nonzero constants independent of f end g. The proof of 
this formula is quite trivial for g and follows from the fact that 


Lim f g (tuH )du =g (0), 
#0 U 


* Received July 30, 1956. 
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if f du==1. But a similar statement about f is actually false and a much 
u , 


more delicate investigation of dy is required. Nevertheless the resemblance 
in the two cases is so striking that one cannot give up the feeling that they 
both must be governed by some common principle. However a little closer 
examination reveals important differences. For.example if we replace H by 


,_ {1 0 
r=(; =) and define 


o/(t) =t ik f(toH’) de, 


we get Lim((d/dt)¢/) = 0. On the other hand in the compact case H ie. 
t->0 E 1} 0 
0 —(—1) 
is obtained if we replace H by H”. This shows that the situation in the 
noncompact case is considerably more complicated. 

Returning to the general case, let g be a semisimple Lie algebra over 
the complex field C. We shall consider the algebra D(g) of polynomial 
differential operators on g (see Section 2 for the precise definition). Let 
go and u be two real forms of g and suppose u is compact. It is clear that 
the complex group G, of g operates on D(g). Hence we can consider the 
subalgebra % consisting of those elements in D(g) which are invariant 
under Ge The structure of WY is, of course, completely determined by u. 
On the other hand, elements of S can also be regarded as differential 
operators on go and therefore the internal structure of X is reflected in the 
differential equations on g and this provides the required link from u to Go. 
For instance let g, go and it be as in the above example. Choose complex 
coordinates x,y,z in g such that the corresponding matrix is given by 


conjugate to E"—( .) under U and therefore nothing new 


G 2 Then if the differential operator. 


D = 82/32? + 40° /dxdy 


is interpreted suitably on go and u, one finds that bn; — d*¢,/dt? and 
Yng = — ay, /dt*. This is a special case of a result (Lemma 15) which will 
be proved in its full generality in another paper (see however [4(h)]). 
Theorem 1 (Section 3) is the central result of this paper. In Section 5 
we give its applications to the case of a compact semisimple Lie algebra. 
This discussion also enables us to obtain some algebraic results (e.g. Lemma 
18) which are valid in the general case as well. Section 8 is devoted to the 
detailed study of a special case which will have an important significance 
for later applications. Theorem 5 contains the main result of this section. 
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2. Preliminary definitions. Let R and C be zhe fields of real and 
complex numbers respectively and F, a vector space over R of finite dimen- 
sion. We consider the symmetric algebra [4(c), p. 191] S(Æ) over the 
complexification Æ of Hy. For any X€ E, let @(X) denote the differential 
operator on Hy given by? 


FC 58(4)) = ((d/dt) (F + tX) }to (Y € B,, fE O° (Eo), tE B). 


Then it is obvious that the mapping X —> (X) can be extended uniquely 
to an algebraic isomorphism of S(E) (over C) into the algebra of differential 
operators on E,. Thus for any p € S(E), we get a diferential operator 9(p) 
on E. Now suppose there is given a real nondegenerate symmetric bilinear 
form B(X, Y) (X, Y € Eh on Eo. We extend this form on Æ by linearity (over 
C) and then use it to identify Æ with its dual. In this identification an 
element X € E corresponds to the linear function Y —> B(X,Y) (Y€ E) and 
therefore S(E) can now be regarded as the algebra of all polynomial func- 
tions on Æ. In accordance with this intepretation we shall often refer to 
elements of S(#) as polynomials on E. 

Let € be the algebra of all differential operators on By. Then € > C° (Eo), 
and therefore S(#) and 9(S(Æ)) are both subalgskras of €. Let D(E) 
denote the subalgebra of € generated by S(#) UA(S(L)). The elements 
of D(E) will be called polynomial differential operatcrs on Eo. But, when- 
ever convenient, we can regard an element of D(F) also as a holomorphic 
differential operator on the complex manifold E. Let H be a group of 
nonsingular linear mappings of Æ into itself which preserve B so that 
B(zX,aY)—=B(X,Y) (X,¥¢€E;c¢€H). Then for any ze H, we shall 
define an automorphism d—> d” (dE D(E)) of DE). In order to do this 
we have to define (d*f)(Xo), where f is a holomcrphic function on some 
neighborhood of X, in F. If g is a function defined on a subset V of Æ, 
* let g” denote the function on «V given by g*(X#)—ç(x1X) (XEaV). If 
F is open and g is holomorphic on V, it is clear that g is holomorphic on 
aV. We now define (def) (Xo) = (df**)*(X_). It is easy to check that 
the operator d* so defined, is actually a holomorphic differential operator 
and d— d” is a homomorphism of D(F) into the algebra of all holomorphic 
differential operators on E. Moreover if p€ S(#) it is obvious that p7 is the 


1M being a differentiable manifold (which need not be connected [4(e), (f)]), 
we denote by C®(4) the space of all (complex-valued) functions on M of class C® 
and by C,(M) the space of continuous functions on M which vanish outside some 
sompact set. If D is a differential operator on M and feC®(M),f(p; D) denotes the 
‘value of Df at a point’p in M (see [4(e),§4]). Moreover C,°(M) =C,.(M) n C* (aL). 
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polynomial function X>p(z"X) (X€ E) and similarly (8(X))r—8{xX). 
Therefore (pd(q))* = p70(g*) (p,q€ S(E)). Since every element in D(F) 
is evidently a sum of elements of the form p@(q), it follows that d€ D(E). 
Finally, the mapping d— dr has the inverse d— d** and so it is an auto- 
morphism of D(E). 
Let 8,(E) (r=0) denote the subspace of S(E) spanned by elements 
of the form X,X,-- +X, where X¥;¢ E. (In case r=0, 8,(#)==C.) As 
usual a polynomial on E is said to be homogeneous of degree r if it lies in 
S,(#). For any two polynomials p,q let <p,g> denote the value of @(p)q 
at zero. It is obvious that if p and q are homogeneous, <p,q> —0 unless 
their degrees are equal. Notice that <X,Y>—B(X,Y) (X,YeE) and it 
follows from the symmetry of B that <p,qg>=—=<qg,p>. In fact, let 
(Xo'tan) be a base for E such that? B(X,X;)—&; Then if 
p= 2 almı, m) XK ame Km (afma + +, ma) EC), it is ob- 


me 
vious that 
Km N, Dem! Mala (ma, + +, my). 
Hence 
<q, P> =D m! + «my a(mi,: © >, Man) b (Mi + +, Mn) 


if g== D b(M, - -,m,)Xy™- < X,” This also shows that <p,q> —0, 
for all ge S(E) implies p=). Moreover (0(p)q)? = 4(p?)g* and therefore 
<P, = <P, D (2E H). 

Let U be a nonempty open subset of #,. We shall denote by € (U) the 
class of all functions f€ O”(T) such that 


va(f) = sup [f(Æ;d)| <% 
xeU 


for every dE D(H). We topologise (U) by means of the seminorms vg 
(dED(E)) and in this way (U) becomes a locally convex space. If D is 
a differential operator on U and X a point in JU, it is obvious that there 
exists a unique element pE S{Æ) such that f(X;D) = f(X;6(p)) for every 
fe C°(U). We call (p) the local expression of D at X. It will usually be 
denoted by Dx. Let H, be a group of nonsingular linear mappings of Ly 
into itself. Then for every “unction f or U and ze Ho, let fr denote the 
function on U given by FF(X)=f(z"'"X) (X€U). Then corresponding to 
any differential operator D on U, we define a new differential operator De 
on U by Def= (Df*")* (fe C®(U)). One proves without difficulty that 
(Dx)* = (D*)zx (XEU). D is said to be invariant under H, if D? =D 
for all z€ Ho. j 


26,, is the usual Kronecker symbol. It is equal to 1 or 0 according as i = j or not. 
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Select a fixed square root of — 1 in C and denote it by (—1)?. Also ` 
let dX denote the Euclidean measure on Fo (normalized in some way). Then 
for any f€ (Eo), the Fourier transform f of f is defined as follows. 


HY) — f exp((—1)*B(Y, X) )f(X) dx (FEB). 


It is well known [8(1), p. 105] that f also lies in 4(E,) and in fact ff 
is a topological mapping of @(,) onto itself. Moreover the measure dX 
can be so normalized that 


inf, exp{— (—1)#B(Y,X)}f(X)2X (Ye Eo) 


for every fE (Eo). This normalization will be called the regular 
normalization. 


Lemma 1. There exist a unique automorphism * d>d of D(E) such 
that X =— (—1)#0(X) and (8(X)) ——(—1)ÈX (XE LH). Moreover 
(df) — df for any dE D(E) and fE (Eo). 


Since D(E) is generated by (1,E +8(Æ)), the uniqueness is obvious. 
The rest follows immediately from the theory of Fourier transforms 


[8(I), p. 105]. 


COROLLARY. For any d in D(H), we can se:ect another element 
d'E D(E) such that 


S laf |ax Sve(t) (FE &(&)). 
Choose a polynomial p€ S(E) such that p is never zero on Eo and 


=f |p| 4X <%. Then if $€ (Eo), 
Eo 


na) sup |8(X)|S [|| aX < or- (ps). 
XeEEo Eo 


Now it follows from the above lemma that pd = dy for some d,€ D(F). 
Hence 


Í. | df | dX S ov. (pdf) = cv ( (daf) ) S Pv (gdf) = (fe 6 (E.)) 
and so we can take d’ = c’pdy. 


s We shall write d*, f- respectively instead of d, f whenever it is convenient 
to do so. 
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The adjoint of a differential operator D on E, is, by definition, the 
unique differential operator D* such that 


J PEDIDA = f Eg; DAX 
Eo Eo 


for all f,g€ C°(E0). The mapping D— D* is an anti-automorphism of 
the algebra of all differential operators on E, and (D*)*= D. In particular 
if p is a homogeneous element in S (Æ) of degree m, it is obvious that p* = p 
and (4(p))*—(—1)"9(p). This shows that D(E))*=D(E) and so 
we get the following result. 


Lemma 2. There exists a unique anti-automorphism d>d* of D(E) 
such that p* =p and (0(p))*=—(—1)"0(p) for any homogeneous poly- 
nomial in S(E) of degree m. 


Again the uniqueness follows from the fact that D(E) is generated by 
S(E)UO(S(E)). 
U and H, being as kefore, let + denote a distribution on U [8(I)] 
and dX the Euclidean measure on Hy. Then, if F is a measurable and 
locally summable function on U, we say that! r= F if 


(f= f frax 


for every f€C."(U). Let V be a subset of O.°(U). Then by the C,”- 
topology on V, we mean the topology induced under the usual topology of 
CS (U) [8(1), p. 67]. Similarly if V’ is a subset of @(U), the -topology 
on V’ is the one induced on it by (U). A distribution r on Æ, will be 
called a @-distribution if it is continuous under the @-topology on C.” (Er). 
In case this is so, r can be extended uniquely to a continuous function on . 
4(#,) [8(II, pp. 93-941. If D is a differential operator and + a distribu- 
tion on U, the mapping f—r(D*f) (fEC(U)), where D* is the adjoint 
of D, is also a distribution end it will be denoted by Dr. If r is continuous 
with respect to the @-topology, the same holds for Dr provided DED(E). 
r is said to be invariant under He if r(f?)=r(f) for all fe C°(U) and 
xe Ho.. More generally, a @-distribution r on U is a continuous linear 
mapping of (U) into C. If DE D(H), the mapping Dr:f>r(D*f) 
(fe @(U)) is also a @-distribution on U. 

We now introduce a notation which will be used rather frequently: 
Let M,, M, be two manifolds and f a function on M, X M, of class 0”. 


+ Of course this definition depends on the normalization of dX. 
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Then if m,€ M, and D; is a differential operator on M; (t= 1,2), we shall 
denote the value cf (D, X D,)f at (mı, ma) by f(m,;Di:m2;D2). More- 
over D; will be suppressed in this notation whenever it is 1. For example 
f(m: m:; D2) =f lmi;1:m,2; Di). 

Now suppose F is the complexication in Æ of a vector subspace F of E. 
Then S(F) C S(#). Let By denote the restriction of the bilinear form B 
on F and suppose Br is nondegenerate. Then we can identify F with its 
dual under By and thus regard S(F) as the algebra of all polynomial func- 
tions on F. For any function f on Fe, let f denote its restriction on Fo. 
Then if fE S(E), it is clear that f is a polynomial function® on F, and 
therefore it lies in S(F). Moreover if fES(F), f—fin S(#). Similarly 
8(S(F)) CA(S(E)) and therefore D(F) C D(H). Elements of D(F) can 
therefore be regarded as differential operators either on Fo or Eu. But in 
view of the relation df — df (fe C° (E.), 4€ D(F)), it is not necessary to dis- 
tinguish between the two meanings. Also it follows from Lemma 2 that the 
adjoint operation in D(H) coincides on D(F) with the corresponding 
operation in D(F). The same obviously holds for the scalar product <p, q> 
(p,q€ S(F)). 


3. Invariant differential operators. Let gẹ be a semisimple Lie 
algebra over R and ho a Cartan subalgebra of go. We denote the corre- 
sponding complexifications by g and h respectively. Then if we take Hy = Qo, 
Fo=þ, and B(X,Y)—sp(adXad Y) (X,Y Ego), all the above condi- 
tions are fulfilled. Let & be the (connected) adjoint group of go Then 
every v€ ( can be regarded as a nonsingular linear transformation of g 
which preserves B and so it defines an automorphism D— D? (DED(E)) 
of D(E). We call a function f of go invariant (under G) if fr —f (r€ @). 
Let I(g) be the set of invariant elements in S(g). Then, if f is an invariant 
function in C”(go) and »€I(g), it is obvious that 4(p)f.is also invariant. 
We would like to express d(p)f in terms of 0(#) and f (where the bar 
denotes restriction on ho). Let ,:--,a, be all the distinct positive roots 
of g (with respect to h) under some fixed order (see [4(g), §2]). Then 
w==0,02' * °*@, is a polynnomial function on bh. we intend to prove that 
x ô(p)f = 0 (P) (xf). 

First we introduce some notation. Let U be an open subset of go. 

6 We agree to identify a polynomial function on E with its restriction on Ee 


Similarly for F. ; 
eX>adX (Xeg) denotes the adjoint representation of g. 
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Select open subsets gi, G, of go and G respectively such that eX € U for 
ze Gi, X€q, For any f£ C°(U), consider the function 
g(2:X)=f{rX) (geG,Xeg:) 

on G,X qi. If d and D are differential operators on G, and gı respectively, 
we put f(2;d:X;D)=g(r;d:X;D). (Again we suppress d or D when- 
ever it is 1.) Let 8 be the universal enveloping algebra of g. Then elements 
of $ can be regarded as left-invariant differential operators on G [4(2), 84]. 
All products of the form X,m- --X/" (X,€ gq) are meant to be in S(g) 
unless it is explicitly stated otherwise. Now suppose Y€ g, pE S(g) and 
feC®(U). Then 


F(a: ¥ 58(9)) =f (2Y ;0(p°)) _ (me Gy) 


and therefore if X € go, 
f(a; X:¥50(p)) = {(d/dt) 7 (2Y ; 8(p*")) reo (ER) 


where z—zxexpiX. For any Z€q, let dz denote the derivation of S(g) 
which coincides with adZ on g. It is clear that 


{(d/dt) ff ; 4 (p**) ) }ı=o 
= {(d/dt)f(a¥ ;8 (p=) fico + {(4/4t)f (TY 5 0(p?*)) }rzo 
and 


far 5 (p*)) = fe: ae¥ 5 0(p)), FEY 5 0(p**)) = fle: Y 5 a(p**)), 
where z—expiX. Hence 
f(a; X: Y 5 d(p)) = fle: ¥;0((dx¥) p+ dxp)). 


For any q€ S(g), let Lg denote the linear mapping p> gp (pE S(g)) of 
S(g). Then we have the following result. 


Lemma 3. Let feC°(U), X1,---,X-Eg and pe S(g). Moreover 
let - denote multiplication in B. Then if F €g, 


f(a; XX X,:Y 50(p)) —f(x:Y;0(q)) (ze Gy), 


where! 
q = (Lurı + du) (Liurı + dx)" (Liaurı + dx,)p. 


For r—1 this has been vroved above. So now suppose r > 1 and use 
induction. Put 


g = (Lixari + due): (Dix + dx,)p. 


7[X,Y] = dzY (X,Y €g) as usual. 
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Then by induction hypothesis 


F(Z; Xat ++ Xe: ¥30(p)) =f (g: V38(7)) (TE G). 
Hence f(x; X: X,°:---X,:Y;0(p)) 
== {(d/dt)f(wexptX,;X2-- + Æ,:Y ;0(p)) Jz 


= {(d/dt)f(æexp tX: Y 30(q’)) Jiro 
=f (2; X1: Y0 (qg)) =f(e:¥58( (Lexy + dx)9))) 
= f(x:Y;ð(q)). This proves the lemma. | 
Now consider the tensor product BX S(g). The above lemma shows" 
that for every F € go there exists a unique bilinear mapping Ty of BXS(g) 
into S(g) such that ry(1X p) — p and 
Dy(Xi t Xett ZX X p) = (Lori + dx,) > > (Lixsri + dx,)p 


(Ze -,X,€g;péS(g)). For any root « (of g with respect to b), 

select an element X,540 in g such that [H, Xa] —«(H)X, for all HE h. 

Put 8— 5 CX, where « runs over all the roots. Then the symmetric 
a 


algebra S(8) over 8 is a subalgebra of S(g). Let À denote the canonical 
mapping [4(c), p. 192] of S(g) into B and put © =A(S(8)). 

Lemma 4. Let He be an element in ho such that (Ho) 40. Then 
Ty, defines a one-one mapping of SXS(h) onto &(g). 


Let Sa(g), Sa(8) and Sa(b) denote the spaces of homogeneous elements 
of degree d in S(g), S(3) and S(b) respectively and put &—=X($4(8)). 
We shall prove by induction on r that | 


2, Tr (SeX 8.(h)) — 28 (0) 


This is obvious if r—0. So now suppose rÆ1. It is clear that the left 
side is contained in the right side. Hence in view of our induction hypothesis 
it is enough to prove that 


poe Ta (Sa X 80(5)) + 3.12 (9), 


where p == 38,(g). Since g—b+8, S,(g) is spanned by elements of the 
85% 


form ZZ © -ZaHiHa `- -He (24,€ S, HE h), where d+e=r. Moreover 
the restriction of ad H, on 8 is nonsingular since r(H)) 340. Therefore we 
can select Y;€ 8 such that [Ho Fi] =— Z 1Si=d. Then 


8 The proof of this fact is exactly parallel to that of Lemma 15 of [4(e)]. 
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DaF Yo YaX Hi Ho) = (La + dr): + (Dre + dy,)(Hi: He) 
= 7:25" H -ZaH,- $ -H,mod gpa. 
On the other hand F, + Yz: -+ Ya—A(Y Y: Ya) E A( ða) (see [4(a)]) 


and Ty,(A(3a1) X Hi: He.) C Suea — Ir Hence it follows that 
TA, -Ya X HH He) — (ZZ + e aBa : HAE Spy 
and this proves our assertion. Now the spaces d, and X SaX Se(b) 


d+eSr 
have the same dimension from Lemma 12 of [4(c)]. Therefore Ty, must 


be one-one. 

Let U and V be two vector spaces over C and suppose the dimension 
of U is finite. À mapping ï of U into V will be called a polynomial mapping 
if (1) the subspace of V spanned by f(U) is of finite dimension and (2) 
for every linear function » on V, u—>u(f(u)) (we U) is a polynomial 
function on U. 


Lemma 5. For every p€ S(g) there exists an integer r=0 and a 
polynomial mapping yp of h into SX S(h) such that Ta(y(H))=r(H)'p 
(H € Bo). 


This is proved in substantially the same way as Lemma 16 of [4(e)]. . 
Now put & = 28 and let ho‘ denote the set of all Zeh, where 


a(H)£0. It Follow a Lemma 4 that for any H € hy ‘and p E€ S(g), there 
exists a unique element Br(p) € S(h) such that p— Balp) € Tx(G’ X S(b)). 
Hence we can define a mapping ôn’ (HE ho) of 8(S(g)) into 4(S(h)) by 
du’ (0(p)) =@(Bu(p)) (p&S(g)). We extend this to a mapping of D(g) 
into 0(8(g)) by setting 8x (D) —5x (Da) (DED(g)) where Dy is the 
local expression of D at H. Then it follows from Lemma 5 that there exists 
an integer m = 0 and'a polynomial mapping y of § into @(S()) such that 
Sn (D)=r(H)"y(H) (Hehe). This shows that there exists a differential 
operator &’(D) on ho’ whose local expression at any point H EH," coincides 
with 8x (D). The significance of 8 (D) is given by the following lemma. 


Lemma 6. Let U be an open neighborhood in go of a point HE hy’. 
Suppose f is a function in C°(U) and f(aX)—f(X) whenever (x, X) 
is sufficiently near (1,H) in GX go. Then if f denotes the restriction of f 
on UN Yo, f(H;D) =F (H; (D)) for DE Dg). | 


Select pE S(g) such that Du =ô (p). Then we know that 


p—Tu(1X Ba(p)) + = siX h; 
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where 5€ ©’ and k;€ S(h).. Therefore from Lemma 2, 


fle: H300)) — fle: H5öBu(p))) + È flessi: E; (hy), 


if « lies sufficiently near 1 in G. But it is obvious from our assumption 
on, f that f(z;b:X)=0 (b€ Bg) if (x, X) is suiciently near (1,H) in 
GX go. Hence: f(z:H;6(p))—f(z:H;0(Bn(p))). But 0(p) —Dx and 
0(Bu(p)) == 8x’ (Diz) =a (D). Therefore putting z—1, we get f(H;D) 
= f(H;8y'(D)), which is equivalent to the assertion of the lemma. 

Let % be the subalgebra consisting of those elements DE D(g) which 
are invariant under G. 


Lemma 7. The mapping D> (D) (DE) is a homomorphism of à 
into the algebra of all differential operators on by. 


Let H, be a point in 5,’ and A the Cartan subgroup of G (see [4(e), §2]) 
corresponding to bo. Let æ—>x* denote the natural mapping of @ on 
G* = G/A and put 2*H =H (ve G, HEH). Select open connected neigh- 
borhoods U and V of H, and 1 in bh,’ and G respectively. Let V* be the 
image of V in G*. Then the mapping ¢: (2*, H) — «*H of V* XU into go 
is easily seen to be regular (see [4(d), p. 501]). Therefore since the-two 
manifolds V*  U.and g, have the same dimension, M —¢(V* X U) is an 
open submanifold of go. Moreover it follows that if V and U are sufficiently 
small, ¢ is univalent and therefore it defines an analytic isomorphism of 
vV* x U onto N. For any ge C”(U), let f, denote the function in C”(N) 
given by f,(¢(e*,H))=—g(H) (2*€V*% HEU). Then f,(xH) —g(H) 
(we V,HEU). Now suppose D:,D,€%-and put F= Dafo Since D, is 
invariant under G, it is clear that Lemma 6 is applicable to F and therefore 
F(H;D,) = F(H;8(D,)) (HEU). On the other hand by applying the 
same lemma to f, we get mE | 


P(A) =f,(H; D2) —g(H;8(D:)) (HEU). 


Therefore, fy(H;D,D2) =F(H;D,)=F(H;8(D,)) = 9(H;8(D,)8 (Da). 
But again from Lemma 6, f,(H;D,D2.)==g(H;8(D,D.)). Therefore, 
9(H;8(D,D,))—=g(H;8(D,)®’(D,)) and this proves that (D,D,) 
=06(D,)8(D.) on U. But since U is a neighborhood of an arbitrary 
point H, € ho’, we conclude that 8’(D,D.) = 8(D1)8' (22) on bo’. | 

We recall that I(g)—S(g) MS’. Let I(g) be the subalgebra of SY 
generated by I(g) Uö(I(g)). We shall now determine 8’(D) for De X(g). 
Obviously, if peI(g), &(p) =p, where p is thé restriction of p on b. 


7 
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Therefore in view of Lemma 7, it is sufficient to determine 8’(D) for 
Dé a(I(g)). 


Lemma 8. If pe I(g) then? 8 (0(p)) = 270(p) om. 


Define a polynomial function » on g by o(X) =sp(adX)? (XE q). 
(We shall call w the Casimir polynomial of g.) Then w€J(g) and we 
shall first compute 8’(w). Let P be the set of all positive roots. For any 
«€ P, normalize the elements Xa, X-a in such a way that B(X,, Xa) =] 
and put Ha= [Xo X-a]. Then B(H,,H)=«a(H) (Heh) and therefore 
== Ha under our identification of - with its dual. Now consider the 
polynomial function 

É = v — v —? 2 Kuda. 


If X =H 4 $ (caa -F 0-.8-0) (HEY, Ca, Ca € C), it is clear that 
acP 
w(X) =sp(adX})?= sp(ad H}° +2 > coco. 
acP 
Therefore, since B(X, Xg) = c-a for any root £, it follows that E(X) = 0. 


Hence w =0 +2 > XX a Now if HE by’, 


acP 


TH((Xa* Lo) X 1) = (Lx + dx.) [X-a H] = «(H o)X aX -a — 4 Ho)Ha 
and Xs: X a=} (Xa Xa Xa" Xe) + Ha in ®. Hence 
Tal 2 Ho) Ka Xa + X-a Xa) X 1 + (1X5) +2 ZH)" X Ha)) 
aeP ae 
=G+2 > XaX-a =o. This proves that 
ôm (8(o)) =3 (5) +2 zie) (Ha) 


since Xu X-a + X-a Xa€ &. On the other hand let us compute m @(@) or. 
For any two differential operators D,, D, put {D,, D2} = D, ° Da — D, 0 D. 
Then, if a,,---+,@, are all the distinct positive roots, 


{8(G), r} — Dam: ` t Apa {O (T), ax} © (ar © * ar). 


Moreover a simple calculation shows?® that {9 (©), «}—283(Ha). Therefore 


3 (T) or = rô (5) +22 Az api O(Ha,) © (Ar © r). 
=1 . 


? Whenever it is necessary to avoid confusion, we denote the product of two differ- 
ential operators D,, D, by D; o Da 

1° This is best done by making use of a base H,,: - `, H, for } such that B( JI, H,) 
= dy (1<ijSl). 
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But {3 (Ha), 8} = (Ha) for any two roots «,B, and so we can conclude 
that ` . 


ô(5) or = rô (5) +2È a (Hu) + 


where g€ S(b). Applying both sides of the above equation to the constant 
function 1, we find that q =ô ()r. But we shall see presently (Lemma 9 
and the Corollary to Lemma 10) that d(&)=—=0. Therefore by comparing 
this with our earlier expression for 8y,/(0(w)), it follows that 8 (@(w)) 
== 719 (0) Om. This proves our assertion in case p= w. 

Now let x be the derivation. of D(g) given by uD = 4{0(w), D} (De D(g)). 
A direct computation shows that pX =ô (X) (Xeg). We shall now 
prove by induction on m that p(X Xo © : Xm) =m!9 (XX2: Xu) for 
Xi, -,Xmeg. Since pX—pÿ(X)—0 (XEg), it follows from the 
Leibnitz rule for derivations that 


BMX Lo Xm) = (Xi Xn) ° Zn + ma" (Xi - ©: Xr) O UX m. 


But p1(X,. + Xm) = (m— 1)!0(X,X2° - Xma) by induction hypothesis. 
Therefore w"(X1° - -#h1)—0 and 


pr Xx Xo: . Xm) =m! 0X4: . Ama) Oo pdm = M OX: à Km Xm)- 


This shows that if q is a homogeneous element in S(g) of degree m, zhen 
"g—m!d(g). u 

On the other hand let us put p£=—4{8’(w),é} for any differential 
operator € on bo. Then % is a derivation of the algebra of differential 
operators on ho and it follows from Lemma 7 that S& (xD) = pð (D) for 
DEY. Let p be a homogeneous element in I (g) of degree m. Since Y is 
obviously stable under p, we conclude that 


m! (0(p)) =8 (u"p) = "8 (p) = amp. 


Now let % be an associative algebra and for any a€ A, let da denote the 


derivation of 9 defined by dab = 4 (ab — ba) (b€ A). Then one proves easily 
by induction on k that 


déb— 2e 3 O,k(—1)ta-rbar (k= 0). 


0=rSk 


We now suppose that W has a unit element, c is an element in X wita an 


inverse c? and œ ==ctac. Then if be Y and it commutes with c, it is 
clear that: i 


db =c" (d,%b)c (k>.0). 
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Let us now take X to be the algebra of all differential operators on D’. 
Then if a=ĝ (©), b= and c=m, all the above conditions are fulfilled 
and a’ = rI (0) ow==8(w) as we have seen above. Moreover if q is any 
homogeneous element in S(h) of degree k, we prove in the same way as 
above that d,‘g—=k!ö(g). Therefore 


ag) = do"? pee | (d."7) Ore mig 0(p) or 


and this proves that 8’(0(p)) ==«10(#) om for any homogeneous element 
pEI(g). But it is obvious that I(g) = 2,78) N 8n(g) and so the 


assertion of the lemma follows. 

Let W denote the Weyl group of g with respect to D fies [4(b), p. 29]). 
Then W is a group of nonsingular linear mappings of b and therefore (see 
Section 2) it operates on D(H). Let $(h) denote the subalgebra. ôf those 
elements in D(H) which are invariant under W. 


THEOREM 1. There exisis a unique homomorphism 8 of S(g} into: 
S(b) such that &(p)—=p and 8(8(p)) —0() RE Moreover 
S(D)—=7"8(D)c7r on bo’ for any DE S(q). 


Since Y(g) is generated by I(g) Voll (g)), the ne of à is 
obvious. Let §’ denote the algebra oi all differential operators on bo. 
It is clear that we can regard D(h) as a subalgebra of §’. Put 8(D) 
= 79 (D) or. Then it follows from Lemma 7, that § is a homomorphism 
of (g) into §’. Moreover (p) =p, 8(8(p)) =(P) (mE I(g)) from 
Lemma 8 and is invariant under W (see Lemma 9 below). Therefore 
it is obvious that ö maps íg) into Y(h) and so the theorem is proved. 


4. Invariants of the Weyl group. An element ge S(b) is said to be 
invariant (under W) if qs =q for all se W. Let I(g) be the subalgebra 
of S(b) consisting of all invariants. The following result is due to Chevalley 
(see [1, exposé 19, p. 10]). 

Lemma 9 (Chevalley). If p€I(g), then EI), and pp is an 
isomorphism of Iig) onto I(h). 


For any root g let sg denote the Weyl reflexion corresponding to æ. An 
element q€ 8(Ņ) will be called skew (or skew-invariant) if qte—— for 
every root a It is known (see Weyl [9]) that a is skew. 


Lema 10. If q is a skew-invariant in S(h), then q= nq for some 
qo € I (D). 
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For any root a, let ca denote the hyperplane in D given by the equation 
a==0. Then if pE 8(b), it follows from the definition of s that pp 
vanishes everywhere on ca Therefore pfe— p is divisible by « in the poly- 
nomial ring S(h). This shows that q ——-4$(gq%s—-q) is divisible by «œ. Now 
the hyperplanes o, corresponding to distinct positive roots « are distinct. 
Therefore since $(h) is a unique factorization domain, q is divisible by 


Tl «=~. This means that g==7qo, where qo€ S(b). But since both 
eP 


= and q are skew, it follows that qos = qo («€ P). Therefore since W is 
generated by the reflexions s, (a€ P), we conclude that go € I (9). 


COROLLARY. If q is a homogeneous element in I(h) of positive degree, 
then 4(q)r = 0. 


Let r be the degree of m. Then it is obvious that d(g) is homogeneous 
and its degree is lower than r. On the other hand, since q€ 1(b}), it is 
clear that 9(q)r is a skew-invariant. Therefore in view of the above lemma, 
we conclude that 3 (q)r =0. | 

Put S—S(b) and J=I(h) and let J, be the ideal in J spanned by 
all homogeneous elements of J of positive degree. Since W is a finite group 
generated by reflexions. it follows from a result of Chevalley [2] that the 
dimension of the vector space S/J,S is equal to the order w of W. More- 
over if Qs and Q; are the quotient fields of S and J respectively, then 
[Qs:Q;] =w where [Q5:Q,] denotes, as usual, the degree: of the field- 
extension Qs/Q,. It is obvious that if an element of S lies in J, the same 
holds for all its homogeneous components. Hence we ean select homogeneous 
elements 01,° + -,%%€ S such that S=V-+J,8, where V is the linear space 
spanned over C by (v, ` +, Uw). 


Lemma 11. Every element v of S(h) can be written exactly in one 
way in the form Y= Wt, +- + Ute, where WE TD) 1SiSW). 


It follows easily by induction on m that S=JV+J,"8 (m21). 
Let v be any homogeneous element in g of degree d and let d; be the 
degree of v; Choose m >d and select elements uÿ,- - -,uw € J such that 
to (uv, +: + thew) ETS. Let u; denote the homogeneous component 
of u; of degree d—d;. Then;-by considering the homogeneous component of 
of degree d in the above relation, it is clear that v — (av, +++ u.) = 0. 
This proves that S=Jv,+4+-.---+Jv, and now it follows easily that 


IF 


Qs = Q8 =$ Qu. However [Qs: Qr] =w and sd %,,---,%, must be 


i=1 
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linearly independent over Gy. This proves that an element ve S can be 
written in exactly one way in the form Y =u, +° ` Win (ue J). 

We shall now make use of the above lemma to obtain some results on 
the solutions of a certain system of differential equations RICE will be 
important for our applications. 


Lemma 12. Let r be a distribution on an open subset U of bo. Suppose 
for each geI(h), there exists a complex number cq such that 0(q)r = car. 
Then r coincides with an analytic function on U. 

Let Hy, --,H, be a base for hd, over R. Put O=HY+He+:: 
+ HÂE S(b) and consider the polynomial | 


IL (6—2) =o" + et +--+ dw 


se} 


in the indeterminants ¢ with coefficients g:€ Z(b). Then 
ae ++ + ge T (0 — ar) —0 


and therefore {0(2)” + c,0(Q)°-1-+ > - --+e,}r=0, cie G=ty, (SiS w). 
However the above differential equation is obviously of the elliptic type (see 
[3] for the definition of ellipticity). Therefore (see Schwartz [8(1), p. 136] 
and John [5]), r is an analytic function on U. 

Lexma 13. Define (vı, - ',vo) as in Lemma 11 and let & be an 
analytic function on a nonempty open connected subset U of Yo. Suppose & 
is an eigenfunction of 0(u) for every we I(h). Then if (v,)¢ (1 StSw) 
all vanish simultaneously at some point of U, p must be identically zero. 


Suppose ¢(Ho;0(v;)) =0 (1SisSw) for some H€ U. For any 


vE S(b), we can select ts,’ ` `, Uw € T(b) such that v= Suw (Lemma. 11). 
But then 0(u;)¢= Gp (c€ C) and therefore z 


$(Ho58(v)) =$ ad (Ho;ô(u)) 0. 


This shows that all derivatives of @ vanish at H, ‘and so $, A an anly 
function, must be identically zero. 


COROLLARY. Suppose H’ is a point in } such that „(H’) 0 and ẹ 
an analytic function on U satisfying the system of diferential equations 


| 0(g)#—=q(4)# (qE T(B)). 
Then there exist constants c, (s€ W) such that 
(H) = E cexp B(H, sH’) (HEU). 
acw j 


Moreover they are uniquely determined. 
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_ It follows from Lemma 4 of [4(e)] that the w points sH’ (s€ W) are 
all distinct. Put $¢,(H) =expB(H,sH’) (HEU). Then ¢, (s€ W) are 
linearly independent analytic functions on U (see Lemma 41 of [4(b)]). 
Moreover since 0(H)¢,—B(H, sH’)¢, (H € b), it is clear that 0(q)¢s== q(H’) $s 
for geI(h). Therefore ¢, is a solution of our system of differential equa- 
tions. Let Æ be the vector space (over C) consisting of all analytic solutions 
of this system. It is obviously enough to prove that s (s€ W) form a base 
for E or, what is equivalent, that dim E Sw. Choose a point Hy€ U. 
Assuming that dim # > w, we can select 6540 in F satisfying the w linear 
conditions ¢(H,;@(v:)) =0 1Sixw. But we know from Lemma 13 that 
this is impossible. 


The following lemma will be required in another paper. 


Lemma 14. Suppose ¢ is an analytic function on U such that 0(qg)$—0 
for all homogeneous elements q€ I(h) of positive degree. Then there exists 
a polynomial function pE S(h) such that $—p on U. 


For any H €b, consider the polynomial 
| IL (E— sH) =o" + gil + 49 
sew 
in the indeterminants £ with coefficients q€ I(h). Then HY + Heq, +... 
+ qo =0; and therefore (HY + H*qg,+:--+qu)¢==0. But since q: 
are all. homogeneous and of positive degree, 8(g)g—0 (1<i<w) and 
therefore #(H”)¢—0. Hence if H,,---,H, is a base for þe over R, 


0(H;")¢=—0 1:1. Obviously, this implies that @ is a polynomial of 
degree <S lw. . 5 


5. Applications to the compact case. In this section we shall assume 
that G is compaci. Let dx denote the normalized Haar measure of G, so 


that fen For any fe C”(go), let dr denote the “fonction on Bo 
given by _ u 
$ (H) —=(H) | (ea (ee). 
‚ It is obvious that ; € C° (Bo). Define 8 as in Theorem 1. | 

Lemma 15. er EE) for £E (a) and fe 0"). 


‚We use the notation ‘of Section 3. It.follows from Lemmas 3 ‘and 5 that 
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we can select elements s; € ©’, h: € S(h) and analytie functions a; = sis =) 
on by’ such that 


(eH 58) =f (01H30 (8) + SeHyf (0351: 50(a)) 


for HE)’. But it is obvious that Í, fz;b: H)de—0 EE T 
bE Bg. Hence it follows from Theorem 1 that i 


er) =a (E) STEHE) (ew) 
However, ge and 8(&)¢y are both in CB.) and Do is dense in Bo. There- 
fore der —=5(E) dy. 
Lemma 16. $/(03;8()) = <a, ryf (0). for all Fe." (go). 


Put iH u -f f(xH)dz (H €o). Since ~ is a homogeneous poly- 


nomial, it is obvious that the local expression .of d(#) omr at the origin is 
exactly <r, m). Hence the value of 4(r); at zero is <a, myg (0) == <m, 7>f (0). 
As usual, we define e(s) = 1 or —1 according as r? =r or —r (sE W). 


THEOREM 2. 


#(H)r(H’) Seo Beet, H’)da = war) z (6) exp B (sH, m) 
for all H, Beh. 


Select an element Ta 7€ such that +(H’)5<0, and put f(X) emp B(X, H 7) 
(XE go). Then 


4) (A) [exp B(eH,H’) dx 


and therefore, from Theorem 1 and Lemma 15, bats —0(p)d (pe Ile). 
But it is clear that 4(¥)f—B(Y,H’)f (Y €g), and so 0(q) = q(H’)f for 
qeS(g). Hence 0(5)h—p(H')p; (pEl(g)). But in view of Lemma 9, 
this implies that d(g)dr = g(H’)$r for all ge I(h), and we conclude from 
the Gorollary to Lemma 13 that 


(H) = 2 cs exp B(sH, H') (H € boj, 


where c, (s€ W) are constants. On the other hand, since @ is compact, 
we can select, for each s € W, an element z, € G such that a, H—sH (H € bo). 
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Therefore it is obvious that s maps ġo into itself and OR = <(s)¢;(H), 
and so 


$(H) = w & ()é(sH) we D (3) expB(sH,H’) (HE bo), 


where c= >) e(s)es. On the other hand, hy (05 O(a) ) = <x, ryf (0) = <x, r> 
-ecew 


from Lemma 16. Put y,(H)—=expB(sH,H’) (Hehe). Then ô(q)ys 
= q(s"H")ys (qE 8(b)), and therefore 9(r)ys—eis)r(H’)ys. Hence 


mr; öl) = wor (H')w = er(H’), 
and so c= <m, nò/m(H'). This proves that 


r(H)r(4") f exp B(z, H, H')dz = w™<r, 1> Y es) exp B(sH, B’) 
G £ 


for He ho and H’ € h provided +(H’) 0. But since both sides can obviously 
be considered as holomorphic functions on H X b, it follows that they must be 
equal for all H, H’€ h. 

Let dX and dH denote the Euclidean measures on go and fo, respec- 
tively. We may assume (see Lemma 9 of [4(d)]) that they are so normalized 
that 


Si@ax— f Iramıran f femar (Fe Ce(a)) 


For any fE @(go).and gE 8 (bo), let f and 5 denote the corresponding 
Fourier transforms, so that 


(2) = J. exp {(—1)§B(Y, X)}/(X)4X, 
IE) = f ep (DB, 1) g(taH 
(Y € go, H’€ ho). Then we have the following result. 


THEOREM 3. If fe (go), the corresponding function dy lies in 6 (Yo) 
and j—@; is a continuous mapping of B(go) into (ho). Moreover? 
$7 = (—1)’ <a, n> (p), where r is the number of positive roots. 


It is seen without difficulty that for any D € D(g), we can find a finite 
number of elements D:,-:-,D,€ D(g) and analytic functions a;,: - +, Qm 
on @ such that D=a(2)D, +- ` +an(2)Dn (£E G). Now suppose 
fE 8(g) and dE D(b). Then it is clear that 


(Hd) = I. f(aH ; Dr)dr (HE) 
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where D=dor. Since G is compact, we can select a positive number c 
such that |ai(2)| Se (1Zi<m,zeG). Hence 


| (H;d)| ze sup | F(Z; D:)l, 


and this proves that ¢,€ (bo) and the mapping f—#, of 8 (go) into 
£ (Bo) is continuous. 
Put (X: Y) =exp {(—1)?B(X,Y)} (X,Y € go). Then if fE (go), 
$H) = nH) f(@H)da— (H) f de f AH: Par (H € Bo). 
But 


SoH YAY = | eH: yB) | oH) AYE dy a 
== f 1GE : YA) (H)? flyHl )dy dH” 
GXBo 
since every root takes only pure imaginary values on Jo. Therefore we con- 


clude from Theorem 2 that 
ED = ed Z el) f EH: HQE) ar 


ane Bd) fo aH: EAR. 
ee é(sH')— e(s)$y(H’) (se W). Hence 
S JGH: (EAE — S. ET: HS AH 
=e) fa PEN 


This proves that $7(H) = (—1)"<r, >f n(H: H’)¢;(H’)dH’ (H€ bo), 
and therefore oj = (— 1) <r, m (ey. 

In another paper we shall obtain a suitable analogue of the above 
theorem for the case when G is not compact. 

Let J(go) and J (Ho) denote the sets of all functions in (go) and 
l (ġo) which are invariant under G and W ET: For any function 
f on go, let F denote its restriction on bo. 


THEOREM 4 If f€J(go), then FE J(b) and ff is a topological 
mapping of J(go) onto J (ho). 
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Put (X: Y) =exp{—(—1} B(X, Y)} (X,Y £go). Then if pe S(g), 
it is clear that y (X;0(p):F)—p(Y)y(X:Y) where p is the polynomial 
function Z— p(— (—1)3Z) on g. Now we assume that the normalization 
of the Euclidean measure dH on ġo is regular and put 


YX) = f UX EDEA (GEIG E 00) 


where &(X: Y )— f nf (aX: ¥)dx (X,Y € go). Then it follows from Theorem 
G 
2 that if H’ € ho, 


ME) =o f B el) GER") 9H AR) aH, 


j a 
where c == w!<r, a>. Now it is clear that* 


Si (A: sH’)G(H ; (n)) dH = (—1)" J, 1 (E ;0(x) : 8H") g(H)dH 


= (— 1)#(sH’) f q (H : sH’)G(H)dH = (—1)"/(s)r(H")g(sH") 
(s€ W). Therefore, since g is invariant under W, we get 
(4) (#7) = (— 1)" wor(H’)g(H’) (H' € bo). 


But as ÿ, and g are both of class ©”, this implies that ÿ,—c’g, where 

d = (—1)"<r, "y. It is obvious from its definition that y,€C”(g.) and 

it is invariant under @. Moreover, since go = | zhpo, it is obvious that yg 
sEeG 


is the only invariant function on g, which coincides with c’g on h. There- 
fore gpg = ay if qE I(g). 
Put 
vD(F) = sup | F(Z; D)|, — oa($) = sup | ¢(H;d)| 
X EG Heo 


for FE C" (go), 6€ C7 (9), DED(g) and de D(h). We claim that for any 
DED(g), we can select a finite number of elements d,,- - -,dy€ D(H) such 
that. l 


vo (Wo) € À c2.(9) 


for g€J(ho). -It is enough to prove this for D= pô(q) (p,q€ S(g))- 
We shall use induction on the degree of q which we denote by m. If m—0, 
we may assume thet D—p. Since G is compact, the Casimir polynomial © 
is a negative-definite quadratic form on go and so it is clear that we can 


u (—1)* = ((—1)4)* for any integer k. 
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select po € I(g) such that po takes only real nonnegative values on g, and 
| p(X) |S po(X) (XE go). Then Pos == Yin, and therefore vo (Yg) S vp (Yg) 
=v (yzg). From Lemma 1 and its Corollary, there exist elements p, € 8(6) 
and dE D(H) such that (pop) =ð (pı) and 


S| (ps6 4E Soal) 
for $ € (bo). Therefore | 
ro (Ho) Sva(Vion) Sf |x0(wp.)G| dE Soe(g) (ge TC) 


since |é(X:Y)|S1 (X,Yeg). Now suppose m>1. Again choose 
Po € I(g) such that | p(X)|Spo(X) for XE go. Then if D, = pô (q), it is 
obvious that vp(y,) Svp,(¥,). Also, it is clear that aa 


k 
Di 0(q) © po + 2 pô (q), 


where k is some integer, p qg:E€ S(g) and the degree of each q; is smaller 
than m. In view of the induction hypothesis, it is sufficient to prove our 
statement for A—=d(g) op. But Ay,—0(q)Yo where go = Pog, and 


EX: 7) = f GEP (X:2F)åz (X, Y € ge). 


We again select qo€I(g) such that | ¿(X)| = (X) for XEgo Then 
|€(X;8(q):¥)|Sq(Y) (X,Y € go), and therefore | 


vn X) = Í | Gord (xr) Go | dE. 


Choose p, € S(b) and dE D(H) such that (Hop) = 0(p,)6 and 


J, | Gord (ps) d | dH Soa(¢) 


for p€ 6(b). Then valyı) = voc (Un) Soalg) (9€ I(ho))- 

The above result shows that if ge J(ho), then yy lies in J (go) and? 
y’:9— (c) 4, is a continuous mapping of J(b) into J(go). On the 
other hand, it is obvious that if fE J (gə), then FE J(h,) and the mapping 
rif— f of J(go) into J (ġo) is continuous and univalent. Since r(y,) = 0g, 
it follows that y7—c’f and therefore these two mappings r and y” are 
inverses of each other. Hence the theorem. 

. The following result will be needed in Section 8. 


12 We shall prove in Section 6 that <r, my 0 (see the Corollary to Lemma 18). 
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Lemma 17. For any fe B(Bo) there exists a unique element %, in 
J (Ho) such that 


r(H)%; (H) = 2 e(s)f(sH) (H € bo). 


Moreover f —> %; is a continuous mapping of 6 (bo) intc J (Go)- 
Put 
Y(X) =e JEZE) 2 e(s)f(sH)dH if € B (Yo), X € qe); 
+ a seh 


where f is the Fourier transform of f and” c, == <m, mẹ. Then it follows 
from Theorem 2 that | 
a(H’),(H’) = > e(s)f(sH’) (H’€ Ho). . 
sew 
Furthermore, we show exactly as above that ¥,€ Jig) and the mapping 
f>%; is continuous. Finally, since go— U zho, every invariant function 
æeG 


in C°(ge) is uniquely determined by its restriction on gs. This proves the 
uniqueness of Wy. a 


6. Some further results. We now discard the assumption about the 
compactness of G. Define 8 as in Theorem 1, and, for é= D(g) and 7€ D(H), 
let & and denote their respective local expressions at zero. It is clear 
that if €€ 3(g), then & € @(I(g)}. 


Lemma 18. (d(m) 08(£))o= (d(r) 08(&))o for every £E X(q). 


It is known (see Mostow [7]) that we can find a compact real form u 
of g such that HN u is a Cartan subalgebra of u. Let Qe be the (connected) 
complex adjoint group of g and U the (connected) adjoint group of u. 
Then both G and U are real analytic subgroups of G, corresponding to the 
real subalgebras g, and u of g. Then (see Section 2) G. operates on D(g), 
‘and it is clear that I(q) is exactly the algebra of those polynomials p on g 
which are invariant under G,. Therefore the two algebras S(g) and (b) 
are the same whether we start from the real form g, or u. Let du denote 
the normalized Haar measure of TU, and for any f€ C®(u) define 


&(Æ) —r (4) SUR) au (Hebnu) 


as in Section 5. In order to prove the lemma, lei us first suppose that 
&=0. Then from Lemma 16, ¢e(0;0(7r)) —0 for all fe C°(u). But 
we know (Lemma 15) that per —8(£)d. This proves that d(r) (8(é)¢,) has 
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the value zero at the origin. Now suppose FE I(g). Then s= af, where 
f is the restriction of f on Mu. Hence we conclude from Lemma 9 that ` 
(dr) °8(&)) (wp) takes the value zero at the origin for every pe I(h). 
Select ge S(b) such that (@(ar) °8(é))o—@(q). Since (é) is invariant 
under W, it is obvious that ?=e(s)g (s€ W). We claim g—0. For other- 
wise we could select p, € S(b) such that <q, pı> 0. But <q, pad = <q, m1) 
= e(s)<g, pi®> (s£ W). Hence <q, pod = <q, pı) £ 0, where p: = we E (s)p:* 


However it follows from Lemma 10 that p:—7p for some p€Z(b), and 
therefore <q, mpy 540. On the other hand, in view of the definition of g, 
<q, mp> is exactly the value of (d(r) °8(€)) (wp) at the origin, which, as we 
have seen above, must be zero. This contradiction proves that g—0, and 
therefore (8(7) ¢8(&))o==0. The general case is reduced to the one dis- 
cussed above by replacing é by — éo. 

Let @ denote the conjugation of g with respect to u, and p— ps 
(pE S(g)) the automorphism of S(g) over R which coincides with —6 on 
g- Select a base X,,---,X, for u over R such that B(X, X) =— 8, 
1£ij<n. Then if : 

P= D amy: + +, My) XM» XA" (ama +, Mn) EC), 


m0 


it is clear that <p,, p>) = È mi!- - -m,!|a(mi,- © +, mn) |? > 0 unless p= 0. 
mo 


On the other hand, since every root g takes only pure imaginary values on: 
hu, it is obvious that my =m. Therefore <x*,7* is a positive real number 
for every integer k= 0. Moreover, since 7° € I(h), there exists (Lemma 9) 
a unique element „€ I(g) such that 7—=-2*. It is clear that n, is also in 
I(g) and Fa = ("#’).„="’=7. Hence we conclude from Lemma 9 that 
nx =, and therefore <q", °> > 0 for any integer k= 0. Put £=@(y*) ont 
for some fixed k. It is obvious that és = <7", ">, and therefore we get the 
following Corollary from Lemma 18. 


COROLLARY. Put £—0(#1) ont for some integer k= 0. Then 
(a (=) o ECE) ) o = le. 
Moreover, <n, 4> and <n, n> are positive real numbers. 


We shall now prove an algebraic result which will be needed in another 
paper. As before let w denote the Casimir polynomial of g and define a 
differential operator o on g as follows: f(X;e)=f(X;3(X}) (XE Go; 
fE C(@)). It is obvious that o€ D(a). - 


Lemma 19. For any integer kZ1, 
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(ut) out = AE! (An = à + k—1) (into +k—2): - (in +e) 
; ; | modwD(g), 
where n = dimo g. 


‘Define {D,,D.}==D,D.—D.D, as before for any two differential 
operators Dı, Da. Then a simple calculation shows that {8 (w), w} = 2n + 4o. 
Moreover, if p is a homogeneous polynomial in £(g) of degree. m, it is 
easily seen that op mp, and therefore it is clear that 0(w)o = (o + 2)ô (w). 
Hence 


{3 (at), o} m 2 UT) (2n + 40)ö(o") 


= I (?n +4(o +2k—2— 2m))d(ort) | 
<k 


Em 


= 4k(in +o + k— 1) (w). 
Theréfore 


Out) ook = {3 (a), 0} > okt = 4k(4n +o + k—1)8(o**) ow mod wD(g), 


and our assertion now follows by induction, 


This lemma has the following significance for our later applications. 
Let ¢ denote a real variable. 


COROLLARY. For any FE CO“ (g), put fx =ô (Æ) (of) (kZ0). Then 
if X40 is an element in go such that o(X) —0, we have 


f F(tX)dt — LKT (Gn + k—1)/T(4n —1)} f RO 
0 0 
for all integers k Z0. 


It is obvious that g(tX 3c) =tg(tX ;0(X)) =t(d/dt)g(tX) for any 
g€ Ce” (go). Hence 


f X; + 1)dt — f “(d/dt)(tg(tX))dt = 0. 
0 0 
On the other hand, it follows from Lemma 19 that 


fe = Cf + (o + 1)g: + ogs 


where g1,92€ 0.”(g) and c= £k! T (3n -+k—1)/T($n—1). Therefore, 
since w(tX) = ta (X) — 0, we conclude that 


f a = cy S Fena 


13 Here T stands for the classical Gamma function. 
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7: Differential operators. on a reductive subalgebra. Let m, be a Lie 
subalgebra of go. We assume that mo D D, and m, is reductive in go (see 
Koszul [6]). Then we can select a subspace qo of go such that [ms qo] € qo 
and go is the direct sum of m, and qe. Let m,q be the complexification 
of mo, Qo, respectively, in g and let @ be the set of all roots «€ P for 
which X,€m. Then it is clear that m=} -++ 2, (OX. + OX) and 


== X, (CXa + CX 4), where Q’ is the EN of Q.in P. -Since the 
aeg | 


restriction of the bilinear form B on m is obviously nondegenerate, we can 

apply the formalism described in Section 2 to E,—g and F,—=m,. For 

any Ze m, let £(X) denote the determinant of the restriction of ad X on q. 

(If q= {0}, we define £(X) to be 1.) Then £, being a polynomial function 

on m, lies in S(m). Morecver, £ coincides on with (—1)® IL æ?, where s 
acg 


is the number of roots in Q’. Hence £540. Let mọ denote the set of all 
X Em, where ¢(X¥) 0. Then m,’ is an open dense subset of m, and 
ho Cm’. Put Q=A(S(q)), where À is the canonical mapping of S (g) 
into 8. The next two lemmas are proved in the same way as Lemmas 4 
and 5. 


Lemma 20. If XEms, Tx defines a one-one mapping of DXS(m) 
onto S(g). 


Lemma 21. For every pe S(g), there exists an integer k=0 and a 
polynomial mapping yp of m into. QO XS(m) such that m) = {(X)*p 
(X € mo). 


For any zE G, let b—br (bEB) denote the unique antomorphism of 
8 which coincides with « on g. Then we also get an automorphism p-> u” 
of BX S(g) given by (bX p)r—brX pr (DEB, pe S(g)). It is obvious 
from the definition of Ty (F € go) that (Ty(#))*=Tuy(n?) (HE BXS(g)). 
Let M be the analytic subgroup of G corresponding to mt. It is obvious 
that ¢"—£, and therefore mm’ =m; (meM). For any pe S(g), let 
Bp(X) (XE mo’) denote the unique element in QX S(m) (see Lemma 20) 
such that Px(f,)(X)) =p. Then if me M, 


pm == (T'x(Bp(X)))" = Tux (Bp(X)") (Z € mw), 


and this shows that Bp»(mX) = (B,(X))". Thus we have obtained the 
following result. 


Lemma 22. For any p€ S(g) and XE my’, let Bp denote the unique 
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clement in QX S(m) such that Tx(B,(X)) =p. Then “Abe = (B,(X))" 
(m € M). 


Put Q = EA(Sa(e) ), where Sa(q) is the space of homogeneous elements 


in S(q) of Pea d. Let px(p) (X€ mv, p€ S(g)) denote the unique 
element in S(m) such that B,(X) —(1X ux(p))E€ Q'XS(m). Then it 
follows from Lemma 21 that there exists a differential operator A(p) on 
m’ whose local expression at X coincides with 9(xx(p)). On the other 
‚hand, since £ is nowhere zero on mo’, ||? and |£ | are analytic functions 
on mo’, and so, for any ge S(m), | £|-#0(q) © | ¢ |? is a well-defined differential 
operator on my’. Let pm denote the restriction of a polynomial p€ S(g) 
on m. Then pm€S(m) and A(p)—|¢|-*0(pm)°[¢|# is a differential 
operator on m’. We shall denote its local expressicn at X € my’ in the usual 
way by (A(p)—|£|*0(pm)°|¢|#)x. Let M be the subalgebra of B 
generated by (1m). We put W — Mm. 


Lemma 23. If pel(g) and 2; U, Au LE then 


(A(p) |e} *0(pm) © | £| se 2 OX S (m). 


Let D—A(p) —|£|#0(pm)o|£1# Since both £ and pm are invariant 
under M, it follows from Lemma 22 that Dnx—(Dx)™ (mEM,XEm). 
Hence it would be sufficient to prove that Dy lies in I(Ta(M’XS(m))) for 
HE. Since m. is reductive, it is clear that Lemma 4 can be applied to 
m, in place of go. We now use the notation of Section 3 and put Sm = © N M 
and Su =S NM. Also fix an element H,€ ho’. Since S(3) N S(m) 
== 8(8Mm) and the canonical mapping À of S(g) onto 8 is a linear iso- 
morphism, it follows that A(S(8N m))=—Gm and SY—-SNM. There- 
fore from Lemma’ 4 (applied to mo), Tm, defines a one-one mapping of 
Gm X S(b) into S(m). Moreover ¢(H) is real and equal to + IL (a(H))? 

aed’ 


if HE}. Therefore by applying Lemmas 7 and 8 to m, (instead of qo), 
we conclude that 


ENEO (pm) 0 | Ed — (CB) om) € (Tr (En! X 8 (5))); 


where is the restriction of p (and therefore also of pm) on hd. On the 
other hand, it follows from the definition of A(p) that 


(A(D))m—0(p) € (Tx, (X X S(m))). 
Therefore f 


Du, =ô (p) — (r0 (P)o0=)m=0 mod ô (Ta (SX S(m))) 


` 
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from Lemma 8. : Now it is an immediate consequence of the defintion of 
Tr (F Ego) that Ty(b.b.Kq) =Ty(b:XTy(b:Xq)) (b1,b2€ B, qE S(g)). 
Therefore, since S (m) =Im (SmX S(b}), it follows that Tm, (SX S(m)) 

‘CT y,(B’XS(h)), where W = Bg. But B= S’ +BY and rm (BHX $(h)) 

= {0}. Therefore Tam, (B'XS(6))—rr(S XS(b)). This proves that 
Ta’ X S(m)) =Ta,(5’X 3(h)), and hence Dy, € Sm) N Ta(S X SCh))). 
But, as we have seen, S (m) =T'y,(GmXSah)) and Ty, is univalent on 
GXS(h) (Lemma 4). Therefore | 


Du, € Ta (En X S()) C ATX S(m))), 
and so the lemma is proved. | | 
COROLLARY. If Heh,’ then 
(A(p))a— (77 0(D) ow) € (Ta W XS(H))) 
for pe I(G). 2 | | 
For, in view of what we have seen above, the left side lies in”: 


aS(m) N Ta(S X S(m))) and S(m) N Tale’ X S(m)) C Pa(M X S(b)). 


8. Closer study of a special case. Define fo and p> as in [4(e), §2] 
adn let £, p denote their respective complexifications in g. Thr oughout this 
section we shall assume that ho C fo. Then the theory developed in Section 7 
can be applied to m=%. In this case qd —p, and ¢(X) = det (ad X)y 
(X €t), where (ad X), is the restriction of adX on p. Put B=A($(p)). 
Then we intend to, prove the following result concerning the Casimir poly- 
nomial w of g. | 


LEMMA 24. There exists a unique polynomial mapping ya of E into. 
PX SE) such that Tx(ya(Z)) = €(X)w (X € À). Moreover (yX) == yal kX) 
for ke K and Xef. 


7 The case go == fo being trivial, we assume that po>5<0. Let P_ and P, 
be the sets of. all compact and all noncompact roots in P, respectively (see 
[4(g), p. 751]). Then if r is the number of roots in Po, dimp—#?r. Let £ 
be-an indeterminate and consider the polynomial. ne RE 

a a ae er 
with coefficients g:€ 8(§). Let Wi be the subgroup of the Weyl group W 


14 The results of this section are quite similar to those of [4(e), $10]. 


DIFFERENTIAL OPERATORS. | 115 


generated -by the reflexions Sa corresponding to «€ P.. Then, since T is 
reductive (Lemma 5 of [4(c)]), Wr can also be regarded as the Weyl group 
of Ë with respect to (see [4(e), 861). Let K denote the analytic subgroup 
of G corresponding to & and I(f) the set of those p€ S(f) which are 
invariant under K. Similarly, let Ir(h) be the set of all elements in S(b) 
which are invariant under Wy. Then Chevalley’s Theorem (Lemma 9) is 
obviously applicable to (£,5) in place of (g,b). Hence pop (pe I(¥)) 
is an isomorphism of I(£) onto Ir(h). Now if is a noncompact root and 
s€ Wy, then sg is also noncompact (see the proof of Lemma 10 of [4(g)]). 
From this it follows that q€ 1,(b), 1Si<r. Hence we can select o;€ I(f) 
such that qi For any XEŤ, put S(X) = (ad Z)’. Then we shall 
first prove the following lemma. 


LEMMA 25. o, = and 
(SC) + (X) (S(X) 3 + For (KX) = 0 (Xet). 
(Here I, is the identity mapping of p.) 

It is clear that LEI(f) and = (—1yr Jt B’— gr. Therefore, in 
view of the above isomorphism of I(f) onto É, we can conclude that 
&=or Moreover : X— {(8(X))"+0o(X)(8(Z)) =+: -+ or(X) Ip} 
(ÆEE) is obviously a polynomial mapping of £ into the space of endomor- 


phisms of p, and therefore it would be sufficient to prove that + maps f, 
into zero. Moreover, since K is compact [7], fo = |J kh, and so it would 
kek 


clearly be enough to show that + maps 5, into zero. But if HE}, S(H) is 
semisimple and all its elgenvalnes are of the form 8(H)° (BE Py). There- 
fore- 


Mall IR B(H) 15) =0, 
and this proves our assertion. 
Now put 
P(X) =— ((8 (4)? + ER) Hr HK} (EE), 


so that S(X)T(X) —T(X)S(X) —6(X)I,. Select a base F,- -, F; 
(p==2r) for p over ©. Since £ and p are orthogonal under B, B is non- 
degenerate on p. Hence we can choose Y/€p (=<i<p) such that 
B(YY/,Y;) =8; (1S4j=Sp). Let w and wp denote the restrictions of w 
on Ë and p, respectively. Then in view of the above-mentioned orthogonality 
of f and p, w==or-+ wy. Moreover, it is easy to see that o= D FY’. 


1545p 
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Now fix an element XY € Ë and let 8°, T” be two linear transformations of ÿ 

which commute with (adÆ), Put U;=S'Y, V;=T'Y;, Uf =S'YY, 

Vi=TY/ (iSisSp). Note that Z= > BZ,Y/)Yi= $ BY)? 
1£i<p 


1SiSp Sis 


(Ze p), and therefore (adX)Z——YB(Z,(adX)Ÿ})F. Hence 
4 
(ad X)U; =V (2d ¥)¥i —=— DB(Yi, (ad X)V/)U;,, 
3 
(ad X) Vi =T (ad X)¥/ = SB((ad X)V/, Y) Vi, 
5 


and so if we consider the tensor product pX p, it follows that 


S (ad XU) X V! =— SB(Y; (ad X)F/)U,X V/—=—SU,X (adX)V/. 
4 aj i 


Obviously, this implies that 
> [X, U] Vi Gar 2 U;[#, 7]; 
SLX, Ua, Vi] -— © (Us [¥, 771). 
Now put Y(X)=T(X)Y, (1=j<p) so that S(X)Y; (X) =C(X)Y;. 
Then if U, V € p and X € É, | 
Px(U + VX1)— (Lion + do) LV, X] = [X, UITX, V] —[U, LY, VI] 
in the notation of Section 6. Hence 
Zr YX) X1) = 2 [X, IR 7,2) — 2 [Y7, [X, PEI. 
SiSp j J 
But since (ad X)pT (X) commutes with (ad X)p, it follows from our result 
above that 
> LX, Vi] LX, P(4)]=—ZT/(S(X)F;(X)) = Non 
3 
and therefore 


2 I FX) M1) ——2(Z)ey—D PY, LE, PO). 


1578p 
Now put N =—4$ È (Y7 - Y(X) + Y£): F7) (Xet). Then b(X) EP 
and (X) = — SY; YX) +38 [Y;, Y(X)]. Moreover, it follows from 
- ; | 


J 
our result above that 


> [{ad 4) V7, Y;(#)] =—2 [Y7, (ad DYD)» 


nv 
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and therefore P'x(b(X) X1) —£(X)oy +3 LY), LE, KT (XE ty). Put 
2(X) —S[¥/, [X,Y,(X)]] and | 


Y(X) =b(X) XI HEI) (Xe) —(XZ(X)) © (KE). 
Then Z(X) € [p,p] CE, and therefore y,(X) € PX SE). Moreover, 
HEN + E(X )or =i (Xe (X Et) 


and it is clear from its definition that y, is a polynomial mapping of f into 
BXS(E): We still have to prove its uniqueness. 

Let fs’ be the set of all points Æ € fẹ where (X)=40. It follows from 
Lemma 20 that y, is completely determined on £,’ by tke condition l'r(yu(X)) 
=(X)o. But it is obvious that two polynomial mappings of £ must be 
identical if they coincide on some nonempty open subset fo This proves 
that y, is unique. 

For a fixed ke K, consider the mapping ya X — (y(kX))"" (XE). 
It is clear that y” is a polynomial mapping which, in view of Lemma 22, 
must coincide with y, on f)’. Hence yo’ yw, and therefore (ya(X))* 
(ke K,X€f). This completes the proof of Lemma 24. 

We can now define a differential operator D on & by 


Dx =€(X)0(o1) —0(4(X)) ` (X€%) 


in the above notation. It is clear that D € D(£) and it follows from Lemma 
24 that.D is invariant under K. Finally, it is obvious from the defintion 
of A(w) (in Lemma 23) that D —{A(w) on ty. Let D* denote the adjoint 
of D. ; 


N pS : 
Limma- 26: Let 1° (f) denote the set of all functions f € O° (£) which 
are invariant, under K. Then Df = D*f for fE I($). 


Let f be a fixed element in rh). We kave to prove that Df— D*f = 0. 
Since D is invariant under K, the same holds for D*, and therefore Df — D*f 
lies in I*(£)). Hence, in view of the fact that E — | (kb), it would be 

j keK 


enough to prove that Df—D*f is zero on ho‘. Let 7, be any point in bo’ 
and select an open connected neighborhood U of He in ho’. Then V = (J (kU) 
- 7 2 keK 


is an open connected neighborhood of H, in to. Let dX denote the Euclidean 
. measure on À. It is obvious that if ge C° (V), 


J wr-pengar= f (DiDa ax, 
y y 
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where g,(X) -Í g(&X)dk (X€ V) and dk is the aaa] Haar measure 


on K. Therefore, in order to prove that Df—D*f is zero on V, it is 
sufficient to show that 


f (Df)¢ ax— f f (De) aX. 


for every HE I®(#) which vanishes outside some compact set in V. Fix 
such a function ¢. Now V C ty and therefore D—{A(w) on V. Moreover 
since € takes only nonzero real values on the connected set V, it must keep 
constant sign. Hence it follows from Lemma 23 that 


` Y(X; D) = of (X5| č |? A(or) 0] € |) © (ZEV, ye I” (b)), 


where «== 1 or — 1 according as ¢ is positive or negative on V. Therefore, 
if f/—=|f|?f and ¢’—|£|?¢, we have only to show that 


S Wont ye ax— f rOle. 


But, or being a homogeneous polynomial of degree 2, @(w;) is self-adjoint. 
Moreover, ¢’€ C*(V) and f’ is of class 0” on V. Therefore the above 
relation is obvious,.and so the lemma is proved. 

Since every root « takes only pure imaginary values on lo, it is clear 
that the corresponding Weyl reflexion s, maps bo into itself. Hence sho = bo 
for any sE W. Put J(&) =I” (fo) N @(f) and consider the . -topology 
on J (fo). 


Lemma 2%. For any fE 8(b), there exists exactly one element yy € I°(£o) 
such that r(H)yÿ;(H) = $ e(s)f(sH) (HE). Furthermore, y, lies in 
sew . 


J (Eo) and f— y; is a continuous mapping of (ho) into J (fo). 
Since fo = U kho, a function in I° (fe) is completely determined by its 


restriction on ba Therefore the uniqueness of wy is obvious. Now put 
u= {o + (—1)’p. Then u is a compact real form of g. Let U be the 
(connected) adjoint group of it and let J(11) denote the set of all functions 
in (u) which are invariant under U. We consider the 6-topology on 
J(u). Then from Lemma 17, there exists, for each fE @(Yo), a DIRE 
element w,€J(u) such that 


MAT DENN; (HE bo) 
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and f—.Y; is a continuous mapping of @(.) into J(u). Let o denote 
the mapping of íu) into (fo) which assigns to any function its restriction 
on fo~: It:is obvious that ois continuous and it maps J(u). into J (t). 
Therefore f— y; — 0%, is a continuous mapping of #(b) into J(%) and 
yr satisfies the condition of the lemma. 

Put 1 (f) = I (8) N C (E), and consider C (bo) and I,” (&) 
under the C,”-topology. lf Q is any compact set in h, and f a function 
in Ce” (ho) whose carrier lies in Q, then it is obvious that the carrier of Yr 
is contained in I’ == U LQ. Since 0’ is compact, it follows that yz€ Ie” (fa) 


and f— y; (fE IER N is a continuous’ mapping: of Ce (ġo) into I,” (fo). 
Lemma 28. Diy == bday for all fE (Do). 


It is sulficient to prove that Diy- Zain) z is zero on do. Select a point 
HE ho’. We know that D{A(w) on fọ, and therefore it follows from 
the Corollary of Lemma 23 that — 


Y (Ho; D) =t (Ho) y (Ho; A(w)) = &(Ho)r(Ho) +g (Ho; 0(5)), 


where g is the function on D, given by 
g(H) = (H) yy (H) = PRO (HE Bo). 


On the other hand, (3 (5) f): =3 (5) ae W) since € I(h), and therefore 
a(g = X e(s)(8(&)f)# This proves that 
sey : 


9(H 5 0(@)) = (A) Yas (H) (HE Bo), 
and therefore by (Ho3D) (Ho) he): l 
Let 7 be a distribution on f, which is invariant under K. Then we 
define a distribution ® on ho by æ(f) =r(éyr) (FEC e (Bo)). Notice that 


if r is a @-distribution, the same ‘holds for ®. The following theorem is 
the mai” résult of this section. 


THEOREM 6% Suppose there exists a complex number c such that: 


Dr—c£r! Then © coincides with an analytic function on ho. ( 


Let f be a function in C*(b). Then r(D*y;) =7(Dyy) = (0 (5f) 
from Lemmas 26 and 28. But r(D*y;) = cr (ty) = c (f) since Dr = tér.. 
Therefore satisfies the differential equation 9(0)6—-cb—0. But since 
Do Cf, & is a negative-definite quadratic form on b,. and so this equatior 


15 Compare this with Theorem 5 of [4(e)]. 
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is of the elliptic type. Hence we can conelude (see [8(I), p. 136] and [5]) 
that $ is an analytic function on fp. 

We shall see in another paper that the above theorem plays an essential 
role in the theory of Fourier transforms on a noncompact semisimple Lie 
algebra. 
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SUR LA CLASSIFICATION DES FIBRES HOLOMORPHES SUR LA 
SPHERE DE RIEMANN.* _ 


par A. GROTHENDIECK.! 


Par. 1. Enoncé du théoréme principal. Soit X une variété holomorphe 
(ou plus généralement un “espace analytique” [6]), nous considérons des 
fibrés holomorphes sur X, de groupe structural un groupe de Lie complexe G. 
Soit Ox(G) le faisceau des germes d'applications holomorphes de X dans G, 
(c’est un faisceau de groupes, en général non.commutatifs), nous désignerons 
par H?(X,Ox(G@)}) l’ensemble des classes de fibrés holomorphes sur X, de 
groupe structural @. (Pour tout ce qui concerne la notation H*(X,F)—out 
F est um faisceau de groupes non nécessairement commutatifs sur X—et son 
mécanisme algébricue, voir [4]). Nous n’exigeons pas que G soit connexe, 
et désignerons par Ge la composante connexe de l’élément neutre, par © 
son algèbre de Lie. G est dit réductif si son algèbre de Lie © est réductive, 
c'est à dire somme directe de son centre et d’une algèbre semi-simple. Par 
abus de langage, nous appellerons sous-groupe de Cartan H de G un sous- 
groupe holomorphe connere ayant pour algèbre de Lie une sous-algébre de 
Cartan § de ©. Si G est un groupe algèbrique connexe, cette terminologie 
coincide avec elle de [3]. Si Z est le centre de Go, alors H contient Zo, et H 
est l’image réciproque d’un sous-groupe de Cartan H, du groupe Gi = Go/20 
(qui est semi-simple dans le cas où G est réductif), D’après la définition 
générale des sous-elgébres de Cartan [3], si N est le normalisateur de H 
dans G, le quotient W—N/H est un groupe discret (et même fini si G/G, 
est fini), on Pappe.le le groupe de Weyl de G. 

Tout fibré holomorphe de groupe structural H définissant un fibré holo- 
morphe associé de groupe structural G, on obtient wne application canonique 
H'(X,O:(H))—H'(X,Ox(G)). D'autre part, N opère par automor- 
phismes intérieurs dans @ et H est stable sous ces opérations, d’où d’ensuit 
que N opère aussi dans les ensembles H*(X,Ox(H)) et H*(X,Ox(G)) et 
Vapplication précédente est compatible avec ces opérations. D’ailleurs les 
opérations sur le deuxième ensemble, correspondant à des automorphismes 


* Received October 12, 1956. 
1 La majeure partie de ce travail a été faite en 1955 alors que l’auteur était Visiting 
Associate Professor à l’Université de Kansas, USA. 


121 


122 A. GROTHENDIECK, 


intérieurs de G, sont triviales, et pour la même raison les éléments de H 
opèrent trivialement sur H*(Y,Ox(H)), de sorte qu’en fait le groupe de 
Weyl W—N/H opère sur cet ensemble. On en déduit une application 
canonique | 


(1) H(X, Ox(H))/W— H(X, Ox(@)) 


où le premier membre désigre l’ensemble des trajectoires dans H*(X, Ox(H)) 
sous le groupe de Weyl. L’image de cette application est l’ensemble des classes 
de fibrés holomorphes de groupe G dont le groupe structural peut se réduire 
au sous-groupe de Cartan H. Le but du présent travail est la démonstration 
du 

THEOREME 1.1. Soit G un groupe de Lie complexe réductif, soit X la 
sphère de Riemann (c’est à dire une courbe algébrique complète de genre 0). 
Alors l'application (1) est bijective, en d’autres termes: Pour tout fibré 
holomorphe sur X de groupe structural G, le groupe structural peut se réduire 
au sous-groupe de Cartan E de G, et ceci de façon unique à une opérätion 
du groupe de Weyl W près. 


‘On peut expliciter ce résultat ainsi. On sait, puisque @ est réductif, que 
H est abélien, soit b son algèbre de Lie. L’homomorphisme h— exp. Zirh 
de h sur H identifie l’espace vectoriel ÿ à un groupe de recouvrement de H, 
soit P son noyau (“réseau unité” de h). La suite exacte 0— P>h>H—>0 
donne une suite exacte de faisceaux abéliens 0— P>Ox(h) -> Ox(H) 30 
d’où une suite exacte de cohomologie : 


H(X, Ox(6)) > H(X, Ox(H)) > H?(X, P) > H° (X, Ox(h)). 


Or il est bien connu que H? (X, Ox) =) pour 121 (Ox étant le faisceau. 
des germes de fonctions holomorphes sur X) : c’est vrai chaque fois que X est 
un espace projeetif complexe [5]. Par suite on a aussi H+(X,Ox(h)) —0, 
d’où 

(2) | H'(X,0:(H))=H°(X,P) =P. 

Ces isomorphismes sont “fonctoriels,” et en particulier compatibles avec les 
opérations de W, donc on obtient: 


COROLLAIRE 1. Sous les conditions du théorème 1. 1, l’ensemble 
H1(X,Ox(G@)) s'identifie à l’ensemble P/W, où P est le réseau unité dans 
l'algèbre de Cartan h correspondant au groupe de Cartan H, et W le groupe 
de Weyl correspondant à H. 


Supposons pour simplifier que G est connexe et semi-simple, considérons 
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un système fondamental de racines (%)ısisr sur § [2], et la' “chambre de 
Weyl” C formée des hE} tels que &(k) 20 pour tout i. On sait que tout 
élément h de 5 tel que «,(h) soit réel pour tout 7, est conjugué sous W à 
un élément et un seul de C (savoir le plus grand des transformés de À par W, 
dans l’ordre lexicographique relatif à une certaine base de h [2]). Donc: 


CoROLLAIRE 2. Si G est connexe semi-simple, alors H*(X,0x(@)) 
s'identifie à l’ensemble des éléments du réseau unité P de G relativement 
à D qui sont dans le chambre de Weyl C. 


En un certain sens, la classification des fibrés holomorphes sur la sphère 
de Riemann X, de groupe G, est duale de la classification des représentations 
linéaires de dimension finie de @ [2]. On peut préciser ce point en donnant 
un énoncé équivalent du théorème 1.1 ne faisant plus intervenir de sous- 
group de Cartan. Pour ceci, rappelons d’abord que le groupe H+(X, Ox(C*)) 
des classes de fibrés de groupe C*? sur une variété projective X, s’identifie 
au groupe des classes de diviseurs sur XY mod les diviseurs principaux, done 
au group Z des entiers rationnels quand X est la sphère de Riemann. Soit 
dans ce cas L, le fibr& vectoriel holomorphe sur X, de fibré € et de groupe C*, 
correspondant à un diviseur de degré 1. Si G est un groupe de Lie complexe 
quelconque, et w un homomorphisme complexe de € dans G, on peut con- 
sidérer le fibré holomorphe de groupe structural % associé à L, et à u. 
La classe de ce fibré ne change évidemment pas si on remplace u par 
9u(t) = gu(t)g> (car, comme on Pa déjà remarqué, la permutation de 
H"(X,0x(@)) définie par un automorphisme intérieur de @ est Videntité). 
En d’autres termes, désignant par Hom(C*, G)/G l’ensemble des classes de 
homomorphismes complexes de C* dans G, mod composition avec des auto- 
morphismes intérieurs de G, on obtient une application naturelle 


(3) Hom (C*, @)/G—> H(X, Ox(@)). 


THÉORÈME 1.2. Soit X la sphère de Riemann, G un groupe de Lie 
complexe réductif. Alors l'application (3) est bijective. En d’autres termes, 
tout fibré holomorphe sur X de groupe G est associé au fibré fondamental L, 
et à un homomorphisme complexe u de C* dans G, et ce dernier est unique 
mod. composition avec un automorphisme intérieur de G. 


La démonstration des théorèmes 1.1 et 1.2 sera développée dans les 
par. 2, 8, 4 Nous allons ici d’abord montrer que le théorème 1.2 est bien 


? C désigne le corps des complexes, C* le groupe complexe multiplicatif des nombres 
complexes + 0. 
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équivalent au théorème 1.1. Prouvons d’abord que le th. 1.2 est vrai si G 
est un groupe abélien connexe 'H: Considérons alors le diagramme 


Hom(C*, H) > H'(X,0x(H)) 
K Š Pa 


où P est le réseau unité də Valgébre de Lie h de H, où l’homomorphisme 
horizontal est celui envisagé dans le th. 1.2, et l’homomorphisme vertical 
droit est l’isomorphisme (2). Le troisième homomorphisme P—> Hom(C*, H) 
est aussi un isomorphisme, obtenu en remarquant que les homomorphismes 
complexes de C*=C/Z dens H= 9/P correspondent biunivoquement aux 
homomorphismes de € dans h appliquant Z dans P, c’est-à-dire aux éléments 
de P. Le diagramme ainsi obtenu est commutatif, comme on voit aussitôt, 
d’où résulte que l’homomorphisme horizontal est lui aussi bijectif.—Passons 
au cas général où on a un groupe de Lie complexe réductif G quelconque. 
On a un diagramme commutatif d'applications naturelles: 


Hom(C*, H)/W — Hom(C*, G)/G 
r B à B 
& 
H*(X, Ox(H))/W—> H(X,Ox(@)) 


Le théoréme 1.1 (fesp. 1.2) signifie que a (resp. 8) est bijectif. Nous 
venons de voir que Hom(C*, H) > H*(X,Ox(H)) done aussi 8’ est bijectif, 
et nous allons démontrer ci-dessous que a’ est aussi bijectif. Il en. résulte 
bien que les théorêmes 1.1 et 1.2 sont équivalents. Il reste donc seulement 
à prouver l’énoncé suivant, sans doute bien connu, de la théorie des groupes 
de Lie: 


Proposition 1.3. Soi G un groupe de Lie complexe réductif, H un 
sous-groupe de Cartan, N le normalisateur de H dans Get W=N/H le 
groupe de Weyl correspondant. Alors tout homomorphisme complexe de C*" 
dans G est conjugué par automorphisms intérieur dans G à un. homomor- 
phisme complexe de C*" dans H, qui est unique à une opération de W près. 


Pour montrer que tout homomorphisme u de A == C*» dans G est con- 
jugué à un homomorphisme complexe à valeurs dans H, on peut évidemment 
supposer @ connexe (puisque u(A)C G,), et ensuite @ semi-simple (puisque 
H est l’image réciproque d’un sous-groupe de Cartan de @/Z,, où Z est le 
centre de G). Alors @ peut être regardé comme un groupe algébrique linéaire 
[3]. Comme toute représentation linéaire holomorphe de A est semi-simple 
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(puisque A est la complexification d’un groupe compact 7"), u(A) est une 
partie de & formée d’opérateurs semi-simples deux à deux permutables, donc 
est.contenu dans un sous-groupe de Cartan de @ [3, Chap. 6, prop. 18], donc, 
puisque tous les sous-groupes de Cartan de G sont conjugués (loc. cité, th. 4), 
il existe un g€ @ tel que gu(A)g? CH, ce qui établit notre assertion. 
Prouvons maintenant que deux homomorphismes w, u’ de A dans H qui sont 
conjugués dans G, sont conjugués par un élément de N. Il revient au même 
de dire que si A, B sont deux parties de H et ge G tels que gAg"—=B, alors 
il existe un ne N tel que nan? — gag pour tout a€ A. (La démonstration 
très simple qui suit m’a été signalée pat A. Borel). Ceci signifie qu’il existe 
nE N tel que m = g in appartienne au centralisateur M de A. Or A = g*Bg 
est contenu dans H et H’—gHg, done M contient H et H’, qui sont 
évidemment encore des sous-groupes de Cartan de M. Il s’ensuit (loc. cité) 
que l’on peut trouver un m€ M tel que m’H’m=H, et il suffit de poser 
n—= gm. 

. Nous aurons besoin plus bas du résultat suivant, sans doute bien connu; 
et qui contient prop. 1.3 dans le cas où @ est semi-simple connexe: 


Proposition 1.4. Soit G un groupe de Lie complexe connexe semi- 
simple, H un sous-groupe de Cartan, x et y deux éléments de H tels que 
pour toute représentation linéaire complexe irreductible de dimension finie U 
de G, on ait Tr oe =TrU(y). Alors x et y sont conjugués sous le groupe 
de Weyl. 


Donnons la démonstration de ce résultat pour la commodité du lecteur. 
. H est une variété algébrique affine (isomorphe à C#, où r est le rang de G). 
Soit A l’algèbre des fonctions rationelles sur H, elle s’identifie à l’algèbre 
du groupe P° Cf, réseau du dual h’ de h “polaire” du réseau unité P de 
b, à-A€ P° correspondant la fonction f\(exp 2irh) — exp 2ir<h, A>. W est 
un groupe, d’automorphismes de l’algèbre affine À, que peut se définir soit 
directement à partir des opérations de W sur H, soit par l'intermédiaire des 
opérations de W sur le groupe P°. Soit AW la sous-algèbre des éléments de 
A invariants sous W, comme W est fini elle “sépare ” les trajectoires de W 
dans H, en d’autres termes deux points x et y de H sont conjugués sous W 
si et seulement si on a f(z) —f(y) pour toute f€ AW. La proposition sera 
done prouvéé si nous prouvons que les restrictions à H des caractères des 
représentations linéaires irréductibles de dimension finie de @ engendrent 
lespace vectoriel AW. Or AW est l’espace vectoriel engendré par les fonctions 


px = 2, w*. fx, où AE P®. Choisissons une système fondamental de racines 
weW 
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relatif à H, alors tout élément de P° est transformé par W d’un poids dominant 
d’une représentation linéaire irréductible de G [2], on peut done se borner 
& prendre les A qui sont de tels poids dominants. Or on voit facilement 
qu’une telle y est bien combination linéaire à coéfficients entiers de carac- 
téres de représentations linéaires irréducibles, grace au fait que dans la 
représentation linéaire irréductible de poids dominant donné À, la multiplicité 
de À (done le coéfficient de f, dans lexpression du caractère de la représen- 


tation envisagée) est 1. 


CoROLLAIRE. Soient u,u’ deux homomorphismes complexes de A = C*" 
dans H tels que pour toute représentation linéaire holomorphe irréducible U 
de dimension finie de G, on ait TrUcu=TrUow’. Alors u ef w sont 
conjuguées par une opération du groupe de Weyl. 


Soit T la circonférence unité dans C*, soit t un élément de T” engendrant 
un sous-groupe dense, il sufüt alors d’appliquer la prop. 1.4 à u(t) et w’(#). 


Par. 2. Fibrés vectoriels. Nous allons prouver le théorème 1.1 quand 

G est le groupe linéaire Gi(r,C) des automorphismes de l’espace vectoriel 

complexe Cr. Alors la classification des fibrés holomorphes de groupe 

Gl(r,C) est aussi elle des fibrés vectoriels holomorphes. Notons que le 

sous-groupe H de Gl(r,C) formé des matrices diagonales est un sous-groupe 

de Cartan. Les fibrés holomorphes vectoriels à groupe structural H s’identi- 
r 

fient aux fibrés vectoriels E avec une décomposition donnée E = > E; de E 
del 

en somme directe de sous-fibrés vectoriels holomorphes à fibre de dimension 1. 

Le théorême 1.1 s’énonce maintenant ainsi: | 


THÉORÈME 2.1. Soit X la sphère de Riemann. Tout fibré vectoriel 
holomorphe E sur X est somme directe de sous-fibrés vectoriels holomorphes 
F; (1£iZr) à fibres de dimension 1. Les classes des fibrés F; sont bien 
déterminées à une permutation près. 


Si on se rappelle que la classe d’un fibré vectoriel holomorphe à fibre C* 
est définie par son degré, qui est un entier rationel arbitraire, on obtient le 


COROLLAIRE. L'ensemble H1(X,Ox(Gl(r,C)) des classes de fibres vec- 
toriels holomorphes sur la sphère de Riemann X, s'identifie à l’ensemble des 
suites décroissantes nı Z na 2: Zn, de r entiers rationnels, a une telle 
suite correspondant la classe du fibré F, Ln, où Ln est le fibré vectoriel holo- 
morphe de fibre C sur X ayant le degré n. | 


y 
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Le démonstration qui va suivre s’applique aussi bien dans le cadre de 
la Géométrie Algébrique sur un corps de base algébriquement clos quelconque. 
Notons d’abord que d’après Serre [6] la classification des fibrés vectoriels 
analytiques, ou. des fibrés vectoriels algébriques au sens de Weil [8], au 
dessus. d’une variété holomorphe projective (donc algébrique), est la même. 
Dans le cas où X est une courbe sans singularités, toute application rationelle 
de X dans une variété projective est régulière (résultat élémentaire purement 
local) d’où il résulte que plus généralement, toute section rationelle d’un 
fibré algébrique localement trivial sur X de fibre une variété projective, est 
en fait régulière. Appliquant ceci au fibré associé au fibré vectoriel algé- 
brique F, de fibré l’espace projectif défini par €”, on voit qu’on peut trouver 
un sous-fibr& vectoriel algébrique Æ, de E à fibre de dimension 1: il suffit de 
prendre une section rationelle s340 de FẸ, c’est aussi la section rationelle d’un 
fibré E, du type cherché, évidemment unique. (Le fait que FE est un fibre 
algébrique nous sert précisément pour assurer l’existence de sections méro- 
morphes non identiquement nulles!). Appliquant ce résultat au fibré vectoriel 
E/E., on construit de proche en proche une “suite de composition” 
Ey={0} CEC EC: -CE =E de E par des sous-fibrés vectoriels 
holomorphes tels que les E;/E;_, aient des fibres de dimension 1 (1Sı=r). 
Soit di —d(B;/F;:) le degré de fibré #;/Æ,;, on va pouver que l’on peut 
choisir la suite de composition de telle sorte que la suite des d; soit décroissante. 


LEMME 2.2. Les degrés des sous-fibrés vectoriels holomorphes L de E 
à fibre de dimension 1 sont bornés supérieurement. 


De façon précise, on a d(L) = Sup di En effet, soit ? le premier indice 
4 


tel que L C E; soit s540 une section méromorphe de L, s’ la section méro- 
morphe de #,/H;. qu’elle définit. Les diviseurs de s et s’ satisfont évidemment 
à (s) S(s’), d’où deg(s) S deg(s’) c’est à dire d(L) S d(Li), eqfd. 

Pour construire maintenant les Æ; de façon que la suite d; soit décrois- 
sante, prenons d’abord pour Æ, un sous-fibré vectoriel holomorphe de E, de 
fibré C, de telle façon que d(Æ;) soit le plus grand possible, construisons de 
même le sous-fibré #,/H#, de E/E, ete. Je dis que la suite des d; = d(E;/ Era) 
est alors décroissante. On est ramené aussitôt à prouver que de Æ dı, puis 
en remplaçant Æ par E» au cas où la fibré de F est de dimension 2. On 
doit donc prouver: | 


LEMME 2.3. Soit E un fibré vectoriel holomorpue de fibre O? sur la 
sphère de Riemann X, soit E, un sous-fibré vectoriel kolomorphe à fibré C, 
tel que d(E,) soit le plus grand possible. Alors d(E,) Zd(E/E,). 
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‘Nous allons prouver en effet que si d, < da, alors il existe un sous-fibré 
vectoriel holomorphe de E de degré > d,, c’est à dire qu’il existe une section 
méromorphe s40 de E telle que deg(s) > di. Pour ceci, on peut supposer 
dı =— 1 d'où d: = 0, en remplaçant au besoin Æ par son produit tensoriel 
avec un fibré vectoriel holomorphe L_, 4, de degré —1—d,. (En effet, les 
sous-fibrés vectoriels holomorphes de # et de L®E sont en correspondance 
biunivoque par > LO E, et L@L/H, est isomorphe à (L@Æ)/(L@E;), 
enfin le degré de LO E, resp. LO E/E, est égal à celui de E, resp. E/E, 
augmenté de n =—-1—d,). Pour un fibré vectoriel holomorphe M quelcon- 
que, désignons par Ox(M) le faiseau des germes de sections holomorphes de M. 
On a alors une suite exacte de faisceaux 0> Ox(E;:) > Ox(E) > Ox:(E/E;) 
— 0, d’où une suite exacte de cohomologie 


H°(X,0x(E)) — H? (X, Ox(E/E,)) > H'(X,Ox(E:)). 


Or d’après le théorème de dualité [7], Z’(X,Ox(E,)) a même dimension 
que H°(X, Ox(Ly-«,)) où b= 2g — 2 est le degré de la “classe canonique ” 
de diviseurs (g désigne le genre de X). Or on a g—0, d,=—1, d’où 
L-a = Lı; le diviseur d’une section méromorphe de L, a pour degré — 1, 
donc ne peut être = 0, done H°(X, Ox(L_,)) —0 et par suite H1(X, Ox(EÆE;)}) 
= 0, donc la suite exacte précédente prouve que toute section holomorphe de 
E/E, provient d’une sectior holomorphe de Æ. Or, comme E/E, a un degré 
dz = 0, il admet une section holomorphe non nulle, il en est donc de même 
de Æ. Une section holomorphe non nulle s de E a un diviseur de degré 
= 0 done de degré > dı =— 1, ce qui achéve la démonstration. du lemme 2. 3.5 

Soit donc (#;) une suite de composition du fibré vectoriel Æ, telle que 
la suite des degrés d; des #;/E;, (1<iÆ<r) soit décroissante, nous allons 
‘prouver que Æ ‘est isomorphe à la somme directe des Æ;/K;.. On procède 
' par récurrence sur r, Vassertion étant triviale pour r—1. Supposons la 
démontrée pour des fibrés vectoriels de fibre €” avec 7 =r—1 (r étant un 
entier = 2), prouvons la In E de fibre Cr. D’après l’hypothèse de récur- 


rence, E, est isomorphe a SE nous allons prouver que l’extension E 


du fibré vectoriel Q = E/E, par le fibré vectoriel P = E, est triviale, 
c’est à dire qu’il existe un homomorphisme holomorphe de Q dans E qui, 
composé avec l’homomorphisme canonique Æ— Q, donne l’identité. Soit 9’ 


3 Cette démonstration est due à J. P. Serre, La démonstration originale. était 
beaucoup moins transparente.—Le referee fait remarquer que ce résultat figure aussi, 
sous une forme différente, dans Atiyah, Proc. L. M. S. 1955. . 
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le fibré dual de Q. La suite exacte 0 —> Q’ Q P —> Q 8 E — Q Q Q— 0 donne 
naissance à une Suite exacte de cohomologie 


P(X, ee nn SENDE (x, 0:(9’®P)). 


Or on a 


r-1 r-1 
VIP => (E/E) @ (E/E) = X Lara, 


| à r-i 
d'où H(X, Ox(Q’ Q P)) = $. H(X, Ox(La,a,)), et comme di— d, Z 0 > —1, 
i=l 


un calcul déjà fait montre que H(X, Ox(La,-a,)) = 0, d’où H(X, Ox(Q’ 8 P)) 
==0. Donc le premier homomorphisme de la suite exacte écrite plus haut 
est surjectif, en particulier Pautomorphisme identique d2 Q (considéré comme 
section holomorphe du fibré Q&Q Q) appartient à cette image, i.e., peut se 
remonter en un homomorphisme holomorphe de Q dans E.* 

On a démontré la première partie du théorème #.1. Reste à prouver 
que dans une décomposition en somme directe E = $ Fi, les degrés des fibrés 
F; de fibré C sont bien déterminés à Pordre près. Ce fait pourrait se déduire 
d’un théorème du type Remak-Krull, dû à Atiyah (non publié), affirmant 
que la décomposition d’un fibré vectoriel holomorphe, sur un espace analytique 
compact X, en somme directe de fibrés vectoriels “ indéc3mposables,” est essen- 
tiellement unique. Mais nous aurons besoin dans le cas actuel d’un résultat 
plus précis, que voici: 


: 
Proposition 2.4. Soit E — $, F; un fibré vectoriel holomorphe sur la 


sphère de Riemann X, somme directe de sous-fibrés sectoriels holomorphes 
à fibré C, de degrés di. Koit, pour tout entier rationnel k, Ey le sous-fibré 
vectoriel de E, somme directe des F; tels que dZ k. Alors Ey, est égal au 
plus petit sous-fibré vectoriel holomorphe de E contenant les sections méro- 
morphes s de E dont le diviseur est de degré =k (en particulier, Ey est 
défini indépendamment de la décomposition donnée de E). 


COROLLAIRE. Le nombre d'indices à tels que d; = k est égal à la dimen- 
sion de la fibre du fibré vectoriel E,/Er., donc ne désend pas de la décom- 
position choisie de E. 


La démonstration de la proposition 2.4 est immédiate, et laissée au 
lecteur. : 


t Nous avons montré que si P et Q sont deux fibrés vectoriels holomorphes sur 
l'espace analytique X, tels que H*(X,Ox(Q’ @ P)) =0,. alors toute extension holo- 
morphe de Q par P est triviale. En fait, il n’est pas difficile de se convaincre que dans 
tous les cas, les classes d’extensions holomorphes de Q par P correspondent biunivoque- 
ment aux éléments de H*(X,Ox(Q’ Q P)) (Serre). 


9 
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Par. 3.. Fibrés orthogonaux. 


Proposition 8.1. Soit X un espace analytique compact. L'application 
canonique de H1(X,Ox(O(r,C))) dans H’(X,Ox(Gl(r,C))) déduite de 
l'injection naturelle O(r,C)— Gl(r,C) est injective. 


En d’autres termes, deux fibrés vectoriels orthogonaux holomorphes sur 
X, isomorphes en tant que fibrés vectoriels holomorphes, sont aussi isomorphes 
en tant que fibrés vectoriels orthogonaux holomorphes. Pour le prouver, 
on peut supposer que sur le fibré vectoriel holomorphe F, on a deux struc- 
tures orthogonales holomorphes définies par la donnée sur toute fibre Æe 
(c€X) de deux formes quadratiques (a,b) et (a,b), non dégénérées, 
(fonctions holomorphes du point +), et il faut montrer qu’il existe un auto- 
morphisme holomorphe u du fibré vectoriel F, transformant la première forme 
en la seconde, c’est à dire tel que (a,b), == (ua,ub) pour a,beE, Pour 
toute fibre Fa, on peut écrire (a, b)1— (Aca, b), où Az est un endomorphisme 
de E, tel que A = A* (où A* est l’adjoint de A relativement à la première 
forme quadratique: (A*a,b) = (a, Ab) pour a,b€ Es). A,.est inversible, 
et pour æ variable, est une fonction holomorphe de x, donc définit un auto- 
morphisme A du fibré vectoriel Æ. On cherche done un automorphisme 
vectoriel holomorphe u de Æ tel que (ua, ub) = (Aa, b) c’est à dires A = u*u. 
On va voir qu’on peut même choisir u tel u=u*, et A=u”u—=u?. Pour 
ceci, considérons le polynôme caractéristique det(A— 2:1) de A, ses coéffi- 
cients sont des fonctions holomorphes sur X, done constantes puisque X est 
compacte, pourvu qu’on suppose X connexe, ce qui est loisible. Done le 
polynôme caractéristique de A, est indépendant de x. Soient Ay,‘ > -,Ax ses 
racines distinctes, de multiplicités ¢,,---,a,;. Pour tout «eX, E, est 
somme directe de sotis-espaces Ht, bien déterminés, de dimension a, sur 
chacun desquels’ A, induit un opérateur de la form A1 -+ uts), où ui, est 
nilpotent. Les E+, sont orthogonaux deux à deux puisque A—A*. Les Bi, 
et les wi, sont fonction holomorphes de x, donc Æ est somme directe de sous- 
fibrés vectoriels holomorphes Æi (1<iZ<k), tels que la fibre de Æi en v 
soit Et, Soit u; une racine carrée de À; posons 


ote = pm (1 + wie)? 
CR 


` où on pose (1 + uts)? = X {1/k!) (4) (4—1)- - -(4— k +1) (ui,)*. Alors 


#=0 
vi, est un endomorphisme de Fi, fonction holomorphe de x, de plus on a 


vi, == (vi,)*. Soit vi ’endomorphisme de Et défini par les vi,, u leur somme 
directe, on a u=u* puisque les vt sont autoadjoint et les H+ orthogonaux 
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deux à deux, et de plus «? =A par construction, ce qui achève la démon- 
stration. 


Remarques 1. La démonstration qui précède est encore valable en 
Géométrie Algébrique sur un corps algébriquement clos quelconque de carac- 
téristique p42. Une démonstration exactement aralogue prouverait de 
même que l'application canonique | 


E (X, Ox(Sp(r,€))) > E(X, Ox(Cl(%r,C))) 


est injective sous les mêmes conditions. On pourrait en déduire directement, 
comme pour le cas du groupe structural O(r,C) traité ci-dessous, la classi- 
fication des fibrés symplectiques holomorphes sur la sphére de Riemann. 
Cette démonstration a l’avantage d’être encore directement applicable en 
Géométrie Algébrique (en caractéristique p342), contrairement à celle du 
par. 4. 


2. L’analogue de la Proposition 3.1 pour le groupe structural SO(r,C) . 
au lieu de O(r,C) est fausse déjà si r=-2 et quand X est la sphère de 
Riemann. 

En vertu de prop. 3.1, la détermination de H°(X,0x(O(r,C))) revient: 
à la détermination de l’image de cet ensemble dans H1(X,Ox(Gl(r,C))). 
On a alors: 


THÉORÈME 3.2. Soient X la sphère de Riemann, E un fibré vectoriel 
holomorphe sur X. Pour qu’il existe sur E une structure orthogonale holo- 
morphe, il faut et il suffit que E soit isomorphe au fibré dual E’. Alors le 
fibré orthogonal dont il provient est bien déterminé à un isomorphisme près. 


La nécessité de la condition est triviale, et le résultat d’unicité est un 
cas particulier de prop. 3.1. Reste à prouver que si Æ est isomorphe à F’, 
E admet une structure orthogonale holomorphe. Mais soit (n;) la suite des 
invariants de # (th. 2.1, corollaire) alors la suite des invariants de 2’ 
est évidemment à l’ordre près (—n;), et Phypothèse signifie que ces deux 
suites sont les mêmes à une permutation près, c’est à dire que la famille (n) 
est symétrique par rapport à 0. Dans la décomposition E = X La, on peut 
done grouper ensemble les composantes qui correspondent à des n; nuls, et 
les Æ; correspondants à des n; opposés, done # apparait comme somme directe 
dun fibré trivial Eo et de fibrés du type L4 I’. E, peut évidemment se 
munir d’une structure orthogonale, donc le théorème résultera du 


Lemme 3.3. Soit L un fibré vectoriel holomorphe sur un espace ana- 
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lytique X, soit L’ son dual. Alors le fibré L + L’ est muni d’une structure 
orthogonale canonique. 


Il suffit en effet, sur chaque fibré Z,+ L's, d'introduire la forme bi- 
linéaire symétrique 


(a+ a,b +0) = <a, b> + <b, a> 


où les produits scalaires du second membres sont relatifs à l’accouplement 
naturel de L, et de son dual. 


Proposition 8.4. Soient X la sphère de Riemann, E un fibré vectoriel 
orthogonal sur X, et soit pour tout entier rationnel k, Er le plus petit sous- 
fibré vectoriel holomorphe de E contenant les sections méromorphes ayant 
un diviseur de degré =k (cf. prop. 2.4). Alors le sous-fibré vectoriel de E 
orthogonal de Hy, est Biss. | 


Par raison de symétrie, on peut supposer k = 1. D’après le théorème 
3.2, E est de la forme 


B=Eyt+ $ (Ln +L») 
| ny>o 


où les facteurs E, et (Ln,+L-4,) sont deux à deux orthogonaux, enfin les 
La, et L.„, isotropes et E, constant. La proposition results alors immédiate- 
ment de la prop. 2.4. 


Par. 4. Démonstration du théoréme principal. a) Reduction du 
group structural. 


Lemme 4.1. Soient X un espace analytique complexe compact, G un 
groupe de Lie complexe, P un fibré holomorphe sur X de groupe structural 
G, E le fibré associé adjoint de fibre Valgebre de Lie © de G (où G opère 
par la représentation adjointe). Supposons qu’on connaisse une section 
holomorphe s de E telle que, en au moins un point a € X, s(a) soit un élément 
régulier [3, Chap. 6] de l'algèbre de Lie Ee, fibre de E en a. Alors s(x) est 
un élément régulier de E, pour tout tE X. 


Les coéfficients a;(s(z)) du polynôme caractéristique de ads(z) sont 
des fonctions holomorphes sur X, donc constantes puisque X est compact. 
Or dire que s(x) est régulier signifie que a,(s(z)) 40, où r est le rang 
de ©. D’ot la conclusion. 


COROLLAIRE 1. Sous tes conditions précédentes, on peut réduire le 
groupe structural G de P au normalisateur N d'un sous-groupe de Cartan 
H de G. 
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En effet, soit pour tout s€ X, §(x) la sous-algèbre de #, centralisateur 
de s(x). C’est une sous-algèbre de Cartan puisque x est régulier, et elle est 
fonction holomorphe de æ comme on le vérifie sans difficulté. Soit 5 une 
sous-algébre de Cartan de ©, H le sous-groupe de Cartan correspondent de G. > 
Le normalisateur N de H est aussi identique à l’ensemble des g€ G. qui 
invarient ý dans la représentation adjointe de G. Donc l’espace homogène 
G/N est isomorphe à l’espace des sous-algèbres de Cartan de © (se rappeler 
que deux sous-algèbres de Cartan sont toujours conjugées!) et le fibré associé 
à P et de fibre G/N est celui dont la fibre, en un point z€ X, est l’ensemble 
des sous-algébres de Cartan de l’algèbre de Lie Be. Or nous avons construit 
une section holomorphe —>h(x) de ce fibré, ou ce qui revient au même, 
nous avons réduit à N le groupe structural de P, ce qui prouve le corollaire. 


ÜOROLLAIRE 2. Si de plus X est simplement connexe, on peut réduire 
le groupe structural au sous-groupe de Cartan H. 


En effet, N/H est discret, done le fibré de fibre N/H associé à un 
fibré holomorphe de groupe N est trivial puisque X est simplement connexe, 
donc le groupe structural peut se réduire à H. 

Nous supposons maintenant que X est la sphére de Riemann, et allons 
montrer que si @ est un groupe de Lie holomorphe réductif, la condition du 
lemme 4.1 est automatique satisfaite, c’est à dire qu’on peut trouver une 
section holomorphe s de F telle que s(a) soit un élément régulier de E, pour 
au moins un «€ X. On a G—8+6 où 8 est le centre et © l’algèbre 
dérivée de ©, et cette décomposition est invariante sous la représentation 

adjointe de '@. Il en résulte une décomposition analogue de Æ en somme 

directe de deux sous-fibrés dont la fibre en chaque point « est le centre resp. 
Palgèbre dérivée de algèbre Es. Comme un élément régulier de l’algèbre 
dérivée de #, est régulier dans Z,, on voit aussitôt, en envisageant le fibré de 
fibre ©, de groupe Aut © associé au fibré P et à la représentation de G dans 
Aut G’ ‘déduite de la représentation adjointe, qu’on peut se ramener au cas 
où G est un groupe semi-simple (savoir Aut @’), ce que nous supposerons 
désormais. 

Soit alors Æp le sous-fibré vectoriel de E engendré par les sections 
méromorphes dont le diviseur est de degré 2k (cf. prop. 2.4). On vérifie 
aussitôt que [Er Hy] C Eux car si s, s’ sont deux sections méromorphes 
de E, le degré deg([s,s’]) du diviseur de la section [s(¢),s’(¢)] est mahi- 
festement = deg(s) + deg(#), car ([s,#1) = (s) + (s). Il en resulte en 
particulier que F, est un fibr& de sous-algèbres de Lie de E, et que si ©, 
est la fibre de F, en un point fixé a€ X, et si on identifie © à la fibre Ea, 
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alors pour Y € G,, adgY est nilpotent. D’autre part, Æ est en fait un 
fibré orthogonal (grâce à la forme de Killing sur ©, invariante par auto- 
morphismes) et nous avons vu (corollaire au th. 3.2) que Vorthogonal de 
E, est forcément Hy. Soit ©, la fibre de F, en a, c’est donc l’orthogonal 
de ©, dans @ pour la forme de Killing. Or on a: 


LEMME 4.2. Soient © une algèbre de Lie complexe semi-simple, ©, 
une sous-algebre telle que pour tout X € Gi, adg À soit nilpotent. Par suite 
©, est nilpotent et à fortiori contenue dans une sous-algébre résoluble 
maximale R de ©. Alors R est contenue dans Vorthogonal G, de ©, (pour 
la forme de Killing). 


En effet, on sait qu’on a R=h+N, où H est une sous-algèbre de 
Cartan, et R=’ est le plus grand idéal nilpotent de R. Il s’ensuit que 
tout élément X de R tel que adg X soit nilpotent est dans N (il suffit même 
que ad À soit nilpotent!) en particulier @, CN. D’autre part, il est bien 
connu aussi que N est orthogonal à N, donc à fortiori à G,, donc contenu 
dans ©. Le lemme 4.2 est démontré Comme il existe des éléments 
réguliers dans D, on obtient le 


ÜOROLLAIRE. Sous les conditions précédentes, il existe un élément régu- 
lier de © contenu dans Go. 


Revenons alors à notre démonstration. D’après sa définition et prop. 
2.4, Hy est isomorphe à une somme directe de fibrés vectoriels holomorphes 
de fibre C, de degrés = 0, d’où résulte aussitôt que pour tout élément u 
de la fibré &, de Hy en a, il existe une section holomorphe s de E, prenant 
la valeur u en a. D’après le corollaire précédent, on peut choisir u régulier.” 
Cela prouve que la condition du lemme 4.1 est bien satisfaite. En vertu 
du corollaire 2 dudit lemme, nous voyons que le groupe structural de P 
peut se réduire à H, ce qui démontre la première moitié du théorème 
principal 1.1: l’application (1) du par. 1 est surjective. Reste à prouver 
qu’elle est injective. 


b) Résultat d’unicité à une opération de W près. Dans ce qui suit, 
X sera toujours la sphère de Riemann. Supposons d’abord G semi-simple 
connexe. Soit é un élément de H*(X,Ox(H)), £ son image dans 
H1(X,Ox(G)). On a vu au par. 1 que & est la classe du fibré associé au 
fibré L, (de groupe C*) et à un homomorphisme complexe u de C* dans H 
bien déterminé. Nous allons montrer comment la connaissance de é déter- 
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mine u à une opération de W près Pour toute représentation linéaire com- 
plexe de G, on a une application naturelle 
Æ(X,Ox:(G))-H'(X,0;(Gl(r.C))) 
(r étant le degré de la représentation), en faisant correspondre à un fibré 
holomorphe de groupe @ le fibré vectoriel associé (pou: la représentation U). 
Ce dernier est aussi associé à L, et la représentation linéaire Vou de C*, 
done la classe du fibré vectoriel associé à L, et Ucu est connue quand on 
connait é. (D’après le théorème 1,2, déjà démontré (sous la forme équi- 
valente 1.1) au par. 2 dans le cas du groupe linéaire général, on en conclut 
que Uow est connu à une similitude près, à fortiori la fonction Tr U(u(t)) 
sur C* est connue. Ceci étant vrai pour toute représentation linéaire U de 
dimension finie de G, on peut en conclure, en vertu de prop. 1.4, corollaire, 
que u lui-même est déterminé à une opération de W près. 


Supposons maintenant G réductif et connexe. 


LEMME 4.3. Soit G un groupe de Lie complexe riductif connexe. Alors 
il existe un sous-groupe fini z du centre de G tel que G/z soit isomorphe 
au produit d’un groupe abélien par un groupe semi-simple. 


Le groupe de revêtement universel de G est isomorphe à un produit V X I’, 
où V est un espace vectoriel complexe et F un groupe semi-simple complexe. 
G est donc isomorphe au quotient de V X F par un sous groupe discret T 
du centre de V X F. Ce centre est identique à V X=, où r est le centre 
de F, donc fini en vertu d’un théorème fondamental de H. Weyl [2]. Il en 
résulte que la projection L de T sur V est un sous-groupe fermé de V, de 
même rang que T, done T est un sous-groupe d’indice fini de L X=. Posant 
maintenant z= (LX r)/T, le lemme 4.3 est démontré. 

Le théorème 1.1 étant vrai si G est semi-simple connexe comme on a 
vu plus haut, ou si G est abélien connexe comme on a vu au par. 1, il s’ensuit 
aussitôt qu’il est encore vrai pour le produit de deux tels groupes, donc 
pour le group G/z du lemme 4.3. Notons que H/z est un sous-groupe de 
Cartan de @/z et N/z son normalisateur. Considérons le diagramme com- 
mutatif d’applications naturelles: 


ro H Ox(G)) 


4 ; 4 
H(X, Ox(H/2) — H*(X, Ox(G/z)). 
Soient é & deux éléments de H1(X,Ox(H)) ayant même image dans 
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H(X, Ox(G@)), alors leurs images é, €, dans H(X, Ox(H/z)) ont même image 
dans H*(X,Ox(G/z)), donc d’après ce qu’on a dit, sont conjugués sous le 
groupe de Weyl (N/z)/(H/z) de @/z, qui est isomorphe au groupes de Weyl 
W—N/H de G. Par suite & et & sont conjugués sous W mod un élément 
du noyau de l’homomorphisme H'(X,Ox(H))—H'(X,Ox(H/x2)). Or ce 
noyau est nul, en vertu de la suite exacte de cohomologie déduite de la suite 
exacte 0—>z—> H—>H/z—>0, puisque H*(X,z)=0 (X étant simplement 
connexe). Cela démontre le th. 1.1 dans le cas où G est connexe. 

Supposons erfin G réductif quelconque. Soient é, & deux éléments de 
I(X,Ox(H)) ayant même image dans H'(X,O:(G)). Soient é, &, 
leurs images dans HU(X,0x(6)), & et &, ont même image dans 
H?(X,Ox(G@)), et sont par suite conjugués par une opération du groupe 
H° (X, Ox(G/Go)) = G/G, (en vertu par exemple de la “suite exacte de 
cohomologie” pour les faisceaux non commutatifs, développée dans [4]). 
Un élément de @/G, opère sur H'(X,Ox(G)) en prenant un représentant 
g€@ et considérant P’automorphisme g—> 9909 de Ge. Or il existe un 
représentant qui est dans N, comme on a vu à la fin de la démonstration 
de prop. 1.3. On en conclut qu’en remplaçant £ par un conjugué de & 
sous W, on peut supposer que &,=',. D’après le théorème 1.1 pour Go, 
on en conclut que é et & sont conjugués sous le groupe de Weyl de G ct 
à fortiori sous W, ce qui achève la démonstration. 


Remarques finales. 1. On peut se demander si le th. 1.1 ou le th. 1.2 
veste valable pour tout groupe structural de Lie complexe G. On s'aperçoit 
qu’il est déjà en défaut quand G est le groupe des transformations affines 
2—>az+b (a,b complexes). On notera cependant que la technique de 
“ dévissage ” exposée dans [4], jointe aux résultats de ce travail, permettent 
en principe de déterminer H'(X,O0x(G@)) pour tout groupe G donné. Je 
ne connais toutesfois pas de description simple de H*(X,Ox(@)) en termes 
de théorie des groupes de Lie complexes. 


2. Il semble plausible que la seule variété projective X sur laquelle 
tout fibré vectoriel holomorphe soit décomposable en somme de fibrés holo- 
morphes de fibre €, soit la sphère de Riemann. On note en tous cas que 
si X est une courbe algébrique projective non singulière de genre g=<0, 
i.e. telle que H(X, Ox) 40, il existe sur X un fibré vectoriel holomorphe 
indécomposable à fibre C?: si Hy est le fibré vectoriel constant de fibre €, 
il suffit de prendre un fibré E extension non triviale* de K, par Eo E est 
indécomposable, car s’il était décomposé en la somme de deux fibrés E,, Fa 
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de fibre C, on conclurait- d’abord que chaque Æ;.admet une section holomorphe 
non nulle (puisque F en admet une engendrant un sous-fibré qui n’est pas 
“facteur direct”) donc a un degré 220; comme la somme de ses degrés 
est identique à deg(#) = deg(Æ,) + deg(#,) —0, ils doivent être nuls, ce 
qui, joint à l'existence d’ün section holomorphe, impligie que F; est constant, 
done E est constant; mais alors toute section holomorphe de Æ est constante, 
donc si elle est 0, la structure d'extension qu’elle déinit sur # est triviale, 
contrairement à la construction de # comme extension non triviale. Notons 
encore que si X est l’espace projectif complexe Pr de Jimension n= 2, alors 
le fibré tangent n’est pas méme réductible 4 la forme triangulaire; autre- 
ment, le fibré dual Æ le serait aussi, d’où on conclurait aisément que 
HI(X,Ox(E)) =0 pour i>0,n (car on sait que pour tout fibré. vectoriel 
holomorphe L de fibré € sur X= Pr, on a Ht(X,Ox(L))—0 si ix40,n 
[5, Chap. 8, prop. 8]) ; or Ox(E) est le faisceau Q! ces germes de 1-formes 
différentielles holomorphes, et H*(X,Q*) = H*1(X,C) (cohomologie de type 
(1,1) de X); mais il est bien connu que H11(%,€) 0 pour toute variété 
projective sans singularités X de dimension complexe 21. Pour finir, 
` prenons pour X la “ variété des drapeaux” sur P?” (isomorphe canoniquement 
à la variété des drapeaux dans l’espace vectoriel €), c’est done un espace 
fibré algébrique sur P? de fibre P* = sphère de Riemann. Le fibré tangent 
de la base P? n’est pas réductible à la forme triangulaire, mais son image 
réciproque E sur X l’est évidemment, E est cependant, -ndécomposable, comme 
il résulte du fait plus général suivant: Soit p une epplication holomorphe 
d'un espace analytique X sur un autre FY, identifiant Y à un “espace 
analytique quotient” de X, i.e. telle que les fonctions holomorphes f sur un 
ouvert U de F soient celles telles que fop soit hclomorphe sur p*(U). 
Supposons que pour tout y € Y, p1(y) soit compact et connexe. Soit # un 
fibré vectoriel holomorphe sur Y; pour que E soit indécomposable, il faut et 
il suffit que p> (E) le soit. De façon plus précise, les décompositions de Æ 
en somme directe de deux sous-fibrés vectoriels holomorphes correspondent 
biunivoquement aux decompositions analogues de p(Æ). Elles s’identifient 
en effet aux systémes de deux projecteurs complémentaires de. l’algèbre 
H°(Y,Gy(2’@H)) (E désignant le fibré dual de E), tandis que les 
-décompositions de p(#) s’identifient aux systémes de deux projecteurs com- 
plémentaires dans Valgébre H°(X,Ox(p?(#’ @E))), et il suffit de montrer 
que si (f:,f2) est un tel systéme, alors chaque section f, provient d’une 
section holomorphe de #’ @ # sur Y, ou encore (en vertu de l’hypothèse sur p) 
que sa restriction aux “fibres” p(y) sont des sections constantes. Or, ceci 


138 A. GROTHENDIECK. 


résulte du fait que p?(H’@ E) induit un fibré constant sur chaque fibre, 
et de l’hypothèse faite sur les fibres." 


UNIVERSITY OF KANSAS AND 
CENTRE NATIONAL DE LA RECUERCHE SCIENTIFIQUE. 


REFERENCES. 


[1] H. Cartan, Séminaire B. N. S., 1953-1954. 
[2] P. Cartier, Séminaire Sophus Lie, 1.ère année (1954-1955). 
[3] C. Chevalley, Theorie des Groupes de Lie III, Paris (1955). 


[4] A. Grothendieck, A General Theory of Fibre Spaces with Structure Sheaf, Uni- 
versity of Kansas (1955). 


[51 J. P. Serre, “ Faisceaux Algébriques Cohérents,” Annals of Mathematics, vol. 61 
(1955), pp. 197-278. 

[6] - , Geometrie Algébrique et Géométrie Analytique, Annales de'l’Inst. Fourier, 
vol. 6 (1955-56), pp. 1-42. 

[7] , “Un Théoréme de Dualité,” Comm. Math. Helvet., vol. 29 (1955), pp. 9-26. 

[8] A. Weil, Fibre Spaces in Algebraic Geometry (Notes by A. Wallace), Chicago 
University, 1952. à 








5 Comme me l’a fait observer le referee, la condition que la fibre soit connexe (et 
que j'avais malencontreusement omise) est essentielle pour la validaté du résultat 
indiqué, un contre-exemple dans le cas contraire étant obtenu ainsi: on prend X = Y = 
courbe elliptique, p(æ) = 2@ (au sens de la loi du groupe), de sorte que X devient un 
révêtement à 4 feuillets de Y, et on prend pour E un fibré extension non triviale du 
fibré en droites défini par le diviseur (P) (P un point de Y) par le fibré en droites 
trivial. (Le fait que p” (E) est décomposable peut être prouvé à l’aide des résultats de 
Atiyah, Proc. London Math. Soc. 1955). 


BOUNDED MATRICES AND LINEAR DIFFERENTIAL 
EQUATIONS.* 


By AUREL WINTNER. 


The following considerations deal with ordinary (homogeneous) linear 
differential equations in Hilbert space, with coeffieiens matrices which are 
bounded. It is well-known that the choice of bounded “ matrices,” instead 
of bounded “operators,” is not a loss of generality. Some of the results to 
be obtained scem to be new in the case of finite matrices also. 


1. Let 2,:2,- + + be complex numbers, £= {£ a: <+) a vector in 
Hilbert’s space (|s| <0), every capital C,F,: - - a bounded matrix, |C | 
the least upper bound of the length | Os | of the vector Cx when |z|=1 
(so that | C'| co), and C° the (bounded, Hermitian’ matrix 4(C + C*). 
If C(x,y) denotes the bilinear form determined by C, then the real part 
of the value of the form C(«,#) is identical with that of the Hermitian 
form C°(2,%), since, if C is defined by C=C°+C,, then Oë = — Co 
hence ReC,(z,2) —0. Clearly, C = C° if and only if C is Hermitian. It 
also follows from 
(1) Re C(x, 2) = O° (x, 2) 


that if A denotes the least, and » the greatest, value occurring in the spectrum 
of the Hermitian matrix C°, then, since À is known to be the greatest lower, 
and x the least upper, bound of C(x,&) for |æ|—1, 


(2) ajz 





? S ReCO (z, 3) Sale]. 


The (finite, non-negative) difference  — À, the real spzctral span of C, will 
be denoted by [C]; so that 


(3) [C] u Re C(x,&) —g.1.b. Re C(z, č), 
wat fal=2 

hence 

(3 bis) [C] = [C°], where Co = 4(C + 0%). 


À C is called non-singular if there exists a unique bounded C+ satisfying 
CC! == I and/or C?C = I, where I is the unit matrix. 


* Received October 31, 1956. 
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2. If there is given a bounded matrix C==C(¢) at every point J of 
an interval 0St<o, where » So, and if |C(t,) —C(t)| 0 as now 
holds for every fixed t whenever ¢, — t, then C(t) will be called continuous. 
Starting with such a C(¢) and denoting dx/dt by 2’, consider for the vector 
z= a(t) the differential equation 


(4) v = 0 (t)z 


with an initial condition æ(0) satisfying |æ(0)| <œ. It is well-known 
(cf. [5], p. 1477, or [3], pp. 681-684, where further references are given) 
that this initial value problem has a unique solution v==2(t), satisfying 
| æ(t)| <%, on the entire interval OS ¢<w. The proof of these assertions 
is word by word the same as in the case of the finite-dimensional case, since 
both the customary existence proofs, such as that based on successive approxi- 
mations, and the uniqueness argument of Lipschitz are applicable without 
any change. 

What is somewhat less straightforward is the transfer to the case of 
Hilbert’s space of the main theorem on the “fundamental matrices” X(t) 
of (1), since, in the finite-dimensional case, the proof of that theorem is 
usually based on the identity | 


t 


(5) a(t) —4(0) exp f trO(s)ds, where d(t) = det X(t), 


(Jacobi-Liouville), an identity which is not available in the general case. 
For a simple argument replacing the use of (5), cf. Section 4 below. 


3. A vector z(t) will not be considered a solution of (4) unless 
[æ(t)| <% for 0St<o. This implies that | «(t)| > 0 throughout unless 
æ(t) is the trivial solution, s(t) =0. In fact, if OS to < w, then x(t) =0 
is a solution of (4) satisfying the initial condition (tọ) —0, and so the 
assertion follows from the uniqueness theorem. Let x(t) be any solution of 
(4) distinct from the trivial solution; so that 


2 


(6) 0<r(t) <% for 0St<o, where r==}|2 





Under the assumption that C—C(t) is continuous for 0 £t <w, let 
A==A(t) and u= p(t), where ¢ is fixed, be the least and greatest values 
occurring in the spectrum of the Hermitian matrix C° = C(t), where 
C=4(C+0*). Then multiplication of (4) and of the complex conjugate 
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of (4) by ë-=Z(t) and z= r(t) OPNS when followed by an application 
of (1) and (2), shows that 


Mo, ETETE for 0St<e, 


by (6). Since 7” (t)/r(t) is the derivative of logr(t), it is clear from (6) 
and (7) that : 


(8) |æ(0)| exp f d(s)ds S| e(t) | S| (0) | exp f n(s) ds, 


where 0? < w, holds for the length of every solution z(t) of (4). 


In [16], pp..558-559, this inequality was derived, for a certain asymptotic 
purpose, in the finite-dimensional case (for later references, cf. [2], pp. 20-22, 
or [17], Section 2). But the proof has nothing to do with this restriction 
and, although both the proof and the assertion of (8) are simple indeed, 
the central position of (&) in the theory of (4) has not been noted in the 
literature. It will be seen that the consequences of (8) are manifold. 


The simplest consequence of (8) results if (8) is applied to the case 
C(t) =const. of (4). Then (8) reduces to an inequaliy deduced by Heinz 
[4], pp. 426-427, by arguments which are applicable in the particular case 
C(t) — const. ; cf. Section 5 below. 


4. Let X(t) denote a matrix of the form (x'(¢),---,a™(é),-- +) in 
which every column vector x”(¢) is a solution z(t) of (4). If the initial 
data 2+(0),- > -,æ"(0),: : - are so chosen that X(0) is a bounded matrix, 
then X(t) will be called a solution matrix of (4). If, in addition, X(0) is 
chosen to be non-singular (ef. the end of Section 1), then X(t) will be 
called a fundamental matrix of (4). It will be coneluded from (8) that 
if ¢ is fixed on the interval 0 << w, then the matrix X(t) is (a) a 
bounded matrix for every solution matrix and (b) a non-singular matrix 
in case of a fundamental matrix. Assertion (b) is the fact which, in the 
finite-dimensional case, is usually concluded from (5). 

With reference to a fixed m, let X„(t) denote the solution matrix corre- 
sponding to which the k-th column of X,,(0) is the vector 0 or the k-th 
column of the uni: matrix I according as m <k <œ% or1<k=<m. Then, 
if the definition of |C| (cf. the first sentence of Section 1) is applied to 
C=—X,,(t), it is readily seen from (8) that, in view of the superposition 
principle of (4), both inequalities 
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t t 

(9) exp f A(s)ds S | X(t)| Sexp f n(s)ds, where 0OSi <a, 
0 \ ° | 

hold for X(t) =-X,,(¢). Hence, if m>w, and if X(t) now denotes the 

fundamental matrix determined by the initial condition 


(10). X(0) =], 


then (9) holds for this X(t) also. In particular, the second of the inequali- 
ties (9) shows that this X(#) is a bounded matrix for every non-negative 
t<w. But it also follows from (10) that the solution x(t) of (4) belonging 
to an arbitrary initial vector z(0) (with |æ(0)| <œ) is 


(10 bis) a(t) =X (t)x(0), where OSt <a, 


and that, correspondingly, the most general solution matrix [fundamental 
matrix] of (4) is X(#)A, where A — const. is an arbitrary [non-singular] 
bounded matrix. 

This, when combined with the relations | B,B, || B; || B2 | and |I| =1 
(and with the choice B, == B, Ba = B~ when B is non-singular), proves both 
of the assertions (a)- (b). In fact, (a) follows in a refined form, according 
to which 


(11) | X(t)| S| X(0)] exp f m(s)as where 0<t <a, 


holds for every solution matrix X(t), and (b) follows in a refined form, 
acocrding to which 


t 
(12) |X4(t)| S| X7(0) exp f —A(s)ds, where 02 t< o 


holds for every fundamental matrix. 


5. The simplest corollary of (11) is the inequality of Heinz, referred 
to at the end of Section 3. It states thai, if À is any bounded matrix, 
(13) jel Ss apr u.b. 4°(x,#), where A° =} (4 + A*) 


(ed is defined by 7+---+A*/ni4----). In fact, if the numbers À, u 
denote the best bounds ee the case C—A of (2) (for every x), 
then (13) is Se alent to the first of the two inequalities 


(14) jetlser, [e4] Se. 
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If the coefficient matrix C(t) of (4) is chosen to be the given bounded 
A == const. (the ¢-interval can. be chosen to be the half-line OS t<), 
then the fundamental matrix X(t) belonging to (10) is X(#) —et4. Hence, 
if À, a are the constants defined before (14), then (11) and (12) reduce to 
| etA | ext and |(et4)-1| Æ e^t, and so (14) follows by choosing t= 1. 


6. It is possible to reduce the second of the inequalities (14) to the 
first, which is (13} (cf. Heinz, [4], pp. 426-428, and the end of Section 8 
below). In any case, both parts of (14) are involved in the following 
estimate, which will be needed below: If T is a non-singular matrix of the 
form e4, where A is bounded matrix, and if F is any bounded matrix, then 


(15) | TFT |< el41| F|, where T = e“ 


Here [A] denotes the “real spectral span” of A, as defined in Section 1. 
Hence el4]—e"A in the notations used in (14). Thus it is clear from 
| B,B.B, | S | B, || Ba || Ba | that(15) follows from (14). 


7. As proved in [14] (in this connection, cf. [13], pp. 281-282, and 
the end of p. 267), there belongs to every bounded, non-singular T a unique 
unitary U = (U*)-1 and a unique (bounded) positive definite P — P* satis- 
fying T= PU. It turns out that, in terms of the P — Pr of T, it is possible 
to formulate the estimate (5) of the afine distortion of a bounded matrix F 
in such a way as to dispose of the hypothesis implicit in (15), viz., of the 
restriction that T, besides being non-singular, be such as to possess a bounded 
logarithm (=A) or, what is the same thing, that T be embeddable (as T1) 
into a continuous cyclic semi-group of bounded matrices T*, where 0S t <o. 

The resulting generalization of (15) is as follows: If T and F are 
bounded, and if T is non-singular, then 


(16) | TFT |S [P]|F |, 


where [P] is the (real) spectral span of the positive definite factor P — P* 
in T == PU. . 

First, as pointed out in [13], p. 267, there belongs to every bounded, 
positive definite P= P* a unique bounded Q—Q* satisfying P= e®, and 
the spectrum of this Q consists of the (real) logarithms of the values occurring 
in the spectrum of P. In particular, [P] —el@l. Hence the assertion (16), 
where T == PU, is equivalent to 


(16 bis) | UFU e | Sen | F]. 
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But the truth of (16bis) follows from the case T == el of (15), since; U 
being unitary, | UFU-*|=| F'|. 


8. If H is bounded and Hermitian, then the same is true of e#, and 
e# is positive definite, since, in view of the spectral resolution of H, a value 
a is in the spectrum of H if and only if e* is in the spectrum of e” (and 
since, every a being real, every e% is positive). Similarly, e?Ħ is a unitary 
matrix and, as first proved in [13], pp. 268-277, every unitary matrix can 
be represented in the form etë. 

If A is bounded, then there exists 2 unique pair of bounded Hermitian 
matrices H, K satisfying A—H+iK; in fact, H— A0, K—A, in the 
notations of Section 1. Let e and ¢** be denoted by P and U respectively. 
Then PU = UP =e4 if HK =KH (that is, if A is normal). In this case 
and, more generally, if e#t#X=-PU happens to be true, it is clear from 
| BiB, | S | Bı || B2] and |7|—1 that |e] S| P|. 

It turns out, however, that the last inequality is true for every bounded 
A; in other words, if A is bounded, and if H — H* and K — K* are defined 
by A—=H+iK, then |e##K|<e%, In fact, since e is positive definite 
(cf. the beginning of this Section 8), there exists a unique (bounded) positive 
definite Q satisfying e¥ = e? (cf. Section 7), and so the last italicized state- 
ment is equivalent to the first of the relations (14), where A==K+iH. The 
second of the relations (14) follows if A is replaced by — À in the last 
italicized assertion. 


9. In what follows, the asymptotic behavior (as t—>0o) of the solution 
vectors (vt) of (4) will be considered, when appropriate restrictions are placed 
on the behavior of the coefficient matrix C(t). It will always be assumed 
that 0 St<w, and that the matric C(t) is bounded and continuous for 
fixed t (but neither | C(t)| < const. as too nor the uniform continuity of 
C(t) for 0St<w will be assumed). 


(i) In terms of a given C=C (t), where OSt <0, define Co = C°(t) 
by C° = 4 (C + C*) (so that (C°)* = C°), and X=X(t), u= p(t) by placing 
(17) <-  A=g. l.b. C° (x, 2), p= l.m. b. C(x, à) 

[el=ı 


Jal=1 


(for fixed t). Suppose that both integrals 


t-> « 


© % co t 
(18) fama. Saas, where f =m ; 
0 0 


0 
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are convergent (both f | A(t) | dt =% and È | w(t) | dt —00 are allowed). 
Then the length |x(t)| of every solution vector x(t) =£0 of (4) tends to a 
finite and non-vanishing limit as tw. 

This follows by replacing s—0 and s=i in (8) by s=u and s—v 
respectively, and then letting v—u—>0. 

(ii) If C(t) satisjies the assumptions of (i), then there belongs to 
every fundamental matrix X(t) of (4) a pair of constants satisfying | X(t) | 
< const. and | X=(t)| < Const. as tao. 

This is clear from (11) and (12). 


(iii) The assumptions imposed on C (t) in {i) and (ii) are satisfied 
if (but not only if) 
(19) J | Co(#)] dt <oo, where Co — 4(C + 0*). 
0 . 
In fact, (19) is sufñcient for the absolute convergence of the integrals 
(18), since it follows from (17) that |A| &] C°], |x| S| Ce]. 


10. The assumption (19) puts no restriction on the “skew-symmetric” 
component of C ; that is, on the matrix which, in Section 1, was denoted by Co. 
Correspondingly, 


(20) f | C(t) | dt <o 


is an assumption which is even stricter than (19). It turns out that, if 
(20) is assumed, then much more than what is assured by (i) and (ii) can 
be asserted : 


(iv) If the coefficient matrix C(t) of (4) satisfies (20), then 
(21) X(t) 21 as to | 
holds for a certain (unique) fundamental. matric X (i) of (4). 


In the case of finite matrices, the assertion of (iv) is well-known; it 
goes back to Bécher and Dunkel (cf. their papers, referred to in the first 
two footnotes in [7], p. 486, to which I called attention some time ago). 
The following proof is so primitive as to hold for bounded matrices also. 


10 
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Let X(t) be any fundamental matrix of (4). Then, since (20) is 
sufficient for (19), it follows from (iii) that (ii) is applicable. But since 
(4) is equivalent to X’(¢) —C(t)X(t), it follows from (20) and from 
the first of the assertions of (ii) that, since |CX|S|C||X|, 


æ 8 


f | X"(4)| dt <eo; in particular, f X’(t)dt—lim f axlı) 
A 2 87% A 
is convergent; that is, X(o)=limX(s), where s—>oo, exists in the weak 
sense, to begin with. But the first assertion of (ii) assures that X(oo) is a 
bounded matrix, and the second assertion of (ii) shows that X(0oo) is non- 
singular. Hence, it is sufficient to replace the given fundamental matrix X (t) 
by X(¢)X7(co) in order to obtain the fundamental matrix satisfying: (21). 


11. By Lagrange’s device of the variation of constants (in this regard, 
ef. [15], pp. 190-191), the following criterion on “small perturbations” can 
now be concluded: 


(v) For every fixed t, where Ot <œ, let O(t) and B(t) be bounded 
and continuous. Suppose that, for large t, the matrix C(t) —B(t) is so 
“small” with reference to a fundamental matrix X(t) of a’ = O(t)x that 
(22) f | G(t)| dt eo, where G—X1(C—B)X. 

0 


Then y = B(t)y possesses a fundamental matriz Y(t) of the form 
(23) Y(t)=Z(t)(I+Z(t)), where lim|Z(#)| —0. 
t> © 


Due to (iv), the proof of (v) is the same as the proof given in [15], 
pp. 200-201 (where the matrices are finite), and can therefore be omitted.’ 


12. If (v) is combined with (15), then there results an asymptotic 
statement which seems to be new even in case of finite matrices. In fact, 
a result of [15], pp. 188-196 (1946) and the similar, but less inclusive, 
results of Erugin (1946; cf. [11], pp. 176-182), apply, in case of finite 
matrices, in the same direction as (vi) below but are weaker than what 
(vi) becomes in the case of finite matrices. | 


(vi) Let [A] denote the real spectral span of a bounded matria 
A-==const. and let F(t), where OSt<oo, be a matrix which, for every 
fixed t, is bounded and continuous. Suppose that 
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(24) | f olat | P(t) | dé < co 

0 ` à 
(where |F|=1.u.b.|Fz| for |z| =1). Then the case O(t) = À + F(t) 
of (4) possesses a fundamental matrix X(t) of the form 


(25) X(t) = ef4(I-+-Z(t)), where lim | Z(t) | = 0. 
t-> 00 


In order to prove this, let the A and F(t) in (vi) be identified with the 
C(t) and B(t) of (v) respectively. The Y(t) of (v) becomes the X(t) of 
(vi), and the X (t) of (v} can be chosen to be ef4, since et4 is a fundamental 
matrix of the case C(t)— À of (4). Accordingly, (23) and (22) go over 
into (25) and, 


(26) | f | et4P(t)et4 | dt <% 


respectively. Consequently, (vi) follows from (v) if it is ascertained (24) 
is sufficient for (25). But it is clear from (3) that |?4]—=|t|A. Hence, 
the sufficiency of (24) for (26) follows if A is replaced by — #4 in (15). 


13. Let À—const. be the greatest lower bound of (1) for |æ|—1, 
where C = Const. is any bounded matrix. Then Satz 6 of Heinz ([4], p. 428; 
cf. [10], passim) states that if À > 0, then C is non-singular and, in addition, 


(27) C71 = f etc di 
0 


and |C |S.. Heinz points out that the first of these assertions, that 
preceding (27), is a refinement of a result of Toeplitz, and he mentions 
certain recent references concerning this refinement. But neither [4] nor 
[10] mentions that this (viz., the existence of a unique, bounded O~! if 
à > 0) is contained, in a substantially improved form, in the results of [13], 
and that, corresponding to this improvement, (27) can be improved to the 
following assertion: If A is bounded, then the Liouville-Neumann expansion 


(28) (2I— A)? = SemAn 
n=0 


(which is certainly valid, in the sense of convergence, outside the cirele 
|z|S|A|) is valid, in the sense of (absolute) Borel summability, outside 
the least convex region containing those complex numbers z for which zI — A 
is non-singular; cf. Section 15 below. . 
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What is today generally called the spectrum of an arbitrary bounded C 
was first defined in [13], p- 239, as the set o(C) of those complex numbers 
z for which z1—C fails to be non-singular. It was proved in [13], pp. 242- 
243, that o(C) is a closed bounded set which contains at least one point. 
There is a curious oversight in [12], p. 149 (repeated in [10], pp.. 409-412 
and disguised in [8]): both the definition of «(C) and the proof for the 
existence of o(C') are verbatim the same in [13]. 

Let p(C) denote the closure of the set of the (complex) values attained 
by the bounded form C(z,2) when |x|=1. For finite matrices C, it was 
conjectured: by Toeplitz, and proved by Hausdorff, that 


(29) © p{C) is convex, 
and it was proved by Toeplitz that 
(30) o(C) is a subset of p(C). 


When Toeplitz proved (30) for finite matrices, the definition of o(C) 
for bounded mairices was not in the literature, and if it would have been, 
his proof, having been based on eigenvectors, could not have led to (30) 
for bounded C. But it was shown in [13], p. 245, that the definition of 
o(C), introduced in [13], p. 239, is such as to lead to the truth of, (30) 
for any bounded C. In contrast, the truth of (30) for every bounded C 
was clear from the beginning, since it is implied by the truth of (30) for 
` every finite C; cf. [13], p. 244. 


14. If H is a bounded Hermitian matrix, then o(H) is a bounded 
set of real numbers which, in view of (29), is an interval and about which 
the spectral resolution of H impiles that »(H) is the least interval containing 
o(H) (cf. [13], p. 250; this cannot be concluded from (30) alone). ’ 

Tf this is applied to H = Cf, then it is clear from (29), (30) and (1) 
that z=0 cannot be in o{C) if it is not in p(C°). This means that C 
must be non-singular if C° is positive definite (or. negative definité), that is, 
if À >0 (or a<0) in (17%. This is the result quoted before (28). 


15. Let 7(C) denote the convex elosure of o(C). Then it is clear 
from (30) and (29) that 
(31) i (©) is a subset of. lo). 


The fact referied to at the beginning of "Section 14 is s equivalent. to the 
statement that (31) ean he replaced by 
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(82) : - r(H) = p(H) if H —H* 
(the same ‘holds for normal matrices; cf. [13], p. 282.) 


The result of Heinz, quoted in connection with (27), states that if A 
is the least value occurring in the set (32) when H = 0°, then A > 0 implies 
that C is non-singular, that (27) holds, and that |C*|=S1/A. Hence, if 
C is replaced by z1—C, and if A, denotes the least value occurring in the 
set (32) when H = oe C)°, then Az > 0 dmphics that 2—0 is not in 
r(C I; that‘ . | 


(33) (al —C)*= À eo di, 
© aof 
and that : =. 
(34) |(eI—C)*|S/re : 1 


Thus, if C is replaced by ei#C, where ¢ is an arbitrary real scalar, then, 
by comparing the supporting function of the convex set r(C) with the 
supporting function of Borel’s convex “indicatrix” (of a power series of 
non-vanishing radius of convergence ; cf. [1], pp. 120-129; [9], pp. 578-593), 
it is readily found that (28) is valid, in the sense of Borel’s (absolute) sum- 
mation process, precisely, on the z-domain which is the complement of the 
(closed, bounded) set r(C). In fact, (2! —C)7 is a “(bounded) regular 
function” on the complement of o(C). -For, on the one hand, 7(C) contains 
o(C) and, on the other hand, (27—C)? can be expanded, in a sufficiently 
small circle | z— Zo | <y==y(2,), into a “(bounded) regular power. series” 
in 2— 20, if Z is any point in the ne of 7(C4; cf. [13], p. 242 and 
pp. 245-247. 

It should be emphasized that, in view of (31), the Borel summability 
in 2— Zo, if zo is any point in the complement of «(C); cf. [13], p. 242 and 
be.cancluded from, the Borel summability of (28) on the complement of p(C). 





Appendix. , 


Let, a bouid A be called logarithmizable, or an matrix, if there 
exists some bounded C for which A=? ‘holds. Every I-matrix is non- 
singular .(in fact, Be? = J and e°B =I are satisfied by the bounded matrix 
B—eC). Around 1929 I raised the question whether the converse is also 
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true (as it is in case of finite matrices, in which case the customary proofs 
depend on the theory of elementary divisors or, at least, on the theorem of 
Hamilton-Cayley; cf. however [19], p. 364). Now it is finally sure that 
the answer is in the negative: 


In order that a boundeé matrix be logarithmizable, it is (necessary but) ` 
not sufficient that it be non-singular. 


In fact, it is clear (cf. the end of p. 861 in [19]) that an A cannot 
be an /-matrix unless there exists some bounded B satisfying A=B?. But 
it was recently shown by Halmos, Lumer and Schaffer [18] that for certain 
(bounded) non-singular A there will not exist such a B. 

Accordingly, the l-matrices form a proper subset of the group of all 
non-singular matrices. Is tkis subset a group? The answer to this question, 
too, proves to be negative: 


The logarithmizable matrices fail to form a group. 


In fact, it was proved in [13], pp. 268-277 and p. 267, that every unitary 
U and every positive definite (non-singular) P — P* is an I-matrix. . On the 
other hand, as shown in [14], every non-singular A has a unique factorization 
of the form A = PU. Hence, if the product of two l-matrices were always 
an Z-matrix, it would follow that every non-singular A is an /-matrix. 


THE JOHNS HOPKINS UNIVERSITY. 
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A NOTE ON ENTROPY.* 


By I. I. Hirscuman, JR. 


Let lee) * da)%, where f(x) € L!(—o, co) and let 


(1) fe) fix g(y)erriev dy, swf} Fa)errier de, 


where the .— refers to convergence in the mean of r (Plancherel) ; so that 


I/l—Igl. I 
(2) IFI= lgi = 1, 


then |f(z)|? and |g(y)|? may be considered as probability frequency func- 
tions. The variance V[¢] of a frequency function is defined by 


Los JLe—m)e(a)de, where m— f “24(a) ae 


is the mean value. Yy [¢] may ‘be taken as a measure of the “concentration ” 
of & in the neighborhood of its mean, a small value of V corresponding to a 
high degree of concentration. Weyl, [4], has shown that not both of the 
frequency functions | f(#)|* and | g(y) ? can be highly concentrated in this 
sense and that in fact 


VU) FIVE 9 (y) 7] = 1/162", 


a relation having application to the uncertainty principle of quantum 
mechanics. 

In this note we shall demonstrate a similar result concerning entropy. 
The entropy E[¢] of a frequency function ¢(«) is 


BIg] = f “$(a)log $(a)de. 


Entropy is a. measure of concentration of + on a set of small measure, a 
large positive value of E corresponding to a high degree of concentration. 


* Received August 16, 1956. 
1 This research was suppor-ed in part by the Office of Scientific Research and 
Development Command of the United States Air Force under contract. 
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We shall show that in the sense of entropy | f(x)|? and | g(y)|* cannot both 
be highly concentrated. More precisely we shall prove the following result. 


THEOREM. Under the assumptions (1) and (2), | 
(3) Elfe] +E =0 
whenever the left hand side jas meaning. 


There are heuristic arguments which suggest that the extremal functions 


in the ‘inequality (8) are f(x) = we? and its dilations. Consequently 
our theorem may hold with the improved conclusion | 
(4) ELF) + Ef|g(y) F1 Slog2—1. 


However I have not been able to establish this. If this inequality is valid 
in this form then it includes the inequality of Weyl since for any, frequency 
function #(z) we have 


(5) Bj] =—4—blog(2=7 (9). 
See 12. ` More generally -if : en 


Hat] [| |z—a [7 (eye)  (=a<e gw, 0 <p <e) 


Ai 


then the argument used to prove (5) show that 
E[$] 2—log 4 (p) — log Malh], where A (p) = apenan (a/p). 
Using (3) we find that for 0 <pco, 0 < g<®, 
Mol] f(x) Pan. 1/Aip)A(q). 


However the inequalities obtained, even if (4) is used in place of. (3), are 
clearly not best possible except when p=q=—2. 
For further studies of the “concentration”. of pairs of Fourier trans- 
‘forms, see the paper of W. H. Fuchs [1]. 
We now turn to the demonstration of Theorem 1. .Let us agree that 
Ef|f(x)|?] is defined whenever one of the integrels 


Steve lalan f Tr @ Plog fe) [2 de 


is finite. The left hand side of (3) therefore has meaning except in the 
following two cases: a. one of E[|f(x)|?] or. E[| g(y)|?] is undefined; 
b.. one of [| f(#}|?] and EI] g(y)|?] is + and the other —c. 
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Oux demonstration consists in subjecting the integral form of the Young- 
Hausdorff inequality, see [5], to that limit process which leads from the 
powers of a positive number to its logarithm. We begin by supposing that 
f(z) € LA(— 00, w )N L?(—o, co). Let p"+qg"=1. We set 


O(n) glogt f Tower) post f ft) del. 


By the Young-Hausdorff theorem (the extension to Fourier transforms is 
due to Titchmarsh), C(p) S0, if 1<p& 2. Parseval’s equality gives 
C'(2) —0, and these together show that C’(2—) = 0, if, of course, C’(2—) 
exists. | u 

For each x the function 


(6) Ira) — fell) /@—>») 
increases to |f(z)|?log|f(z)| as pf2—. Since the function (6) is inte- 
. grable for any fixed p < 2 it follows that * 3 
it A(p) = J IF) Pdz, then A(@—) — fj f(x) log | F(2)| az, 
.where A’(2—) is always defined, —00 < A’(2—)S+o. Similarly, 


it B(a) = f jo(y)ledy, then P+) = [otre Io) ay, 
where B’(2+) is always defined, —o £ B' (2) < +o. | 
From C(p) =q* log B(q) —p*logA(p), (p*+q*=1), 
(7) CO" (2 —) == — $B’(2 +) — 44 (2 —). 


Here we have used B(2) —4(2) —1. The relation (7) in conjunction with 
the inequality C’(2—) 20 shows that (3) holds except in the case when 
Eff]—+c and Elg]=—o. 

If it is no longer assumed that the quantities 


ee Jf i@ra— fire 
are 1 then our relation becomes | 


(8) EC| FEU SN + EC] gig VS dog | f ft + log |g |. 


We now abandon our assumption that f(x) € D (—œ, œ). It is 
sufficient to consider the case when E[|f|?] and [|g |°] are defined. Let 
wr(z) be 1— |s| T= for |s| ST and 0 for |x| >T, and let Qr(y) 
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= sin? rTy/(a°Ty?) be the Fourier transform of or(z). The functions 
wr(z)f(x) and Qr(y)*g(y) are Fourier transforms of each other and 
|| or (x) f(z) | = | Or(y)*g(y) | Sl. Since wr(z)f(æ) € L*(—o, œ) we may 
apply (10) to conclude that either 


(9) BY | wr (x) f(x) |*] + Bloe(y)“9(y) "I S0 


holds or EI| orf |] =-+% and Ef] Qr*g p] =—o. 
A simple application of the Lebesque limit theorem gives lim £(| orf |?] 
== E[| Î |]. The functions 


(2) = |z|’ log] z], (2) = |z | [—los |2| + §] 
are conyex in the complex variable z. Since Qr(y) 20 (—~—o<y<%) 


and J orma 1, it follows that for i==1,2 
dim f lora) tg) lay = f algo 


Since Z[|g |?] =2 MOLER: Saar + 3||g9 |’, we have 
lim B[] Or(y)*9(y) [7] = ET g |°]. 


The inequality (3) now follows from (9). 

Let @ be an arbitrary locally compact Abelian group with elements 
BY and let G^ be its dual with elements Ey, ++. Let dx and 
dx“ be Haar measures on G and G° so normalized that | 


EDS N) Erde then fo) f FE) (med. 


Under these assumptions Parseval’s equality, 


f(z) P= J, | F(a) |? dx =f F (2°) |? da^ = |] F (a°) |, 


holds; see [3]. The argument leading to (3) can easily be extended to show 
that if |f| = |F | = 1, then 


(10) EUFPI+ FUP PISO, 


where 


BEIFFI= J | F(2) Plog | (2) d2, 


ELF] fi f(x") |2log | f° (a7) |? der. 
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a 1 
In particular if f(0) ~ E ane’, an= À f(0)e 27"? de, and 
a -%0 0 


Ža = f 1701, 
then 


(11) È | an |? log | an |° + Flog | fo) |? do <0. 





If f(8)— 1, so that do == 1, a, —0 for n0, then equality obtains in (11); 
consequently the number 0 on the right hand side of (11) cannot be replaced 
by a smaller value. This also shows that (10) cannot be improved for the 
class of “all” locally compact Abelian groups. However it is conceivable 
that for individual groups the right hand side of (10) can be replaced by a 
smaller value. In particular this would seem to be the case when @ is the 
real line which is the case we have treated in detail. 


WASHINGTON UNIVERSITY. 
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INTEGRAL EQUIVALENCE OF QUADRATIC FORMS IN RAMIFIED 
LOCAL FIELDS.* 


By 0. T. O'Mara. 


Two quadratic forms with associated matrices F and G are said to be 
integrally equivalent if there exists a unimodular matrix X such that 
XTFX—G. Is it possible to attach a set of invariants to F which will 
completely characterize the equivalence class F, i.e., such that F and G will 
be integrally equivalent if and only if they have the same invariants? An 
answer to this problem has been given by Durfee [DI] in the case where the 
coefficients are taken in a local field in which 2 is a unit; Jones [JI] and 
Pall [PI] have established similar results over the 2-adic numbers. In an 
earlier paper [OI] I provided a characterization that holds for any local 
field in which 2 is a prime, and I discussed the equivalence of unitary forms 
in the ramified extensions of the 2-adic numbers. It is the purpose of this 
paper to solve the remaining case in the local theory—the equivalence of 
forms with coefficients in a field in which 2 is not a unit. 

We.shall consistently use the language of vecto> spaces and lattices when 
framing definitions and proving theorems. The invariants will be given in 
terms of fundamental invariants a; v(j) which describe the numbers repre- 
sented by certain invariant substructures of a given lattice. Using these 
quantities, the equivalence class of a lattice will be determined by Hasse 
symbols and quadratic residues. 

Proofs will be based on the results of [OI], and no attempt will be made 
to give a self-contained discussion here. However, using the principles of 
the present paper it is possible to improve some of the earlier proofs and 
I have thought it worth while to include a simplified treatment of the invar- 
iance of type.. Theorem 5.2 of [OII] will also be proved agan; but for this 
result, the present paper is independent of [OII]. 

I want to express my appreciation and indebtedness to Professor G. 
Whaples for making several valuable suggestions that have simplified the 
presentation of these results. 


‘Noration. We preserve the notation used in [OI]. Thus our coefficient 
field F will be a local field [AI] with ring of integers o; » will denote a 





* Received September 25, 1955; revised August 22, 1956. 
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prime element in F; throughout this paper we will assume that the residue 
class field is perfect, thought not necessarily finite, and that œ > e = ord? 21. 
We will continue to use the following notation: art will sometimes be written 
[rt] if a is a unit and {rt} is a is an integer. The relation a 8 means 
that there is a unit in F whose square is «/ß. If eis a unit, then e=1 
mod follows immediately from the perfectness of the residue class field. 
Consider the greatest value of k for which eæ1+[m]. If &> 2e, then 
k— by Hensel’s lemma. On the other hand, we can again use the perfect- 
ness of the residue class fie.d to prove that 


(1) k< 2e => k odd. 


We define g(e) as the ideal ro + 20 where k is the maximal yalp just 
mentioned. For any en" € F we put 


(2) gler”) =g(e) = mo + 20 if r is even, g(er”) =o if r is odd, g(0) —0. 


V will denote an n-dimensional vector space over F, provided with 
scalar product «-y. It is assumed that V is non-degenerate, in other words 


w-y==0 for all yE F => t=0. 


By a lattice L on V we mean an o-module LC V which contains n inde- 
pendent vectors and is such that if the variable vector z€ L is expressed in 
a fixed basis for V, then the coordinates of æ in this basis have bounded 
denominators. It is well-known that a minimal basis <x> can be found 
such that L= $ oz). For a proof see Satz 1 [AsI]. Using this minimal 
basis it is easy to see that corresponding to any s€ V, there exists an a€ F 
_ such that az € L, arf L;ifa¢ L, then a must be in ro; otherwise | «| 21. 
We shall refer to a subset L’ CV as a lattice in V if I’ is a lattice on its 
containing space FL’. 

Now let Z and K be two lattices on Y and suppose that they are expressed 
in the bases L= Y ox) and K = X oy, respectively. We have seen in [OI] 
that L is isometric to K (written L = K) if and only if the matrices (2;-2;) 
and (y:-y;) are integrally equivalent. If I is the quadratic form associated 
with (vi e), we write Le (ax) =} We recall that N(L) — Sox 
where x runs through L; and d(L) =det(z; z;). Then the assumption that 
V is non-degenrate is equivalent to d(L} 0. 

We will write æ- L to denote {(x-y)| y€ LZ}, where s is an arbitrary 
vector in V. More generally, we put 


L-K={(2-y)|e¢L,y€ E}, 
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for any lattices L and K in V. It is easy to see that x- L is an o-ideal in F. 
This is also true for L-K. For let <z be an orthogonal basis for V. Since 
the elements of L and K have bounded denominators in <z, we can suppose 
that LC X oz and K CS 0%. Hence L-K generates a finite ideal n*o, say. 
Suppose that |@-yo|—= ||. Then ou. „=. Hence LK =. 
And so L-K.is an o-ideal in F. The lattice L is said to be integral if 
N(L) Co; it is said to be totally integral if L-£Co. Note that N(L) 
GL LCÄN(IL). 

By ao L we will mean the lattice Z on the same vector space V, but 
provided with the new metric zoy=a({x:y). This is not to be confused with 
the lattice aL which consists of the set of vectors az in the same space V 
provided with the same metric xy, where z€ L. But we have aoL sal. 

The lattice J will be called a component of L if there exists a lattice K 
such that L—J K; K is then called the orthogonal complement of J in L. 

A lattice L in V will be called =*-unitary, or simply unitary, if 


ce L,térL => «:-L=n'o; 


we call a unitary lattice L proper if N(L) = L- L, otherwise improper. Note 
that if L is rt-unitary in V, then «-L Cato whenever vE D. And we also 
have 


(3) te FL, «¢ L => |a-L|>|x*]; 


for we can choose «€ ro such that ag € L, axé xL, and so |x-L|> |r|. It 
is easy to see that any component of a z‘-unitary lattice is itself '-unitary; 
and conversely, the orthogonal sum of two r'-unitarv lattices is ri-unitary. 
It is obvious that if L is w‘-unitary, then »AoL is ritk-unitary. We shall 
see later that L is +°-unitary if and only if it is totally integral with 
determinant a unit. 


1. The simplest invariant substructures. Let us consider a lattice L 
on F. 
DEFINITION 1. If à is a positive or negative integer, we call 
Ly = {| ze Lande LC rto} 
the i-th invariant substructure of L. 


The o-module Li defined in this way is a lattice on V; it is n-dimen- 
sional since 
(L L) LC Le CL. 
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By way of example we see that L is totally integral if and only if L== Lu; 
and (POL) aw = ro La. Note that 


(4) mLa C Ly C Lo if +S}. 


Proposition i. If J is a w'-wnitary sublattice of L, then J is a com- 
ponent of L if and only if JC Leu. 


Proof. We need only prove the sufficiency. We can take i=0. The 
vector space FJ being non-degenerate, we have V=FJ® (FJ)L by Satz 1 
of [WI]. Put K= (FJ)INL. Then K is a lattice on (FJ)L. Now any 
a€ L can be written uniquely in the form w + z with w€ FJ and z€(FJ)1. 
If w¢ J, then |w-J|>1 since J is unitary. Hence |s-J |> 1, and this 
is impossible since J C Lio. Hence we J, and so 2€ K. This proves the 
proposition. | 

It follows immediately from this proposition that every lattice Z is an 
orthogonal sum of 1- or 2-dimensional unitary lattices. To see this we put 
(x y)o=_L-L=r%o where c€L, yEL; then if zo = z"o, og will be a 
w-unitary lattice in L= Lm, hence a component of L; otherwise | x? | < | * |, 
say; then oa + oy is *-unitary, hence a component of L. Induction com- 
pletes the proof. By regrouping these components we get the result of 
Section 2 [OI], that every lattice L has a canonical decomposition 
L= L: -Le where the components Ly are #7‘®-unitary with 
s(1) < 8(2) <+- -< s(t). | 

Now let L be a totally integral lattice with determinant a unit. If we 
express L as a canonical decomposition L == SL) we must have s(1) 20; 
since d(L) is a unit, it follows that s(1) =-0 and t= 1. Conversely, let L be 
a r°-unitary lattice; then L is certainly totally integral. Express L as an 
orthogonal sum of 1- or 2-dimensional lattices. We can suppose that all 2- 
dimensional components have norms in ro. Hence d(L) is a unit. We 
have therefore proved that L is a w°-unilary lattice if and only if L is 
totally integral with determinant a unit. 

Consider the canonical decomposition L == X, Lya. We contend that 


J t 
(5) Lin = Dart VL, E Ly 

1 gri 
where j is such that s(j) St<s(j-+1). To prove this we write K for the 
right hand side of (5). Tf 1Z7<+1, then Li: L = ro C Up C rio, 
and so Ly, C Len: if AZ, then („R®L,) Ly = rto and so OL, C Dy. 
Hence K C Lin. On the other hand, if tE Zu we have = In with m€ Ly; 
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then ma-DC rio and so ax € r# #7, when AS}. Hence Li CE. This 
proves the contention. In particular, ay 


(6) ” Lisin) = X rN @ IL. 
$ #41 
We see that 790-287, is now a m’ )-sW_-unitary lattice; thus L; is the first 
component in the canonical decomposition for Lisa, that is induced by (6). 
Consider another canonical decomposition L= $, K, for L in which Ky 
is r°-unitary for 1SASr. Suppose no Ky is »’®-unitary for a certain 
fixed i (1<i<t). Then Lau) has the form (6); but we also have 


1 


List) = $ WOK, D 2 Ex 
+1 

where o(j) <s(t) <o(j+1). Using the fact that Lisa Leu) = m’ Po, 
we see that this equation is impossible. Hence t=r and s(A) =o (A) for 
ISAS t. We now show that dim L; = dim K; and N (Li) = N(K;) mod ree, 
By considering Lsa) instead of L, we see that it suffices to consider the 
case i= 1, s(1) —0. Since the first components are the only ones that can 
possibly represent units, it follow that N (L1) =N (K,) mod r; in other words, 
LA is proper if and only if K, is proper. Now let M, denote the matrix of 
L in any basis corresponding to $ Ly; let Mz.correspond to the decomposition 
£K, If #, denotes the matrix M, when read in the residue class field, 
we see that there exists a non-singular matrix X such that X7M,X = Mo, 
since Af, and M, are integrally equivalent. But rank Ñ, = dim L. And 
similarly with M». Hence dim L, = dim K,. We therefore see that for two 
decompositions >! LA and $ K, we have 


S(A) =o(A), dimZ,=—dimK,, Ly) proper €> Ky proper, 


for 1SASt=r. Thus we have proved Theorem 3.1 of [OI] without 
computation. Any two lattices L= J, Ly and K =>, K, which satisfy these 
equations are said to be of the same type. 


DEFINITION 2. Put ro =N (Lem) for 1 SASH. 
nes we see that 
(7) |< | oot | S| me |; 
while if. X, LA is a canonical decomposition of L we must have 
(8) O N (Ly) Co. 


11 
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If dim L; is odd, L; has at least one 1-dimensional component and so L; is 
proper. In this case N (Li) = 75090 = rp, l 


DEFINITION 3. If L= 3 D is a canonical decomposition of L, put 
RL a OL = OL, Bs - O OL; 
and when s(i+ 1) —0, put 
PL = Lio =r? OL, 8: o o O rO Li D: PL. 


We see that the decomposition for PL in this definition may cease to be 
canonical. Note that RRL—=L and PPL— PL. If s(1)—0, then 
PL = L; if s(t) 0, then PL = RL. 

We know that N (L) Cr“Mo. Can N (Li) =m"Üo ever be attained by 
à canonical decomposition L= $L? We shall show more than this In 

fact, we shall exhibit a saturated decomposition Lans, for L in which 
N(Jy) =r" for all À (1 SA <t). 


DEFINITION 4. The component Ly of the canonical decom position 
L= La is said to be saturated if u(j) —ord N(L;); the decomposition 
E Ly is called saturated if all its components are saturated. 


PROPOSITION 2. L has a saturated decomposition. 


Proof. Let L= > Ly be a canonical decomposition such that N (Ly) 
=r for \==1,2,---,7—1 where 1jt. We must extend this 
. property to À=7. We can assume that s(j)=0. If N(L;@: +: @ Ly) 
—##%o, we can take a canonical decomposition J;@---@J, for 
LO: OL in which N(J;) ==“, and we are through. Now assume 
that |N(L,®:::@1L:)| <|a"|. Then by (6) there exists a k <j such 
that N(R Lr) =N (mO Ly) = "No = 700-2800, 

Consider @RL=---@L;,O---@RLI,@---. Then 


L; ($>) R Lr = L; 8 "ML, —J;&® Ir 
with N(J;) =o, since RL, has norm "Do. We then have Ly @ L; 


= J, OJ; where J; has the required norm, while RJ» continues to have 
norm wp since 


|N (Ia) | = | D| = | 780920) < | N (Ly, D Lj) | =| N (RI IN]. 
Then L= > Ly, © RJ, @ J; is a canonical decomposition which extends the 


AALE 
required property to 7. Repeating this to À — # proves the result. 
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Corotuary 2. L; is a saturated component cf L—=S Ly if and only 
if RL, is a saturated component of RLI = E RI). 


Proof. Suppose that L; is saturated, but that R L; is not. Let L= > Ky 
be such that RK; is saturated in D RK, Then | N(RK;)| > |N(RL;)|, 
and so |N(K;)| > |N(L;)|, which is impossible. On the other hand, if 
RL; is saturated, then so is RRL;—L; q.e.d. 


From this follows 
(9) ur (7) = 28(7) +-var(t—j+1). 
And relation (4) implies 


(10) | | > | mu) 





| e286) | > | ruti-2et) | if i<j. 

2. Canonical bases. We have seen that any lattice L can be decomposed 
into an orthogonal sum of 1- and 2-dimensional unitary lattices. By 
choosing a basis for each of these components we can induce a minimal 
basis on L. Call this basis <=) and put #(A)—orda-L; suppose 
that (1) St(2) °° Lin). Then the basis obtained in this way is 
said to be semi-canonical. If we group vectors, we get a corresponding 
canonical decomposition for L, and so the quantities (A) are independent 
of <e). Thus z, will either be orthogonal to all the other basis vectors, and 
o% Will then be „W-unitary; or there is precisely one basis vector Ty- 
say, which is not orthogonal to 2, and then ¢(A) =t(A—1) with oa. + 07 
unitary. 

Consider the semi-canonical basis <a> for L. Generalizing a certain 
change of basis used in [OI], [OII], we introduce a transformation which 
will be denoted by the symbol op(z;— t: 4- az;). Let z;., denote that vector 
(if any) which is not orthogonal to x;; let z;,, denote that vector (if any) 
which is not orthogonal to +. We assume that 

«Eo, t(j) Z t(î), tÆ j, T: j= 0. 


Suppose that we write op x; = z; + az. We make the further assumption that 
o(opa), respectively (cti + o(opz;)), are still +*®-unitary; in other 
words, we assume that 





| (op 24)? gm | art (i) ir | (op 24)? (tra)? — (tes 4 ti)? | ina | met) |, 


respectively. The transformation then consists in replacing 2; by the basis 
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vector 0op%==2;+ az, and ledving ‘all other. basis elements fixed, with the 
exception of z; and (possibly) 2;,, which are defined in the following way: 


(11) - opaj=2;-+A(opa) + Bt op Dis = Tja + A (0p ti) + Br, 
where, if 2: Pa == 0, | 
(lla) A——07/(opx)*, A =— xig 2;)/(opa), B=0=—B’, 
and, if 4 %45<0, 

A =— anja .2/D, Al =— a (£j tjn) ti?/D, 
(11b) 

B = az? (ti ti) /D, B= a(z; Tj) (ti s tia) / D 
where D = (op 24)? (£11)? — (ti tia)? By inspection, A, B, A’, B’, are all 
integers. Hence in (11b) we have : 


(Oti + 02%;) ® oz; = (0%: + 0(0p 2))  (o(opz;)). 
or. 


(oz + 02:) © (02; + 0251) = (01 +0(opm)) ® (o(opx;) +o(opzun)); 


and similar equations hold for (11a). We see that the resulting basis 
for L is still semi-canonical. This is the transformation indicated by 
op (2; t; -+ az;). We call the new basis <opæ». | | 

As a simple example on the use of these transformations we see that 
any semi-canonical basis for a unitary lattice can be refined to a canonical 
basis. ([OI]; Definition 2.1). This can be done with each component of 
a general lattice; every lattice must therefore have a canonical basis (COI], 
Theorem 2.4). 

Using these transformations it is possible to find a special kind of basis 
for a r°-unitary lattice. Let rto==N(L), and put mo = 2 2°0 ne with 
ze L, ane x? odd. Then there is a decomposition 


(12) LaL, OLOZ 


and a unit e, such that 


(13) 1e if dim L is odd, n= t it dim L is even,” 
1 {=°} | 


Co n=(7 ue) mafi o) 


We have discussed these decor postions in Sections 14, 17, 18 of [OI] 
and proofs are omitted here. s + 
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instead of for the given J and J. In virtue of Proposition 1, we can write 
IBL=-/8L98L with Lee NwI6L=-H9L’=H®L, where 
His a unit hyperbolic plane. And similarly with K. Hence H @LeIOL 
=J@K=H’ K. Hence L=K by Proposition 3. q.e.d. | 


4 Supersaturated decompositions. It is our intention here to show 
that the numbers represented by Ls) can be described in a simple way in 
terms of the quantities a; and v(j) defined below. We shall then show that 
any big lattice has a canonical decomposition in which the j-th component 
represents all numbers represented by the s(j)-th invariant substructure. 


Derinition 5. For each 7 (1=SjSt), put wp = X, ox? + 2r 
where x runs through all vectors in Lise) for which orda? and u(j) have 
opposite parity. Ae 


We immediately see that 


(15) uij) Svhj) £e+s(j), 
(16) u(j) =v(j) E> ulj) =e +s(j), 
(17) v(i) <e+s(j) => u(j) +v(j) odd. 


PROPOSITION 4. There exists an a; of ordinal u(j) such that every 
number represented by Lis is of the form ajo? + wo. 


Proof. Take £, € Lisy) of norm zty and define aj = To. Suppose that 
TE Lis cannot be expressed in the required form. Then || < |z] 
S |a| and so u(j) and ordz? must have the same parity. In virtue of the 
perfectness of the residue class field we can take 2? == B°a;(1 + [x7]) where 
B€o and |=?| <1. Suppcse that £ and y have been chosen so that y is 
maximal for the given + Then |r?|>|2| since s? does not have the 
desired form. Hence y is odd by (1). But | (a+ Bxo)?#| = | Bar | > |], 
and this is impossible by definition of v(i). q.e.d. 

From now on we shall understand by 4;,—a;(L) a fixed element of F 
which describes Li, according to Proposition 4. If &; is used instead of 
aj; then a; 4;,mod7*4), Note that the elements of the form ajo? + ao 
form an additive group in F. This follows from the relation 


40° — 1,0? = lj (4, — a)” mod wr"), 


We see that ão? + 7°0)9 == ajo? + n°0 if a;s2a;mod7%), In particular, 
such an à; can be used instead of a; in Proposition 4. Consider the quantities 
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s(j), u(j), v(i), a for L; if S(j), U(j), V(j), A; are the same quantities 
computed for (x*o L), then S(j) =s(j) + k and so (r*o L) gi) =a" 0 De); 
hence i 


U(j)=u(j) +k,  V(j)=v(j) +k, A; = ag mod "0, 


DEFINITION 6. ` We say that the component L; of the canonical decom- 
position © Ly is supersaturated if L; represents all numbers of the form 
ajo? + ro. The decomposition Ly is called supersaturated if all its 
components are supersaturated. 


It follows from (6) that if a lattice has a superseturated component L, 
then Lisu) represents all numbers in the additive group ajo? -+ #0. In 
particular, L; and Lis then represent the same numbers. Clearly a super- 
saturated component must be saturated. We would like to proceed as we 
did with the saturated decompositions and we ask whether every lattice must 
have at least one supersaturated decomposition. In general the answer must 
be no: for what can be done with a 1-dimensional component? But the 
result is true for big lattices and we shall establish it after proving the next. 
two propositions. 

PROPOSITION 5. If L is r°-unitary and dim LÈ 5, then L represents 
every number of the form a,0? + "Wo. 


Proof. It suffices to prove the result for an a, that is actually repre- 
sented by L. Select x, € L such that 2,7—a,. It follows from (12) and 
(14) that there is a vector #,€ L such that z?—==’®. Now let a be a 
number of the form a,0?-+7°%9. We must prove that L represents a. 
Suppose that L represents æ -+ er’ where e is a unit, but that L does not 

represent g + {r7}. Then || S/o |. 


(i) Let |#|>]2]. Then u(1) and v(1) have opposite parity. 
Suppose that 2° == a -}-erY. If y and v(1) are of the same parity, then by 
the perfectness of the residue class field there is a 8€ o such that (2-+ Bz)? 
==amod-!, and this is impossible by definition of y. Hence y-+-u(1) is 
even. Using x, instead of z, shows that this is impossible. Hence (ii) let 
|xv7|<|2|. Then we write E= H @ K where H is a hyperbolic plane, and 
we see that K must represent a-+er¥mod2. Select we K such that 
w? =a + 25, and then y€ H such that y? =— 280". We see that wy 
is the vector required. This proves the proposition. 
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PROPOSITION 6. L is a big m’-unitary lattice and a is represented by L. 

Then there is a decomposition L == L, ® La where La represents the same 
x 1 

numbers as L, and Lyx (~~), 

numbers as L, and L, G :) 

Proof. Write L=H DK where H is a hyperbolic plane. Then 
ux(1) =uz(1) and vx(1) =v,(}), so that L and K represent the same 
numbers by Propositions 4 and 5. It is easily seen that corresponding to 
this decomposition we can write i i 


Hor=(] 3) of; SE 2 
Call the corresponding basis tı, tz, %3,° - - and apply p( — x; ++). Using 
equations (11) and (11b) this gives H@K=H 9K with Hs G s) 
and it follows by inspection that K =K’. Hence L= H’ @ K’ is the required 
decomposition. This proves the proposition. 


PROPOSITION 7. If Lis big, it has a supersaturated decomposition. 

Proof. Suppose that we have found a saturated decomposition L = $ Ky 
such that the components K, are supersaturated for À —1,2,: : -,j—1 
where 1Zj£<t We must extend this property to A=j. We can take 
s(j) —0 and |="®|>]|2|. Then for each A (LAS t) there is an a 
represented by K, such that 


fra, + + Hr apps fay l= | ae], 


since Liso) represents [4°]. By Proposition 6, write Ky = (ox) + oy) @ Ky* 
where K,* represents the same numbers as Ky, and my = ay, y*—0. Then 


zer, Le ere, tat + 


is in Leg) and (ov -Hoy;) is unitary. Hence (ox + oyj) is a component 
for the lattice $ (ozy +oy,). This yields a new saturated decomposition 
L= $ Jy in which the J) are still supersaturated when 1 [ASj—1, while 
J; now represents a number of ordinal «(j) and is therefore supersaturated 
in virtue of Proposition 5. Thus we have extended our result to A==j. 
Proceeding to A==t proves the result. 


COROLLARY 7. L; is a supersaturated component of the big lattice 
L= X Ly if and only if RL: is a supersaturated component of REL = $ R Ly. 
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Proof. Similar to Corollary 2. : ; 

We remark that if we enlarge a given lattice by adjoining #*{t)-hyper- 
bolic planes, then the enlarged lattice has the same a’s and v’s as the original 
one. We can easily see that 


(18) valj) = 28(7) + var(¢—j +1) 


holds for a big lattice. By the last remark it must therefore be true in 
general. 

Let L* denote a big lattice obtained by adjoining »*®-hyperbolic planes 
to L. Associated with Lis) is the group ajo? + ru, and the same group 
is associated with Lesen)”; we know that the elements of this group are pre- 
cisely the numbers represented by Lis). By considering the relation 


Lew’ 2 Degn” D MOLD co iy ™ 
we see that 


19 a0? + 2g D ajo? ro, ar 28(4) (40° + ro = 17289) (a;0? -+4 to 
3 3 


holds for L if 1S}. 


5. The ideal f; We now introduce f; for values of j in 1S5jSt—1. 
This is an ideal defined in terms of the ws and v’s in the following way: 


(i) if u(j) and u(j +1) have opposite parity, put "FOL = NG; 


(ii) if u(j) and u(j +1) have the same parity, let nsf; be the ideal 
generated by O0) (ans), RI, EDER), Baletul), 


We note that f; has the same value if we replace aj, aj. by a; + {7°}, 
Gy + {709}, respectively. In other words, the representative of a; mod 7) 
is immaterial. It is easily seen from (9) and (18) taat f,(L) —f,;(RL); 
and f;(aoZL)=f;(L). Since the ws, vs and a’s are unaltered by the 
adjunction of 7*-hyperbolic planes which leave the type unaltered, it 
follows that such an adjunction cannot alter the fs. By considering a 
supersaturated decomposition of a big lattice, we see that for any L, 
fr; |S] 2°) | when s(j) 0. Thus f; is always contained in mo. 
Note that if L= DZ, is supersaturated, then 


(20) P(E) = fi (L © Liu). 


Let <a> denote a semi-canonical basis for Z and put ¢(A) = ord(2,-Z). 
Then we shall have oecasion to use the relation 


21 ar 2 TT 2 Cr}; 
wg pt if 
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where ~€L1,0---@L;, 2€ Lin- OL To prove the validity of 
this relation, we take s(j) =0 and note that m!®z, € Lj), hence r?#™%z,? 
= gaj + {9} with g an integer; similarly 24? = Bay. + {r°}. Hence 
(21) follows from the definition of fj. 

The ws and v’s take on a simpler form when s(j7 +1) =s(j) +1. For 
instance, it follows from (20) that | 


(22) | art)? | < | r#0#1) | < | 705) F 

So we find 

(23) uG +1) =u(ÿ) ae, 

(24) u(j +1) =u (j) H1 = rt eg, 

(25) u(5 +1) =u (j) Sr if s(j +1) =s(j) +1. 
The result (23) follows by observing that we can take a;—ay,,:, that 
v(j+1) 2v(j), and that | mtv |< | 746) |, The result 
(24) is trivial. The result (25) follows by taking a, = ayr? and noting that 
v(i) So(G HI) Sof) +8, [era | < | Tu |, It is clear 
from the proofs that (23) end (24) hold even if s(j-+1) #s(j) +1. 


The next lemma will be used in proving the necessity of Theorem 2. 
We shall establish this lemma in full. generality in Theorem 3. 


Lemma 1. Let L—SK\— SJ, be two canonical decompositions of 
L such that N( Ky) =r" =N (J1) and s(1) —0, where dim K, == dim J; 
is even and = 4. Then K, =J, (mod fyr*™) and d(K;)/d(J;) =1 mod fi 


Proof. We put b,=a"f,; then we have b, = 7o if u(1) + u(2) is 
odd; while if u(1) and u(%) have the same parity we have 


By — [xg (aay), med, mern), Zrel], 


Using equations (12)-(14) we can express K, = H @ K,*,J:—=H’ O J,* 
where K,* and J,* are 4-dimensional while H = H’ are orthogonal sums of 
hyperbolic planes. Since the orthogonal complements of H and H’ in L are 
isometric, it follows that we can assume that K, and J, are 4-dimensional. 
Let a, denote a number of ordinal (1) that is represented by Ky. 


If u(2) =wu(1), then b,—27°%p and so (12)-(14) imply that 


ARS S 0 1 
m= (” Jet ST moat. 


Hence we can assume that «(2) >u(1). We do so from now on. 
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Write K, in a basis (oy, + 0y2) ® (oys + 0y,) in which 


ext) 1 dm) 1 
a 2e ( 1 =) e( 1 sa) 


where e and § are units and where 4 and ß are integers. Then there exist 
vectors x, and z, in Jı, X, and XY, in J=J,®:::'9J,, such that 


Y= + Xi, Y2 = Le + Žo. 
It is easily seen that oz, + ox, is unitary and we write 
L = (02, + 022) ® (0%: + 0%) @J = (04, + 042) ® (0%; + où) D J*. 
If K denotes the orthogonal complement of K, in L, we have 
(oč, + où) D J* = (0y; + 0y:) @ KE. 
Hence Ys = 23 + Zs, Ya = 23 + Za, with zz and z4 in (o + 0%,), and Z and 
Z, in J*. Again we see that oz, + oz, is unitary and we get 
L= (oy, +09.) © (0f; + où) D J* = (oy, + cyz) D (023 + 024) ® J* 
= (oy: + 0ÿ2) © (oys + 994) D E. 
Now (oz, + 022) and (023 + 02.) both represent [x¥@)] ; so it suffices for us to 
prove that (ox, + 0%) = (oy: + oy.) mod b, and that (oza + 024) = (0ÿ3 + oYys) 
modb,. On grounds of symmetry, this reduces to the single problem of 
proving (ox, + 02.) = (oy, + oye) mod by. 
If u(2) and w(1)-are of opposite parity, we have v,?==y,?modb,, 
T = Y? mod by, 12a =Y1- Y2 mod 7°), and the result follows if we observe 
that 22(1 + {28 })?==2," mod by. 
"We now assume that u(1) <u(2) have the same parity. In this case 


X =a? a, + {a} =a7a,mod bi; while ex“) =a,mod7*@ implies that 
er”) = amod bı. Similarly with X». Hence we may take 


X= en"? mod by, XZ= Dette mod b, 
where a and b are integers. We therefore have 
ae == em) (1 + aa (u2)-uQ)) ) 2 mod b. 
Replace +, and x, by 
(1 + ank@-4Q))-t2, and (1 + arida) (9m), 


respectively. An easy computation shows that this second vector has norm 
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am?) — Bert) mod bi; so we have (ot, + 0%) = (0w + 0w,) mod b,. where 
0w, + 0w has the matrix 


en (1) 1 
( 1 an) Bet )? BR 


Now replace wz by (w2 + Bodo.) (1 + eBake@+u@))4, Doing this we 
see that (02, + or.) = (vo, + do.) = (oy, + 0y.) mod b. This proves the 
lemma. 


Proposition 8. Let L= SI, and L— Ÿ M, be two canonical decom- 
positions of L. If j is fixed (1SJS t), we can pass from SI, to SM, 
through a chain of canonical decompositions 


j . 
such that under each transformation either (i) Se Soy er (ii) 

i 1 
Jeideisi-i): 


j 
Proof. We proceed by induction to d=dim(% I). If j—1 we are 
1 


through. So assume that j> 1. We can take s(1) —0. Let <y> denote a 
enone basis corresponding to $, My. 


Case 1. I, proper. Then we can write y, =% T where x, € Eh, 
t 
XED. Since ©,’ and yı? are units, we can write Sh in a ee 


basis <> having x, as its first element; this is the first transformation of 
the chain we are constructing and it satisfies the first condition of the 
proposition. l 

Apply op( 2, +) and put Xı = 0p tı, Xa = OP ta, Las = OP tar. 
Using (11) and (11a) it can be verified that y, = e¥, + SX, -+ X, where e 
and § are units. Put Y” =— Xa -+ 87E and express L in the semi-canonical 
basis 


L= 04, & (om +: - + OL + Xat) O (Ozan +: -H OZ). 


Apply op(4,— X, +et$#4*) and call the resulting basis <z>. Then all 
the requirements of the proposition are satisfied by our chain of transforma- 
tions. On the other hand «,=-y,; we can apply the induction to the 
orthogonal complement of oy, to extend the chain from <z> to <y>. 


raed 2. I, improper. We can write y =t, +X with T1 € Shy 
re Ty; since yı’ Ya= 1, there must be a vector =, Sh for shieh 
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Ti T= 1. Since 07, + 0x, is unitary, we can suppose that 2,, 2, is extended 
t 

to a canonical basis for SJ). Apply pa x; + t4) and put X,=opz, 
1 


Xa=opta, Xaa = 0p Using (11) and (11b) it can be verified that 
Yi =X, + ar,+8X,+ X, where e and § are units, «€o. Put Xg*— 
Xa+ 8 7X and express L in the semi-canonical basis 


L = (0(eX, + ate) + 0%2) © (023 + -+ 0X — 0X4") 
Ð (0% +--+ 02). 


Now apply op(eX, am —> X, + ax, -+8X,*) and call the resulting basis 
<z>. Note that all these transformations are admissible in the sense that 
they satisfy the requirements of the proposition. 

We now have „=2%,, Yo = 221 + «+ a2, ; hence 


Yi (tizi + + ata) = 1. 
Replacing 22 by @122, ++ QasZa, we see that we car assume that y: = 2% + Z 


n 
with Ze $ oz. We now proceed exactly as we did with y,, and using 
d+1 


admissible transformations only we arrive at a basis B ozy in which 


(oy: + oye) = (02, + 022’). Then > ozy = > oyy, and the induction com- 
3 3 
pletes the proof. 


6. Unitary lattices modulo p. The Hasse symbol S(L) of a given 
lattice L will play an important part in the rest o the paper. In the 
notation of Witt [WI], S(Z) is the product of quaternion algebras J] (ax, a.) 

AEn 


where Xan? is any diagonal form associated with the metric in FL. 
When manipulating with these symbols we will use witaout further reference 
the rules of operation established on pp. 37-38 of Witt’s paper [WI]. These 
results are valid over general fields; in addition, we have seen on p. 98 of 
[OT] that in a local field whose residue class field is perfect and of charac- 
teristic 2, the following relations ‘are true: 


(27) (1+ 4a, e) =1, 
(28) (1+ 4a er) =1 €> (14 4a)?¢ F, 


for any unit e and any «€ o. . . 
Now let k be a rational integer, 0 <k <e. We contend that the quad- 
ratic form 


(1 {de} 0? (1H Gy? 
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represents 1. To this end we consider the lattice 
L= (+ {4r#}) ® (1 + {a*}). 


It suffices to prove that L represents 1. Let us write Z in the basis ox, @ ur, 
in which L= (1+ [r7]) B (1+ {x*}) with y maximal. Tken |r| 
S | ért | S| 2x]. Suppose if possible that y<oo. Then by HensePs lemma, 
y < 2e; on the other hand, y must be an odd number or we could apply 
opt, + ax) with æ chosen so as to increase y. Then there is a unit 
# such that 

= 1 + Env = (1+ Env)? — (Er). 


Hence we can in fact assume that s, = 1— (4ErY)?. Now apply 
op(& > t, + Ert); we see that (a, + 4277)? = 1 + {r2vkie} where 
| a27+k-2e | < |ar¥|, and we have increased y, which is impossible. Hence L 
represents 1. So the giver quadratic form must represent 1. By putting 
m == 2e + 1—k we see that this result remains valid if e<k=?2e. Hence 
we have 


(29) (A+ (rt), (14 (w})) =1 if 0<bS2e. 


We now prove that (A,B) can always be represented in the following 
way: . 
(30) (A, B) = (1 +40,7) for some C€ 0. 


First let A be a unit, B a prime; successive application of op (£1 — T1 Ẹ ax) . 
to the lattice L = Ax? + By? shows that this form is equivalent to the form 
(1 + {4})a? + Dry? ; therefcre we have (A, B) = (1 + {4}, Dr) = (1 + {4}, 7) 
- by (27). In general, we can suppose that A is either a unit or a prime; 
and similarly with B. If A and B are both units, then (4, B} = (A, Br)({A, 7) 
= (1 -+ {4}, 7); if A and B are both primes, then 


(A, B) = (Ba, A) Ar”, x) = (1 + {4},n). qed. 


In particular, (30) shows that the algebra classes (a,b) form a group 
over fields of our type. Now suppose that the Hasse symbols are not trivial 
over F. Then there is a unit e such that (1+ 4«)4¢ F; in other words, 
g? + æ—< is irreducible over F. Since this polynomial has distinct roots 
moduloz, it must be irreducible over the residue class field F, by Hensel’s 
lemma [AI]. Hence F has at least one quadratic extension. Conversely, 
let us assume that F has a quadratic extension and let 2*-ex-+ be irre- 
ducible modulo +. Then (1—4&e*)5¢ F and so the Hasse symbols are 
non-trivial over F. 
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THEOREM 1. L and K are r°-unitary lattices of the same dimension 
such that v, (1) =v = vg(1) and a (L) =a =m (K) moda with [al 2] 2]. 
If pC ao, then Lo: K mod p if and only if (i) d(L) =d =d(K) mod ap, 
(ii) (d(L),ad)S(L) = (d(K),ad)S(K) when |p| <|4r|. 


Proof. We write | a|—|#"*|. 


Necessity. If we adjoin a hyperbolic plane to Z and K, the resulting 
lattices are still iscmetric modulo p, and their ws and ws are the same as 
for L and K. It is easily seen that if (i) and (ii) are true for the enlarged 
lattices, then they are true for L and K. Hence we can assume that 
dim L = dim K=3. If L and K are proper, we can adjoin J = (a) to L 
and K, and the same argument shows that we can assume that dim L == dim K 
= 4 is an even number. 

We have mentioned in (12)-(14) that a basis can be found for Z in 
which L= L, @ L:-® £ H, where the H, are hyperbolic planes and 


mer m) tae (T us) RE 


Since L= K mod p where pC ro, it follows from Lemma 2.2 in [OI] that 
we can obtain a decomposition K, @ K: @ ÈM, for K in which 


K, = Lı mod p, K. == Lamod p, M, = H; mod p. 


Calculating determinants in these bases proves that d(L) = d(K) (mod r“p), 
thereby proving the first result. We now define d as any unit satisfying 
the first relation. In order for (ii) to be non-vacuous, we assume that 
pC (4r/rt)o. If u=e we have pC 2o, hence L&K by Lemma 14.4 
in [OI], and so (ii) holds. Hence we can suppose that e>w,v>u. Then 
it follows from the same result in [OI] that L.@ SH, =K: 9 YM). 


We can write K, = T 1 


1 {x} 
dy = dg + {4r/n°#} where d= det L, and dg=detK,. We know that 


an" = b = B (mod z”). An easy calculation with Hasse symbols gives 


(a(L),ad)S (L) (4 (K), ad) S (K) — (bB, — dy) (dy4p, — an“Bddrd ( LY). 


) where B=b-+ {4x/x***}; we have 


Using (29) it is easily verified that this expression is equal to 1. Hence we 
have (d(L),ad)S(L) = (d(K),ad)S(K), and this proves the result. 


Sufficiency. If L and K each contain a hyperbolic plane, then it is 
easily seen that (i) and (ii) are satisfied by the orthogonal complements 
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of these hyperbolic planes in L and K respectively. We can therefore 
assume that Z and K do not both contain hyperbolie planes. In particular, 
we can assume that 1 < dim L — dim K <4, since the proof of the 1-dimen- 
sional case is obvious, while any unitary lattice with dimension = 5 must 
contain at least one hyperbolic plane. We can also suppose that |p| < ||; 
for the case b— #10 follows immediately from (12)-(14). 

Let us express L in a canonical basis. We can vary modulo p a certain. 
diagonal entry in the corresponding matrix for L to obtain a new lattice 
L* = Lmodp for which diL*) = d(K). It follows from the necessity of 
this theorem, already established, that Z* and K continue to satisfy the’ 
given conditions. In effect this means that we can take d(L) =d(K) from 
the start. i | 


Case 1. |p|<|4r". Since d{L)=d(K), the second condition 
implies that S(L) = S(K), and so L and K are field equivalent by Satz 17 
in [WI]. In order to prove that L =K, we adjoin hyperbolic planes to L 
and K until we get two corresponding big lattices L’ and K’. Then L’ and 
K’ are field equivalent, and they represent the same numbers by Proposition 
5; hence I = K’ by Theorem 19.1 of [OI]; hence L= K by Proposition 3. 


Case 2. |p|=|4r”|. If dim L=2, since. |z”] > |2| we can write 


ext 1 
be (F a |e|=1, |a| =1. 


Then it is easy to see that K represents er” mod 4r”, hence mod p. We can 
therefore find a K* = K mod p such that K* represents er“ and d(L) = d(K*). 
But such a K* is isometric to Z by Theorem 14.3 in [OT]. Hence L=K 
mod p. 

If dim L == 3, by (12)-(14) we can write 


a’ 1 {7° 1 
zT ey )Os F(T a) 
where e and 5 are units. The result is then immediate since | p| > | 4x7"! 


and since by a determinantal consideration «= à mod p. 


Now consider the 4-dimensional case. u and v are of opposite parity 
since || |»|<|””|. We recall that we are taking d(L)=d(R). — 
By (80) we have S(L)S(E) = (1+486,7) for some H€ 0. Write 


a? 1 em” 1 
K =( 1 a) © ( 1 A 


è 
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with e à unit, « and B integral. Now consider 


ER; 1. er“ 1 ) 
£ =(7 bee) e(* Br 4Be rt" 


Clearly K* = K mod p; and d(L) = d(K*) = d(K); computing Hasse sym- 
bols we get | | 
S(R)S(K*) = (mt, 1 +48) = (7,1 + 48), 


using the fact that u and v have opposite parity. Hence S(K*) —S(L). 
Adjoining hyperbolic planes to L and K* we get two lattices which are field 
equivalent and represent the same numbers; these lattices are isometric 
by Theorem 19.1 of [OI]; hence Læ K*; hence L=Kmodp. This com-' 
pletes the proof of the theorem. | 


Proposition 9. L and K are unitary lattices and p is an ideal in wo. 
If H and H’ are unit hyperbolic planes and H& L=H'@ K modp, then 
Le: K'mod p. ` 


| Proof. Suppose that v =v Svr. If [p|Æ]7"|, express L and K in 
the bases (12)-(14); then we easily see that L=Kmodp. Now let 
|p| < ||. Then all the lattices Z, H @L, H’ @K, K, have the same a’s 
and vs. Apply the necessity of Theorem 1 to HBL, H’ @ K, then the 
sufficiency to L and K. q.e.d. 

COROLLARY 9. If L and K both represent the same number a of ordinal 

a 1 š , 

1 5) == H 3 nee 
H@L=H’ 6 Kmodp— L = K modp. 


Ur = Ur, and if H = | 


If a is a.unit, the result holds for H = (a) = H. 
Proof. Let H have the basis (oy, +09) with y? =a, y°=0 By 


the proposition we can assume that L and K are big. Hence we can write 


Loe (Te ie - in (om +02) ®: --. 


Apply op(y:24:-+2,) and -do the same with H*’@K. Now apply the 
proposition again. To prove the second half consider a @ — a instead of the 
given H and H’. q.e.d. 


‘7. - The invariants. Now we can quickly derive our invariants. If 
LI, == 3 Ly is a canonical decomposition we define ¥;,=L,O0L.+:-:::OL,; 


12 
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for 1SjSt. The fi are defined as in Section 5. The quantities v{À), a, 
d,, appearing below are actually defined by the relations (i) and (ii), while 
the ideal b, is the type invariant given by dA) = bd, = d(Ky)o. 


THEOREM 2. Let L and K be two lattices of the same type and in the 
same space. Let L== Ly and K => K, be canonical decompositions of L 
and K. Then L is isometric to K if and only if the following relations hold 
for all appropriate À: | 


(i) vrà) =v(A) = vx (à), nL) = a = aK) mod °°, 

(ii) ” BBS EUR ase 
(ii) | POA [Art => (d(Ly), tardy) SL) = (Ky), Ga DISK), 
(iv) [eh] < | 470) => (aL), andy) ICH) = (d( Kx), andy) S(H A). 


Proof. If we adjoin & 7*)-hyperbolic plane to L we see that the type 
of L is unchanged and so it follows by inspection that the fundamental 
invariants a, v(A), f\ are tae same for the enlarged lattice as they are for L, 
1ÆA<4 In particular, if the same hyperbolic plane is adjoined to K it 
follows that the two new lattices will satisfy the relations (i)-(iv) if and 
only if L and K do. On the other hand,. the enlarged lattices will be 
isometric if and only if L=K. Hence it suffices for us to consider big 
lattices only. Now suppose that dim L; is an odd number for a certain f 
(1=j=t). Let us adjoin-a lattice of type (a;) to both L and K. Then 
the enlarged lattices will be isometric if and only if L= K, in virtue of 
the cancellation law established in Corollary 3. And it is easily verified that 
L and K have the same invariants (i)-(iv) if and only if the enlarged lattices 
do. Combining this with our first remark we see that we can assume. that 
both Z and K are big and that their components in any canonical decom- 
position are of even dimension. We shall assume that this is so. 


Necessity. We can take L—K. The first result is then immediate. 
We now fix j(1Sj=t) and we establish (ii) and (iv) for A=j. A 
straightforward computation with the Hasse symbols shows that we can in 
fact take s(j) —0. Construction: adjoin a lattice of type 


a 1 z 1 Qj ët) mG) (ist) 
€ 0) @( 1 0 © (342) 0 ® me 0 


to L and call the resulting lattice L*. Then the a, and v(A) are the same 
for L* as for L, by (19). Hence this is also true for fy. À 
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Now we can pass from 3) ZA to SK) by a chain of transformations of 
the type described in Proposition 8. If we can establish (ii) and (iv) for 
each member of the chain, then we have established it for the given decom- 
positions in virtue of the transitivity of the relations in question. Now (ii) 
and (iv) are obviously satisfied by a transformation of the first type since 
£; and K; do not change. It therefore suffices for us to prove the result 
for a transformation of the second type. In effect tkis allows us to assume 
that L =K, for 1SASj—1, and so ` 


L;* D Liu ® Line 8: ®L= R;* p Kin” ® Kire D DEK 
Since the “f,” for this lattice is precisely f;, it follows from Lemma 1 that 
(31) L$ = K mod rf, d(L;*) /d(K;*) = 1 modf;. 


The second halt of this result shows that d(£;)/d(K;) =1modf,, and so 
(ii) is established. 

We now take d; as defined by (ii) and we prove (iv). We assume that 
the condition | xf; | < | 4r#()| is in fact satisfied for the j in question. 
Thus Theorem 1 when applied to (31) gives 


(ACL), ad (L=) )S(L;*) = (d(K5*), ad (L;*) )S (K) 
and so (d(L;)d(K;),a;d(L;))S(L;)S(K;) =1. Hence 
(A (Li), adj) (Li) (dE) nd) S (Hj) = (d(Lj)d( Kj), did £;)). 
and the right hand side of this equation is of the form 
(1+ (fy), 1 + EG) = G + (23,14 RM), 
which is equal to 1 by (29). This proves (iv). 


We now prove (ili). Let V(A), Ay, f\* denote the invariants under 
discussion when evaluated for RL. We have 


V(t—A4$1)—9(A)— 20), dean ar), fat. 


If we define £,* as the sum of the first A componerts in ®L=RL®: 
P RL, we.see that d(L1*) =a’d(Lır)d(L) where a is a certain field 
element. We put d)*==a?d,,d(L) and get 


d(£*) se dy* = d(Ky*) mod hth”. 


Now suppose that condition (iii) is non-vacuous: then | #°G+Df; | < | 4a) |. 
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Hence | If, ;# 
RL and we get 
(25), As) B (Le) = (4 Keg"), Aid) Sr). 


If we resubstitute in this equation, and use the fact that d(#;) /d(K;) = 
_ lmod2z, we arrive at condition (iii). This completes the proof of the 





<|4r0G-5 |. Apply condition (iv) (already proved) to 


necessity. 


Sufficiency. We are given that (i)-(iv) hold for the particular decom- | 
positions Lx, Sky. In virtue of the necessity (already proved) these 
conditions must hold for any two decompositions L = >In, K => Ky. So 
we can assume that the given decompositions 5) Ly, 2 Ka are supersaturated. 

We shall prove the sufficiency by an induction on the length s(t) —s(1) 
of L. That the induction can be made to start with lattices of zero length 
can be seen as follows: since L and K are big, condition (i) implies that 
they represent the same numbers, and so L=K by Theorem 19.1 of [OI]. 
We note that (ii)-(iv) are vacuous for lattices of zero length. If we now 
proceed with the induction, it is easy to see that the given conditions are 
unaltered if we replace L and K by r*o L and r*o K, and so we can take 
s(1) =0. Since any unitary lattice of dimension = 5 contains a hyperbolic 
plane, we can assume that dim L, = 4 = dim K,. The basis of the inductive 
proof will be this: we must find decompositions L = L’ @ 1, K=K/’®K 
with 

U=1/’818::' 81, EL =K QK: OK, 


where L’ = K,’, and such that Ly, K are still supersaturated components. 
Once such a reduction has been achieved, it is easy to see that Z’ and K’ 
will also satisfy the conditions of the theorem. In point of fact, the quantities 
a, v(7), f; are the same for L’, K’ as for L, K, only a simple relabelling 
being required. If dj is defined by d/ = d;/d (Lx), the remaining conditions 
of the theorem must hold for L’ and K’. For the rest of the proof call a 
saturated decomposition of the given L, supersaturated if the first component 
represents a number of ordinal v(1) while the remaining components are 
supersaturated. Similarly with the given K. 

One further observation before we start the proof proper. If the super- 
saturated decompositions X x, X Ky are such that u(1) and u(2) have the 
same parity and if L, = K, mod r*®), then we can write K, @ KR, in a new 
supersaturated decomposition 


(32) R OR. =—K, OK, 
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with Lı = K,. We prove this by writing L, and X, in the canonical bases 
Ob, + 0% + 00, + 0%, and oy, + oy, + oy, oy, respectively, with m= 
yy? + a where a, € "0. Since K. represents a, we can use Proposition 6 


to express 
| LA gs?) 
K= CS 0 ® 


where the second component in the above isometry still represents the entire 
group a0? -+ 9, Now apply op(y,> yr + ys} to get a new K, with 
- ay. Doing this for A=1,2,3,4 gives the desired result (32). 


Case 1. u(2)—u(1). The first component cannot therefore be proper. 
Consider L= X In. Since L, represents [r“()], we can use Proposition 6 
to apply successive changes of basis to L until we find a decomposition 
L=L/ OL! ® Las ®:::@ Lin which Ly is still supersaturated, and such 


that. . 
Aes o 1 
m =(} el 1 Ben) 


_ where @—=0' when w(1) and v(1) have the same parity or when |] 
> |4m® |. This construction uses the “op” transformations mentioned in 
(11) and is similar to the construction used in Lemma 16.3 of [OI]. We 
omit the details. 

We repeat the construction on K == $, K). If u(1) and v(1) have the 
same parity, or if | 7®® | =| 4r-v@ |, then L,’= K,’ end so 


L’ QL O: QLK QK: Ok; 


by the inductive assumption. We can therefore assume that u(1) +v(1) is 
i odd, | qt?) | < | Av) |; | 


0 1 a(t) 1 © 1 w(t) 1 
3 le I m . m 
(38) ode E al 1 pry! K; -(\ el 1 aes) 


By (23) we have fi =7"0}@0, Then | xf, | = | rd | < | Amel | 
= |4r@) |. Then (iii) must hold for these decompositions of L and K, i.e. 
(a (Lr), a2d,) S (Lr) = (4 (K7), ads) 8 (K), 


and so ((1—4a)(1—4),aedia*™) =1. Using (28) this implies that 
(1— 4a) = (1— 48) and so L,’=K,’. Again we can apply the induction. 
This completes the first case. 


Case 2. u(2)=u(1) +1. Applying a little extza care when u(1) = 0, 
we can proceed as in Case 1 to get decompositions in which 
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rafo il ay 1 , (0 3 ay 1 
3 wafi (3 me) =à) 0 e(4 ARE). 


where «= 8 = 0 when | 7) | = | 4m® |. So we consider | 7°) | < | dm “® |. 
Then |r | = | mr dr) | < | Art]. Condition (iii) again gives 
L’ =K. Thus Case 2 is established. 


Case 3. u(1)=<e. In virtue of Cases 1 and 2, we can assume that 
| wt?) | = ar02 | — | 27? |. Then we easily see that | |< |4r|. Now 


0 1 2 1 0 1 2 1 
nes )e Ç a) re ( eh a) 
But d(L,) =d(K,) mod 4r. Hence L,=K,. So this case is proved. 


Case 4. s(2) —s(1) +1. Then in virtue of the first three cases we 
can take w(1) <e, u(2) =u(1) +2. Also s(1) is assumed to be 0, and 
so s(2) —1. Then the behaviour of v(1) and v(2) can affect our result in 
three different ways. In the first place, we may have |r| > |2|, and so 
| oP) | S | +2 |. Then by (25) we have fi = 2°)", hence d(L,) = d(K;) 
mod 70440), But | re) | > | @+? | > | 4700 |, since |r | > |2]. Hence 
LK, modz” by Theorem 1. We can therefore write K in the super- 
saturated decomposition K = K’ @ Ko’ @K,@:--@® K, in which L, = Ky’. 
We then use the inductive hypothesis to arrive at the isometry L =K. In the 
second place, we may have v(1) =-e—v(2). Then obviously L, = K, mod 2. 
Hence we can find a supersaturated decomposition K=KY/®K/®K,®: -- 
@ K, in which K,’=L,. Again we are through. Thirdly and finally, we 
may have v(1) =e < v(2); then in fact (2) —e+1. Since fi = 2r#(#19, 
WF, = 4-79, condition (iv) must be non-vacuous and we get 


(d(L;),a,d,)S(L1) = (d( Ky), ad) S (K1). 
Thus L, = K mod 22 by Theorem 1. Hence the result follows from (32). 


Case 5. s(2) > s(1) +1. We can take u(1) <e, u(2) Zu(l) +2. 
Define N, as the orthogonal sum of six »!-hyperbolie planes and let L* and 
K” be defined by the canonical decompositions 


JT* = L O Ng @1.0:--OL, K=-KB8N,8K.8 OKh 


$ 
Now it follows immediately from the definition of the quantities involved 
that u* (j) =u(j), vë (7) =t (j), a =a for 7—=1,2,3,---,¢. Hence 


(35) ef, for fem 2,3,4,: + + 8. 


All these quantities are clearly the same for L* as for K*. We agree to 


INTEGRAL EQUIVALENCE OF QUADRATIC FORMS. 183 


drop the *s except for emphasis. Notice that the notation has suffered a 
minor inconsistency in passing from L to L*. Thus a,* and »*(1) still 
refer to Li”. But for j= 2 we are now using a;* and v*(7) to describe 
Lea)”, although strictly speaking they should be relabelled a,,,* and v*(j + 1): 
with j running from 0 to 2. Similar remarks apply to fj“. We shall use a, 
and v(*) to describe the numbers represented by L,)*. 

How are a,, o(*), fi”, and f,*=f, related? Since u(*) —u(1) +2, 
we can take a, =”. We also have 


v(1) So) Sv(1) +23 o(#) Se+1. 


Note that Zu,” and K(,* represent the same numbers and so v(*) is the 
same for both. If we choose a semi-canonical basis <s> corresponding to the 
supersaturated decomposition $, ZA in which L, and Le both have the form 
(12)-(14), we easily see from (21) that 


(36) fh* 2 fo fe = fh 


Let us consider the invariants of L* and K*. We put d,* = day 
d = "di, da ==7 da for 2SASt. Then condition (i) holds between 
L* and K* for all À By (85) and (36) we see that for A = 1, +, 2,3, 0, t, 


Kr) = dy* = d(Ky*) mod h* h". 


Now consider (iv) for the two enlarged lattices. If we have | j,* | 
<| 4a" |, then | mf, | < | 4a") |, in virtue of (36), and so (iv) holds 
when A=1. If A=*, and | of, | < | 47#6 |, then 


[arf |S | aA fy | dent | | At | 
hence 
(d(£1), mdi) S (L1) = (d(K1), k1) S (K1) 
and so 
(4(Lu*), ads) S(L*) — (d(H a"), 0rd) E (Ka). 


Condition (iv) is immediate for A = 2,3, >°, t. 


Now consider condition (iii). For A= 1, we have | f,* | = | w#()+20(#) | 
= | 4a") | since |x) | =] 2|. Thus (iii) is vacuous when A=1. On 
the other hand it follows from (35) and (36) that (iii) holds when 

== 2,3, + +, 8 

We have therefore shown that L* and K* satisfy the invariants of the 
theorem. Now L* and K* have length s(t) —s(1) —s(#) ; and the result 
has been established for lattices of this length which satisfy s(2) —s(1) +1; 
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hence L*= K*; hence L=K by Proposition 3. This completes the proof 
of Theorem 2. 

Condition (ii) of Theorem 2 gives a determinantal description of how 
£; varies as we change the canonical decomposition L = Y L) of L. If we 
define 


pe UDF bien, HF), By msn, 


we shall see that these quan-ities describe the change in the j-th component 
of SLy. Note that bj(aoL) =ab (L). | 


Tsrorem 3 SI, =—L=D> Ky are two saturated canonical decom- 
positions of L. Then L;= K;mod b; for 1Sj7St. 


- Proof. In virtue of Prcposition 9 we can assume that L is a big lattice. 
It ‘süuffices to prove the result when s(j) —0 and when one of the decom- 
_ positions, let us say X; Ly, is supersaturated. Let a; be represented by K;; 
then it is represented by L; since IL, is supersaturated. So we can assume 
that dim L; is even, by Corollary 9. If j=1 we have L =K, modb, by 
Lemma 1. Ifj—¢# the result follows by Suis RL instead of L. 
Now ‘suppose that 1 <j<t. Adjoin 


da 80D m) N ( Qj, mern 
85-1) 0. IKA x 8 G41) 0 


to L and call the new lattice Z*. Then we can pass from $ ZA* to XK," 
through a chain of transformations: 


Ste SI VP: EK 
such that each /ı* represents a(j—-1SASj+1) and such that either 
aie un or £n- Ih. If the transformation is of the first type 


we have pe J;*modb; by Lemma 1, since fı ( EL") CfGxMb, It the 


transformation is of the second type we can deal with ÆL* instead of L* 
and we again get I;*=J;*modb, Hence L*æK*modb; Hence L;= 
K;mod b; by Corollary 9. q.e.d. 


‘8. Concluding remarks. Our main result, Theorem 2, expresses the 
invariants of L in terms of the fundamental invariants a; and v(j) which 
were derived from the simplest invariant substructures of L. We now show 
that the numerical computation of these quantities can be reduced to the 
field problem of computing quadratic residues. 
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Since we can express L in a canonical basis using elementary operations 
only, we suppose that L is expressed in a semi-canonical basis Sox. Write 
t(A) =orda L. Then 1(1) S#(2) S---St(n). The basis (2) induces 
a canonical decomposition L= Ÿ Lx on L where the s(j)’s and ¢(A)’s have. 
the same range of values. Now we can easily define a;: a; is the greatest of 
the field elements 


ENTE, Tyt, A) i 
under the given valuation, where æ runs through L: ®: : @ Lja and x, 
runs through L;@---@Ly. 


-: Suppose that all a; have been determined. Coniention.: 
(37) ro F r ON g (am?) + E eyg lau?) + Pato, 
where a, runs through L@:::@L;; and x, runs through L;@: : : @ Ly. 


Proof of contention. We write zo for the ideal defined in (37). We 
must prove that u—v(j). We can take s(j) —0. If we consider PL we 
see that wz(j) —uær(1), while v:(j) —vær(1) by definition of v(j). Thus 
we can assume that ÿ—1 and s(1)=0. We must therefore prove that 
v(1) == p where | = 

nto = Zrg(at,) + 20. 


First we prove | 9 | Z |x#]. This clearly holds if u =e; hence we assume 
that u < e, hence rto = «7g (ax?) for some i. If 22 € ro, we are through. 
Hence suppose that =? = aa? + {4°} with | ag? | > |m"®|. Then 


zeo = wag (1 + {oa tae O)}) Carp, 


Conversely we prove |x) | £ | =# |. Suppose if possible that |r | > | oH |. 
So |r| >|2|. Then we must have 2° == ay’a, + Brm’®* for all A. Now 
any vE L can be written $ cosy Then 


vss Ÿ ac = (3 aca) 2a, mod AOL 


In particular, this is true for a vector x whose norm has ordinal v(1). This 
is impossible since v(1) and u(1) have opposite parity when | «| > |2|. 
qed. | 

Let us call a big lattice L dense if s(A + 1) =s(A} +1 forlSaSst—1. 
Then in virtue of Proposition 3 the problem of this paper is equivalent to 
the, problem of finding when two dense lattices L and K are equivalent. 
It is worth noting that the results can be simplified if we restrict ourselves 
to dense lattices only. Thus the ws will satisfy (22); the fs are given by 
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(23)-(25); and Theorem 2 can be established without considering Case 5 
in the proof of the sufficiency. 

We conclude by giving a counter-example to show that both the con- 
ditions (iii) and (iv) are required in our characterization. Let F be the 
field Rə(r) where Rs is the 2-adic numbers and x is a root of z? —} =Q. 
For any E€ o define L as the lattice with associated matrix 


x 1 2 1 m? r wg? Am m 
Geh Je se TeC? ae) 


Let K be given by the same matrix, but with E ==0. We can suppose that 
the # in L is a unit for which (1—4#,7) >£1. For both L and K we have 


Mr, =, Ber, v(l)=e vR)=e+l, v(3) —e+2 
fi = Rro, fe == Rao. 


We see that (i)-(ii) hold for Land K. Also (iii) is satisfied, being vacuous. 
But (iv) does not hold. Hence by the necessity of Theorem 2, Land K 
cannot be isometric. 
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ON JACOBI BRACKETS.* 


By PHILIP HARTMAN. 


Hypothesis (H): Let z—=z(r) be a solution of the pair of partial 
differential equations 


(ir) F(a, p,z) = 0, (La)  G(z,p,2)=0, 

where z, F, G are scalar functions of class C? of their arguments, 
w= (ah oa),  p=(p,:::,p), 

and p= gradz in (1). 


A standard theorem states that if (E) holds and if z is of class ©? 
(instead of merely C+), then z is a solution of the partial differential equation 


(2) CF, G] =0, 
where [F, G], the Jacobi bracket, is the function of (x,2,p) defined by 


(3) e [F,@]= > (F,(G* + pG) — G(F*+ p*F,)) 


in terms of Fy = 09F'/0p*, F* — 0F/0x* and the correspcnding partial derivatives 
of G. 

If F and @ are linear in the components of p, then the additional assump- 
tion that z is of class C? is not needed in this assertion; cf. the results on 
Poisson parenthesis in Ostrowski [1] and the references there to Gillis, E. 
Schmidt and Perron. - 

Professor Wintner has raised the question whether or not the additional 
assumption that z is of class O? can be omitted in the general (non-linear) 
case. In this note, his question will be answered in the affirmative if n=? 
and, under an additional condition, if n>2. For example, if n= 2 and if 
one of the functions F or @ is linear in the components of p, then the answer 
is in the affirmative; in particular, there will result a new simple proof for 
the case that both F and @ are linear in the components of p. 

The results will be obtained as corollaries of the theorems of Plis [2] 
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on the existence of characteristics on a solution of a partial differential 
equation. His theorems are applicable by virtue'of the following remark: 


(*) Assume hypothesis (H). Suppose that, on some f-interval, (2, p, 2) 
== (x(t), p(t),z(t)) is a solution of the system of differential equations for 
characteristics 


a = FY, (2, p,2), p” = — F*( a, p,z) — pF, (2, p,2), i 


(4) n 
Zn? z), 

where ’=d/dt, and that z(t) —2(æ(t)),p(t) —gradz(x(t)). Then the 
relation (2) holds for (x, p,z) = (x(t), p(t), 2(t)). 


In order to verify this, note that @(z(t),p(t),2(£)) — 0, since z is a 
solution of (16). Differentiation of this relation G—0 with respect to ¢ is 
permitted and gives 3i(G#c” + Gp”) + G,2’=0. In view of (3), the 
relation (2) for (x, p,z) = (s(t), p(t),2(¢)) follows from (4). 


(i) Assume hypothesis (H) and m==2. Then (2) holds for (z, 2,2) 
— (2, grad 2(2),z(£)). 


For convenience, let (x,y) and (p,q). be used instead of the vector nota- 
tion v and p. The relation (2) holds at a point (z, y, p,q,2) if Fp = Fa = Gp 
—=(,=0. Suppose that, at some point, say 


(z, Y, Py 9,2) = (0,0, p(0, 0), 7(0, 0), 2(0,0)), 


one of these partial derivatives, say Fp, is not 0. Then, in some neighborhood 
of that point, the partial differential equation F= 0 can be written in the 
form 

(5) > l p =f (2, Y,2,4), 


where f is of class C' in its arguments. Also, (4) is equivalent to the system 
(6) YV =— fo Z =7— gfo mf tie P= fet pfo 


where /—d/dx. According to Plis [2], there exist for small |&| (con- 
tinuously differentiable) functions y = y (z), z =z (x), q = q (z) satisfying the 
first three equations in (6) and the conditions y (0) —0, 2(x) —z(x,y(x)), 
- g(2)=2,(2,y(2)). It follows from (5) that p(x) = zZzs(z,y(z)) has a 
continuous derivative p’(#) and that the last equation in (6) is a consequence 
of the first three and of (5). Thus (i) follows from (*). 


ON JACOBI BRACKETS. 189 
(ii) Assume hypothesis (H) and n>2. Then (2) holds for (2, p,z) 
== (x, gradz(x),2(x)) if the initial value problem 
(7) da*/dt = Fy (z, grad z (£), z (£) ), (0) = To 


has a unique (local) solution for every point z==@, with the property that 
at least one of the partial derivatives F= @F /dp*, where k—1,- > -,n, is 
not 0 at (x, p,2) = (Wo, grad 2(%),2(%) ). 


This follows from the above arguments and from a theorem of Plis [2] 
concerning existence of characteristics on C1-solutions of equations (5), where 
£, p, z are scalars, y= (>, ie y”) and q= (dr A a q"), gk = 8z / 0y". 
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ON THE FINITE FACTOR GROUPS OF ABELIAN GROUPS 
OF FINITE RATIONAL RANK.* 


By SHREERAM ABHYANKAR. 


1. Introduction. In our recent paper we have given a provosition 
(Proposition 1 of Section 3 of [2]) to the effect that a finite factor group 
of a torsion free abelian group of rational rank one is necessarily cyclic. 
In the present paper we generalize this result to groups of finite rational 
rank, namely, we shall prove the following theorem. . 


THEOREM. Let À be a torsion free abelian group of finite rational rank 
n and let B be a proper subgroup of A of finite index. Then A/B is a 
direct sum of m cyclic groups with m Sn. 


From this theorem, in view of Satz 3 of Krull [4] and Theorem 1 of 
[5], we obtain the following corollary. 


Corotzary. Let K te an n-dimensional algebraic function field over 
an algebraically closed ground field k of characteristic zero, and let K* be 
a galois extension of K. Let v* be a real zero-dimensional valuation of 
K*/k and let v be the K-restriction of v*. Then the splitting group of v* 
over v is a direct sum of m cyclic groups with m & n. 


Now let us refer to the discussion of the resolution problem sandwiched 
between Theorems 2A and SA of Section 9 of our paper [2]. There we raised 
a valuation-ramification theortic objection to Theorem Z, which leads us to. 
conclude that Theorem Z must be weakened at least to the point as to read: 

. every singularity of f[V,] is an s-fold normal crossing with s= r +1. 
In view of Theorem 2 of [1]. the above corollary says that as far as valuation- 
ramification theory is concerned, this weakened form of Theorem Z is unobjec- 
tionable. This resolution theoretic implication accounts for our interest in 
the theorem of the present paper. 


2. Proof of the theorem. The proof of the theorem will be preceded 
by two propositions. We shall use the following notations. By R and Z we 
shall denote respectively the additive groups of the rational numbers and the 
integers. For a positive integer n, we shall denote by Z(») a cyclic group of 
order n. For a prime number p, we shall denote by Z(p”) the additive 
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group of those rational numbers whose denominators are powers of p. For 


abelian groups G, G1, Ga’ + +, Gm, we shall denote by @ G; and @ G respec- 
i=1 m 


tively the direct sum of Gu, Ga: - °, Gm, and the direcs sum of m isomorphic 
copies of G. For well known properties of finite abelian groups which we 
shall use, we refer to Chapter 3, of [6]. 


PROPOSITION 1. Let G=@Z(p”) where p is a given prime number. 

Let A be a subgroup of G and let B be a proper subgroup of A of finite 

index. Then A/B = B Z(p*) where the a are unique integers such that 
i=1 





1, SWS: <a, and MEN. 

Proof. Let @* (respectively A*) be the subgrovp of elements u in G 
(respectively in A/B) such that pu—0. Then G*¥—@Z(p). Since the 
order of every element of @ is a power of p, the same is true for elements 
of A/B. Since A/B is finite, we have es (p*) where the a; are 


unique integers such that 1 S a, S a2 S- > -S am This direct sum decom- 
position of A/B implies that A* = 77 (p). Let f denote the canonical 


homomorphism of A onto A/B. Det.. Ur, Uo’ ` *, Um be a basis of A* and 
fix v; in A such that f(v:) =u; Let 4, be the subgroup of A generated by 
Vi, Ve, © +, Um; let Bı = p4, and let 4,* be the subgroup of elements u of 
A, such that pu—0. Then B,C(AıNB) and [A,:B,]Sp™; since 
f(A.) =4:/(4ı N B) =A* we must have [A,:B,] = p” and B, =A, NB. 
Since A, is of finite order which is a power of p end since À,/B; — A* 


—@Z(p) we conclude that A = © Z(p"). Therefore 4,*— @ Z (p). 
Sinice A,* is a subgroup of G* we sir have mn. " 
Provostrion 2. Let G—@(R/Z). Let A be a subgroup of G and 
let B be a proper subgroup of B of finite index. Then A/B=  Z (a) 
with mEn. Z 
Proof. As in the proof of Proposition 1 of 2], R/Z = 8, Z(p”) 
where P is the set of all prime numbers. Hence F— 8, Zn (p° y where 


Za) = @Z(p*). It is clear that Z,(p°) is the putas of exactly 


those elements of G whose orders are powers of p. Let A, and Bp denote 

the subgroups respectively of A and B consisting of al those elements whose 

orders are powers of p. By Theorem [1] of [3], we have that A= @ A, 
, 2, peP 
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and B= @ B,. Hence A/B = @ (A,/B,). By Proposition 1 we have 
peP 


peP 
that for a given prime number p either -Ap = Bp or 


Ap/Bp = @ Z (pr) 
om ei 


with 1S ap S 0p SZ, and M Sn. Since A/B is finite, we must 








have A,—B, for all prime numbers p except for a finite number, say 
Pis Pay Te Ps. Then 


A/B— © {Ap,/Bp,). 


Let m = max (Mp, Mpo’ ` +, Mp,) and set 4; =0 if mZ2j>m,. For 
j=1,2%,: : :,m, let 
8 
g= IT per. 


il 


Then A/B— ® Z(q), with m<n. 
421 


Proof of the theorem. Since B is a subgroup of A of finite index, 

B is also of rational rank n. Let w,%,: : -,u, be a rational basis of B. 

Then w,,U2,° ` *,Un is a rational basis also of A. Let G—@R. Then 
n 


there is a unique isomorphism of 4 into G which maps u; (for i—1,2,:::,n) 
onto the element of G all of whose components (in the given direct sum 
decomposition of @) except the i-th one are zero and whose i-th component 
in 1. We shall assume that by this isomorpphism A has been identified with 
a subgroup of G. Let Z, ke the subgroup of @ generated by 21, Us,’ © `, un. 
Let G* = @/Z,, A* = A/7,, and B*=B/Z,. Then B* is a proper sub- 
group of A*, A* is a subgroup of G*, G* = @ (R/Z), and A/B is isomorphic 


to A*/B*. Now the theorem follows from Proposition 2. 
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FOURIER TRANSFORMS ON A SEMISIMPLE LIE ALGEBRA L* 


By HARISH-CHANDRA. 


1. Introduction. Let g, be a real semisimple Lie algebra and ho a 
Cartan subalgebra of go. Consider the connected adjoint group @ of go 
and its Cartan subgroup A corresponding to Bo (see [2(e),§2]). Put 
G* = G/A and 2*H=axH (z€ G, HEH), where æ—æx* is the natural 
mapping of G on @*. Let dæ* denote the invariant measure on G*. Define 
ras in [2(h), 83] and let ho’ be the set of those points H € hy where r(H) 0. 
Then we shall show that the integral 


PE) 7 (E) | fel) de® (HE by’) 


is convergent for FE (go) (see [2(h),§2] for the notation used here and 
below.). Moreover, if f denotes the Fourier transiorm of f, there exists a 
rather simple relationship between ¢7 and dr (see Lemma 24). This fact is 
the appropriate generalization to the noncompact case of Theorem 3 of 
[2(h)]. Let D: be a connected component of ho. One of our principal 
objects is to show that 


Tite SH ER) = (0) (HE, fE B(G0)), 


where c is a complex number independent of f. (This corresponds to Lemma 
16 of [2(h)] in the compact case). Actually, it would turn out that c= 0 
very often. Nevertheless, Ho and Hı can always be so chosen that c5<0. 
(The proof of these statements is rather long and will be completed only 
in the next paper of this series.) As we shall see in another paper, these 
results are intimately related to the Plancherel formula for any connected 
Lie group which is locally isomorphic to G. In the special case of the n X n 
real unimodular group, the above expression for f(0) in terms of œ has 
been obtained by Gelfand and Graev [1]. 

Let fọ be the subalgebra of gy corresponding to a maximal compact 
subgroup K of G. We shall see that for most of our proofs, the crucial 
ease is when Ño CE. Lemma 5 contains the fundamental inequalities which 
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allow us to establish the main properties of ¢; (see Theorem 2) in this case. 
In Section 5, we discard the above assumption on h, and extend these results 
to the general case. The most important one among them is the relation 
dan = 9(D) bs (DE T(g), fE 6(g)) which, in its turn, follows from Theorem 
1 of [2(h)]. On the other hand, these differential equations give us the 
above-mentioned results concerning Fourier transforms (see Section 6). 


Select Ho and D; as above, and put 
TG) = Lim 47(H58(r)) (HEH,f€ 8(g)). 


Then 7’ is a @-distribution on g, and we have to show that T’ ==c, where c 
is a constant. In Section 7, we shall obtain the weaker result that 7” 
coincides with a constant on each connected component of the set of regular 
elements in go. The problern is thus reduced (see the corollary to Lemma 29) 
to proving that the various constants so obtained are all equal. This requires 
a deeper investigation which will be carried out in another paper. 

In Section 8, we define the notion of a fundamental Cartan subalgebra 
and prove that any two suca algebras are conjugate under G. Moreover, we 
show that 

Lim y (H ;0(x)) —0 (HE, f€ B(go)) 


if Do is not fundamental. Thus it only remains to study the case when o is . 
fundamental. In particular, this is so if bo C fo, and so we again make 
this assumption. The principal result of Section 9 is contained in Theorem 
4, and its proof is based on Theorem 5 of [2(h)]. The rest of this paper is 
devoted to proving that the constant c, of Theorem 4 is not zero. Fer this, 
we have to make use of some (unpublished) work of deRham on the 
elementary solutions of a certain type of differential operators. (Similar 
results also appear to have been obtained by Gelfand and Graev [1].) We 
apply de Rham’s formula to the operator 4(w), where w is the Casimir poly- 
nomial of go. This enables us to prove (see Lemma 41) the existence of a 
connected component §, of Hy and of a function g€ (go) such that 


Lis gylti 80) Yom (HE). 


We shall need this fact in our study of the general case when 5b, is funda- 
mental but the corresponding Cartan subgroup is not necessarily compact. 
The main results of Theorem 8 have been announced in a short note 


[2(i)] (see also [2(j)]). 
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2. A preliminary result. Let R and C be the fields of real and .com- 
plex numbers, respectively, Æ, a vector space over R of finite dimension 
and F,.a subspace of Es Let E be the complexification of E, and F the 
complexification of F, in F. We identify (real-valued) linear functions on 
E, with their linear extensions on Æ. Let E’ be the space of all such 
functions. Then elements of E’ will be called real linear functions on Æ. 
Let F” be the corresponding space for F. Then EZ’ and F” are vector spaces 
over R. For any A€ E’, let À denote the restriction of A on F. Then AA 
is a linear mapping of E’ into F” whose kernel we denote by Æ,. Suppose 
we have introduced orders [2(f),§2] in Æ and F’. Then these orders are 
said to be compatible if À > 0 implies A> 0 (A€ #’). Given any order in F’, 
we can always define an order on E’ compatible with it as follows. Select 
any order on Z,’ and call an element A€ Æ positive if either A is positive 
in F’, or A€ EB,’ and it is positive in the order chosen in Ey. 

‘Let go be a semisimple Lie algebra over R. Define f, and po as in 
[2(c),§2] and let ay, be a maximal abelian subspace of po. We extend it 
to a Cartan subalgebra a, of go. Then ao = Ap, + a, where ay, = Qo N fy (see 
[2(c), p. 188]). Complexify go to g and let X, p, ay, a, ar denote the 
complexifications of fo, Do Qp» Qo Ay, respectively, in go. Now take? 
Es = ap + (—1)#a,, and Fo= Ap, in the above set up, and select com- 
patible orders in the spaces of real linear functions on a and ay, respectively. 
Let (a, ° -,@:) be a fundamental system [2(f), 82] of positive roots (of g 
with respect to a) in our order. Then if p = dim ap = dimz a,, we have the 
following result. 


Lemma 1. It is possible to select p roots, say (a, -,&p), among 


(a, ,0) with the following two properties? 
(1) &,- + -+,&) are linearly 2 
(2) If a ts any root, em +: +++ Mpp where m; are integers 


which are either all nonnegative or all nonpositive. 


Let Q be the set of all positive roots of g in our order and Q, the 
subset consisting of those «€ Q for which 4540. Select a minimal subset 


(a, ° °, æq) (say) of our fundamental system such that, for every a€ Os 
& can be written in the form &= mã, +-:-<+my&, where m; are all 
nonnegative integers. Then it is enough to prove that &,,:--,&, are 


linearly independent. This requires a few lemmas. 


1 We select once for all a square root of — ] in C and denote by (—1)* its k-th 
power for any integer k. 


*The bar denotes restriction on Ay 
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Lemma 2. Ifi, jare two distinct indices (11,59), then &— a0 
or & for any «€ Q. 


Without loss of generality, we may assume that 1—1, j=-2. In view 


of the minimality of our system (a,- : :,@), it is obvious that @,— a,’ 
720. So let us now suppose that &—=&+&, for some «€Q. Then 
= (må, +` + mods) + & where mı,' - +, Mg are nonnegative integers. 
Hence 


(mi —1)& + (mt 1+ È RT: 


It is clear that m, =, for otherwise, since &,>0 (1<k<q), the left 
side would be positive. Therefore 


= (m; + 1) & + > MS, 
8Sk£Q 


and we get a contradiction with the minimality of the system (a,: : -,@). 

Let B denote the fundamental bilinear form on g [2(c),§2] and 6 the 
conjugation with respect to the compact real form u—f,+ (—1)*p). Then 
| X ||? = — B(X,6(X)) (ZE g) is a positive-definite Hermitian form on g. 
. Since the restriction of B on ay, is real and nondegenerate, for each real 
linear function A on Qp, there exists a unique element I, € ay, such that 
BWT)=A(T) for all Peay. Define 6 as in [2(c), §2]. 


_ Lea 3. Suppose À is a real linear function on ay and X an element 
in go such that [T,X] =A(T)X for all TE ay. Then [6(X), X] =| X |]? Th. 


Let X=Y -+Z (YEP, ZE). Since [pp] CË and [p,f] Cp, it 
follows that [T, Y]J=A(T)Z, [T,Z]=A(T)F (TE a). Moreover, [8(X),X] 
= 2[(Z,Y], and so it is clear that [9(X), X] lies in p, and it commutes 
with every element in ay, Therefore, since ay, is maximal abelian in po, 
[0(X), X] E€ ay, Finally, if Tea, 


BY, [6(X), XI) = — BIT, X], (£)) =— AL) BCX, IA) = A(T) || X17, 


and this prove that [9(X),2] = | X |? Ty. | 

For any two linear functions À and p on ay, put (A,p>=A(T,) 
—B(T,T,) and |à] = (AA 0. Then if 150, |A| =| TK >0. Let 
3 be the set of all linear functions À on ay for which there exists an element 
X0 in go with the property that [T, Xa] =A(T)Aı for all rE ap. It is 
obvious that 3 consists of zero and + & (a€ Q.). l 


LEMMA 4. Suppose À 1€ X and 1— nés. Then OS 0. i 
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Select nonzero elements Xy, X, in go as above. We may assume that 
| Xa | =1. It follows from our assumption that neither À nor p is zero. 
Put X=] a| Xp Y=6(X) and m =2] a| r, Then [Y,X]=T,, 
[To X] =2X, [Fo F] =—2F. Hence Io == REX + EY + RT, is a three- 
dimensional Lie algebra and Z —> ad Z (Z€ [o) is a representation of I, on go. 
Now (adT,)X\—=A(T,)Xı and (ad Y)¥,=0 since À—uwéx Therefore 
it follows immediately from the theory of finite-dimersional representations 





of I, (see [2 (a), Lemma 1]) that A(T.) S0. But A(To) =2 | y [2A (Ta); 
and so we conclude that <A, p> 0. 

COROLLARY. If ii (1St4jq) then <ã, à> S0. 

This is an immediate consequence of Lemmas 2 aad 4. | 

Now we can prove that &,: ` -,&, are linearly independent. For other- 


wise, since they are real, we could select a€ R (1<i<q) not all zero such 
that aãı +: :+aoäg—0. We may suppose that a,:::,a, > 0 while 
Gay 54450. Then if bj=— 0 (k<j£Q), 


CAR + ote + Axa = Dirsi Grex + as + bgko =À (say) . 
Therefore 


[Al E E adja, > SO 


1SiSk k<jSq 
from the above corollary. This implies that à= ud +" -+ apr = 0 
which, however, is impossible since @,,- : :,4, are all positive and a,-- +, ay 
> 0. This completes the proof of Lemma 1. 


3. Some inequalities. The positive-definite Hermitian form 


|| X ||? =— B(X, 6(*£)) (KE g) 





defines the structure of a Hilbert space on g. For any linear transformation 
T in g, put | T = sp(T*T), where T* is the adjoint of T with respect 
to this structure. It is clear that (ad X)*=-—ad‘6(X)) (Xeg), and 
therefore || ad XY || = || X |. Let G be the connected acjoint group of g and 
K the analytic subgroup of @ corresponding to fo. Then every element k€ K 
is a unitary transformation on g, and therefore | & | — 1. 

Let ġe be a Cartan subalgebra of go. Until the end of Section 4 we 
shall assume that Bo C fo. Let D denote the complexification of hy in g and 
P the set of all positive roots (under some arbitrary but fixed order) of g. 
with respect to h. Let P_ and P, be the subsets of P consisting of the compact 
and the noncompact roots, respectively (see [2(£), p. 751]). Put m—= IT « 
Then z, is a polynomial function on 5. SPAS 
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Leama 5. Supposexe G and HE}. Then 
| 2H + 6(¢H) ||? = 2] H |? +2 || 2H |P. 
Moreover, there exist integers m,q = 0 and a positive number c such that 
|e || | o(H)|*Se | eH +9(2H) |" 
for all xE G and H€ bo. 


K being compact [5], any maximal abelian subalgebra of fp is conju- 
gate to Jo under K.. Hence we can select k€ K such that k(a;,)C ho. Then 
k(ay) is also a maximal abelian subspace of po, and therefore, by replacing 
a, by kao, we may assume that a, C hc. Let Ay be the analytic subgroup 
of G corresponding to ay, Then G=KA,K (see [2(g),§12]), and every 
element in K is a unitary transformation on g which commutes with 6. 
Therefore for the proof of our lemma, it is obviously enough to consider the 
case when «ak (a€ A„kEK). Fix an element H € ho, and put kH =Y. 
Then vH —aX and 6(tH) —a"X. Hence | cH + 6(¢H)| = | aX +a X |. 
But since a is self-adjoint, it is obvious that || aX + a 4X |? = || aX |? 
+ | atX 2+ 2 X]. Moreover, | atx || = || @(aX) || = | aX |, and’ there- 
fore 








[eH + 6(#H) P= 2] XP +2 | aX |? =2 | H P+ 2] 2H |. 


This proves the first assertion. The proof of the second statement is, how- 
ever, more complicated. | 

Define Q and @, as in Section 2, and for any root ß of g with respect 
to a, choose an element Xg>£0 in g such that [T,Xg] = B(T)Xg for all 
réa. Then the function 98:T—ß(#T) is also a root. Let Q- be the 
complement of Q, in Q. Then if BE Q_, 08 =f and Xs, Xg#€t. On the 
. other hand 68 <0 if BE G,. Put 1— 2 CX8, y 2% CX_,, and let { be 

EQ- er 


the centralizer of a, in £ Then ID ay and 
g= ++ a Hi =E yalp 


where all the sums are direct.? Therefore 








dim f == dim g — dim ay — dim q = dim I + dim q. 


Define a linear mapping & cf I+ q into Ë by $(X) =X +6(X) (XE (+ a). 
. Since (1+q) N p= {0}, the kernel of ¢ is zero. Therefore since Ë and 
I+ q have the same dimension, ¢ is an isomorphism of I-+gq onto fF. 


3 All the facts stated here are well known (see [2(c), p. 188]). 
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Now if T€ ap, adT is a self-adjoint operator on g, and its eigenvalues are 
zero and + B(T) (B€Q,). Therefore 

(ad P)*Z | ZA (£T) I (adT)Z | (ZE g, T E am), 


where A(T) min |ß(T) and £ runs over all roots in €, for which 8 (T) #0. 
(In case T=0, we put A(T) =0.) 

Now select* &,- - -,%)€@Q, according to Lemma 1, and choose T;€ a, 
(SiS p) such that? u(r} =y (1SijSp). Then (T,:::,7,) is 
a base for ap, over R, and it is clear that A(T;) =| a(Ti)|—1. Therefore 


laadr) Z |] = || (ad T;)Z | (ZE g1<i<p). 


Let Y be an element in qo = qN Qo. Then ad Y is nilpotent and B(Y,Y) 
= B(8(Y),4(Y)) —0. Therefore 


BNP =—2B(¥, 6(Y)) =2 | F |’. 
Hence if la == N go and X E h + qo, 
l (ad Ty)? X) |? = 2 | (ad Ty)? X |? 
since (adT;)”X € qo. Moreover, (adTy)* commutes with 6. Therefore 
| @( (ad Ti)? X) |] = | (ad Es)? 6(X) | = | (acs) $(X) | 
as we have seen above. ‘Hence 
(ad Ty)? X || = 24] (adTi) o(4) | (ÆE lo + Qo 1 SE p). 


On the other hand, we know (see Iwasawa [3]) that go is the direct 
sum of fo, ap, and qo, so that 


dimz qo = dim gr Go — dim r fy — dime ay, 
= dim g — dim Ë — dim ay = dim q. 
Therefore dim (Lo + qo) = dim + dim q = dim f = dimg fo. Since (Io + qo) 
is obviously contained in go, it follows that ¢ defines a linear isomorphism 
of Lo + qo onto fo. Let y denote the inverse of this isomorphism. Then the 
above result may be written in the form 
(ad Di)? w(K) | 24 | (ad X): | (X€f,1StS p). 
Let (ad X), denote the restriction of ad X on p (X € fo), and put «K)=|y|, 


t All our lemmas are true trivially when gq, = f. So whenever it is convenient for 
the proof, we shall assume that po z {0}. 
88, = 1 or 0 according as i = j or i £ j. 
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where y is an eigenvalue of (ad X), with the smallest possible absolute value. 
Then since ad X is skew-adjoint, it is obvious that || (ad X)Y | =u(X)| Y | 
(Yep). Therefore 


i | (ad Ty) *y(X) | Bere TI IL | (ad X)T; || = eee)? LE Ti]. 


Moreover it is obvious that re Be (k€ K,XeEf,). Hence 


IL | (ad Ti)? (4H) | & cou (H)? (H € ho, kE K) 
1SiSp 
where co = 2/2 IT || I; || is a positive constant. On the other hand, it follows 
1SiS 


from the definition of „(H) that u(H) = mn | B(H)| (Hehe). Therefore 
I Kairo = min | BD ' (HE Nok K). 
1Si£p € Po 


Now observe that | 8(H)|S | H | for any BE P. Hence if qo is the number 
of roots in Po, 


| H je min | B(H)| = II |8(#)| = | 7(Ħ)|, 
BE Po pers 


and therefore 
LA [or TL (ad ni)? y (EH) = co | mo) |? (HE ho, bE K). 
1£i£p 


Let ap be the set of all TE ap such that a(r) 20 for every a€ Q. 
It is obvious that T= tI; +> +4,07, (HER) lies in ay,” if and only 
if 4,---+,tp=0. Let A,* be the image of ay,* in A, under the exponertial 
mapping. Then it is known (see [2(g), Lemma 38]) that G=KAy’K. 
Hence in the proof of the second assertion of our lemma, we can assume 
that ze Ay*K. Select a maximal set (2, ` -,&) (rÆ p) of roots in Q, 
such that @,:--,%, are all distinct. Then it is obvious that = 2 Mi» 

1SjEr 

where qy is the set of all Y € q for which [T, Y] =a,(T)Y(TE à). Möreorei; 
adT is self-adjoint for TE ay, and so it is clear that q; (1Æj<r) are 
mutually orthogonal. Similarly I, q and q- are orthogonal to each other. 
Now suppose «ak (a€ Ayt,k€ K) and H is a fixed element in §, such 
that m(H) 0. Then if (RH) =L4+XN (LEl X Eqo), we have 
kH =2L-+4+X+06(X). Hence 


| 2H + 6(2H) |? =2 | H |? +2 | 2H |? 
=16 [LP H4 X+ 2 aX P+ 2 | are |? 


Put v= max | a(T;)| for «€ Q and 1<i<p. Then since no eigenvalue of 
at : 
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ad T; can exceed y in absolute value, || (ad r) Z| Sv Zi (2€¢,1SiSp). 
Therefore if a=expT (TE ay,t) and X, is the orthogonal projection of X 
in q; we, have 


l aX |? = v* | (ad Pi)? aX ver! È emDa;(T) | GP (Zip). 
Sj=r 
Now we claim that 


ety (T) = ea (T;)? 


for «€ Q,. This is obvious if «(T;) = 0, and so let ue suppose that «(T;) 0. 

We know that en ++ +--+ vp%, where y= a(T,;) (Lj Sp) are non- 

negative integers. Therefore, since T'E at and v=«(T;) 21, we conclude 

that a(r) Zn (T) Za«(T), and our inequality follows. This shows that 

aX |? vt DB euD (T) | X; |? =v tere | (adi)? X |? (1Sisp), 
1Sj£r 


and therefore 


| eH + 6(a2H) |? = | aX |? = vorm Hu l'adr;)?X |, 


where y==@,-+@,+-++-+a,. On the other hand, 
(2h? —Jal*—spar—14 3 (em + en), 
acQ 
where 7 = dim a. Moreover, it is obvious that «(T) Svy(T) for any a€ Q. 
Therefore if n—dimg, || a |?= neY, Also (ad Ty)? y (kH) = (ad Ty)? A. 


Hence it follows from our earlier result and the first assertion of the lemma 
that l 


| e |] Ent | cH +IP IL „| (ad Ty)? X |} 
S nr | cH + (2H) we I: n ) |7 E era 
S by?” | cH +0 (2H) |” {co | ro (H) |? || cH + 0 (2E) r}, 


So by taking q = pr, m = pr and TR w2 get the second 
ment of the lemma. 


Lemma 6. Let À be any real linear function on a. Then there exists 
an integer mZ © such that 


ADS expr 
for TE ‘ay,’ 


Tt is clear that + 


Jexpr t= 3 eMZrexp(@rt 5 RCE) (TE ay"), 
acQy ö + < 


acQ 
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where r is the number of roots in Q,. Moreover, we can obviously choose a 
positive integer s such that 


s(% (T) + a2(P) +: -+%(T)) BAT) 
for TE a. Therefore . 
lexpT | = exp(s Z a(T)) ÆexpA(T) | (TE an"), 
ae Qs 
and this proves the lemma. 


COROLLARY 1. Let dx denote the Haar measure of G. Then there 
exists an integer s= 0 such that 


f 1er <e. 
G 


Let dk and dI, respectively, denote the Haar measure on K and the 
Euclidean measure on ay,. Then it is known (see [2(g), Lemma 38]) that 
one can normalize dx in such a way that 


f 9a) | g(k(expl)k’) p(T) dk dr dk’ (g€ C.(@)). 
G KXap,*xK 


Here C.(@) is the set of all continuous functions on @ which vanish outside 
a compact set and 
w(P) = TI (eee), 
ac@Q+ 
It is obvious that 
a(T) S exp( x «(T)) (TE au‘). 
a + 


Select a real linar function À on ay such that f | er ArT <æ. Then from 
Lemma 6, | a 
exp (à (T) + 2 +0) S | expT |? (TE ay,*) 
for some integer s. Hence 
p(T) exp T [e S er, 
and therefore 


MOR Ji! expr [amas f OP ar <e : 


if we assume that J dk = 1. 
K 


Let o be a representation of G on a finite-dimensional Hilbert space V. 
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For any linear transformation T on V, put | T || = {sp(T*T)}%, where T* 
is the adjoint of T. 


COROLLARY 2. We can find an integer mZ 0 and a positive number c 
such that |o(z)| Sell x |” for all ce G. 


Let us denote the corresponding representation of g also by vo. 
If S is à nonsingular linear transformation on V, we know that || 80 (2) 8"! || 
<| S | lo(z)} S=], and therefore it is permissikle, for our proof, to 
replace o by an equivalent representation on V. Since u=%-+ (—1)ips 
is a compact real form of g, we may, by going over to ar equivalent representa- 
tion, assume that o(X) is skew-adjoint for X Ex. Then o(k) is unitary 
and o(a) self-adjoint (k€ K,a€ Ay). Therefore, since G—KAy'K, it is 
enough to consider the case when sE Apt. Let d= Jim V and A, ',Ar 
be all the distinct weight of o (with respect to a). Then A; are all real 
linear functions on a and so from Lemma 6, we can choose an integer m = 0 
such that e4( < | expr |” (1Z<i<r) for Tea,*. This proves that 


| o(a) j S dmax MD S d Ja | 
i 


if a=expT (TE ay,*). 


4. Applications of the above inequalities. Let 3, denote the set of 
all continuous functions f on go such that 


vm (f) = IADA HE+)” < 0 


for every integer m= 0. Also let ho” denote the set of those points H € hy 
where r0(H) 540. 


LEMMA 7. Let m be a given integer 20. Then we can find integers 
qm, Z0 and a positive number c, such that 


(HIH pe no) f fel | fH dS malt) 


for HEY”, fe do and any integer q,.20. Mereover if Q is a compact 
subset of GX ho’ X G and FE do, the integral | 


S deny tr Isa) | dz 
converges uniformly with respect to (2,H,y) EQ. 


Choose an integer s220 such that f | fæi-s dx <oœ (Corollary 1 to 
: G 
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Lemma 6). Then from Lemma 5, we can select integers q, m ze and a 
positive number c, with the property that 


| ro (H) |e el" Se, | oH + 8 (28) m 
forall He Do and 3€ G. Then since | H | S |H +9#(zH)|| (Lemma 5), 
(11H) | wo) | | FEE) S came P) |e 


and therefore if we put 
=o f leds, 


our first assertion follows. Now suppose (z, H,y) €Q and fE do. Then 
|| zey |" | f (22u H) Sex | wo(H) [4 vm (f) I zey Fe. 
But || l = | 2 ey)y | S 2 lley I y> |. Therefore 
I ey ES a del yi 


and 
Lay |" | Fey) Sc | ro (B) | vm E)E ey lee” 


It is obvious that |o (ÆÆ)|-8 | 2 | | y |° remains-bounded on the compact 
set 9, and so our statement about uniform convergence follows from the 


fact that f Lx [re de <o. 


From now on we shall make use of the notation and terminology of 
[2(h)] without further comment. Let 3 be the set of all f€ O” (go) such 
that Dfe 3, for every DE 8(S(g)). Let B be the universal enveloping 
algebra of g, and define Ty (X€ qo) as in [2(h), ss Then we have seen 
nm 3 of [2(h)]) that | 


g(z;b:X; ge: X;0(Tx(b XÉ)), 


where g € C"(qgo), BEB, £E S(g), sE G and XEge Suppose b and é are 
fixed. Then it is clear, from the definition of Tr, that we can select a 


finite number of linearly independent elements é,,:--,é€8(g) and also 
Pist © +> PrE S(g) such that 

D(X £) = piX)é + + pX) (X € go). 
Therefore i 


9(8;6:X;9(E)) = 2 Ma: £3 0(8)). 
On the other hand, if Eye S (3), 
g(a: ÆX;0(n)) =g (2X; ar). 
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Therefore | 
g (2X ;0(6)) =g (eX 5 0(E")) AZ£izr). 


and again we can select a finite number of linearly independent elements 7; 
(17s) in S(g) such that 


EF = $, ayla) (isisr), 
1SjSs 


where ay are analytic functions on G. Moreover, we know from Corollary 2 
to Lemma 6 that |a,(z)|Sa]z |” (ze G), where m is a suitable non- 
negative integer and a a positive constant. Then 


|g(@;5:X;3(£))| Sale" Zi) g (2X ;8(n;))|. 


Now suppose g€ $. Then d(n,)g€ do, and it follows from Lemma 7, that 


f | cy |" | g (wyH ; 8 (m) | de 


converges. uniformly with respect to (y,H) on every compact subset Q of 
GX”. Thus we have obtained the following result. 


Lemma 8. Suppose fe 3, beB and £E S(g). Then if Q is a compact 
subset of GX ho”, the integral 


DCR AO 
converges uniformly with respect to (y,H)€ Q. 
Put Y = Bq. 


COROLLARY 1. The notation being as above, 


EEEO » 
G 
if DEB’. 
For a fixed H € br”, put 
Ply) = f flay: Hs0(8) ae (ye @). 
Then it follows from Lemma 8 that F is of class c” on. G and 
F(y:b)= J aysd:H50(8))de 


for b€B. But since the above integral for F(y) converges absolutely, it 
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follows from the right invariance of the Haar measure of G, that F(y) is 
actually independent of y. Therefore F{y;b) —0 if be 8”, and our asser- 
tion follows by putting y=1. | 
CoroLLARY 2. Put (H) -f f{cH)dx for fed and HEYF. 
G, 
Then $j is of class C® on hs” and if vE S(b), 


$ (H;0(0)) = [_ Ma: H;0(0))de (HE Hs"). 


This is an immediate consequence of the uniform convergence of 


f li@:13a(v)) | a (ve 8(5)) 
G 
with respect to H on each compact subset of ho”. 

Lemma 9. For given b= 8 and E€ S(g), we can select integers q, M Z0 


and a finite number of elements di, : -,d € 8(S(g)) such that 


CDR + LA De f Ked: (ON de £ Z vald) LEH 
for fe 3 and any integer q = 0. | 


Let us keep to the notation of the proof of Lemma 8. Select g, m, and 
c corresponding to Lemma Y. Since p; are polynomials, we can select an 
integer q = 0 and a positive number c, such that 


[aD Sape (Z£i£r) 
‘for all Ye g. Then if q Z0, fE d and HE hy”, 


+12 De | (mle | | flesb:H50()| de 
S| m+ 1H pewar E f Iel | fe 6(y))| de 
S accır 2 Vinyairas (O13) f). 


The assertion of the lemma is now obvious. 
Define #/ (fE 8) as in Corollary 2 to Lemma 8. 


Corottary. For each 4€ D(b), there exist integers ,m=0 and a 
finite number of elements d,,: - -,d, € 8(S(g)) such that 


(DAHADA EDE E yma) (HE Be”) 
for FED and any integer q,=0. = 


FOURIER TRANSFORMS ON A LIE ALGEBRA, I. 207 


lt is obviously enough to prove this when d is of the form uô(v) 
(u,v € S(g)-). Select an integer g2=0 and a positive number c such that 


ju(H)|Sc(1+ 4H l)e (Hey). Then 


| of EDEA + la De f | f(@:H30(0))| de 


from Corollary 2 to Lemma 8, and the desired result now follows from 
Lemma 9. 

We recall that /(g) is the algebra of those polynomials in S(g) which 
are invariant under G, and for any p€ S(g), à denotes the restriction of p 


on §. Furthermore, r= ]] a. 
aeP 


Txeorem 1. For any fE d, put 


éy(H) = (H) f f(aH)ar (H € be”). 
G 
Then d, is a function of class C° on ho” and 
pacs = 9(E) pr (€€ I(g)). 


The first statement follows from Corollary 2 to Lemma 8. Let be’ be 
the set of those points H EH, where r(H)-£<0. Then §,’ is a dense subset 
of ho’; and so for a fixed é€I(g), it would be enough to prove that 
parer —O(E) dy is zero on ho’. Fix an element H € bẹ, and put d=H(E) or. 
Then de D(h), and we know from Lemma 8 of [2(h)] that 


f (2H 30(&)) =2(H) “f(z: H; du) + D Ileb H38(m)) (z€ G), 


where LEW, ve S(b) (1Si&r) and dy is the local expression of d 
at H. Therefore it follows from Lemma 8 and its corollaries that 


or) | FH) dre f fle: Hs du)de 
= $/ (H; d) = (H ;4(é)). 
This proves the theorem. 
For any integer mÆ0 and de 4(S(g)), consider the function ma: 
f—vn(df) (fE 3) on ð. Obviously, it is a seminorm, and we can define 
a topology on 3 by means of the collection of all such seminorms yma. 


In this way 4 becomes a locally convex space. Since 5,” is an open subset 
of Ho, the space £(he”) can be defined as usual (see [2(h), §2]). 


THEOREM .2. For any f in 3, dr lies in (b) and f— dy; is a con- 
tinuous mapping of 3 into B(Bo"). 
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Let U be a subset of ho’. We shall say that U has property (A) if 
for every v€ S{b), we can select an integer M = 0, a real constant c=1 
and a finite number of elements d,,: - -,d,€4(8(qg)) such that 


(A) +III” | ¢(436(%))[S Of vue (dif) 


for HEU, f€ and all integers g 20. Clearly the union of a finite 

number of sets with property (A) again has the same property. Similarly 

(A) holds for the closure of U in bo” whenever it holds for U. Let w be 

the order of the Weyl group W (of g with respect to b). From Lemma 11 

of [2(h)], we can select homogeneous elements v, : :,w4€ S(b), such 

that S(h) = © I(ġ)v For any ve 8(§), let yi(v) denote the unique 
1Si=w 


elements in Ila) such that v = > yi(v)v; (see [2 (h), Lemmas 9 and 11]), 
1£iSw 


and put Di(v) =d(y;(v)). Then if fE d, we know from Theorem 1 that 


I~) d= 3 Ilpo 
1Sisw 
and therefore 


| (H;8(v))| = 2 | poitr(H 3 8(%) ) | (HE ho’). 


This shows that in order to prove that U has property (A), it is enough 
to check this property for v= vV, ¥2,: + ,v% only. Finally, it is obvious 
that Theorem 2 would be proved if we can show that ho” has property (A). 

Since ġo’ is a dense subset of ho’ and it has only a finite number of 
connected components, it is enough to prove that each connected component 
of ho’ has property (A). Let §, be a connected component of hy’ and P’ 
the set of those roots « (of g with respect to D) for which — (—1)4a takes 
only positive values on D. Then we can select a fundamental system 
(@,° + +, %) of roots in P’ (see [2(f), p. 749]). Choose a base Ha © -, Hi 
for ho over R such that o;(H;) = (—1)*y (17,91), and let (h,- - -,h) 
denote the system of Cartesian coordinates in Ñe corresponding to this base. 
By a monomial we shall mean a function T on b, of the form T == t,t- - im, 
where gı’ ' °,q1 are nonnegative integers. q; is called the exponent of t; 
in T. In particular the monomial whose exponents are all zero is 1. We 
introduce a lexicographic order in the set of all monomials as follows. 
Suppose T—tm.. ta, T’—t@- - tar are two distinct moncmials. 
Then we say that T< 7’ (or T’ >T) if q< q where i is the least index 
(171551) such that g:Aq/. It is obvious that every nonempty set of 
monomials has a lowest element. Furthermore, observe that every monomial 
takes only positive values on §,. We say that a monomial T has property 
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on r. Put c= 00,2, r =r(w?-+1), and let d? (1=j<7+) denote the r ` 
differential operators d;ð (prr) and dj; (1SjSr,1Sh,kSw). Then since - 
f and q’ were arbitrary, the above result shows that 


Tell E raree(di'g)} (1 + | logt D 
sjsr' 
on r_ for any gE 3 and g 20. Applying this result to 4(px)f, we obtain : 
pi |p| Sata (1 + | log t |) (1SiSu,fZ0), 
on r_, where 
. “r= 3 È var (4/0 (pax) f)- 
1SjSr’ 1<h,k<w 


Again, we find by integration that if H € +, 


|$i(Z)| S| $i(Ho)|+ [int (1—s)Hn)| ds 
S {by + (6162) Tg} (A(H))*, . 
since f (1 -+ |logs|)ds==2. Therefore 
| pi du] Seat (de + ae) 
on r., where ¢;==2c,?c,. On the other hand, since ç— 1, | 
pt |i] Ste! | pi | S tby Sethe 
on r, Therefore 


AT, KW) | Saft 3 D var (do (par) ) + 2 ae (if IE 


1$j£r" ISh kS 


on §, for g 20 and 1<i<w. Again, since f is an arbitrary element of ` 
ä and ca is independent of f and q’, it is clear that the monomial: T, has : 
property (A’), and so we get a contradiction as before. This completes the : 
proof of Theorem 2. 


5. The general case. We shall now discard the assumption that hy C fo. 
and try to extend Theorems 1 and 2 of Section 4 žo the general case. But 
first we need some preliminary work. 

As before let @ denote the conjugation of g with respect to its compact: 
real form u==f,-+ (—1) 3p. 


Leama 10. Let m be a subalgebra of g such that (m) =m. Then: 
m is reductive in g [4]. 


It follows from our hypothesis that m is the complexification of the - 
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subalgebra mo =mMu. But u being compact, m, is reductive in u and so 
m is reductive in g. 

Let D, be a Cartan subalgebra of go such that (bo) =o. For any 
(real-valued) linear function A on du,=HaN Po, let gon denote the space 
of those X € go for which [H,X]=A(H)X for all H €p. Let m, be the | 
orthogonal complement of Hy, in goo. Introduce an order [2(£),82] in the 
space of linear functions on by, and put 1 =È to Obviously, m, and 1 


are subalgebras of go and no is nilpotent. Moreover, it follows from its 
definition that 0(m.) =m,. Therefore, from Lemma 10, m, is reductive 
in go- . 

Let G be a connected Lie group with the Lie algebra go, and let K, N 
and A, be the analytic subgroups of @ corresponding to fo no and Hp. 
respectively. Put Mp, = Mo N bo. 


LEMMA 11. The mapping (k,X,a,n)>kf(expX)an (ke K, XE ny, 
aE Ay, ne NV) is a one-one regular analytic mapping of K X my, X Ap X N 
onto G. 


Let M be the analytic subgroup of G corresponding to m, Since 
dm) = ut, it follows that mo = mo N fo- ntp. Moreover, [mo to] C to, 
and therefore 8 = nlo + Dp + to is a Lie algebra and no is an ideal in 8,. 
Hence S = MAN is a group and N is normal in S. Let Mp denote the 
subset of A consisting of elements of the form expX (XE nmp). First we 
shall show that G—KI,A,N. Extend by, to a maximal abelian subspace 
ay, Of po. Let $ and % be the spaces of (real-valued) lincar functions on 
ap, and Hy, respectively. Select an order on % compatible with the one 
already chosen on % (see Section 2). Let Go, (AC &) denote the set of 
those X € go for which [H, X] =A(H)X for all H€ ap. Then if ño — 2 Gor 

0 


it is clear that ño is a nilpotent subalgebra of go containing no Let A, 
and Ñ be the analytic subgroups of G corresponding to ay, and ito, respectively. 
Then Iwasawa [3] has shown that G=KA,N. Moreover, in view of the 
above compatibility, it is clear that ay, + fio C Goo + no = 8. Hence A,N C S. 
Therefore G=KA,N=KMA,N. Now we claim that M = MM, where 
Mg NK. This is seen as follows. Since 5, is maximal abelian in go, 
it follows that Dr, = bo N fọ is maximal abelian in mo. Therefore the center 
of m, is contained in br, and, since m, is reductive, my = [mo, mo] is the 
orthogonal complement of this center in m. This shows that mo’ D Mp, 


® Whenever we speak of orthogonality or related concepts, they are to be understood 
with respect to the positive-definite Hermitian form || X |? (X€q) on g. 
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Moreover mo, and therefore also i’, is invariant under ø, so that mo 
=m N f+ my, This means that m’ N fo- (—1}up, is a semisimple 
subalgebra of u, and therefore it is compact. Then if W’ and Mx’, respec- 
tively, are the analytic subgroups of G corresponding to mọ and nN fb, 
we can conclude (see Mostow [5]) that I/’—Mx'My. Now let cy be the 
center of m, and D the corresponding analytic subgroup of M. Then 
to C m N Éo and therefore D CMAK and M—DM. This proves that 
M = MxMy, and hence G@— KMyAyN. 

Now in order to prove that our mapping is one-one, we shall first 
show that M N AN = {1}. Suppose m—=aexpX (m&eM,a€cA„XEn). 
Then if? be Ay, 


m = bmb- = a exp Ad (b) X. 


Since the exponential mapping is well known to be one-one on ñe, it follows 
that XY = Ad(b)X for all b€ Ay. This implies that [H,X]—0 (H €p), 
and hence X € no N (Hp, + mo) = {0}. Therefore m =a. Let exp po denote 
the set of all elements of the form expY (Y €p). Then every element 
in G can be written uniquely in the form kp (k€ K, pE exp po, see Mostow 
[5]). On the other hand M—MxMy, and therefore if m= kp, we can 
conclude that kE Mx, pE My. Moreover, a€ Ay C exp po. Therefore k—1 
and pE My N Ay. But again, since the exponential mapping is one-one on 
Do, p—exp Y, where Y € mp N bpo = {0}. This proves that m—1. Now 
suppose KE KMS. Then k= man (m€ M,a€ Aym<N), and Ad(k) leaves 
no invariant. But Ad(k) =6Ad(k)6+, and therefore Ad(k) also leaves 
0 (no) — À So invariant. This implies that Ad(n) = Ad (am-tk) leaves 
n<o 


O(n) invariant. However, this is possible only if n=1 as follows from 
Lemma 13 below. Hence k= ma. Now let m—=m,p, where m, € Mx, p € My. 
Since Hy, and nt, commute, m, tk = pa € K N (exp po) = {1}, and so a = pt. 
But my, N Hp, {0} and so My N Ay— {1}. Thereïore a=p"—1, and this 
proves that k=m,€ Mx. Hence K NS—Mxz. Let us now assume that 
kymyayny = kymedents (kı € K, my € My, a € Ay, ni E N, t= 1,2). Put mami = si. 
Then kytk, € KN S—My, and therefore k= kım, where me Mx. Then 
mi (mm) € M N AN = {1}. Hence mm, = m,. But since both mı, ma € My 
C exp po and m€ My C K, it follows that m—1 and m, —m,. This proves 
that b, =k, Also one knows (see Iwasawa [3]) that the mapping (a,n) 
an (aeA,neN) is one-one. Hence a, = Gr, nı = Nz, and this proves 
that the mapping of Lemma 11 is one-one. 


Tæ—> Ad(x) (æ€@) denotes, as usual, the adjoint representation of G. 
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The proof of the regularity is straightforward and we shall only sketch 

:it:here. Let & denote our mapping. In order to prove that ¢ is regular at 

(k,X,a,n) (k€ E, XE my, aE Ay, n€ N), we have to verify that the following 
:.linear:mapping D of gy is nonsingular.’ 


DZ=Z (Zen), DH=Ad(n*)H (H E€ bp), | 
i DY = Ad (na>) { (1 —exp(—ad X) )/ad X}¥ (Y E My); 
. DU = Ad(ntat)exp(— ad X) U | - (UE). 


: Put D’’=exp(adY)Ad(an)D. Then since gp is semisimple, it is clear that 
‘det D = det D’. Moreover, :f I is the identity mapping of go, Ad(n) —I is 
nilpotent, and so the restriction-of Ad (n) on no has determinant 1. Similarly, 
sine XY€my, Cm’, the restriction of exp(adX) on hun also has 
determinant 1. Hence if D, is the linear mapping of go/(p,-+ no) defined 

. by :D’j!det D = det Adı,(a) det D,, where Adı,(a) is the restriction of Ad (a) 

‘on Mo. But D, leaves every element in £,mod(Hp,-+ No) fixed. Hence it 
defines a linear mapping D: of go/(čo + bpo + No) and det D, — det D.. 
On the other hand, it is clear that 


Go = Goo + À Gort À Gow = Dre + Mo + no + 0 (mo). 
A>0 <LO 


Moreover, if Z € no, then 6(Z) = (0 (Z) + 2) —Z€ fo + no, and so no + 8 (no) 
C fo + no. Therefore go = Ype + Mpo + fo + to. We claim this sum is direct. 
. For suppose U € f N (byo + Mpo + no). Then 


U =0 (U) € det Mpo + 1o) N (byo + Myo + 8 (10) ) = Dya + Mp, 
“Hence UE to N (p + Mpo) C fo N Pe = {0}. Therefore we may identify 
 Go/ (Éo + Dre + No} with imp, in the-obvious way. If Yen, 

D'Y = {(exp (ad X) —1)/ad X}¥ = (sinh ad X/ad X) Y mod f.. 
' Therefore it is clear that 


det D = det (sinh ad X /ad X) my, det Adn, (a) 


‘(where the suffix my, denotes restriction on my). Since Ad(a) and 
- sinhad X/ad X are positive-definite self-adjoint operators on g, it follows 
- that det D > 0, and therefore & is regular. In fact, the following lemma 


“is an immediate consequence of the above computation. 


8 {(1— exp(—ad X) )/ad X} and sinh ad X/ad X are defined in the usual way by 
- means of their convergent power series. ; 
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Lemma 12. Let dk, da, dn and dx denote the Haar measures on K, Ay, 
N and G, respectively, and dX the Buclidean measure on my, Then it is 
possible to normalize them in such a way that 


da — det(sinh ad X/ad X) my, det Adu, (2) dkdadndX, 
where o=k(expX)an (ke K, XE my, @€ Ap, ne N). 
The following corollary is now obvious from Lemmas 11 and 12. 
COROLLARY. The mapping (k,X,n,a) — k(exp A }na is also a one-one 
regular mapping of K X my X N X Ay onto G, and of £= k(exp X}na, 
dz = det (sinh ad X/ad X ) my, dkdXdnda 
with the same normalization of the measures its in Lemma 12. 


In order to complete the proof of Lemma 11, we still have to prove 
the following result. 


Lemma 13. Let X be an element in n such that O(n,) is invariant 
under Ad(expX). Then X — 0. 


Let Ay << Ae <° <Ar be all the positive elements A€E% such that 
Gon {0}. Then if X 540, let i be the largest index (1Si=r) such that 
LEZ go, Then X=Xi+ Xai +: : +, where X;€ gor, (lSjsr) 

jz 


and X20: Now it is obvious that if F € go, 
exp(ad X) (Y) =6(Y) + [X,9(F)]modn, 


and [Xs 60(1)]€ Goo = p + tito. However the left side lies in 8(n) by 
hypothesis. Therefore, since the sum ýp, + no +11 + (to) is direct, we 
conclude that [X:,6(¥)]==0. Hence if H E€ bps 


ACH) B(X, 8(7)) = B((H, X], 0(¥)) = B(H, [X, 6(Y)]) =0. 


Since 44340, we can select H such that À(H)=£0, and thus obtaim 
B(X,0(Y)) ==0. Now take Y=; Then we get | X;||?—0, and so 
X;—0. This contradiction proves the lemma. 

Select an order on the space of (real-valued) linear functions on 
fy, + (—1)#5r, compatible with the one already defired in %. Complexify 
Do, Mpo No, ete., to D, my, n, respectively. Let P be the set of all positive 
roots (of g with respect to h) under our order. For each root a, select an 
element X,5£0 in g such that [H,X,]=e{H)X,. for all Heh. Let P, 
be the'set of those «€ P which are not identically zero on hy. The remaining 
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roots in P are divided into two disjoint classes P, and P_ as follows. If « 
is a positive root which is not in P,, then X, lies either in p or in Ë (see 
[2(e),§2]), and, by definition, « is in P, or P_ accordingly. Then P is the 
disjoint union of P,, P, and P_, and it is obvious that n = I CX,. Define 


aP, 


polynomial functions +,, m, and r- on B by m, = IE a, mo == [la w= [Į à, 


acP. B ep aePp- 
and put r=r,ayr.. j j 


We shall now assume ‘hat G is the (connected) adjoint group OBS go- 
Let A be the Cartan subgroup [2(e),§2] of G corresponding to ġo. Then 
A = Arp, where Ax = À N K (Lemma of [2(e)]). Let z—>x* denote the 
natural mapping of G on the factor space G* == G/A. We put @*H=zH 
for sve G and Heh. Since K is compact, we can normalize dk in such a 


way that f dk=1. Let dm denote the Haar measure on M and dr“ the 
K 
invariant measure on G*. 
Lemma 14. It is possible to normalize dm and dx* in such a way that 
f jad f - f(kemn)*) dkdmdn 
Gr KXMXN 
for fE C.(G*). 


It is clear that if the Haar measure db on A is suitably normalized, 


then 
f HOLZ) at f g (2b) db (9 € C.(@)). 
ae A 
‘On the other hand, from the Corollary to Lemma 12, 


f g(w)de = f g(kexp Xna)s(X)dkdXdnda, 


where s(X) = det (sinh ad X/adX)my, (X E my). Normalize the Haar mea- l 
sure dm’ on Mx— M N K in such a way that f dm’==1. Then it is well 


known (see [2(g), §12]) that dm can be so normalized that dm = s(X)dm’dX, 
where m=m’expX (m € Mr, X € my). Therefore it is obvious that 


f g(kexp Xna)s(X) dkdXdnda = f g(kmna) dkdmdnda. 


On the other hand, db==cda’da (b—=aa,a € Ax,a€ Ay), where c is a 


positive constant and da’ is the Haar measure on Ax f da = 1). There- 
fore, since a’ Ma1=M, a’Na’t==N (oe Ax), it is clear that 
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c f g(kmna) dkedmdnda == j dkdmdn f g (kmnd)db. 


KXMXN 
Hence 


c f ds* f g(xb)db = f dkdmdn j g(kmnb) db 
.G* A KXMXN A 


for g€C.(G@). Now suppose f€C,(G*). Then we can select (see Weil 
[?, p. 48]) g€C.(G@) such that 


f(2*) -Í g(xb) db (ze G). 


Hence 


f far)d®=c! f f((kmn)*) dkdmdn, 
a* KXMXN 
and this proves our assertion. 


COROLLARY. With the normalizations of Lemma 14 we also have 


f onir — f f((enm)*) dkdndm 
oe KXMXN 
for fe Ce(G*). 

Since [mo no] C no, it follows that mNmi=N (me M). Therefore, in 
order to prove the corollary, it is sufficient to show that | det Adn(m)|—1 
(me MM), where Adn(m) is the restriction of Ad(m) on n. Let m = m,m, 


(m,€ Mr, M€ My). Since Mx is compact and my, C [m mo], it follows 
that | det Adn (m) | = det Adn (m) —1, and therefore 


| det Adn (m) | = | det Adn(m,) det Adn(m2)|—=1. 


Put lo = p + mo. Then I, is a Lie algebra which, by Lemma 10, is 
reductive in go. Let { denote the complexification of Ip in g and ¢(L) (LET) 
the determinant of the restriction of adL on n. It is obvious that £ is a 
polynomial function on I which takes only real values on Ip. 


Lemma 15. It is possible to normalize the Euclidean measure dZ on no 
so that the following condition is fulfilled. If L is an element in io such 
that £(L) 0, then 


f sam f b+ 2) az (FE Gt +10) ). 
«AN No . 
COROLLARY. Let H be an element in ho such that m, (H) 340. Then 
fire 
for FE Ce(Go). 





da* = | eD f |f(k(mH + Z)) | dkdmdZ 
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It is clear that £(mH)—{(H)=7,.(H) (mei). Our corollary is 
therefore an immediate consequence of Lemma 15 and the Corollary of 
Lemma 14. On the other hand, since [1o no] C no, it is clear thatnL— Len, 
for n€ N and LE). Therefore Lemma 15 follows from the result below. 


Lemma 16. Let L be an element in l, such that €(L) 0. Then the 
mapping Z>exp(adZ)L—L (ZE no) is a one-one regular mapping of no 
onto ttself. 


Let ¢ denote this mapping. Then in order to show that & is regular 
at a point Z€ to, we have to consider the endomorphism D of no given by 


DY =— {ad L) { (1—exp(—ad Z))/ad Z}Y (TE m) 
and prove that det D540. But since adZ is nilpotent, it is clear that 
| det D | =| £(Z)| 540, 


and so & is everywhere regular. Moreover, it is well known that Z — exp Z 
is a one-one mapping of n, anto N. Therefore if exp(adZ)L=L (ZE tp), 
it follows that exp(tadL)Z=7 (t€ R), and therefore [L,Z]—0. But 
since (L) 540, this implies that Z—0. This proves that nL<L (n€ N) 
unless n=-1, and therefore #(Z,) —@iZ:) (21,22€ no) unless Z, = Z». 
Hence & is univalent. 

We have still to prove that (no) =No. Since 1, is connected, it would 
be enough to show that (no) is closed in no. This however is an immediate 
consequence of the following statement. Suppose Z varies in n in such a 
way that |exp(adZ)L—L | remains bounded. Then ||Z || also remains 
bounded. This is proved as follows. Since CL + Z is a solvable Lie algebra 
over the complex field, we can choose a base Z,,: + -,Z, for n over C 
and complex numbers ¢,---,¢, such that [Z, Fier 202: and 


[2 ZEN CZ: (Sisir). Moreover ¢,40 since £(L) 0. Let 
K>J 
tu,‘ ",t denote the complex Cartesian coordinates in n corresponding to 
this base. Then it is clear that for any integer j (1 & j Sr), there exists 
a polynomial p; in (j—1) variables 11,- + :,r;. with complex coefficients. 
such that | 
t;((expad Z)L—L) =—ct(2) +p(4(2),: + +, t+a(Z)) 


for Zen. Hence it follows by induction on j that if || (expadZ)L—L| 
remains bounded, the same holds for |¢;(Z)|. This proves our statement 
and therefore also the lemma. | 
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In view of the fact that | det D|—|£(L)|, Lemma 15 is now obvious 

. Let qo be any subalgebra of g, such that @(qo} qo, and let q be the 

complexification of qo in g. It is obvious that the fundamental bilinear form 

B is nondegenerate on q, and we know that q is reductive in g (Lemma 10). 

For any pE $(g), let pq denote the restriction of p on q. Moreover, if qo’ is 

a nonempty open subset of qo, consider the space 3(qo’) of functions 
fe C”(g,) such that 


vm (Gf ; Go’) ee se) ha | X + 6(X) |)" <% 


for every dE 4(S(q)) and every integer m20. We define a topology in 
3(qo’) by means of these seminorms’f—im(df;qo’) (m2 0,d€ 8(S(q))).- 
In this way, 3 (qo) becomes a locally convex space. Similarly, put 
7m(df 3 qo’) = sup A(Z; |Q IX)” for de D(q) and FE (q). We 
€ Go 
note that | 
vm( Of 5 Go’) S 2"rm (Af ; Go’) (de 0(S(a)) 
since | X+6(X)| SIX] + IE KT —2 4X] (XE g). 
Lemma 17. For any fE (Go), let gy denote the function on L 
given by - 
(2) — f 1G+ 742 (Leh). 


Then g€ 3 (Io) and f— g; is a continuous mapping of 3(go) into 3 (Io). 
Moreover Gains == 9(pr)g, for pE I(g). Finally, if FE (go) then grE B (Io) 
and f— gr (FE &(g0)) is a continuous mapping of B (go) inte 8 (1). 


Notice that J, n and 6(1) are mutually orthogonal subspaces of g. 
Hence || L +2 + KL + Z) |? = | 2+ 6(L) |? +2] 2 ICE E r Z E no). Hence 
if de a(S(1)), 


A442" ILAZ ALS AHIL ZU)" E+; d) 
= rm(df ; Go). 


We can obviously choose m so large that f (G +]2])”dZ<%æ. This 
_ shows that ; 


f |f(L+ 2;4)| dZ & vm(df ; go) f (1+ || 2 1) a2. 
To 
Hence the integral 
f f(L+4+24,;d)dZ 
To 
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converges uniformly with respect to LE, and therefore gy is of class 0” 
and 


g(L;d)—= J f+ 23a) ae. 
Moreover, it is obvious that 
vm (dgr 310) E mom (fe) f (14 12 Maz (m 20). 


Therefore g;€ 3({o) and the mapping fog, of (go) into æ (Io) is 
continuous. | 

Now let f be a fixed element in 3(go) and Q a compact subset in go. 
For any d€ 8(8(q)) and FEN, consider the integral, | 


f IFZ +Z;å)| aZ. 
Then : . 
[4 S14+6(2) |S |2+¥+04+F)] 
HIYA) S| 4+ 6(X)] + 2a (Yeo), 
where Y= + Z and a=sup | Y |. Hence 
ren 


IZD” |A +42;d)|=£ (1+ 20) "vn(df; go); 
and this proves that the above integral converges uniformly with respect to 
Yeo. Now put 
ms (+257 (FE g0). 
To 


Then it follows from the above result that ge C% (go) and 


g(Y;d) -f F(Y + 2;d)aZ (dE 8(S(g)), ¥ € go). 


But it is clear that g(Y +Z)=g(Y}) (Zem). Therefore dg—0 for 
ad€a(S(g)n). Therefore, in order to prove the second statement of the 
lemma, it is enough to show that p— p€ S(g)n for p€Z(g). This will be 
done in Lemma 18 below. af 

Now suppose f€ (gə). Then since max(| LU,(Z)SyL4zZ 
(LE, ZE no), 


(IZDE I” | f(LA-Z5 a) | S rmm (df; go) 
for dE 8(S(1)) and m,m,=20. Hence 


rm (4931) E tmm (438) f (A+ 12 D-rd2, 
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and this proves that g; €. 8 (Io) and f— gy is a continuous mapping of @ (go) 
into 6 (Io). 

For any X €g, let dx denote the derivation cf S(g) which .coincides’ 
with adX on g. | 


Lemma 18. Let p be an element in S(g) such that dup —0 for HE by. 
Then p—meS(g}n. 


Let œ, > -,a. be all the distinct roots in P,. Then Kay --,X4 is a 
base for n over C. Let M be the set of all monomials (in S(g)) of the 
form Xa: + Xa", where m,’ - :,m, are nonnegative integers. For any 
monomial M = Xa": X, ™, put Bu = Mao +: -+ m,a, and extend 6 
to an automorphism of S(g). Then it is clear that dyg6(M) = — Bu(H)6(M) 
(ZTE hy). Since g is the direct sum of 1, n and @(n), it follows that S(g) 
is the direct sum of S(1)S(8(n)) and S(g)n. Hence for any qE S(g), 
there exist unique elements qu € S(1) (MeMm) such that 


1— È qu (M) € S(g)n. 
Now apply du (H€ $y) to this relation, Then 
dng + Z quBu(H)8(M) € S(g)n 
since [5,1] = {0}. In particular, if daq — 0, we get 
l 2 quBu(H)0(M) € S(g)n. 


But as we have observed above, (S(1)S(@(n))) O (S(g)n) = {0}. Therefore 
we conclude that quB8s(H)—0 for every M.eM. On the other hand, if 
M41, it is obvious that the restriction of Bx on }y is positive in our order, 
and so we can select H € Hy such that Su(H) 340. Therefore if q= p, we 
conclude that py 0 for M41. This means that p—pi€ 8(g)n. But 
since p,€ S(T) and I and n+ 6(n) are mutually orthogonal, it follows 
that p= (pı)ı= pı Hence p— p€ S(g)n. 


COROLLARY. Let p be an element in S(g) such that dyp=O0 for all 
HEY. Then 6(p1) ge = gams (FE B(d0)) im the notation of Lemma 17. 


This follows immediately from Lemma 18. 

Put zm = ror. and let ho” be the set of all points H € h, where r(H) 40. 
We know that Is = by, + Co + mmo’, where co is the center and mp’ the derived 
algebra of nt. Moreover, mọ is semisimple and to’ = M0 N fo + My. 
Finally, Dn = ġo N Éo is maximal abelian in mp, and therefore br, N mp’ is a 
Cartan subalgebra of nt”. Let D and M’ be the analytic subgroups of M 
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corresponding to co and my. Then DCK and M=DM’. Let dy, dm’ 
denote the Haar measures cn D and W, respectively. We normalize them 


in such a way that f dy ==1 and 
D 


f f(m)dm— f … {(m'y)dm'dy 
M M'XD 


for f € CM). Now if X € co and Y,Z€ ma then B(X, [ Y, Z])=B([X, Y], Z) 
== 0, and from this it follows easily that c, and mọ are mutually orthogonal.’ 
Moreover m is orthogonal to by, by definition. Hence Hys -+ Co is orthogonal 
to mo. It is clear that Xa € m for a € Pa U P. Therefore since [p + e m] 
= {0}, we conclude that æ vanishes identically on p+ ce. This proves that 
wm(H) = rm(H-) (HE), where H_ is the orthogonal projection of H in 
bn. 

For any ge d(l,) and X€ by, +00, let gx denote the function on mọ 
given by gx(¥) =—g(X +Y) (FEms). Then if de 0(8(m’)), it is clear 
that (dg)x—dgy. Moreover since m, and by, + © are mutually orthogonal, 
we have 

vq (dgx 5 Mo’) S vq (dg; to) (gZ 0). 


This proves that 9x € (m). Furthermore, 
GHIDA + | F HKD S (A+ IXH YE H H F) pe 
(X € By, + Co; FE mo; g, qe = 0). Therefore | 
sup (1+ | X + 6(X) ||) vq (dgx 5 Mo) S vare (49 5 lo). 


Xe Dpotto 


Let D,” be the set of those points HE, where (HM) 40. Then for H € bi” 
and g€ 4(1,), consider the integral 


era fs (mE) dm = rm (H_) J gu mE) dm’, 


where 17, and M., respectively, are the orthogonal projections of H in By, + Co 
and BoM m. The results cf Section 4 are applicable to m,’ since hy, N Mo” 
is maximal abelian in m,’. Therefore since gy, € 3 (mo) and m(H_) = ro (H) 
0, the above integral is well defined. We denote its value by ¥,(H). It 
follows easily from Lemma 4 (applied to m,’) that Yg is of class C” on bo” 
and W9(H ; d) = wWay(H) for dE 6(8 (by + c)). Now suppose d, € 8 (8 (bp +c)) 
and d.ed(S(hNm’)). Then y,(H ; did:) — yag(H ; d2). Moreover, as we 
have seen during the proof of Theorem 2, we can choose an integer N 20, 





° Cf. footnote 6. 
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a real constant c= 1 and a finite number of elements d,’,- - +, dr E€ 8(S(m’)) 
such that 


(1+ | B-I)"ly(H3d)|S of È yma (di frs Mo’) 
for any FE A (Io), HE ho” and g 20. Therefore 
(1+ | 2+ 6(H) ||) | yo(H ; dido) . 
S (1+ || Ho + 6(Ho) |) (1 +2 | AEN)" | Yao (Bde) 
o S (2c)? (1+ | Ho + 6(Ho) De = vyg (dj (dig) mo; Mo’) 
S (Rc)T E vrg (dj dg; lo) 
1SjSr 








since dj (dig) nu, = (d/dig) x, This proves that yg € 3(Ho”) and the mapping 
g— y of Sl) into (b) is continuous. Let I<) denote the set of all 
elements in S({) which are invariant under M. Then it follows from Theorem 1 
(applied to mo’) that yao = 0(B)bo (PEI), gE (l)). Finally, suppose 
g€ El). Then 


(1+ IED | Yo (A; did) | 
S (14 | Bol) * + | H-1) | Yeo (A de) | 
ScT(1+ || Ho NZ vyg (dj (dag) 75 Mo’) 


=r 


SWNT S tyg (djdig 3 lo) 
1Sjsr 
since 
(14 | Ho dre ((d/ 9) m5 te!) S trae (Afdag jbo): 


This shows that in this case yg € (b) and g—>uv, (gE E(L)) is a con- 
tinuous mapping of @(I,) into (b). Thus we have proved the following 
result. 


Lemma 19. For any g€ &(l), let yg denote the function on ho” 
defined by - 


y (H) =rn(H) Sm an (H € fo”). 


Then WE (H) and g>yY, is a continuous mapping of d(l) into 
8 (bo). Moreover, Yan = 8(P) wy for pET(l) and gE B(L). Finally, if 
gE Blo), then pE C(b) and the mapping g—> Wa (g€ B(lo)) of B (To) 
into @(Yo’) is also continuous. 


Now for f€ 3(g.) and HE 9y’, put 


El) f Far Maar. 
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That this integral is well defined is seen as follows. Put 


f(X) = f |f(X)| ak (X€ go). 


Then . 
J li@*H)| de = |) [f(t + 2)amaz 

Ge MX 

from the corollary to Lemma 15. Select an integer r such that 
cm f (14 |Z a2 <o. 
No 
Then if fl fi(X+Z)dZ (Xe), 
To 
(1+ | X + 6(X) 1) 9 (4) S rar (F 5 Go) 
for any integer g=20. Hence by applying Lemma 7 to mọ, we conclude 
that f g(mH)dm <o. This proves that the above integral for œ; is 
M 
convergent. For any fE (go), let f denote the function 
H(X) = f_reXyat (Z € go). 


Since 6(kX) —K0(X), it is easy to see that FE (go) and fof is a 
continuous mapping of 3(go) into itself. (Similarly if fe (gə), one 
proves easily that FE (go) and f—f (fE @(go)) is a continuous mapping 
of (go) into itself). Moreover, the above calculation shows that 


$ (H) = (H) | 7, (H) |7 f(mH + Z)dmdZ 
: AIX tq i 
—«(Hrn(4) f fm +Z)dmaZ (f€ 8(w)), 
MXM 
where e, (A) =1 or —1 according as m,(H) is positive !° or negative. Put 
WH) =) f (MH + Z)dmdZ (HEW fE SH). 
MXTo 


It follows from Lemmas 17 and 19 that y,€ 3(ho’) and f— yy is a con- 
tinuous mapping of 3(go) into 3(ho”). Define g; as in Lemma 17. Then 


CH) = mul) f gi(mE dm (FE S (00), H E Bo”). 


19 Notice that r,(H) is real since it is equal to the determinant of the restriction 
of ad H on to i 
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Now suppose p€ 1(g). If fi —0(p)f, it is obvious tkat f:—0(p)f. Hence 


Van E) = wal) | gmap) )äm — Jy (HL (9) 


from Lemmas 17 and 19. Finally, if f€ (go), we conclude from these 
two lemmas that wE 6 (b) and the mapping f— yy (fE B(go)) of B(go) 
into (b) is continuous. Thus we have obtained the following theorem. 


THEOREM 3. For any fE 3(go), the integral 


(H) =r(H) Í. f (a*H) da* 


is absolutely convergent for HE DV," and the function hs, so defined, lies in 
Bho’). Moreover, f—> dy; is a continuous mapping cf 3(go) into 8 (bo), 
and 

paims = 9(p) $y 


for pe I(g). Let ho” be the set of those points HE}, where II «(H) 0 


«€ Po 
and let «,(H) denote the sign of m,(H) (HE). Then ed; (FE 3(g)) 
can be extended to a function of class O° on ho’. Finally, rE 8 (bo) if 


fe (go), and the mapping F> dy of E (go) into 6 (bc) is also continuous. 
Define the homomorphism 8 of (g) into S(E) as in Theorem 1 of 
[2(h)]. 
COROLLARY. If EES(g) and FE (go), then pe: == 8(E) dy. 


From the above theorem, this is true if €€@(I‘g)). Since (g) is 
` generated by I(g)U 4(I(g)), it is enough to verify tke above statement for 
EEI(g). But then éf€ @(go), and it is obvious from the definition of dy 
that 
per — Eby =è (É) Gy. 


6. Fourier transforms. Let dX denote the regular Euclidean measure 
on go (see [2(h),§2]) and for any FE (go), let f denote the Fourier 
transform of f so that 


H¥)— f, eP (DBF, (FE). 
Fix an element Ho € ho’ and consider the mapping Tu, : F —> (Ho) (FE @(Go)). 


` It follows from Theorem 3 that Tm, is a Æ@-distribition. We intend to 
study this distribution more closely. For any pe Sig), let p denote the 


3 
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Furthermore, select 8,€ C° (V) such that 


fort DE oH) Mar —1 (se W). 


Fix an element «€ C, (G) such that f | a(&)di— 1, and define fs € Ce” (gı) 
by fe(ZH) =a (ë) B,(H30(G,))#(H)7(#€ G, HEV). Then it HEU, 


$3.(H) = X a (H) f B,(H 0 (gs) )exp{ (— 13 B(LH, yT) ja 
teW 


= 2 c (H )asi (H) (s€ W), 


where 


tH) il EEE) f BE epi (— B(A, yH) aA. 
But it is clear that a,, are analytic functions on U and 
ca St if st, 
DCE) — ist. 


Therefore if U is sufficiently small, the determinant of the matrix (ass) see 
is nowhere zero on U. Let (b,:),rejy denote the inverse matrix. Then the 
b, are also analytic functicns on U and 


(H) = 2 Pr s(H) $7, (E) | ' (HET) 


Therefore since $7, are of class C? on U (Theorem 3), the same holds for +. 
Put 


o(H: H) == X c(H)exp{(—1)3B(yH,sH#)} (HEU, HEV). 
sew 
Then o is of class ©” on UXV. On the other hand, 6(p)f = (p’f)~ 
(pe S(g), f€ Ce"(g)), and therefore if pe I(g), 
pon =P) $7 
from Theorem 3. Select a as above and define fE C (g) by f(&Æ) 


= a(Z)B(H)ya(A)" (BEC(V)). Then $(4)—6(A) and $p7(H) 
= p'(H)8(H)(H€V), and so the above equation becomes 


f p(t) B( H)o(H: Man f @(H)o(H34(p): BdA (HEU). 
As this is true for every BE Ce (V), we conclude that 


o(H;8(p):H) —p'(H)o(H: A) (PET(g)) 
for HEU and HEV. Thus it is enough to prove the following result. 
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LEMMA 23. Suppose cs (s€ W) are functions of class C” on U and 


o(H: B) = 3 c,(H)exp{(—1)! B(yH, sH)} (HEU,HEV). 
sew | 


Then if o(H ;0(p): H)— p(H)o(H : Ë) for all pe I(g) and (H, H)EUX V, 
it follows that each cs is constant on U. 


Fix Z in V for a moment, and let ps denote the linear function 
H —> (—1)5B(sË,yH) (Heh) on b. Since 7(H) 0, the functions p, 
(s€ W) are all distinct. Therefore e“ are linearly independent over S(b) 
(Lemma 41 of [2(b)]). This means that the coefficients of e“ in, 
o(H;30(p): 4) —p'(#)o(H: A) must all be zero. But it is obvious that 
for a fixed s, this coefficient is of the form 


cs(H ;4(p)) + ZE, a HH) — pA) oH), 


` where the q; are certain homogeneous elements in S‘h) of positive degree 
and the b; are functions of class C” on U. Since À wes an arbitrary element 
of V, we conclude that 


Ah) (sEW,HEU) 


for all homogeneous elements p€J(g) of positive degree. But then it 
follows from Lemmas 12 and 14 of [2(h)] that c, is a polynomial func- 
tion. Now again fix À € V. Then, in view of the equation o(H;0(p): H) 
=p'(H)o(Hl:H) (pelI(g)), we conclude from the Corollary of Lemma. 
.13 of [2(h)] that 
o(H: Ë) = > bet) (He U),. 
seW 

where the bs are certain complex numbers independeni of H. However the 
e are linearly independent over S(§), and therefore &, =D, (s€ W). This 
proves that the c, are constant on U. 

_ Thus we have obtained the following result whica should be compared. 
with Theorem 3 of [2(h)]. 


Lemma 24. Let bh, be a connected component of hy. Then there exist: 
complex numbers cg (s€ W) such that 


. 


D= ef BOSBO (Heh) 


for all FE CL (gi). 


For any X € go’, put «(X) — 1 or —1 according as n(X) is positive or 
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negative. Then it is clear that for a fixed HE hj, there exists an analytic 
function Fy on g, such that | 
Fr(&H) =e(H)#(H)" È cexp{(—1)#B(sH,yH)) 
(ed, HE v) and = | 
nf F(Æ)Fa(X)dX o (EC (m)). 


(Compare this formula for Fy with Theorem 2 of [2(h)]). This shows 
that the distribution f—> ¢;(H) coincides on g, with Py. Thus we have 
proved the following theorem. 


THEOREM 4. For a fixed HEh consider the 6-distribution Ty:f 
—>65(H) (FE 8(g)).on Go. Then Tr coincides on go with an analytic 
function. Fy. i 


Since Ty is invariant under G, the same holds for Fg. The exact form 
of Fy has already been obtained above. 


7. The distributions T and T’. Let #,,---,H, be a base for o 
over R. It is clear that there exists a positive constant c such that if 
H=tH,+.- +4, (HER), then |ti Scl E] (1SiSt). Now 
suppose }, is a connected component of hy and fé 8(b:1). Then 
a(H)f = Z WET and therefore — | 
1815 


VODA Sel HIS vO) (HE be), 
where v(g) = sup g(H)| (g€ 8(b:)). Suppose H, H’ are two points in 

Heb 
D, and the straight line-segment joining them lies entirely in },. Then if 
fE l), 

1 
FEN fH) = f° (ADAH + — H) at, 
and therefore 
Ira) — DIS GG — Bf) Sch RH | Z O). 

But in view of Lemma 43 of the Appendix ($12), we can conclude that 


these inequalities are actually valid for anv two points H,H’ch,, and so. 
\ 
we have the following result. 


Lenmma 25. Let Cl(hı) denote the closure of by in bo. Then every 
fe (H) can be extended to a continuous function on Cl(hi). ` 
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For any ¢€ (Ds) and SE D(H), put 
- Lim6(0)—=Lim6(H), me) (H € b1). 
Di f H>0 1 0 


lt is clear from the above corollary that these limits exist and 
| Lim 9 (05£)| = ¥(¢¢). 
ı 
Therefore for a fixed é the mapping ee) is continuous on 
4 


8 (6). Let & denote the local expression of é at zero. Then if &=0, 
it is obvious that Limæ(0;£) —0. Hence ; 
by 


Lim (0; €) — Lim $ (0; és) 


for p€ 6(ho’) and £E D(b). 
“We know from Theorem 8 that if fE (go), then € (ġo). Hence 
we can consider the mapping T:f— Den pr(0;8(r)) (FE B(Go)). It follows 


immediately from Theorem 3 and what we have said above, that T is a 
4-distribution. 


LEMMA 26. Define the polynomial n€ I(g) as in Section 6. Then 
ET Oo DT 
for any integer k= 0. 
Put €= ô (y) 07. Then we know from the Corollary of Theorem 3 
that pes = 8(É)pr (FE @(go)), and therefore 


Tief) = jam $1(038(m) 08(€)) = aT (F) 


from the Corollary of Lemma 18 of [2(h)]. Our assertion now follows 
from the fact that the degree of y is even. 

It is one of our principal objects to prove that T(f) =cf(0) (fe £ (go); 
where c is a complex number independent of f. However, the proof of this 
fact is rather long and difficult, and we shall not be able to complete it in 
this paper. We consider first the Fourier transiorm T” of T given by 
T” (f) =T(f) (fe 6(g)). Then T” is also a @-distribution on gp, and the 
above-mentioned fact about 7’ is obviously equivalent to the statement that 
T” coincides on go with a constant. This we shall first prove in a weaker 
form. As before, let go’ denote the set of regular elements in go. ` 


LEMMA 27. Let T’ be the £-distribution on Qo defined by . 
T'(P) Oo) (FE 8(go)). 


G x t h, 4 
Then on each connected component of go’, I’ coincides with a constant. 
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It is obviously sufficient to prove that if Æ, € go’, then T” coincides on 
some open neighborhood of H, in go’ with a constant. We use the notation 
of the proof of Lemma 24. Then 


Hm = Su f (Aep 1BCA,yH)JaR (Heh) 

sew Vv 

for f€ 0° (gı). Hence 
HEN) = À (VA [Sri ts epl (BGA, yED)ER 


where r is the degree of x. This implies that 


Tf) Le f HR). 
sey Vv 

But r(y'sH)*=ylytsH) =7(H) =7(H)*. Therefore it is obvious that 

s=r(y'sÄ)/r(H) is constant for À € V. Hence 


rc f FC, 


where c = >| (— 1)" css Now put e==1 or —1 according as 7 is positive 
sew 
or negative on qı. Then 


SDs (Aaa =e f ax HE), 
and therefore 
P) =e f Fax (FE 0P ()) 
if ¢==c’e. This proves that T” coincides with c on gi. 
LeMMA 28. go has only a finite number of connected ont 


From the corollary of Lemma 2 of [2(e)], we can select a finite 
number of Cartan subalgebras Ha) (157+ AN) such that every Cartan sub- 
algebra of go is conjugate to some hi, under G. Put x” = Bu N go’ and 
V; = U o". Let X be an element go’, and let hy denote the centralizer 

TE 


of X in go. Then since X is regular, hx is a Cartan subalgebra. Hence 
Dx = hi for some ze G and some i (1SiSN). Therefore X E€ bx N go 
C V, and this proves that 9’ ==V,UV,U-:-UVy. On the other hand, 
we know that bo’ (and therefore, similarly i’) has only a finite number 
of connected components. Since G is connected, it is therefore obvious that 
the same holds for each V: But this implies the statement of the lemma. 


FOURIER TRANSFORMS ON A LIE ALGEBRA, I. 235 


Lemma 29. Let gı, ga: °°, Gn be all the distinct connected components 
of go’ and c; the constant such that T' =c; on gi (ISiSN). Let Q be 
an open subset of go whose closure is compact. Then tivere exists an integer 
G20 such that 


TD E à f AODHA 
1SEN Vu 
for all fe CF (Q). 


Let r’ denote the distribution on g. given by 


Hg) =T — Z af g(X)ax (9 € C.°(ae)). 
ISiSN 84 


Then it is clear that the carrier of 7’ is contained in the set of singular 
points of go. Fer any fé€C."(Q), let ry denote the distribution on R 


defined as follows: 
74(B) =7'(B(n)f) (BE C."(R)), 


where (y) is the function on g whose value at X € go is B(y(X)). It is 
clear that no point in Æ other than zero, can lie in the carrier of ry. 
Moreover, since the closure of Q is compact, 7’ is of änite order on Q (see 
Schwartz [6(I) pp. 82-83]). Hence there exists an integer & (independent 
of f) such that the order of r; (on R) is <k. This implies that 7’(y*f) —0 
for all fe O,°(Q). 

For any pE S(g) define p as in the proof of Lemma 20. Then ob- 
viously, 5 coincides on D with (—1)'r? (where r is the degree of x). 
Therefore it follows from Lemma 9 of [2(h)] that 7— (—1)', and so 

Eee) (n'G) (g € 8 (go) ) 


from Lemma 1 of [2(h)]. Hence we conclude from Lemma 26 that 
EN) = <a aT’ (9). 
Now suppose f€ C,°(Q). Then 7’(7*0(y*)f) —0, and therefore 
<a Tf) = T (40 ë) F) = >, : a(X)*F (4X5 ð (t) ax. 


COROLLARY. If ¢1,¢2,: ` +, Cy are all equal then T’ =c, on Qo. 


It is sufficient to prove that T’ =c, on Q. But if fe 0,”(0), we know 
from the above lemma that 


GT = IHRE) ) aX 
Ga 
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since c= C =: ' ‘= Cy. Moreover, since y is a homogeneous polynomial 
of even degree, G(y*) is self-adjoint, and therefore 


Sad) = hr S AX. 
On the other hand, <y", nt> 340 (see the corollary to Lemma 18 of [2 (h)]). 
Therefore 


PF) =e, Í f(X)ax, 


and this- proves that T” =c, on Q. 

In view of this corollary, our main task now is to prove that the 
constants 6,‘ :,Cy of Lemma 29 are all equal. This will be done in 
another paper. However we ncte the following result for later use. . 


Lemma 30. Let £ be any homogeneous polynomial in I(g) of Positive 
degree. Then 0(é)T’=0. 


Define & as in Lemma 20. Then if- fE 8 (Go). 
TON = TAN) = (DTEP, 
where m is the degree of é Since # € I(g), it follows from Theorem 3 
that pej =f}, where Ÿ is the restriction of & on ġo.: Therefore . 
TEN Eau 02) un Bra, 


where d is the local expression of ô(r) o at zero. But since m>1, it 
follows from Lemma 18 of [2(h)] that d=0. This proves that 9(£) T = 0. 


8. Fundamental Cartan subalgebras. Let w be the Casimir polynomial 
of g and T, a Cartan subalgebra of go. Put I(T) — sup (dimeT;), where 
T, 


T, runs over all linear sukspaces of T, on which w is negative-deñnite. 
Moreover let _—sup/_(T,), where T, runs over all Cartan subalgebras of go. 
To 


We say that T, is fundamental if I(T))==L. It is obvious that I_(=T,) 
—=/1_(T,): (v€ G). Hence if T, is fundamental, the same holds for any 
Cartan subalgebra conjugate to T, under @. 


LEMMA 31. _=rankf. 


Let T, be a fundamentai Cartan subalgebra of go. By going over to a 
conjugate subalgebra, we may assume (see the Corollary of Lemma 1 of 
[2(e)]) that 8(To) =T.. Then since w is positive-definite on pọ and negative- 
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definite on fo, it is clear that _—=1.(T,)—=dimz(T,NE&). Hence _S rankf. 
Conversely, let ar, be a maximal abelian subalgebra of fa. We extend it to a 
Cartan subalgebra a, of go. Then 


_Z1_(a) Z dimg üp = rank?. 
This proves that l- = rank f. 


COROLLARY. Let T, be a Cartan subalgebra of ge such that H(T,) = To. 
Then T, is fundamental ij and only if To N Ë, is maximal abelian in . 


For it is obvious that /_(T,) dimr(T, N fo), and therefore from the 
above lemma, I_(T,) =l- if and only if [Mf is maximal abelian in fy. 


Lemma 32. Let Ty, be a maximal abelian subalgebra of fo and Te the 
centralizer of Ty, in go. Then T, is a Cartan subalgebra of go and 8(To) =To 


Since 6(Ty,) = Ti, it is obvious that 0([))=T. Let X, Y € Dp = D N Po. 
Then Z = [X, Y] € TN = Tp and || Z ||? =— B(Z, Z) = B(Y, [X,Z]) =0 
since [Æ,Z]—0. This proves that Z —0, and therefore Ty) = Ty, + Ty, is 
abelian. Let a, be any Cartan subalgebra of g, containing Ty. Then ao CT». 
But since a, is maximal abelian in go, it follows that ag =T. This proves 
our assertion. 


COROLLARY. Any two fundamental Cartan subalgebras of go are con- 
jugate under G. 


Let Dı, T, be two fundamental Cartan subalgebras of go. By replacing 
them by conjugate subalgebras, we may assume that 6(Ty) =I; (11,2). 
Then from the Corollary to Lemma 31, N Ë, is maximal abelian in f). 
However, since K is compact, any two maximal abelian subalgebras of t, 
are conjugate under K. Hence r; N {o= (kTi)Nf, for some KEK. But 
then it follows from Lemma 32 that D, = kr. 


Lemma 33. Let I, be a Cartan subalgebra of g, and T its complexifica- 
tion in g. Then the following two conditions on T, are equivalent. 
(1) T is not fundamental. 


(2) There exists a root « (of g with respect to T) which takes only 
real values on Ty. 


Again we may assume that #(T,) =T. Since every root « takes only 
pure imaginary values on JT, M, condition (2) is obviously equivalent to 
the following: 


(3) There exists a root a which vanishes identically on TE. 
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Now if T, is fundamental, T is exactly the centralizer of TM f in g (Lemma 
32), and therefore no roct can vanish identically on rN. This proves 
that (3) implies (1). Conversely, suppose (3) is false. Then no root can 
vanish identically on T N É, and therefore it is obvious that T is exactly the 
centralizer of TN Žin g. This proves that T,N f, is maximal abelian in fy, 
and so T, is fundamental. Hence (1) and (3), and therefore also (1) and 
(2), ave equivalens. 

We now return to the notation of Section 5. Let Q, be the set of those 
a€P which take only real values on Ho. Put Q’=Q,U P, and let We be 
the subgroup of the Weyl group W (of g with respect to h) generated by the 
Weyl reflexions s, corresponding to «€ Q. 


LEMMA 34. Suppose se Wo. Then Sho = ho and 


1 (sH) —e(s)p(H) 
for FE B(go) and H € hy’. 


Let A’ be the normalizer of A in G. Then for every y€ A’, we get a 
transformation r, of G* = G/A onto itself given by 7,(a*) = (ay)* (zE G). 
Since A is of finite index in A’ (see [2(e),§2]), r,* is the identity for some 
integer k=1, and from this it follows immediately that the measure dx* 
on G* is invariant under rp. 

Now from Corollary 2 to Lemma 46 of the Appendix (Section 12) we 
can choose y€ G such that yH —sH for all HE}. Then it is clear that 
Sho = ho and y€ A’. Therefore if FE (go), 


\ 
o;(sH) = r(s11) Í, : f(a*yH)dx* = e(sir(H) Í, JOH )da* = e(s)ġ;(H) 
for HEY. : 


COROLLARY. IF Ño is not fundamental, the distribution T of Lemma 26 
18 zero. | 

We know from Lemma 33 that Q, is not empty. Let V, denote the 
closura of D, in Ho. It follows from Lemma 45 of the Appendix (812) that 
we can choose a point H,€ V, and a root «€ Q, such that «(H,) —0 while 
B(H.) ~0 for any positive root Ba. It is obvious that tHe¢ V, for 
any positive number ¢t. Let s, denote the Weyl reflexion corresponding to « 
and for a fixed FE @(go), put 


HE) = (H)g (BE) (H € bo’) 


in the notation of Theorem 3. Since ýr and ýp are orthogonal, it is clear 
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where the star denotes the adjoint of a differential operator. But 
Ax(Z38(w)) =o (X)Ax(Z) i (ZE go). 
Therefore ™ if gi = qg, 
| = I (Forat (DIN 


ısiSr 
Moreover since the b; are homogenous of degree 2, it is obvious that 


b; = bi* € Bg and so f alestas =o. So we conclude that 


w (H,)on,(£g) =a cä(D*g), 
and this proves that Don, =o (Ho) ton, 


Define the mapping f>y, of (ġo) into J(f.) as in Lemma 27 of 
[2(h)] and put S2, (f) of, (tyr) (FE 8(b5)). Then 9, is a 6-distribu- 
tion, which, from Theorem 5 of [2(h)], coincides with an analytic function 
on do. Our first object, is to show that t, =0 if be is not conjugate to bo 
under @. For this we need a few lemmas. 


Lemma 86. For any f€ C.°(G Xo’), put 


FE) = f art 1))B (Xa) (2, D) ded (X € g), 
GXÉ0’ 
where dH is the regular Buclidean measure on ho. Then FE B(go) and 
f— f is a continuous mapping of O (G X ho’) into £ (go). 


Put G* = G/A as before, and let H, be any point in hy. Then we can 
select (see Section 6) an open neighborhood U of H, in do’ such that the 
mapping p:(2*, H)— x*H of G* X U into g is univalent and regular and, if 
the Euclidean measure dX on go is suitably normalized, dX = | r(H)|*dx*dH 
(X= aH, e* € G*,HEU). Then N—¢(G* XU) is an open subset of go 
and œ defines an analytic isomorphism of G* X U with N. Therefore, for 
any f€O.°(G@ XU), we can define a function F,€ O(N) by 


Pa) = |= (8) f f (za, H)da (ce GHEU). 
A 
Here da is the Haar measure on A normalized so that 
(oa f dg” fo (xa) da (g€ Ce(G)). 
= 7G G* YA ; 
u Here Re = (Rh), for he geh) and a ECP (G). 


4 
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It is now clear that 


a) J exp{ (—1)§B(X",.X) F(X) aX (Z€ go), 


and therefore f is the Fourier transform of F, This proves that fe 4 (Go)- 
Moreover, since ¢ is an analytic isomorphism, the mapping f>F, of 
C."(4 XU) into C. (N) is obviously continuous, and so the same holds 
for the mapping f—f of C (GXU) into @(go). The statement of the 
lemma now follows from the fact that any compact subset of họ’ can be 
covered by a finite number of sets of the type U. 

For a fixed À €h, put 


Tat) —#(H) f 9(8H) a3 (DE). 


Then from Theorem 3, Ta is a -distribution on go. Put 0;(#) == Ta(f) 
for f€0.°(4 X}’). Then it follows from Lemma 36 that for fixed À 
the mapping f—æ,(AÆ) is a distribution on @ Xho’. If «€ C.°(G) and 
BE C."(ho’), we denote by aX ß the function y€ C,°(G X ho’) given by 
y(t, H) —=a(2)B(H) (ee G, HE by’). 


Lemma 8%. For any He W, there exists a distribution ra’ on Yo’ such 
that 


Boa) — fale) de ra’(A) 
for x€ C (G) and BEC." (he). 


It is obvious that for a fixed 8, the mapping «> ®yxg(H) is a dis- 
tribution on @ which is invariant under left translations. Therefore from 
Lemma 36 of [2(e)], there exists a constant cg such that 


Vol) en f eed (ae 0.9). 


Select a € C,” (G) such that f %(z)de—=1. Then cg= Daxe(H). But 


it is evident that the mapping tř LB buxl E ) (BEC Be )) is a 
distribution on },’. Hence 


Bo) friert) (ae 0."(G), BE). 


Put ra=rra (HE hs’). 
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LEMNA 38. For any p€I(g) and A € hy, 
0(p)ra—p(A)ra 
where p denotes the restriction of p on b. 
We use the notation of the proof of Lemma 35. It is obvious that 


Ax (Z38(g)) —9'(Æ)ax(Z) (X,Z€ gos qe S(g)). 


Select a € C."(@) such that f a(a)de—1, and fix BEC (ġo). Then if 
if p€ I(g), it follows from Lemmas 5 and 8 of [2(h)] that 
p (A )aAx (eH) =Ax(eH ;6(p)) 
= 3 m(H)Ax(z;b:H;0(w)) +r(H)1Azx(z:H;0(p)0x) 
1 


SiSN 
for ve G, H € ho’ and X€ qo. Here we S(H), be Bg and the a; are analytic 
functions on ho‘. Hence if y=« X £, 


P(X)y(X) = I, fut Bi(H)Ax(tH) ded +f a(x)B'(H)Ax(xH)dxdH 
1$iS 
where a = Dia, Bi== (O(u))* (ab) (11S N) and p’ = (7 10(p)or)*8. 
(As usual the star denotes the adjoint of a differential operator). But then 
Sata f a(23b*)dz—0 
and so it follows from Lemma 37 that 
Ta (py) = 7H (R). 
Moreover p’€ I(g) and therefore it is obvious that 
Ta(py) =p (4) TAG) =p (Era (8). 
This proves that 
vi (B’) =p'(A)rx (8). 

But f’== (m0 (p)or)*B. Hence if we replace 8 by wf, we get 

ED) —p'(#)ra(8), 
and so the lemma is proved. 


Now normalize the Euclidean measure dY on f, in such a way that 


J, g(Y)d¥ = S, | (HZ) |? 4H SJ geax (g € Ce(to)). 
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Here w.== [] « and dk is the Haar measure on K (| dk—1). lt is 
acP. K 


easily seen that ¢(H)|«(H)|?= (—1)'w(H)*?. (Hehe), where r is the 
degree of +. Therefore it follows that if f€ £ (ġo) and X € go, then 
Set DB, PY ECP) y (r)a 


= ci f exp{ (— 1) B(X, kH)yr(H) £ e(s)f(sH)dkdH. 
KXþo sew 
Now select BE C.°(ho’) and ac O,°(G) ( f “(z)de=1), and put" 
na) f a(ak)dk, Brow $ e(s) Be 
K aeW 


and y==a, X By. Then Ta($)= axa (F) = r7’(ßı) since f ARE 
On the other hand, if g = typ, 


y(X) =f exp{(—1)iB(X,2KH)}a(x)8.(H)dxdkdH 
= (—1)"Ga(X) (XE go) 
in the notation of the proof of Lemma 35. Therefore 
vit (Ba) = Ta ($) = (—1) "ea (g) = (N) "a (8), 
and so we get the following result. 


Lemma 39. If the Euclidean measure on f, is suitably normalized, 
we have the relation 


tale) = (—1)" X e(s)ra(B") 
for all BEC." (Bo) and He hy. 
Cororrary 1. 0(p)®3—p(H)æg for pe I(g) and Ife by. 


We know from Lemma 9 of [2(h)] that ÿ is invariant under W. 
Therefore 
(a (5) )*B* = ((8(p) )*B)* (se W, BE Co” (Ho’) ) 
and 


ba (8(p))*B) = NF E eleen (0(p) )*B*) 


= (DPA) Z e(s)rn(8") =P (1) #a(8) 








12 As usual 8* (se IP) is defined by P (A, = @(sH) (Heu). 
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from Lemma 38. This proves that #(p)®7— p’(H)®z is zero on bo. But 
we have seen that ®j7 is an ahalytic function on Je. Therefore 0(p)®% 
= p(H)&g on ho. 

COROLLARY 2.- Suppose Yo is not conjugate to Do under G. Then dj =0 
for every À € hy’. 

Fix Heh and consider the &-distribution d:f—#g(f) (FE 6(bo)), 
where 


Far) = f exp(—(—1)) BH, E) )j Hae (Web). 


Then it follows from Corollary 1 above that pb—p(H)® (pEI(g)), and 
therefore if H, is any point lying in the carrier of &, it is obvious that 
p(Ho)=p(H) for all peI(g). Let A be an indeterminate and I the 
identity mapping of go. Then 


det(AT—adX)— 5 A”pn(X) (X€q), 
ISm£n 


where pm€I(g). Let ÿ be the complexification of bo in g and p the set of 
all positive roots (under some fixed order) ‘of g with respect to ġ}. Then 
det (AZ — ad Ho) = (—1)"A! JT (A— ar Ho) )? 
and similarly, - ae 
det (AL — ad À) N Lage 
ae 


On the other hand, we know from the Corollary to Lerama 32 that 5, is not 
a fundamental Cartan subalgebra of go. Therefore from Lemma 38, there 
exists a root @€P which takes only real values on Jo. Then &(H) 40 
since À € fo. On the other hand, every root a € P takes only pure imaginary 
values on hy since hyo Cf. This proves that 


det (AI —ad Hs) 34 det(Al — ad A1, 
and therefore pu(Ho) 4A pn(Â) for some m (ISm=n). This shows that 
the carrier of & is empty, and therefore since ® is the Fourier transform 
_ of $a (see Schwartz [6(II)]), we conclude that 67 — 0. 
Let us now consider the case when o=% and denote by ®(H.:H) 
the value of the analytic function ®y, at H (Ho € Bo’, HE hy). 
Lemma 40. There exists a locally constant function? c on ho’ such that 
®(H,: H) =c(H,) 2 (8) exp{(—1)3 B(sH,, H)} 
8€ 
for Ho€ Yo’ and HE hp. 


1S This means that c is constant on some neighborhood of every point in hj’ and 
therefore also on each connected component of bo. 
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Fix H,€§’. Then it follows from Corollary 1 of Lemma 39 and the 
Corollary to Lemma 13 of [2(h)] that 


$(H,:H) = 2 0sexp{(—1)4B(sHo, H)} (HE Bo), 
sew 
where the Cs are uniquely determined constants. On the other hand, it is 
obvious from the definition of @y, that @y,(B*) —«(s)by,(8) (BE (bo), 
seW). Hence ©(Hy:sH) =c(s)®(H,:H). Therefore, in view of the 


uniqueness of cs, we conclude that e(s)c; (s€ W) are all equal. This proves 
that 


$(H,:H)=c(H,) X e(s) exp{(—1)3B(sA,H)} (Ho€ bo’, HE bo), 
sel 
where c is a function on fy’. 
Now select «€ C° (G) such that f a(z)de=1, and for BECK (bw), 


put y=aXmB. Then rn(8) —Tr($) =$3(Ho) in the notations of 
Lemma 86 and Theorem 3. On the other hand, 


by,(8) = (—1)" 2 e(s)r (8°) 
8 
from Lemma 39. Therefore 
CH)  e(s)8(sH) = (—1)" I e(s)#?,(H) 
seW seW 
(H € Yo’, BE Ce"(ho’)), where B is the Fourier transform of Band ys — a X rg’. | 


Since Ce” (Do) is dense in 8(ho) under the norm 


LB À, |A(H)| 28 (BE &(b)), 
it follows without difficulty that, for a given Me € ho’, we can select BE Co°(Ho’) 
such that X e(s)B(sHo) >=0. Hence, in view of the fact that 7,€ 6 (ge) 

sew 


(Lemma 36) and ¢, is of class C” on ho for g€ (go) (Theorem 3), we 
conclude that c is of class C” on ho’. Now suppose pEZ(g). Then it is 
evident that . : 


V(X DJ exp{(—1B(X,xl)}a(x)p'(H)}r(H)8(H)drdH (X€ go). 
Hence if 8 — pp and y —0X af’, we get 6(p)}—y’, and therefore 
TH (B’) = poima (Ha) = p (Ho; 0 (5) ) 


from Theorem 3. Moreover (f’)*=p’B? (s€ W) since ÿ is invariant under 
W. Therefore | 
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"Om (8') = HT e)ra (B')*) = (—1)" D e(s) 9, (Ho; 0(9)) 
-Í b(Ho:0(ÿ) : H)8(H)dH. 
Since B is an arbitrary element in Ce” (bo), we conclude that 
©(H,30(p) :H) =p'(H)®(Hy:H) (Ho € Do’, H € bo). 
But now it follows from Lemma 28 that c is locally constant. 


COROLLARY. There exists a complex number co such that 


2 2 (sH: H) = cy X e(s)exp{(—1)4B (sH’, H)} 
y seh 


se) 
for all H’ € D," and HEN. 


Let D, be a connected component of ho. Then (see Lemma 44 of the 
Appendix, Section 12) hy —= U sh, and so it is evident that co = > c(sH’) 
seW ih seW 


(H’ € ho’) is independent of H’. From this our assertion follows immediately. 
The main results of this section can now be summarized in the following 
theorem. 


THEOREM 4. Lei), and Ho be two Cartan subalgebras of go. We assume 
that Do C É and 6(Yo) —ho. For any FE (ho), put 


fix) =Í exp{(— 1) B(X,kH)}r(H})° È f (6H) dkdH (XE go). 
KX bo sew 
Then the integral 
HO) F(T) f fe) de 
G 

ts convergent for HE Bol. Moreover in case bo is not conjugate to h, under 
G, gf—0 on ho’. On the other hand, if ho= ho, there exists a complex 
number cy such that 

I (CH) | I «(s) exp{(— 18 BW, sH) }o(H) (Ha 

sey Y hasel 
for H’€h’ and FE 8 (ho). 


*: In view of the corollary to Lemma 1 of [2(e)], our assumption that 8 (fo) = Ho is 
obviously unnecessary. We make it here only for convenience. 
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“It is evident that (3) =(—1)'@a(xf) (f€ (ho), H€ he’) in our 
. earlier notation. Therefore, from Corollary 2 to Lemma 39, #50 if Do is 
not conjugate to Jo On the other hand, if ho ==>, our assertion follows from 
the Corollary to Lemma 40. We shall prove in Section 11 that co <0. 


10. Some work of deRham. Let E be a Euclidean space over R of 
- dimension n = 3, and let p, g be two nonnegative integers such that p + q =n. 
Let (2,,° + -,æ,) be a Cartesian system of coordinates on Z.and put J, = Tpu 
(11S q). We consider the differential operator 





# a 9° a \ 
O= ans t ur Fe) 


on E. Let dX denote the Euclidean measure on E so normalized that 
aX = dz,:--dt,. Then every locally summable function é on E defines, 
as usual, a distribution 


for f sax (Fe CE(E)) 


which will also be denoted by é Let 5 denote the Dirac distribution given 
by 8(f) =f(0) and put wa?+---+a?—(y2+---+y,"?). Then 
de Rham has shown 1° that there exists a function é on R with the following 
properties. Put E(X) =é(u(X)) (X€H). Then & is a locally summable 
function on E and: i 
Das = 5 
in the sense of distribution theory. (Here [¢] denotes the largest integer 
not exceeding t€ R). The actual expressions for é in the various possible 
cases are given below in terms of the Heaviside function Y(t) which is 0 
or 1 according as i & 0 or £>0 (t€ R). There are four cases,?® 
(1) If n=p=1mod 2, | 
E(t) = (— 1) 0D {r-d (n —2)/2)} 2 (EEE. 
(2) En=q=1mod?, 
E(t) = (1 RAT (n — 2) /2)}* Y (—t)| t |2. 
(3) If n==p==0mod 2, 
E(t) = (1) (dr)? T (n/2)}*log |t|. 
15 I am grateful to Professor de Rham for communicating his results to me, which, 


so far as I know, have not yet been published. 
18 Here T stands for the classical Gamma function. 
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GQ ie pega tds. l 
E(t) = (—1) P2 (RAT (n —2)/21 7" Y (t). 


Put P=e22+: +23, Q= o Ya Then a simple calculation 
shows that : 


e= f [RIF PYM +Q) ax <a 


if m is a sufficiently large positive integer. Hence 


J [Fax Scoup [1+ P(X)" +02)" | 


for f€ 8(E). This proves that # can be regarded as a 6-distribution. 
Therefore, since DJ is obviously self-adjoint, we get 


f(0) — f zoey ax 
for any fE @(#). 


11. An application of the above formula. Let » be the Casimir poly- 
nomial of g and put O =ô (w). Then it is clear from the results of Section 
10 that there exists a function é on R such that E(X) —£(w(X)) (XE go) 
is a locally summable function on g, and 


(0) — f zouja (FE 8(@)). 


Here m = [n/2], n= dimy»go and dX is the regular Euclidean measure on 
go. (Since go is semisimple it is obvious that n>3). We shall apply this 
formula to prove that the constant c, of. Theorem 4 is not zero. So let us 
assume that Do is a Cartan subalgebra of g, which is contained in fe. Select 
a finite set of Cartan subalgebras .bo—%:,b2,°  -,Dx of go such that 
eh) =) (1SiSN) and every Cartan subalgebra of go is conjugate 
under G to h; for exactly one i (1S:=N). We know (see the Corollary 
to Lemma 2 of [2(e)]) that this.is possible. Let (ġ:)e denote the com- 
plexification of H: in g and P; the set of all positive roots of g with respect 
to (h;). under some fixed order. (We assume that P,==P.) Put m= II « 


a€ Pi 


and let W; denote the Weyl group of g with respect to (b;).. Consider the 
Cartan subgroup A; of G corresponding to h; anc tke normalizer Aj’ of À; 
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in G. Then!’ the factor group W/—A//A; can be regarded as a subgroup 

of W, Put Gi* = G/A, and define 2*H (x* € G,*,H€%,) in the usual way. 

We have seen in Section 8 that W7 operates on G;* on the right. Let go’ be 

the set of regular elements of go, and put hë == go’ N hy Consider the mapping 

yi: (z* ,H)—2*H of GX hy into go, and put (Gi XY) =g Then: 
yi is everywhere regular on G;* X ġ/, and therefore g, is open in g, and if 

wy is the order of W/, any element 2*H (a*€ G,*,H€ hy’) of g; has exactly 

w; distinct pre-images under y namely, (x*s,s*H,) (s€ W’). Let dH 

denote the regular Euclidean measure on fy Then the invariant measure 

dix* on G;* can be so normalized that 


So mar [Im QD oath) dwraH (g € Cm). 
Bi GX: 


Since no two among bı: : -,6y are conjugate under G, it is clear that the 
sets gu' ° °,Gy are disjoint. Moreover, if X is any regular element in go, 
its centralizer 5x (in go) in a Cartan subalgebra of g, which must, be conju- 
gate to some H; This proves that g'— |], g and therefore 


g(X)ax— f pak a S f in) P g(a*H) deta 
go Go” ISEN J GX’ 
(g E C.(Go) }- 
Now for any f€ L (Go), put 
HE) mE) [fd (HE). 
Gi* e 


From Theorem 8, we know that this integral is convergent, and it follows 
from Fubini’s Theorem that **+ 


J sai 2, J (conjr(H))E(H)/(H)aH (FE B(G0))- 
go iS) di’ 
' Now put G,* = G*, dir“ = dx*, dH =dH and m—7 as before and 


select two real- az ie functions & and Bo in 0,” a) and 
C (Bo), respectively, such that . 


Jane f DBE = 


17 All the facts stated here have already been seen in Sections 6 and 8. 
18 We denote the complex conjugate of e by conje (ce). 
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Put a(2*) = (w) X a(x*s) and? B=w $ 8o, where W= W, and 
8€ Wi° seW 


w is the order of W. We have seen in Section 8 that the measure de* is 
invariant under the transformation 2*—x*s of G* for any fixed se W,’. 
Hence ‘ 


J a(a*jda* f |"(H)®B(H)dH=1, 
a J bo ` 


and it is obvious that there exists a function FE 0.” (g1) such that F(x*H) 


—a(z*)8(H) (ae G*,HEŅ’). Consider its Fourier transform F and, 
for any fixed i (1&1 SN), put ; bo. Then since 


P(X) = f exp{(—1)®B(X’, X)}F(X) aX 
= f SPD, 2*H) jae") | (H) | AC) dara, 
G*xXDo’ 
it is obvious from Lemma 37 that 


PROC) = (—1) "ra (r) (HE) 
in the notation of Section 9. Moreover (78)*=e(s)z8 (s€ W), and so it 
follows from Lemma 39 that 


rap) = w> (—1)%ä (rB). 


Therefore if t1, pp ® 0 from Corollary 2 to Lemma 39. Now suppose 
i—1. Then if we write-¢f instead of rl), we find from the Corollary to 
Lemma 40 that 


3 (8) 2(sH") =o f epi (—1B(E', E) Je(H)(H)AH (H’€ 54) 


sew 


since (rB)*=—e(s)r8 (S€ W). On the other hand, Fe g (go), and therefore 


LOEB #9 (w") FAX = Z S (cond = (A) en (HL) ED aH, 


1Sizs? 
where Fy = ĝo") F. But from Theorem 3, 
PF = 0 (ai) HO 


where w; is the restriction of w on Hi Therefore gr, = 0 if i541, and 
hence | 


FO) = (—1)" fw) or(H36(@")) = (AR, 
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where G=o;. But since Z(H) =é(o(H)) (Hehy) and a—w (s€ W), 
it is obvious that E(sH) == Z(H). Moreover, r°—e(s)r, and so we con- 
clude that 


Foo) = ref x(H) 6’ (H:6(ar))=(H)dH, 
Bo’ 4 
where ¢’(H) = > e(s)gr(sH) (HE be’). + On the other hand, 
F(0) -f FIX, P(H) |= (H) |? era 
=f a(2*) de® f 81) ein =. 


Therefore ¢’ cannot be identically zero on Ho’, and this proves that co z£ 0. 


LEMMA 41. Suppose Éo is a Cartan subalgebra of go which is contained 
in fo Let bin (Liq) be all the distinct connected components of 
Bo’ =o N go. Then there exists a funclion gE (go) such that 

S Limg,(0:0()) 40 
SiS hw 
in the notalion of Section 7. Moreover the constant c, of Theorem 4 is not 
zero. 


 Putg=F. Then since #=e(s)r (s€ W), it is clear that 
p (H 0(x)) = E p(s HE; (r) ) 
sel 


= c (— 1)” f otga, H)}r(H)’ß(H)dH 


(4 € Bo’); 
and therefore 
Lim X (SH! 30(m)) = caf | BEER 70. 
II sey Bo 


Since every se W permutes Jas’ - +, Hcg) among themselves, the statement 
of the lemma is now obvious. : 


12. Appendix. 


Lemma 42. Let U be an open convex subset of a real Euclidean space 
E of dimension l, and let c` + *,ox be a finite number of vector subspaces 
of E of dimension SI—R. Let U’ denote the complement in U of the set 
Un U gk: Then if X1,X_ are any two points in U’, we can select 


1SiS 
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X; EU arbitrarily near X, such that the straight line-segment joining X, 
and X, lies entirely in U”. 


By replacing o; by a larger linear subspace, if necessary, we may clearly 
assume that dim o;—=1— 2 (1&i& N). For each ¢, select two linear func- 
tions œ, 6; on E such that o; is exactly the set of those XEÆ where 
al) = BAX )=0. Obviously, « and £; are linearly independent for 
every i. Let W denote the complement of Ua in E. If Y,Y, are two 

1SiS 
points in Æ’, it is evident that the line-segment joining Y,,Y, cannot 
meet o, unless {o:(¥i)/@i(¥1)} = {a:(Y2)/B:(¥2)}. Now suppose X, X> 
are two points in U’ and 3 is the set of those à (1<i<N) for which 
{a;(X1)/Bi(X1)} = {a:(X2)/Bi(X2)}. For the proof of the lemma, we may 
obviously assume that 3 is not empty. Then since «;, 8; are linearly indepen- 
dent for every j, we can select X € E such that 


(X) Bi(X1) — A(T) a: (X1) 0 


for all 1€3. Then if e is a sufficiently small positive number and 
Xo! = X, + eX, it is clear that X, € U’ and 


a (XBi (Xi) — (Xr) (X) 0 (<j<N). 
This proves that the line-segment joining X, and X,’ lies in UNE =U’. 


ÜOROLLARY. U’ is connected. 


Now we use the notation of Section 6. Define h, and §, as in Lemma 
24 and let Q be the set of those roots «€ P for which « takes only real values 
on Ho. Since all roots take only real values on (— 1)? br +- Ọpa it is obvious 
that a positive root lies in Q if and only if it vanishes identically either on 
hy, or on hy, Let P’ denote the complement of Q in P, and, for any «€P, 
let ca denote the set of those H € D, where «(H)—0. Then ca is a linear 
subspace of ho, and if I= dimr bo, it is clear that dimge„—=1—1 or 1—2 
according as æ lies in Q or P’. 

For any «€ Q, define a* == «@ or (—1)?« according as « takes only real 
or only pure imaginary values on fo. Then since §, is connected, «* must 
keep constant sign on hd. Put =e,a*, where e —1 or —1 according as 
«* is positive or negative on §,. Let D; be the set of all HE, where 
a’(H) >0 (2€ Q). Clearly, ha is an open convex subset of Ho and BE, Nb 
is the complement in 5, of the set D, N ( y, Sa). Therefore it follows from 

ae 


254 : HARISH-CHANDRA. 


the Corollary of Lemma 43 that ġa Nb, is connected. On the other hand, 
it is obvious that ba N ho’ D D Therefore, since b, is a maximal connected 
subset of ho’, we conclude that hi = ġa N ho’. So the following result is an 
immediate consequence of Lemma 42. 
“ Lexma 48. If H, H, are any two points in hi, we can select Hy Eh 
arbitrarily near H, such that the ssraight line-segment joining H, and Hy 
| lies entirely in bi. : 


Remark. Let V, be the closure of §, in Jo. Since ġa = Nb is dense 
in D, it is obvious that V, is the set of those points H € h, where (HZ) 20 
(a€ Q). Moreover, Fi N bo’ =b: N bo’ =h. We shall need these facts a 
little later. 


For a linear function À on § and se W, define the linear function sA 
by (sd) (H) =A(s?H) (H<¢%). Then if a is a root, the same holds for sa. 
Let Wr be the subgroup consisting of those elements in W which map ho 
onto itself. Then if a? is real on ho, the same obviously holds for (sa)? 
(s€ Wr). This means that s permutes {ou}aeQ and {ou}acr’ separately among 
themselves. Let s, denote the Weyl reflexion corresponding to any root a. 
Then sH = H —2{a(H)/a(H,)}He (HEH), where Ha is the element in § 
determined by the condition B(H, Ha) ==a (H) (Heh). If «€Q, it is clear 
that «(H)Ha€ > for H€ Jo, and therefore 8€ Wr. Let Wo be the sub- 
group of W generated by Sa («€ Q). Then We C We. 


LEMMA 44. = U shi. 


se Wo 

Let U be the complement in ġo of the union of oa N og (a, BEP, 0 B). 
Since every root takes only real values on by, + (—1)®h;, it is obvious 
that? a(0(H)) =—conja(H) (HEN, aE P). Therefore? g= + ba if 
and only if «€ Q. Hence it follows from the definition of U that no root 
in P’ can vanish anywhere on U. Moreover, it is obvious that sU =U 
(s€ Wr), and from the Corollary to Lemma 42, U is connected. Let V, 
denote the closure of hı in bo, and put V = U sV¥,. We shall first prove 
. that V= fo. PM 2 

Since U is connected and dense in ho, it would be enough to show that 
VU is open. But rn U = U s(V;NU). Therefore it would be 


8 € Wa 


sufficient: to prove, that any point H, € V, NU, lies in the interior of Vn. 


19 For any linear function À on ge 6 denotes the function H— X\(8(H) we eh). 
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Since þh C V NU and ý, is open, we may suppose that Ho¢ h, Then, in 
view of the definition of U, there is exactly one root a € P such that Hy€ cq, 
and moreover a € Q. Therefore dimo,„—1—1 and 3w is the reflexion in 
the hyperplane ce, Select a positive number €, and let N be the set of those 
points H€ Ņ, where «y (H) 20 and | H—H,| Se. Then if e is suff- 
ciently small, it is clear that «' (H) =4e’(H,) for any HEN and a: 
in Q. Therefore N C V, (see the remark after Lemma 43). But it is 
obvious that N U SaN consists of all points H € D, for which | H— Hy] Se 
and therefore, since U is open, Hy lies in the interior of V U. This proves 
that V = bo. 


Now we have seen above that V, N ġo —%ÿ. Therefore 


b =V H g Ua N Bo’) U sh. 


€ Wa 


Thus the lemma is proved. 


Let Q, be the set of those roots «€ Q which take onlytreal values on bo. 
It is obvious that a positive root 8 lies in Q, if and only if Hg€ hy, Hence 
Q, C P, and Q=Q,UP,U P_ in the notation of Section 5. 


Lemma 45. If Q, is not empty, there exists a root «€ Q, such that 
Vi: UNo is not empty. 


For otherwise suppose V, N U N a= Ø for every «€ Q,. Let W, be the 
subgroup of We generated by sg for 8€ Po U P.. Then if we use the notation 
of the proof of Lemma 44, it is clear that H,€ PV, N U Moa, and therefore 


%€P,UP_.. Hence it follows immediately that J s(V, NU) is open, 
8€ Wi 


and therefore BH = (J sV, and Yo = U sh. Now select a root «EQ. 


8e Wy 8€ Wy 
Then @ keeps constant sign on hı. Moreover since }, and hr are orthogonal, 
it is obvious that sa==a for all se W,. Hence a kzeps constant sign on 
bo’ = U shı. As this is evidently false, our assertion follows. 
, 8€W i 


Lemma 46. For any a€ P, we can select Xa, X-a in such a way that 
(Xa) =— Xa and [Xu Xa] = {2/a(Ha)}Ha Moreover, if a€Q,, we 
can assume that Xa, X-a € Qo. ; 


Since conja(H)——a(é(H)) (HE ho), it follows that {H, 5(X.)] 
= — a(H)6(X,) (H €o), and therefore we can assume that X-a ——6(X). 
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Then B(Xe, X-a) =— B(Xa,6(Xa)) = | Xa |°. Now normalize X, in such 
a way that IX, |?=?2/a(H,). Then à HE, 


B([XeX_a], H) = B(X -o [H, ¥a]) = a(H)B(X_., Xa) = {2/a(H,)}a(1!), 


and this shows that [Eu X-.] = {?/&(Ha)}Ha. Now suppose a€ Q. Then 
if ¢ denotes the conjugation of g with respect to Qo, it is clear that 
(H,€(Xa)] = a(H)e(Xa) (Hehe). Moreover || ¿(X)| =|| X | for any 
Xeg. Hence £(X,)=c’X, where c is a unimodular complex number. 
Therefore, replacing Xa by CXe we can assume that (Xa) = Xa without 
disturbing the value of | Xall. Then X,€ g and X_¢==—6(Xg) =—6(Xa) 
is also in go. i 


COROLLARY 1. For a fixed a€ P, select Xu X-a according to the above 
lemma and put I=CH,+ CXa + CX. Then 


PH, +PXa+ RX if «€ Q,, 
= TN go À RIH Ha R(~ IXa — X-a) + R(Xa + X-a) if a€ Po, 
R(—1} H, + RK — Xa) + R(— LU Xa + Xe) if 2€ P 


If «€ Q,, our assertion is obvious. Now suppose «€ Py. Then X,€ p, 
and therefore 
X-a =—6(Xq) =% (Xa). 


Therefore Xa + X-a and (— 1)? (Xa — X-a) are in I, in this case. Similarly, 
Xa € Ë and Xa =— (Xa) =—£(Xa) if a€ P.. Therefore X,—X 4 and 
(—1)i (Xa+ X-a) are in I, in this case. Moreover, it is obvious that 
dim lo = dime 1 £ 8, and sc the above statements follow. 

Put H =2a (Ha) Ha Zeil, VY’ =X. Then [H’,X’] — 22’, 
[H’, Y] =— 2Y, [X,Y] =H’, and a simple calculation shows that 
exp(}ad(X’— Y’\)H’=-—-H’. On the other hand, it is obvious that 
exp (zad (X — Y^\)H =H if a(H)—0 (HE). Therefore 


exp (Fad (X — Y’) )H =s,H (HE). 


COROLLARY 2. If «€ Q,U P- there exists an element vE K such that. 
zH —=s,H for all HE. 


This follows from the fact that X’—Y’¢f, if «€ Q, U P. 
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By Jonx B. KELLY. 


1. Introduction. A set of non-negative integers is called a basis of 
order h if every positive integer can be expressed as a sum of h elements 
of the set and if h is the smallest number for which this is true. : A set of 
non-negative integers is an asymptotic basis of order h if every sufficiently 
large integer can be expressed as a sum of % or fewer elements of the set and 
if A is the smallest number for which this is true. Finally, we shall call a 
set of non-negative integers a restricted basis of order k if every sufficiently 
large positive integer can be expressed as a sum of & or fewer elements of 
the set without repetitions and if k is the smallest number for which this 
_ is true. . 
The set of squares is, according to Lagrange’s theorem, a basis of order 4, 
and, according to Pall’s theorem [1], a restricted basis of order 5. One may 
conjecture that this example is typical of the general situation; i.e,, that 
every basis or every asymptctic basis is a restricted basis. However, a simple 
counter-example due to P. T. Bateman shows that this is not the case: If 
h > 2, the set consisting of 1 and all non-negative multiples of h is a basis 
of order h but not a restricted basis of any order. Evidently some kind of 
divisibility condition must be imposed upon a basis to force it to be a 
restricted basis. 

In this paper we discuss the case h==2, for which the above counter- 
example is invalid.. We shall prove the following theorems: 


Tarorem I. A basis of order 2 is a restricted basis of order at most 4. 


Tasorem II. An asymptotic basis of order 2 is a restricted basis of 
order at most 3 if the value of its counting function is, for a suitable 
positive constant C, larger than Cx/log log x for all sufficiently large x. 


(The value of the counting function of a set of integers is the number 
of integers in the set Zr; here x is a non-negative real number.) 

It is possible that every basis, or even every asymptotic basis, of order 2 
is a restricted basis of order at most 3, but we have been unable to establish 


* Received June 21, 1956; revised January 3, 1957. 
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this.‘ As another simple example shows, this result, if true, is best possible: 
The set of integers whose representations in the ternary scale have only the 
digits 0 and 1 is a basis of order 2 but not a restricted basis of order 2. 

Our proof of Theorem I is elementary. It involves certain lemmas 
which bear somewhat upon a famous conjecture of Erdös and Turán [2]. 
Apart from the use that is made of Roth’s celebrated thaorem on progression- 
free sequences [3], our proof of Theorem II is also elementary. 


2. The main lemmas. Let A be a basis of order 2 with elements a, 
t==1,2,3,---. By @ we shall mean the smallest element in A which is 
larger than a. If æ is an arbitrary integer, we shall mean by p(x) the number 
of representations of x as the sum of two elements of A, where the repre- 
sentations v == a; + a; and x = a; -+ a; will be regarded es distinct when 154). 


Theorem T is an easy consequence of the following lemmas: 


Lemma 1. If A ts a basis of order 2, there exists an even integer x such 
that p(w) 24. 


Lemma 2. If A is a basis of order 2, then either there exists an odd 
integer y such that p(y) Z4 or A is one of the two sets 


(0, 1, 8,- ,an-l Jy (0,1, 2, 4,- any: ). 


In 1941, Erdös and Turán conjectured that lim sup p(n) =» for asym- 
ptotic bases. Hither Lemma 1 or Lemma 2 implies that, for bases, 1. u. b. p(n) 
=4. Actually, this can be shown directly, and more simply, using the 
method employed in proving Lemmas 1 and 2. 


3. Proof of Lemma 1. We shall show, in order to prove Lemma 1, 
that the assumption that every even number has no more than 3 repre- 
sentations as a sum of two integers of a basis, A, of order 2, leads to a 
contradiction. Our method involves a cumbersome consideration of various 
cases. Clearly 0 € A, 1€ A and either 2 or 3 or both are in À. 


Case 1. 2€A,3€A. Here 3’A4, for otherwise p(4) >3. If 3’=5, 
then. 5’==9, for 5’<9— (8) >3 while 5 >9— p(9)=0. Similarly 
== 13. But now p(14) —4; hence 3’545. If 3’=-6, then 6’ 9, for 
6’ << 9->p(8) > 3. TE 6’ =9, one sees, arguing in tha same way, that the 
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next elements in A must be 13, 17, and 21; but then p(30) > 3. Therefore 
6’ == 10, for otherwise p(10) —0. As before, the next elements in A must 
be 17, 21, 25 and 29; but then p(46) > 8. Thus 8/46. Consequently 
3’ == 7, for otherwise p(7) —0. But now ”—=11 and 11’—=15 and we have 
p(18) > 3. We have shown that A cannot contain both 2 and 3. 


Case 2. 2€A, 3¢A. If 2’ = 4, then #—7 and Ÿ 29. If 7—9, 
then 10, 12, 14, 15 and 16 are not in A, for then p(16) > 8 or p(10) >3. 
Thus 9’—11, since otherwise p(12) —0. 11418, for then p(20) > 3. 
Hence 11/—17, since otherwise p(17) —0. But now p(18) > 3. Hence 
Y9. Thus ”=10, otherwise p(10) —0. 11 and 12 are not in A, for 
then p(12).> 3. 136 À, for then p(14) > 3. But now p(13) —0. Hence 
Q! A4. 

It follows that 2/— 5, for otherwise p(5) —0. Now 5-26, for then 
p(6)>8. If 5—7, then Ÿ 29. If Ÿ—9, then 10, 11, and 12 are not 
in A, for then p{12) > 8. Afso, 13¢A, for then p(14)>3. But now 
p(13) —0. Hence 749. If Y —10 or 7’—11, then p(12) >3. Hence 
yY > 11. But now p(11)—0. Thus 5727. Consequently 5’ == 8, for other- 
wise p(8) —0.8 = 11, for otherwise p(10) >3. But if 8 >11, then 
p(11) —0; hence 8’==11. 11/218, for otherwise p(12) >3. If 11 = 18, 
then one can see that 14, 15, 16 and 17 are not in A, for the presence of 
any one of these would make p(14) > 8 or p(16) >3 or p(18) >3. But 
now p(17)—0. Hence 11’=14, for otherwise p(14)—0. But now 
p(16) >3. Thus the case 2€ A, 3¢ A cannot occur. 


Case 3. 2¢A, 3€ A. 3’544; otherwise p(4) >3. Thus 3/—5, as 
otherwise p(5) —0. 546, for then p{6) > 3. Hence 5 — 7, as otherwise 
p{7) =0. But now p(8) >3. This completes the proof of Lemma 1. 


4. Proof of Lemma 2. Let A be a basis of order 2 and suppose that 
every odd number has exactly 2 representations as the sum of 2 elements 
of A. As before, 0€ A and 1€ A. 


Case 1. 2€ dA. We show that there are no larger odd numbers in A. 
Suppose the contrary. Let 2m-+1, m=1, be the smallest odd number, 
apart from 1, in A. Then A must contain all even numbers between 2 and 
2m---2 inclusive, for otherwise the odd numbers between 3 and 2m —1 
would have no representations. It is also clear that 2m¢A. Since every 
odd number S4m—1 now has two representations, it follows that 
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(2m +1)">4m—1. But then p(4m—2)—0, unless m—1 or m=2. 
The case m==1 is excluded immediately, since here p(3) > 2. In the latter 
case, 2’==5, and 5’ —8. Clearly 9¢ A; also 11¢ A, as otherwise p(13) > 2. 
Hence: 8’ — 10, for otherwise p(11) —0. 12 and 13 are not in A, for then 
p(18) >2 1464, for then p(15) > 2. "But now p(14) —0. 

Thus the only odd element of ‘A in this case is 1. It follows that all 
‘even numbers must be in A; that is, A is the set (0,1,2,---,2n,---). 


Case 2. 2¢ A. We show that all remaining elements of A are odd. 
Suppose the contrary. Let 2m, m= 2, be the smallest even element of A, 
apart from 0. Then A must contain all odd numbers =2m—J1. It follows, 
as before, that (2m)’—4m or (2m)'—4m+1. If (2m)’—=4m, then 
(4m)’ > 4m + 2, as otherwise p(4m +1) > 2 or p(4m +3) >2. But now 
p(4m +2) —=0.: 

Hence (2m)’ = 4m +1. By the same arguments as before we infer 
that A contains all odd numbers in the closed interval [4m + 1, 6m—1] and 
no even numbers in this interval. All odd numbers less than 8m —1 are 
now represented as sums of elements of -4; it follows that there are no 
integers in A in the closed interval, [6m,8m—1].8m€A; otherwise 
p(8m) = 0. All odd numbers up to 10m —1 now having 2 representations, 
there aré no elements of A between 8m and 10m—1. Either (8m)’= 10m 
or (8m) == 10m +1; in the contrary case p(10m- 1) — 0. 

If (8m)’=10m, then all odd numbers <14m—1 have two represen- 
tations; (10m)’> 14m. But now p(12m +2) —0. Hence (8m)’ = 10m + 1. 
But now p(12m +1) > 2. 

Thus all elements of A, apart from 0, are odd; A is the set (0,1, 3, 
5). 


-5. Proof of Theorem I. Let A be a basis of order 2 and let z be an 
arbitrary: odd positive integer larger than 3x, where æ is the even integer 
mentioned in Lemma 1. Then z—x is odd and we may write z— a7 = h + az, 
since. À is a basis of order 2, with a <a Since p(x) 24, we have 
£ = dy À 0, = Gs + a, where no two of the integers ds, a4, @s, & are the same. 
Since z2—x is larger than 2z, at most one of the integers a,, a, is less than 
or equal to x. Hence at most one of them can be equal to one of the 
integers a, a ds, Go. Suppose, for example, that a,—a;. Then we have 
z= t, + dz + as + e with all summands distinct. 


Jn a similar fashion, using Lemma 2, we can treat the case in which 
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z is an arbitrary even integer larger than 3y. Theorem L is obviously true 
for the exceptional bases mentioned in Lemma 2. 

It has been pointed out by the referee that Theorem I is immediate if 
one knows that p(n) <n%/6%. For in this case we have for large n, 


A*(in) < D p(n) < n*/*/67/8, whence A(dn) <n#/6%. 
j=0 


If A(n) denotes the number of representations of n as the sum of four 
elements of A with at least one repetition, then 


aln) = 62 Zp(n—2) £ S 6A(in)p(n) <n. 


But, since A is a basis of order 2, the total number of representations of n 
as the sum of 4 elements of A is at least n. 


6. Progressive-free sets. Let B= (bi, b2,- --,b,-) be a set of distinct 
positive integers. B is said to be a progression-free set if the equation 
2b, — 06;-+ b; has no solution with 7547. Let x be a positive real number 
and let B(x) denote the maximum number of integers in any progression- 
free set of whose elements are less than æ. Roth’s theorem states that 
B(x) = O(a/log log x). 

Let S be any set of non-negative integers and let T be the set of 
integers which can be represented as the sum of 2 elements in S in just one 
way, namely as 2s; 8€ 8S. Then T is progression free, for 2(2s;) = 2s; + 2s, 
implies 2s; = sj + Sm so thet t= j = k. , 

If B= (bı, b2, - -,b,) is progression-free the set O = (c1, Ca, © +, Cr); 
where ci= àbi p, AAD, +—1,2,---,7, also contains no arithmetic 
progressions. | 


7. Chains. We turn now to the proof of Theorem II. Let A be an 
asymptotic basis of order 2. Suppose that every integer larger than £ can 
be represented as the sum cf 2 elements of A. Let v be an integer greater 
than ¢ which cannot be represented as the sum of 3 distinct elements of A. 
If ap€ A, G2, then, since A is an asymptotic basis of order 2, either- 
Uap St or T— ap = ay With age A or t—a,—a,+a, with aE A, 
whence *—a,—2a,. By an z-chain we mean a collection oe elements 
Qi, do, * *,@x in A such that 


(1) T— Oy = Wo, T — l = Ra, © ` E — lk- == Ur, 


where the equations 2 — e = 2a, and 2 — A, = 2a, with a¢€ A, mE À have 
no solutions. It is clear that, with at most ¢ exceptions, ev ery element in A 
which is = x belongs to one and only one z-chain. 
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‚ Using the standard method for solving a linear difference equation, one 
can easily show that 


(2) ty — 3 (@— 803) (—4)* + 423 nee ke 


It follows from (2) that, except for the case a,— 2/3 the elements of a 
chain are distinct. The number of distinct elements in a chain will be 
called its length and will be denoted by k. 

Putting n==% in (2) we see that since a, is an integer, t— 34, must : 
be divisible by 247. A chain will be said to be associated with m if æ—3a, 
is exactly divisible by 2”. Clearly, if a, 2/3, kSm-+l1; also m&u 
= [logz/log2] +1. In case a, = 78, we shall put k=1, m—0. 

The integer t—a, has only the representation t—a,— 2d, as the 
sum of two elements of A, for e—a,—a,-+a, would imply +—a, = 2a, 
aud a, would not be the initial element of its x-chain. From our remarks 
in (6) it follows that the initial elements of all x-chains form a progression- 
free set. 

The initial elements of the z-chains associated with m also form a 
progression-free set. So do the integers of the form («—-3a,)/2" where a; 
runs over all the initial elements of chains associated with m. These integers 
must lie between — 2/2”? and «/2”, that is, in an interval of length 32/2”. 
Ti we let a(m) denote the number of z-chains associated with m then 


(3) a(m) S B(3x/2"). 
Similarly, the total number of +-chains is = B(s). 
8. Proof of Theorem II. We have 
AG) St+ EESt+E (m+1) St+Sma(m) + EL, 


where the unindexed summations are taken over all æ-chains. Putting: 
v = [log 1/2 log 2] and employing (3) we have 


A(t) S E+ mB(32/2") + E mB(3x/2") + B(x). 
m=0 mavtl 
Using Roth’s theorem, we have 


Als) St+ 2 3ema/2" log log(3x/2") + E mB (31) + c,2/log loge 
m= 1 


M=ZU+ 


St-+ È 3cumx/2" log log (324) + 324 > m + cw/loglogx 


m= m=v+L 


S t + c:2/log log z X m/2” + cart log? x + ¢,2/log log x 
m=0 
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S t + e,2/loglogx, where cı, C2, cs and c, are absolute constants. Since e 
was an integer which could not be represented as the sum of 3 distinct 
elements of A, it is clear that our last inequalty implies Theorem IT. 


MICHIGAN STATE UNIVERSITY. 


REFERENCES, 





[11 G. Pall, “On sums of squares,’ American Mathematical Monthly, vol. 40 (1933), 
pp. 10-18. 7 

[2] P. Erdös and P. Turán, “On a problem of Sidon in additive number theory and 
some related problems,” Journal of the London Mathematical Society, 
vol. 16 (1941), pp. 212-215. 

[31 K. F. Roth, “On certain sets of integers,” Journal of the London Mathematical 
Society, vol. 28 (1953), pp. 104-109. 


ORDINARY DIFFERENTIAL EQUATIONS AND LAPLACE 
TRANSFORMS.* 


3y AUREL WINTNER. 


PART I. 


On the case of integrability by Laplace transforms which corresponds to the 
Fuchsian case of a singular point of a linear differential equation. 


1. Let f(z) be reguler on the half-plane Rez>0, and let f(z) be 
representable as a Laplace-Stieltjes transform 


eo 


(1) fa) = f e daft) 
0 

(0t<o) which is absolutely convergent for Rez > 0. Then the function 
f(z) will be called of class (A) (more specifically, of class (Ao), where the 
subscript refers to the abscissa of the boundary line), and its a=a(t) will 
be denoted by ay = a(t). It is understood that a(t) is uniquely determined 
hy f(z) only after the normalization of an additive constant and of the 
values of a(t) at its discontinuity points (for instance, if a(0) —0 and 
a(t +0) a(t), where 0OSt<w); and that a(t) is of bounded variation 
on every finite interval O=¢<T but need not stay bounded as t—>oo, since 
(1) need not converge at 2=0. It is clear that 


{1 bis) f(z) > a;(+ 0) —a,(0) as Reza, 


and that f(z) is bounded for Rez >« if e>0. 
sonsider the solutions w==w(z) of the differential equation 


(2) w” + f(z)w —0, 


and let the trivial solution w(z) =0 (which is of class (A), with as (t) =0) 
be excluded. Then, if f(z) is of class (A), there need not exist any solution 
w(z) of class (A) (or, for that matter, of class (A,), no matter how large 
v > 0 be chosen, where g(2) is called of class (4,) if g(z—r) is of class 
(Ao) == (A)). In order to see this, choose a(t) 41. Then (1) is of 
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class (A) and reduces (2) to w” + w/z2*==0. But this differential equation 
is satisfied (for Rez > 0) by w(z) — 2%, where a is either root of a(a— 1) +1 
=0; so that, since Rea=4$>0 holds for both roots a, no solution w(z) 
stays bounded as Rz—>co, and so no solution is of class (A) (or, for that 
matter, of class (4,) for some r > 0). 

It will turn out that this trivial counterexample is close to the border 
of that subclass of the functions f(z) of class (A) for which the possibility 
of a counterexample becomes replaced by an existence statement. For, on 
one hand, such a subclass will prove to be characterized by the condition 


1 


(3) f t | day(t)| <% 


0 


(which is a local condition for {> 0, since it is equivalent to 


(3 bis) ay(+ 0) = a;(0) 


N 
and f t? 


3 
other hand, (8) is “just barely ” (logarithmically) violated by the a(t) == #1? 
of the preceding counterexample f(z). 





daç(t)|— 0 together, where 0 < min(8,7)->0). And, on the 


2. It was shown in [7] that if f(z), besides being of class (4), is such 
as to belong to an a(t) which, for a sufficiently small e> 0, satisfies the 
condition 
(4) ar(t) = const. if OSt<e, 


then (2) has a solution w(z) of class (4), and that this w(z) is substan- 
tially unique (by this is meant that this w(z) can be replaced only by cw(z), 
where ¢ is just one of the two integration constants of (2)). But it was. 
also shown in [7] that the restriction (4) of the coefficient function of (2) 
will compel the (A)-solution w(z) of (2) to be such as to satisy ay(t) = Const. 
for 0 =i < e (where e is the same constant as in (4)). Correspondingly, the 
assumption (4) played the drastic part of completely eliminating “small 
divisors” (not “ diophantine ” small divisors, of the type occurring in celestial 
mechanics, but still “small divisors”, entering in the discussion of the solu- 
tion of the differential equetion in the same way, and creating the same 
“resonance ” trouble, as in celestial mechanics). 

It was shown in [8] that if (2) is replaced by a system, say (9), of n 
homogeneous, linear differential equations of first order, with a coefficient 
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matrix F(z) all n? elements of which are of class (A), then the drastic 
assumption corresponding to the case f—# of (4) can be improved to an 
integral condition on the behavior of ar(¢) near t= D, a condition charac- 
terizing the allowable amount of “small divisors.” Bus this problem on (8) 
is quite different from that of (2), since that integral condition on ar(t) 
refers to the systems (S) for which all (vector) solutions are of class (A), 
whereas (2), when written in the form (S) (with n= 2), can never have 
this property (correspondingly, f(z) =1 will be one of the n?=4 of the 
elements of the resulting (8), and f(z) =1 belongs to a,(t) —sgnt in (1); 
so that (3 bis) is violated). On the other hand, if an appropriate transcrip- 
tion of the method of [8] is attempted from (8) to (2), then the convergence 
of the successive approximations is made to depend on estimates which, 
though obtainable, become too involved. 

- In what follows, all these difficulties will be avoiced by having recourse 
to function-theoretical arguments. Instead of applying, as in [7] and [8], 
successive approximations in the a-space, the successive approximations will 
be carried out before the application of the Laplace transformation. The 
necessary estimates then become of the classical type. But what is needed 
is their translation to the a-space. This can, however, be handled by an 
appeal to the theory of normal families, since the “translation” process is 
then taken care of by the “continuity theorem” of the transform (1) (where 
f=f,w, wg; &k=1,2,---). Thus the proof becomes a counterpart (for 
Laplace transforms) of the corresponding treatment of the spectral resolution 
(which is an isue concerning Stieltjes transforms, instead of Laplace trans- 
forms) ; cf. [4], pp. 104-105 and pp. 171-173. 


8. What will thus result is the following theorem: 
If both coefficient functions g(z), f(z) of 
(5) w” + g(z)w + f(z)w = 0, 


where Rez>0, are of class (A), and if their (Laplace-Stieltjes) Unter- 
funktionen a(t), ag(t), where OSt <œ, behave, near t= 0, so as to satisfy 
the respective “small divisor” restrictions 


v 


(6) Fi | day(t)| <0, f | daj(t)| <o, 


o 


then, on the half-plane Rez > 0, the general solution of (5) is of the form 
(7) w(z) = czu (z) + cw (z), 


268 AUREL WINTNER. 


where the function u(z) (which is not a solution) and the function v(z) 
(which is a solution w(z) belonging to c, —0) are of class (A). 


The structure of the two conditions (6), when compared with Fuchs’ 
classical theorem on differential equations (5) for which z= 0 is a “regular” 
singular point (cf., e.g., [1], p. 120), explains the choice of the title of this 
Part I. In this regard, cf. also Bécher’s extension [2] of Fuchs’ sufficient 
condition to the real field, particularly the case dealing with the case corre- 
sponding to a multiple elementary divisor, and the remark made in the foot- 
note on p. 854 of [6]. 

Corresponding to the Fuchsian parallelism, it is clear how the assump- 
tion and the assertion of the theorems (and it will be obvious from the nature 
of the proof below how the proof of the theorem) can be extended from 
n==2 to any n, if n is the order of the homogeneous, linear differential 
equation D(w) 0. If n= 1, then the theorem is trivial; ef. [8], p. 174. 
This trivial case also shows that the “ Fuchsian ” integral conditions of the 
general theorem cannot (in general) be improved (in this regard, cf. also 
the Appendix of [5]). The theorem resulting for an arbitrary n is a 
“small divisor” refinement of the corresponding result of [8], where (4) is 
assumed for all n coefficient functions f(z) of D(w) =w® -+--+ fol(z)w. 

In order to halve the length of the formulae, the proof of the italicized 
theorem will be given for the case g(z) ==0 only. Then (5) and (6) reduce 
to (2) and (3) respectively. It will be clear from the proof that the modifica- 
tions needed in it when g(z) 540 are of a trivial nature. Actually, the 
unessential assumption g(z) ==0 will shorten the proof only insofar as it 
will make possible the use of some of the passages in [5] and [6]. 


4. Instead of the analytic differential equation (2), consider first the 
differential equation 


(8) . w” + f(c)uw — 0 


(= d/dx) in which f(x) is a (possibly complex-valued) continuous Zunc- 
tion of the real variable x; defined for large positive æ in such a way that 
af (x) is absolutely integrable or, what is the same thing, that 


(9) F(xz)—0 as so, 


where 


(10) x Pla) = fs] f(s) 
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Under these assumptions on f (x), the following facts are contained in Böcher’s 
paper [2] implicitly (cf. the remark on [2] made in Section 3 above), and 
in [5] explicitly (and, incidentally, under an assumption requiring of f 
somewhat less than the absolute integrability of ay): 


(i) The differential equation (8) has a solution w(x) satisfying the 
“initial condition ” 


(41) w(z) 1 as >», 


and this solution of (8) is unique. 


(ii) On the half-line on which f(x) is given, all the integrals occurring 
in the recursion formula 


(12) wa(a)—= 14+ f (e—s)f(s)un-s(s)ds, 
where n == 1,2, >- and 
(13) w(x) =0, 


are absolutely convergent, and the differences of consecutive functions in the 
sequence 


(14) w, (z), + - Wat), i 


are subject, at every point = of that half-line, to tae inequality 


(15) | wa (£) — wr (£)| S (G(x) + F(z) )?*, 
where 
(16) Gla) = f fol“ 


(hence G(x) = F(a) if 121, by (10)). 


(iii) As a consequence of (ii), the solution w(z), assigned by (11) 
in (1), can be obtained by the process of successive approximations on some 
half-line zo <<% (if z, is large enough, so large that, in (15), 


(17) G(a) +Fle)<lEe un <e<o; 
and (9) and the parenthetical remark made after (16) assure the existence 
of an z, satisfying (17)). 

The refinement (iii) of (i), along with (ii) (where >, is not 
assumed) will be essential in what follows. The finite z-interval which is 
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debarred by the proviso x > x, of (iii) will prove to be such that its inclusion 
becomes possible if an appropriate use is made of (ii). 


5. Now consider (2) under the assumption that, on the (open) half- 
plane «> 0, where æ is the real part of z =z -+ iy, the coefficient function 
f(z) is regular and representable as an absolutely convergent integral (1) 
(that is, that f (2) is of class (A)), and eus (2) with (8), by keeping 
y fixed in z= + iy, where 


(18) D<2e<o 


and —co < y <o. Then what correspond to (12), (18) and (14) are 


(19) wl) =1+ f CL e*tda(t) jwn (8)ds, 
with | F ° 

(20) ‘ w,(z) =0, 

and 

(21) l wı (2), 2 "‚Wn(2),' 


Similarly, (15) becomes 


(2) | wn (2) — wa (2)| S (G(x) + F(x)}", 


where, corresponding to (10) and (16), 


(23) F(z) —1.ub. if Is f et day(é)| ds| 
E -0 LyLo ji à 
and 
(24) G(2) — Lu.b. Sf e-*tday (t)| ds |. 
. -a<y<e > 5 ; 


It follows from (i) that (2) will have a unique solution w(z) satisfying 
the limit relation 


(25) w(z) 1 as >» 


(which is meant to be uniform for —oa<y<mw), if the condition corre- 
sponding to the convergence of the integral (10), where x > 0, is satisfied 
by f. This will certainly be the case if the expression (23) is finite at every 
point of the half-line z > 0. But it is clear that if (23) is replaced by 
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«a 


(26) F(a) = f ys f e| dart) as, 

2 a. 
then (23) is finite if (26) is (at a given s > 0) and that, under the latter 
assumption, 


a 


(ary Gle) = f Cf e] date) Des 
2 0 
is finite; finally, that (22) remains true if (as always in the sequel) the 
functions F(x), G(r) are defined by (26) and (2%), rather than by (23), 
(24). 
Accordingly, (i) and (ii) become applicable on (18) if (26) is con- 
vergent on (18). But (26), where x, s, t are positive, ean be rearranged into 


W% 


(28) P(o) = f e (14 teyit | de(t 


(since 1? f sesas— (1+ix)e"#t, and since Fubini’s theorem on product 


g 
measures is applicable whether the integrals are finit: or not) and, corre- 
spondingly, (27) can be written in the form 


© 


(29) G(2) = f estt | day(t) |. 


0 


On the other hand, since (1) is supposed to converge absolutely if æ > 0, 
it is clear that (28) will be finite for every æ > 0 :f and only if (3) is 
satisfied (and that (29) is then certainly finite for every æ> 0). But (3) 
is an assumption of the italicized theorem, to be prov2d. 

Consequently, (i) and (ii) can be applied in the following proof of 
the theorem. In view of (i), it is already assured that (2) has a unique 
solution w(z) satisfying (25). This solution exists, as a regular function, 
on the half-plane «> 0, since, by the local existence theorem of (analytic) 
linear differential equations, every solution of (2) is regular on every z- 
domain on which the coefficient function f(z) is regular. What remains to 
‚be seen is that the particular solution w(z), defined by (25), is a Laplace- 
Stieltjes transform, and that the latter is absolutely convergent on the entire 
half-plane «> 0 (and not, as one might expect from (iii), only on some 
half-plane « > £o, where x, is sufficiently large). 
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6. To this end, (ii) will have to be used in the form obtained in 
Section 5, a form which s-ates that (27), (26) and (19) satisfy (15) for 
n==1,2,--- and at every point z of the half-plane x > 0. 

It is clear from (ii) that each of the functions (21), defined by (19) 
and (20), is a regular function on the half-plane æ > 0. This information 
will be completed by the following pair of facts: 


(I) The sequence (%1) is uniformly bounded on every fixed half-plane 
x > «, where e > 0, 


(II) Each of the functions (21) is of class (A), that is, a Laplace- 
Stieltjes integral, say 


oo 


(30) far, 


0 
which is absolutely convergent on the half-plane x > 0. 


If (I) and (II) are granted, then it is possible to proceed as follows: 
According to (iii), there exists a half-plane «>a on which the sequence 
(21) tends to the solution w(z) determined by (25). But it follows from 
(1) that, in view of the theory of normal families, the “sufficiently large” 
% can be improved to any «> 0. If this is combined with (II), it follows 
that the functions (21), besides being absolutely convergent integrals (30) 
on the half-plane «> 0, form a sequence which is uniformly bounded and 
(uniformly) convergent on every half-plane 2 > e, where e> 0 is arbitrary. 
But the assumptions placed on f(z) in (2) are such as to remain satisfied 
if (2) is replaced by 


w” + f*(z)w=0 or w” —f*(z)w=0, 
where 


f*(z) -f eet | day(t)| for s> 0; 
o 
cf. (1). Hence it is clear from (19) and (20) that not only the functions 
(30) but also the functions 


Le] 


w*(2) = f et] dBa(t)| 


o 


{orm a sequence which is uniformly bounded and (uniformly) convergent on 
every half-plane z >e, where e> 0. It follows therefore from the “ con- 
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tinuity theorem” of Laplace-Stieltjes transforms that, if v(z) is the limit 
function of the sequence (30) (that is, if v(z) denotes the solution w(z) of 
(2) defined by (25)), then v(z) is a Laplace-Stieltjes transform, say 


co 


(31) v(z)—= f 6480), 
0 

which is absolutely convergent on the half-plane 2>0. In fact, if the 
constant £,(0), which (30) leaves undetermined fcr every n, is suitably 
chosen, then w,(z) > v(z) sn >» (for x > 0) is equivalent to B,(t) > B(t) 
as n->co in (30) and (31) (if the discontinuity points of B{t) are dis- 
regarded). 

Accordingly, the existence of the (unique) solution w(z) which in (7) 


‘belongs to (c,c2) = (0,1) follows if (I) and (II) are granted. On the 


other hand, if the existence of the solution v(z) is granted, then the existence 


‚of the solution zu(z), a solution w(z) which belongs to (c,c) = (1,0) in 


(7), follows by the argument applied in [7], pp. 448-450. Consequently, the 
proof of the theorem will be complete if (I) and (II) are proved. 


7. Clearly, each of the (complex) functions (19), where z=r-+iy 
and > 0, is majorized by the corresponding (real, non-negative), function 


(32) Met f ref est | das (t)|}Wn-1 (8) ds, 


where 0 < <œ and, corresponding to (20), 


. (33) W,(z) =0. 


Hence (I) will be proved if it is shown that the functions (32) are uniformly 


bounded on every closed half-line contained in the open half-line (18). 


For similar reasons, (II) will follow if it is shown that each of the 
functions (32) is a Laplace-Stieltjes integral which is absolutely convergent 
on (18). Hence, somewhat more than (II) will be proved if it is shown 
that 
(34) W,„(z) is completely monotone on (18). 


In fact, (34) and the Hausdorff-Bernstein theorem imply that if y,(#) 
belongs to W,(x) in the same way as a(t) belongs to f(z) in (1), then not 
only does there exist on (18) a Laplace-Stieltjes representation of W,(x) 
in terms of yn(é) but, in addition, dy,(t) 20. But it also follows from 


6 
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the Hausdorff-Bernstein theorem that (34) is equivalent to the following 
assertion : 

(35,) (—D)"W,, (£) Z0, where m—=0,1, - - and 0 <æ<o 


(D = d/dx). Hence (II) is true if (35,), (352),- - - are true. | 
Since (35,) is clear from (33), it follows that (II) will be proved if 


it is shown that (35,.) implies (35,). This induction will be carried out _ 


now. The proof of (I) will be deferred to Section 8. 

First, it is clear from Section 6 that each of the integrals ey is 
convergent on (18). Next, (82) and a differentiation of (32) show that 
the cases m—0 and m=1 of (35,1) imply the cases m—0 and m—1 
of (35,). Hence, when proving that (35,1) implies (35,), it is sufficient 
to consider the cases m=2,3,--- of (35,). But two differentiations of 
(32) show that | 


DW, (x) = Waa (2) f et | day(t) |. 
o ` 


It follows therefore from (85,:), and from the fact that the product of 
two functions which are completely monotone on (18) is completely monotone 
on .(18), that. D°W, (x) is completely monotone on (18). Since this means 
that the cases m == 2,3, : : of (35,) are true, the induction is complete. 


8. In view of the end of Section 6 and of the beginning of Section 7, 
all that remains to be proved is that the functions (32) are ‘uniformly 
bounded on every half-line e< £ < %, where e> 0 is arbitrary. 

Let ON be written in the form 


(36) AORE? f (s—z)f*(s) WW, 1(s)ds, 
where ` 
(er) ro) | er lau]. 


H 
If Fubini’s theorem is applied in the same way as in Section 6, then: it is 
clear from (37) that (3) and the asbclute convergence of (3) and. (18) 
together are equivalent to the (absolute) convergence of 


© 


Me. feeds go). 


0 
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for every x>0. Hence, the assertion is that (36), where W,(x)==0, and 
the convergence of (38) on (18) imply the existence of a constant C =C (e) 
satisfying 

(39) Walt) <C(e) for e<r <00, 

whenever e> 0. (Al that is clear is that there exists s bound, depending on 
n, for which 


(39 dis) Walt) <Cile) ife rca; 


simply because each of the integrals (36) is convergent on (18).) 
Since (36), where W,(x) ==0, implies that W.(c) =1, it is clear that if 


(40) Un(a) = Walz) — Wri (©), 


then Di(z)==1 and Uie) = f (s—-z) f*(s)Uy-a(s)ds, that is, 


(41) Hila f TER A + 8) de. 


The iteration of (41) shows that U,:(x) is the n-fold integral 


co 


(42) Vania) = f Hi f Hr syf* (e+ bast: + Sp) dsp. 


But since both (non-negative) integrals (37), (38) are convergent for every 
æ> 0, it can readily be concluded from (42) that the functions U;(x), 
U;(x),: - - are uniformly bounded on every fixed half-line e < x <œ, where 
e>0. In view of (40), where 17, (7) =0 and W,(+)=1, this is equivalent 
to (39). 


PART II. 
Ordinary non-linear differential equations and Laplace transforms. 


Introduction. The following considerations deal with three questions, 
(a), (8) and (y), on families z == x(t, c) of solutions of differential equations 
dx/dit =f (t,x), where c is an integration constant, confined to a “suffi- 
ciently small” c-domain, and (A) if ¢ is real, its rang2 is either (a) a fixed 
interval which is not compact, say OS t <œ, or (b) a half-line T St <% 
with a 7 T, which cannot be chosen independent of c, whereas (B) in the 
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analytic case, the t-range is either (a} a fixed half-strip (0 S Ref <o, 
| Img | < const.).or (b) a half-strip (TS Ret < œ, | Imt | <e) with T = Te 
and e=e.. | | = 
In each of the four cases. (Aa), (Ab), (Ba), (Bb), the three questions 
to be considered are (a) the existence of x(¢,c) on the infinite Z-range, 
(B) the uniform continuity of z(¢,c) in t and c together (which; since the 
t-range is infinite, is equivalent to the question of stability in the sense of 
Dirichlet), finally (y) the representation of x(t) —<a(t,c) as a Laplace- 
Stieltjes integral (the subcase (yA) of (y) subsumes itself to the subcase 
(yB)). If (a:), (a2), (as) denote (a), (8), (y) respectively, then the issue 
is the specification of conditions which, when satisfied by f, are sufficient for 
(ai), where + is fixed. The resulting conditions will of course be stricter 
for (a1) than for (a). i | 
- It will be sufficient to deal with tke case in which © or f is a scalar. 
In fact, it will be clear from the nature of the proofs that the vector case (that 
is, the case of a system da,;/dt =f; (t,21,- - ‘,æ,), where j—1,: --,n) can 
be reduced to the scalar case by ä device of superordination, a device which 
reduces to the prinicple of majorization in the analytic case. Actually, the 
proofs are such as to-make it clear that a direct treatment of the vectorial 
case differs from that of the scalar case in hardly more than in the intepre- 
tation of the symbols. l 


1. Suppose first that the f of 
(1) Ä da/dt —f(t,2) 


is real-valued and continuous on the half ¢= 0 of a real (¢,7)-plane. Suppose 
further that | 


(2) fJ GOL <o, 


and that there exists on the half-line ¿= 0 a non-negative, continuous (but 
not- necessarily bounded) function A(t) which ‘satisfies the condition _ 


Q 
» 


(3) | f at)di<o 


[13 


and which is a “global Lipschitz factor” of f; that is, for which 


(4) | f(t 2?) fa N SAGE a’ | 


ee 
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"holds for any pair (t £), (£,2”) of points (t,x) contained in the half-plane 
(5) 5 - 0St<a, ee ge ae 


Under these assumptions, (1) is ‘ 
v= a(t) of (1) exists for 


(6)  OSt<o. 


“unrestricted,” that is, every solution 


What is more, every solution 2(¢) of (1) tends, as >», to a finite limit, 
a{oo). Conversely, if there is given any point ¢ of the line 


(7) —a<e<o, 


then there exists an initial condition x, corresponding to which the solution 
a(t) determined +(0) =s, has the limit æ(co)—c. These (and certain 
more general) facts were proved in [10]; for extensions, cf. the Appendix 
of this paper. 

As pointed out to me by Professor Siegel (cf. [10], pp. 181-182), the 
correspondence between the æ(0)-line and the æ(c)-line is continuous and 
one-to-one in the general-solution of (1), that is, by virtue of 


(8) t= q(t, £o) 5 2(0,%) =,  limg(t, To) =s( © ; £o). 
t— œ 
2. In what follows, it will be very essential that, under the assumptions 
(2)-(5), it is possible to choose a {* in such a way that, on the portion 
(9) tH St<oo 


of the half-line (6), the solutions x(t) ==a(t;c) of (1) can be obtained by 
the following process of sucessive approximations: 


(10) rn (t) 0— f f(s ras) )ds, 


where c is the arbitrary “initial constant” 2(0o), the iteration process (10) 
starts with 


(11) o z(t) =c | = (cæaæ(æ)), 


and the éonvergence (in fact, even the absolute convergence) of each of the 
integrals (10) on the half-line (9) is part of the statement. In other words, 
the half-line (9) can be chosen in such a way that the sequence 


(12) Y(t), T(t), : *,&n(t),- 7 
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will be defined by (11) and (10) and will converge on (9) (as a matter 
of fact, uniformly on (9)) to that solution x(t) of (1) which belongs to 
z(©)=c. In fact, this was the “non-local” part of the proof in [10] 
(but not in [12], where nothing like a Lipschitz condition is assumed). 
By adapting an argument which is well-known in the classical “local” 
problem (Bendixson-Lindelöf), it can be shown that (12) converges not 
only on a certain (constant) portion (9) of (6) but on the whole cf (6), 
that is, for Ot ¢* as well. But this will not be needed in what follows. 


3. In order to apply the (vectorial variants of the) facts collected in 
Section 1 to the problem o= vortices and nodes (Poincaré), a simple device 
had to be applied in [14], pp. 821-823. In what follows, the adaptation 
of that device will be needed, in order to deal with the case in which the 
half-plane (5) of f is replaced by a strip 


(13) 0St<oo, —b<r<b, 
where b > 0 is given arbitrerily (it can be “small ”). 


Suppose that f({,x) is real-valued and continuous on (13) and satisfies 
(2) and (4), with (3), on (13). Then, corresponding to every positive by 
which is less than b, there exist a sufficiently small b* = b* (bo) > 0, a suf- 
ciently small c*—=c*(b,) and a sufficiently large ¢* = t* (b) 20 which have 
the following properties: Every solution æ(f) of (1) which belongs to any 
initial condition #(¢*) =x* satisfying 


(14) > [arr | (c* a(t) at t=t*) 
exists on (9), satisfies 

(15) |a(t)| < dy 

on (9), and tends, as ¿—> œ, to a limit c satisfying 

(16) [ol <o (e=z(%)). 


Conversely, there belongs to every c satisfying (16) a unique solution x(t) 
of (1) which exists on (9), satisfies the inequality (15) on (9) and the 
conditions c= (20) and (14), where «*—=x(t*) (note that b* > 0 can be 
chosen arbitrarily small; in particular, so as to be less than b,). Finally, for 
every c satisfying (16), not only (15) but also 


(17) | ea (t) | < Bo (n=0,1,- °°) 
holds on (9), where the functions (12) are defined, on (9), by (11) and 
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(10) and converge, on (9), to that solution æ({) of (1) which is determined 
by the “initial condition” z(w) =c. 

First, since 0 < bo <b, and since f(t,r) is given on (13) as a con- 
tinuous function satisfying (2) and (4), with (3), it is clear that if (13,) 
denotes the strip which results if b is replaced by ty) in (13), then it is 
possible to choose on the half-plane (5) a continuous f(t,2) which is iden- 
tical with the given f(f,x) on the portion (13,) of (13) and which satisfies 
(2) and (4), with (3), on (5). Hence, all the assertions, concerning the 
existence of the positive numbers b*, c*, ¢* which have the above-stated 
properties, follow from Sections 1-2 and from the very nature of the process 
of the sucessive approximations (cf. [10]). 


4. It is also clear from the nature of the successive approximations 
that nothing is changed if the real differential equation (1) is replaced by 
the complex differential equation 


(18) dw/dz==f(2,w), 


where, corresponding to the continuity of f(t,x) on the strip (13), the 
function f(z,w) is supposed to be regular on 


(19) Rez>0,  |wi <b, 


the product space of a circle |w| <b and of the half-plane «> 0, where 
Z=T+ ij, —o<y<eoc. Then there exists on (19) an absolutely con-. 
vergent expansion 


(20) ` F(z, w) = À Fm (2) w™, 
6 m=0 ’ 
where every | 
(21) fm(z) is regular for «> 0 (z= Rez). 


What corresponds to (2) is the condition 


(22) J Lod. [let a)| de <e. 


Similarly, what corresponds to (4) and (3) on (13) is certainly satisfied if 


(23) J Lab Metio <0, where A(z) —1 u.b. | f(z, w)/w)| 


(provided that the integrand of (23) is continuous (and 400) at every x). 
Incidentally, less than this proviso would suffice in (28); cf. [13]). 
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These are all the assumptions which correspond to those of Section 3. 
Hence, under these assumpticns, there will belong to every circle |z] < by, 
where 0 <b) < b, a half-plane Rez > d*, a circle | w.|<b* (Sb), where 
w=w(z) at z =z, and Rez > d*, and a circle | e| < c*, where c=w(»), 
in such a way that the assertions of Section 3 hold (in their complex 
version).. It is understood that w(co=c¢ now means that w(z--iy) ->c 
holds uniformly for — 0 < y <% as tm. . 


5. As an application, choose on the half-line 


(24) 0<s<o 
a sequence of functions ao(s) a,(s),: : - satisfying [am] <0, where m==0, 
1,--- and i 
(25) = f [da(s).. 
0 
Then (21) is certainly satisfied if 
(26) Fe f esdan (8), 
0 
and (20) is certainly regular on (19) if 
(27) x [a,]b" <, where [as] = f |am(s}]. 
m=0 . 
0 


Actually, these assumptions are much stricter than necessary; suffice it 
to say that, for every fixed m, the integral (26) can have a finite abscissa 
of boundedness and uniform zonvergence without having a finite abscissa of 
absolute convergence. 


In view of the case m—0 of (26), and since 


[>] 


J | dala) |S f jdts)| = [a] <o, 


condition (22) is certainly setisfied if 
1 


(28 bis) fs? | dao(s)| <0. 


Lorna 


LAPLACE TRANSFORMS. 281 


On the other hand, since it is clear from (20) and (26) that the function 
h(z) occurring in (23) is 


w kad 


h(z) =Lu.b.| 3 mwr- f &-**dam(s)| < Z mb" f es | dam(s)|, 
jwl<o i mel A m=1 4 


condition (23) is certairly satisfied if 


1 


3 mb" f s | dam(S)| <a. 


m=i 
o 


Hence, if the notation is changed so as to replace the given b > 0 by a some- 
what greater b > 0, it is clear that (23) is satisfied if 
R 
= br ‘ s+ | dam(s)| <% 
m=1 N 
holds for R==o or, what in view of (27) is the same thing, for R==1. 
Finally, sinee m > 0 in the last sum, it follows that not only condition (23) 


but also condition (22) (which belongs to m=0 and was taken care of by 
(28 bis) above) will be satisfied if, in addition to (27), 


1 


œ . 
(28) 3 {an}b" <0, where {am} = f s | dam(s)|. 

m=O | 5 
[Note that an(+ 0) =a„(0), where m=0,1,: + -, is a necessary condition 
for (28).] 


Accordingly, the situation is as follows: If the coefficient functions of 
(20) are of the form (26) and satisfy (27) and (28) for some b > 0 (that 
is, if [am] and {a„}'Y/”, where m—0,1,: - - and 1/0—1, are less than 
a constant), then the results of Section 4 are applicable to (18). 

This implies, among other things, that there will exist a sufficiently 
large d* > 0 and a sufficiently small b* > 0 in such a way that, whenever 
and w, are numbers satisfying 


(29) Re zo > d* and | wo | < b* 
respectively, the initial condition 


(30) W (Zo) = Wo - 
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will determine a solution 


(31) ` w = w (2) = W {2 ; Zo Wo) 

of 

(32) dw/dz— 3 w™ J “dam (8) 
m=0 


0 


which exists (as a regular function) on the half-plane 

(33) ` Rez > Rez, 

and each of these solutions (31) will tend to a finite limit c= 6 (zo, wo) : 
(34) w(z)— as Rezo. 


In addition, these solutions w(z) can be obtained (if b* and 1/d* are 
small enough) by the following process of successive approximations: 


(35) ` lim w,(z) =w(z) on (33), 


. n~> co 
where the sequence 


(36) wo(2z),wı(2),' 4 *;Wn(z), ms 


is defined, corresponding to (11) and (12), by 


(37) mat) ee Tok. (26) 
and : 
(38) u) =e (c=w(%)) 


together, and the integrals (37) are convergent on (33) and represent 
regular functions satisfying 


(39) | w,(z)| <b on (33); 
ef. (17). 


6. On this basis, the following theorem will now be proved: 


Let fo(z), fr(z),- + -, where Rez >O, be a sequence of functions (26). 
satisfying (27) and (28) for some b > 0, and let f(z,w) be defined by (20) 
on the domain (19). Suppose further that fo(z)=0. Then there exist two: 
positive numbers, d* and b* (Sb), having the following properties: If zo. 
and w, are complez numbers within the circle | Zo | <b* and the half-plane 


un 
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Rez,>d* respectively, then the solution w=w(2) =w(2;2, Wo) of the 
(local) initial-value problem 


` dw/dz=f(z,w), Be 


exists on the half-vlane Rez > d* and is representable as a Laplace-Stieltjes 
integral 
(40) w(z) = f edp (s) 


0 


which is absolutelu convergent for Rez > d*; in addition, 
(40 bis) |w(z)| <b for Rez > d*. 


‘Needless to say, the function B(s) occurring in (40) depends on the 
initial constant w (Zo) =W, (and is of bounded variation on every finite 
interval of the half-line 0 Ss <0). 


Theorems of this type are known under substantially stricter assumptions. 
In fact, the known results deal either with linear differential equations (cf. 
[8]) or, in the non-linear case typified by (32), assume (cf. [9]) that 


(41) am(S)==0 for 0SsSI1, where m =0,1, :- 


(if the unit of length is suitably chosen on the half-line (24) and if the 
functions an(s), in which (26) leaves undetermined an additive constant, 
are normalized by am(1)=0). But (41) is a very drastic way of satisfying 
(28), whereas (if (27) is assumed) the allowable bekavior of the functions. 
an(s) near s==0 is the main issue. In fact, what is involved is a problem 
in “small divisors” (ef. Part I, Section 2, above). i 

On the other hand, (27) and (28) are the true conditions. In order 
to see this, it is sufficient to consider the particula? case in which (32) 
becomes homogeneous and linear, that is, 


co 


(42) dw/de—=f(2)w, with f(z) = f e**da(s), 


0 


where a, ==0 if m41 and a, =a. Then (27) and (28) reduce to 


(43) f | da(s)| <% and f s | da(s) |ds <%. 


But if da(s) 20 (that is, if da—=|da|), then a quadrature shows that 
(42) cannot possess any solution w (z) £0, representable for sufficiently large 
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Rez as an (absolutely) convergent integral (40), unless both conditions (43) 
are satisfied. 

The proof for the sufficiency of (27) and (28) seems to call for elaborate 
estimates of the total variations of the successive approximations to the 
(unknown) function B(s) which occurs in (40). It turns out however that 
this elaborate work (which, in my first attempts to prove the sufficiency of 
(27) and (28), appeared to be too involved to be completed by explicit 
induction) can be avoided entirely. This will be made possible by an 
appeal to the “continuity theorem” of the transform (40) (cf. the end of 
Section 2 in Part I). 


m 


7. It will be clear from the proof of the italicized theorem that, for 
reasons of majorization, it is suffieient to prove the theorem for the case in 
- which the functions a„(s) occurring in (26), (27), (28) are real-valued 
and non-decreasing (so that dan(s)—|da,(s)| for m—0,1,- - + and 
0<s<w@) and, in addition, the circle |wo|<b6* and the half-plane 
Rez) > d* of the initial conditions are replaced by the interval 0 = a, < b* 
and the half-line d* < 2, < respectively. For the same reason, it will be 
sufficient to consider the differential equation (32) and the existence of its 
solution (40) only on the half-line d*<a<o, where x=Rez (corre- 
spondingly, # will be denoted by x). Then it is clear from the way in 
which the results of Section 5 were obtained that c= 0 in (34). 

The c of (34) is the same as the c of the recursion formulae (37)-(38). 
Since da,,(s) = dom (s) | in (26), these recursion formulae now become 


(44) | Wns ( = C— Si EN gts | dan (8) |) (wy (t))”dt, 


where 0 < d* < toS r<% and 
(45) w (r) =c 20 ; (c=w(%)). 


If d* and b* are so chosen as in Section 5 (in connection with (29)), and 
if c is small enough (with reefrence to d* and b*), then, according to Sections 
4-5, all integrals (44) (which in view of (45) have non-negative integrands) 
exist (<œ) on the half-line 


and satisfy the limit relation 


(47) Hin isl ao ame w(x) on (46), eee w (00) ==, 
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where w(x) is a solution of dw/de—=f(z,w). Hence, in view of the con- 
eluding sentence of Section 6, the italicized theorem will be proved if it is 
shown that each of the functions w(x) is representable in the form 


(48) ive J e-6dg,(s) on (46), where dB, (s) = 0. 
o ; l 
But this can be shown by an adaptation of the corresponding step in Part I. : 
In fact, the assertion of (48) is equivalent tc the statement that each 
of the functions w,(x) is completely monotone on (46), that is, that, if 
D=d /dz, 
(49,) (—D)*w,(2) 20 on (46), where k=—0,1,: : : 


(Hausdorff-Bernstzin). Since the truth of (49) is clear from (45), it is 
sufficient to prove that (49,41) is implied by (49,). But (45) and the case 
n—0 of (44) show that the case k= 0 of the inequalities (49,) is true for 
every n. On the other hand, differentiation of (44) shows that 


(50) DIE ( f e | dan (s) |) una)". 


Since — Df (x), (2) + g:(x) and lim fm(£), where m—o, are completely 
monotone on (46) if f(x), g;(x) and f(x) are (provided that lim fm (z) 
exists), it follows by successive differeniations of (50) that (49,) is true 
for every n and every m if every (49,) is true for m =Q (cf. the corre- 
sponding induction in Section 7 of Part J). 


8. Accordingly, all that remains to be verified is the case k=—0 of 
(49,) for every n, that is, 


(51a) ` w, (z) = 0 on (46). 


Since (51,) is clear from (45), it is sufficient to prove that (51,.:) is implied 
by (51,). This induction will prove (49,) for every n if c> 0 in (45). 
The limiting case c—0 will have to be discussed separately. 

Suppose first that ¢>0. Then, since the integral occurring in (44) 
(for a fixed n) is convergent for d*<a<oo (where d* < £o), it is clear 
from (44) that w,,,(x) > 0 is true for every x which is large enough with 
reference to c and n +1. But (50) holds on the fized half-line (46), since 
To > d*. Since the truth of (51,) is assumed (for a fixed n), it follows that 
Düwn..(2) S0 on (46). Consequently, (51...) follows from the fact that 
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Wn (2) Z0 is true for large x (it also follows that the sign of equality 
cannot take place in (51,) for any n). 

In the remaining case, c=0. But the assumption f,(z)==0 of the 
italicized theorem (Section 6), an assumption which reduces (20) to 


(52) Fa 0) = 3 im{a)um, 


was not used thus far. If it is used, then it is clear that (18) admits the 
solution w(z)=0. Since the latter belongs to the case c==0 of (84), and 
can be represented in the form (40), with dB(s) ==0, the proof is complete. 


9. Since the assumption that (20) reduces to (52) was used nowhere 
but in the last paragraph of Section 8, the following theorem was also 
proved above: 


Let fo(z),f:(z),- > *, where Rez > 0, be a sequence of functions (26) 
satisfying (27) and (28) for some b>0. Then, if r—r(b) >0 is sufi- 
ciently small and if c denotes any complex number satisfying 0<|[c| <r, 
there exists an abscissa d—=d(c) <% having the following properties: The 
differential equation (18) has a solution w(z) —w(z;c) which exists on the 
half-plane Rez >d, satisfies the “initial condition” (34), and is repre- 
sentable on the half-plane Rez>d as an absolutely convergent Laplace- 
Stieltjes integral (40), where B(s) = ß.(s) (and w(z) satisfies the inequality 
|w(z)| <b if Rez>d). 


Since c — 0 is excluded, it is clear from (34) and (40) that B(s) =ß.(s) 
has a jump (=c= (+ 0) — (0) 40) at s0. 


APPENDIX. 


On a non-local theory of the initial value problem of ordinary differential 
equations. 


1. Let H, denote the open half-line 0 < t <œ, H the closure of Hy, R 
the n-dimensional t-space (—o < a <% ;i==1,--+,n), with = (%,-- +, 2p) 
and |a|==(#,°+----+4,7)4, and f(t,x) a vector function, with n real 

components, which is defined and continuous (but not necessarily uniformly 
~ continuous or bounded) on HX R. According to Peano, 


(1) ` da/dt =f (t,x) 
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defines a (local) flow. The state of R under this flow at the date ¢ will.be 
denoted by R,; so that Ee is the space R of all initial conditions z, which 
can be assigned for a (not necessarily unique) solution x(t) of (1) as 
x(0) =a). Eventually, under appropriate restrictions of the given function 
f(t,z) (cf. (C) below), even the state Re of R will be considered. 

In [10]-[13] I investigated various non-local issues concerning the solu- 
tions æ—zx(t;) of (1) (when f is subject to appropriate restrictions) ; 
that is, issues pertaining to the existence and behavior of z(t;z,) on 
the whole of H (and for any point x, of R), rather than just on some 
“sufficiently small” ¢-interval. The main questions can be listed as follows: 


Type (A). Every solution z(¢;2,) of (1) should be “unrestricted,” 
that is, such as to be “continuable” for 0Æt<c (the standard example 
in which such is not the case is Riccati’s scalar differential equation 2’ == #?, 
possessing the solution x(t) =—(t— t) which exists for 0St<t, if 
0<t<w but cannot be extended into any solution for 0Sit<?? if 
° > to). 


‘Type (A*). Let (1) be of type (A) and such as to possess the property 
that lim sup | x(t; 2)| <<, where £—00, holds for every solution (“stability ” 
for every fixed 2). A refinement of this type is 


Type (B). Let (1) be of type (A) and such as zo possess the property 
that, corresponding to every solution z(t;x,), there exists a point c=c(z,) 
of R satisfying x(¢;2)) >» as t>o (this will be expressed by saying that 
2(% 325) exists on Ry). 


‘Type (B*). Let (1) be of type (A) and such that there exists, as >, 
a finite lim |x(£)| for the length of every solution under z(t) of (1) (this 
condition, concerning amplitudinal limits, requires more than (A*) but less 
than (B)). 


. Type (C). Let (1) be of type (B) and such as to possess the property 
that every point of R is the æ(co ;z,) of at least one point x, of Ry (so that 
one can speak of R„)- 


Type (D). Let (1) be of type (C) and such ab to possess the prop- 
erty that the correspondence between Ro and Re, that 5 the mapping 
To-> TÒ% ; To), is continuous and one-to-one. 


Type (D bis). Let (1) be of type (A) and such as to possess the 
property that x(¢;2)) — 0, as t->e, holds for every solution. This type is 
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of type (B) but represents just the opposite of type (C). A variant of this 
“confluent” type (in which the point, 0, of “confluence ” could of course be 
replaced by any point of R) is 


Type (D*). Let (1) be of type (A) and such.as to possess the property 
that | e(t; zo)|— 0, as too, holds for every solution (this type is just the 
opposite of type (A*)). 


The issue is the specification of conditions which, when satisfied by the 
given function f(t,æ), assure that (1) belongs to one of these types. Such 
criteria were given loc. cit. In what follows, the results available to the 
methods applied there will he systematized and further developed. 


2. The starting point for any non-local statement (that is, of a state- 
ment on H) must be the following lemma (cf. [11], and [18], p. 177): 


LEMMA. If there is given for (1), where f(t,x) is continuous on H X R, 
a solution a(t) on an interval OS t < to, where to Coo, then either there 
exists some interval OS t< t, where t° >to, on which (1) possesses some 
solution which is identical with the given solution for OSt< t, or else 
|z()|>» holds as t>t,—0 [in which case the “non-continuability ” of 
the given solution, that is, the non-existence of any t° > to, is clear from the 
fact that a function x(t) cannot satisfy (1) at ¿= t if it is not differen- 
tiable at to; hence certainly not if it fails to be bounded near tol. 

‘The alternative implies that lim inf | «(t)| < 0, where i> to— 0, assures 
the existence of lim | x(t)| and, what is more, the existence of lim x(t) ; and 
that limsup|æ(f)|—c cannot hold unless lim|æ(t)|=—c. The latter 
point is the crucial step in the proof of the Lemma, which in [11] I 
abstracted from Painlevé’s (and Weierstrass’) considerations on the singu- 
larities of the problem of three bodies (Weierstrass’s investigations are of 
an earlier date, but were published, posthumously, much later, than those 
of Painlevé; cf. [16] and [17]). 

By a generalization of the argument applied in the Appendix of [11], 
a generaliaztion suggested by a local criterion of Kamke [15], pp. 139-141, 
the following comparison theorem can be derived from the Lemma: 


(i) Let f(t,x) be continuous on H X R and, if H, and J denote the 
open half-line 0 <t<o and the closed half-line 0 Sr Ko respectively, let 
there exist on Hy, XJ a continuous function g(t,r) satisfying 


(2) |f(t,2)|Sg(t,|2|) on Ho XR (920) 
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and having the following property: If any solution r—r(t) of 
(3) dr/dt = g(t, r) 
is given on any t-interval I contained in H, (with (t,r(t)) in IXJ), then 


there exists on H, a function r(t) (with (t,r(t)) in HaX J) which is a 
solution of (3) on H, and reduces to the given r(t) on I. Then (1) is of 


type (A). 


The proof of this (A)-criterion will be such as to supply the following 
(A*)-criterion also: 


(i*) Let f and g satisfy the assumptions of (). Suppose further 
that limsupr(t) <<, where to, holds for every solution r(t) (20) of 
(8). Then (1) ts of type (A*). 


The assertion of the Lemma is that any solution x(t) of (i), given for 
small t— 4320, where čo (220) is fixed, can be extended to a solution 
of (1) on H: It will be sufficient to prove the existence of such an extension 
for u <t<ow. Suppose that there does not exist such an extension. Then, 
by the Lemma, there is a finite t° > t, having the property that a(t) exists, 
but is not bounded, on the interval to =¢< ¢°. Consider a solution r= r(t) 
of (3) belonging to the initial condition r(#) =fTo, where n=|x(t)|. 
According to the assumption made in (i) on (3), the solution r(t) will 
exist on H, and will, therefore, be bounded on to & t< t. But (1), (2), 
(3) and |z(&)|=r(to) imply that |z(t)|<r(t) for to& t< t; hence 
x(t) remains bounded as é—>#°- 0. This contradiction proves (i). 

It is also seen that |z(t)|<r(t) fort; St<o. Since this inequality 
holds whether the additional assumption of (i*) is satisfied or not, (i*) 
follows. 

A particular useful corollary of (i), a corollary in which the assumptions 
which (i) posits for g(¢,r) become replaced by “explicit” 
the following: 


assumptions, is 


(io) Let f(t,2) be continuous on H X R and let there exist, on the 
respective open half-lines (0 <t<co), (0<r<c), two positive, con- 
tinuous functions A=A(t), ¢=¢(r) satisfying 


(4) |f(&)|Sa(t)o(r) on Ho XR 
and | | 
(5) f dr /d(r) =o. 


Then (1) is of type (A). 


y 
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This can be reduced to the criterion proved in the Appendix of [11] 


if the dt of (1) is replaced by A(¢)dé and, when the old ¢ in f(t,x), where - 


f= (fi: cfa) and «= (a,:-+,%,), is denoted by £o the n-ary system 
(1) is replaced by the (n + 1)-ary system dx*/dt = f*(a*), where x* = (ao, £) 
and f*= (1,f). Actually, (io) is a particular case of (i). In fact, if 
g(t,r) =A(t,r), then (2) and (3) become (4) and 

(6) dr/dt = A(t) (7) 

respectively. But if (6) is written in the form dr /f(r) =A(t)di (when 


r > 0, hence (r) > 0), and if it is observed that A(t) stays between positive 


bounds on compact subintervals of He, then it is seen from (5) that the 
condition required of (3) in (i) is satisfied by (6). 
3. The (A)-criterion (is) has the following (B)-counterpart: 


(ii) If the assumptions of (io) are satisfied and if, in addition, 


(7) f aaco, 
then (1) is of type (B). 
In fact, (ii) can be concluded from (io) in about the same way as (io) 
was concluded from (i); cf. [12]. 
A (C)-counterpart of (i) is as follows: 
(iii) If the assumptions of (ii) are satisfied and if, in addition, 
(8) AEL) —FG, 2") | Sa(f)d (|e —2" |) on* MXR XR” 


and 


(9) FFG, 0) de <a, 


then (1) ts of type (C). 


This was proved in [13]. Actually, (iii) can be concluded from (ii) 
in about the same way as (ii) is concluded from (is). 


_ (iti?) If the assumptions of (iii) are satisfied and if, in addition, 
(7) is supplemented by 


1 


(10) facai<e, 


€ 


* By R’ and R” are meant the «-space R when æ = x’ and æ = æ” respectively, 
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and (5) by 


(11) f a sn =e, 
finally (8) by : 
(12) | #(0, a’) —f(0,2”)| So(|2’—2"|) on BX RP”, 


then there belongs to every point (t,t) of HX È only one solution x(t) 
of (1) satisfying (lo) = To. 


In fact, what (iii?) adds to (iii) is a purely local statement, and the 
latter is nothing but Osgood’s well-known criterion for local uniqueness; cf. 
[15], p. 100 and p. 142. On the other hand, something very different from 
this local assertion is contained in the following (D)-counterpart of the 
(C)-criterion (iii): 

(iv) If the assumptions of (iii?) are satisfied, then (1) is of type (D). 

lt is clear from the definition of the (D)-type that the truth of (iv) 
presupposes the truth of (iii°). 

The case ġ (r) =r of (iv) was concluded by Siegel (cf. [10], pp. 131- 
132) from the proof of the case ¢(r) =r of (iti) (cf. [10], pp. 125-131) 
by a simple topological argument. But a glance at that argument shows 
that nothing is changed if ¢(r) =r ia replaced by any &(r) satisfying (5) 
and (11). 


4. The (B*)-character of (1) (that is, the existence of finite ampli- 
tudinal limits) can be assured by an assumption on f which, in contrast to 
the preceding “bilateral” assumptions, is just “unilateral”: 


(ii*) Let f(t,x) be continuous on H X R and suppose that 
(13) æ'f(i,z) =0 on AX R, 


(where w-f==af,-+- +++ amfm) or, more generally, that there exists on 
H, a non-negative A(t) satisfying 


(14) ati <x if e> 0 
and i 
(15) (x f(i,%))*S A(t) min (1,|2]|?) on Ha X R 


(where (x: f)* = max (0,a) for a—a-f). Then (1) is of type (B*). 


G 
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2 


Remark. The choice o? | z|?) = | x |? in the factor min of 
A(t) in (15) corresponds to the particular case ¢(r) =r in the preceding 
criteria. Correspondingly, it will be clear from the proof of (ii*) how to 
extend (ii*) to other choices of ¢(|a|2). The choice (| x |?) = | |?, made 
in (ii*) for the sake of simplicity, is important in the theory of linear 
systems (1),; cf. [18], pp. 558-559, or [19]. 

In order to prove (ii*), put 4 | z |? = s = s(t) along any solution s = a(t) 
of (1) which is given on an interval Ot <>. Consider first the particular 
case (13) of (15) (cf. [18], p. 557). Then scalar multiplication of (1) by 
x shows that ds(t) <0 if OSt<t. Hence s(t,—0)—oo is impossible 
if ty <%, and so the Lemma assures that ¢ can be assumed to be c:;.s0 
that (1) is of type (A). But then it is clear from ds(t) =0 and s(t) 20 
that there must exist a finite s(o) = 0; that is, that there must exist for 
w(t) an amplitudinal limit, which is the (B*)-assertion of (ii*). - 

Next, replace (13) by (15) but suppose, in addition to (15), that 


(16) 0. cfle) 20 on Ho XR. 








Then it follows from (1) that, if OSt<t, (where, for the present, Ber 
or to <<), then 


(17) OZ ds(t)/dt S&A (t) min (1,s(t)). 


Since ds/s— d logs, it is clear from (17) and (14) that there cannot exist 
a finite tọ satisfying s(¢,—0) co, and so, for the same reason as before, 
(1) must be of type (A). But then, by letting {—> in (17), and using 
ds/s — d log s and (14) again, one is led to the existence of a finite s(œ)> 0, 
provided that s(¢) = 4|2(t)|? does not vanish for large t. 

If s(£)>0 only on a sequence of (open) t-intervals Z,,1:,- - - which 
cluster at t=o, but s(t) —0 on the (closed) set K complementary to 
L=, +1, +: >, then the existence of a finite lims(¢) follows if ¢ tends 
to œ so as to be confined to Z*+T,*+.: =L"=L[L*(a,e' > +), where 
I,* =I,*(e,) denotes, for any positive «, < 1, an interval contained in J, 
and having a length | I,*| <(1—en)| Jn |. But the value of lims(t), with 
t on L*, is independent of the choice of L*, since L* is in L for every choice 
of e1,&2,° + >. Hence, if every « is let to tend to 0 (in an appropriate way), 
then, since s(t) —0 when ¢ is an end-point of an In, it is seen that s(t) —0 
holds when ¢ tends to œ on L. Since s(t) — 0 on the ar set K, 
this means that s(») exists and is 0. 

There. remains to be considered the general case (15), where neither 
(13) nor (16) is assumed. ‘But this case can be reduced to the treatment 


1 


— 


m e 
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of the preceding two cases, if the device of splitting tae é-axis into an open 
set L and a closed set K is now chosen as follows: ¢ is in Z or in K according 
as ds(t)/di > 0 or ds(t)/dtÆ0. The assertion of (ii*) then follows. 

The definition of the “confluent” type (Dbis) (formulated after the 
definition of type (D) above) requires that s(co) or lim|«(¢)| should not 
only exist (as a finite limit which may be positive cr 0) but should be 0, for 
every solution e(t) of (1). A corresponding criterion is supplied by the 
following modification of the preceding (B*)-critericn (ii*): 


(ii* bis) Let f(t,x) be continuous on H X R and suppose that 
(18) . a f(t e) S—A(t)|c|? on HiX R, 


where a(t) is a positive continuous function (on H.) satisfying 


(19) f A(t) di =v. 
Then (1) is of type (D bis). | 


Remark. Corresponding to (ii*) and to the Remark made after (ii*), 
the assumption (18) of (ii*) can be relaxed in various directions (cf. also 
[13], pp. 557-558). 

In order to prove (ii* bis), note that (18) implies (13) and so, in view 
of (ii*), the (B*)-character of (1). This means that, even if (19) is not 
assumed, all solutions z(£) of (1) exist for OSt<o and lead to a finite 
limit a(co) 220. The assertion of (ii* bis) is that s(co)>0 is impossible 
if (19) is assumed. But it is clear from (1) and (18) that 


(20) ds(t)/dt S—a(t)s(d), 


where s=20,A>0 (or just AZO) and OSt<oo. -f (20) is treated in 
the same way as (17) was treated above, then the assumption s( oo) >£0 leads 
to a contradiction with (19). 
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MAXIMAL SUBALGEBRAS OF C(T).* 


By KenserH Horrman and J. M. SINGER. 


1. Introduction. In [2], Arens and Singer have presented a generali- 
zation of part of the theory of analytic functions in the unit dise, established 
by observing the role played in the classical theory by the group of integers 
(and the non-negative portion thereof) and replacing this group by a locally 
compact abelian group G possessing a suitably distingushed semigroup G,. 

We present here a study of the extension to this context of the following 
result, established by Wermer [3]. 


THEOREM 1.1. Let A be the Banach algebra of continuous functions on 
the unit circle, | z | = 1, which can be extended to the unit disc |z| <1 so as 
to be analytic in the interior. The norm is the uniform norm on |z| =1. 
Then X is a maximal subalgebra of the Banach algebra C of all continuous 
complex-valued functions on the unit circle. 


Specifically, we shall show that if, in the Arens-Singer context, @ is a 
discrete abelian group with a semigroup G, satisfying the conditions 


1.21 G.U G, == G; G, is a maximal semigroup in G, 
group 


the Wermer result is valid if and only if G is archimedean-linearly ordered 
and G, is the set of elements not less than the identity. If the algebra of 
“analytic” functions is not maximal, we describe completely a maximal sub- 
algebra of C which contains it. A by-product of this investigation is a very 
brief proof of Theorem 1.1 (see Section 5). 


2. Generalized analytic functions. We describe briefly in this section 
the results of [2] which are pertinent to the present study. 

Let G be a discrete abelian group containing a semigroup G, such that 
G.U G;1= G. Let A, be the Banach algebra of summable functions on G 
which vanish outside G,, using the multiplication and the norm defined by 


(9) (2) = Fe—waty)dy and 1f l= f 11a) | de. 


* Received October 26, 1956. 
* The second named author was supported in part by, a National Science Foundation 
grant during the period of this research. i 
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Let A be the set of all multiplicative mappings of the semigroup G, 
into the unit disc of the complex plane. There is a one-one correspondence 
between the elements £ in A and the homomorphisms h of the Banach algebra 


A, onto the complex numbers, defined by (f) = f f{x)£(æ)dz. Through 
Gy 


this correspondence we give to A the standard topology of the space of 
complex homomorphisms (regular maximal ideals) of A,. This topology is 
identical with the topology of pointwise convergence of elements of A as 
functions on G,, and is compact Hausdorff. 

Each character of the group @ defines a multiplicative Soca on G, 
and distinct characters of @ define distinct functionals since G, U G = G. 
This embedding of characters in A is a homeomorphism of the character 
group T with a closed subset of A. 

The canonical Gelfand representation of the Banach algebra A, makes 
correspond to each f in A, a continuous function f? on A defined by 


ÎT(E) = f f{æ)é(æ)dx. The mapping of f into f? is an isomorphism of A, 
2 JG, 


with an algebra A,? of continuous functions on A. 

In the classical situation, when @ is the additive group of integers and 
G, is the semigroup of non-negative integers, the space A is the unit disc of 
the complex plane and T is the unit circle. The representing functions fT 
are those functions continuous on A, analytic’ in the interior, with an 
absolutely summable sequence of Taylor coefficients. . 

Each £ in A has a “polar decomposition” £== pe, where & is in T and 
p is a non-negative functional in A. The functional p is unique; however, 
æ is not generally unique (though it is if £ has no zeroes on G,). 

The character group T is the Silov boundary of the space A of maximal 
ideals of A,. That is, T is the unique minimal closed subset of A on which 
all the representing functions fT assume their maximum moduli. Thus, in 
accordance with a general principle of Arens and Singer [1], there corre- 
sponds to each point in A a regular Baire measure m, on the boundary T, 
such that for any fin Aj, 


(2.41) PO SF om(a). 


The measure m; generalize (via 2.41) the familiar Poisson integral formula 
of the classical situation. 

A complex-valued function g on A is called analytic on A if g can be 
uniformly approximated on A by functions fT with f in A,. A function is 
called analytic in the interior of A, i.e., A—T, if it can be uniformly approxi- 
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mated on compact subsets of A—T by functions f?, f in A,. Thus, each fT 
is analytic; and, in particular, each element x of the semigroup G, defines 
an analytic function +7 on A by 


(2.51) a? (£) = (x). 


We shall at times wish to think of #7 restricted to T, that is, consider the 
character of r which x defines. To avoid confusion, we shall therefore call 
X, the character of r which an x in G defines, so that 


(2. 52) Xo(@) =a (z) = <T, ay. 


3. Subalgebras. If C is a (commutative) Banach algebra and A is a 
subalgebra of C, we call A a maximal subalgebra of C if A0 and if, for 
any subalgebra B of C for which A C B C C, either A =B or B =C. 

If A is any subalgebra of a Banach algebra B (with unit), there is a 
natural continuous mapping of the space gx, of complex homomorphisms of 
B, into the space 3,4. This mapping is defined by simply restricting a homo- 
morphism of B to the subalgebra 4. The mapping is in general not one-one. 
We point out that if h is a homomorphism of B and ¢ is an element of A, 
we may speak of the vaule of the representing function 7 at the point h 
as #7(h), without any confusion. For, the value of #7 at h is the same 
whether is viewed as an element of A or an elernent of B. 

We are interested here. in subalgebras of the Banach algebra C(I) of 
all continuous complex-valued functions on a comyact Hausdorff space T. 
The norm is the uniform norm. If A is a subalgebra of C(I), there is a con- 
tinuous mapping of T into the space da. This mapping sends a point g 
in T into the homomorphism Aa defined by ha(f) =f(e), f€ A. The image 
of T under this mapping is a closed subset of 34 which obviously includes Q, 
the Silov boundary of da. 

If hy is a complex homomorphism of A, then [1; 7.1], there is a 


regular Baire measure », on Q such that ho(f) =f fF (w)vo(dw). Now vo 
g 


induces, via the mapping of T into d4, a measure po on T such that 


(3.11) half = f fonde), fed. 
We have used the fact that f7(ha) —f(a). 


3.2 THEOREM. Let À be a subalgebra of C(T) such that the closed 
linear space spanned by the functions in A and their complex conjugates is 
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all of C(T). Let B be a subalgebra of C(T) containing A. If a complex 
homomorphism h, of A is given by the measure po on T (3.11), and if hy 
extends to a homomorphism of B, then hy extends uniquely to the element h 
of s defined by 


(3.21) h(f) = Í. f(a) po(da), ae feB. 


Consequently, n is homeomorphic to the closed subset of da of those homo- 
morphisms ho (3.11) for which h (3.21) is a multiplicative functional on B. 


Proof. If ho extends to a multiplicative functional h on B, then h is 
of the form h(f) -f fla)u(de), f€ B for some measure » on T. Since 
T 


the functions in A, together with their conjugates, span C(I), a positive 
functional on C(T) is completely determined by its effect on the functions 
in A. Since p, as a functional on C (T), agrees with a, on A, we must have 
p == po, i.e., h must be of the form (3.21). 

Thus, the natural continuous mapping of dx into da is one-one, and 
because dy is compact Hausdorff, the mapping is a homeomorphism of dx 
with its image in da. 


4. The maximality theorem. Returning to the setting of Section 2, 
let A be the Banach algebra of continuous functions on the boundary T 
which can be extended analytically to the interior of A. That is, Y is the 
completion under the uniform norm of the algebra of functions obtained by 
restricting functions in 4,7 to the character group T. 


-41 Turorem. For the continuous function f on T to belong to Y, 
it is necessary and sufficient that 


4.11 f <z, ag (a) da = 0 
r 
for each x in G which is not in G, 


Proof. The necessity is evident from the fact that the property is 
possessed by functions in A,?. Suppose f has the stated property. For each 
e > 0 there is a continuous function ¢ on T such that | f—f*$ |»<e By 
the Plancherel theorem, the Fourier transform of f* is a function F in 
L,(@), and the Fourier transform of F is f*6. But since the Fourier 
transform of f vanishes off @,, we see that F is in L(G) =A. Thus f 
can be uniformly approximated on T by functions FT with F in A,. Conse- 
quently, f is in I. 
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We now ask when % is a maximal subalgebra of C(T). Clearly, it is 
necessary that G, be a maximal semigroup in G, for any larger (proper) 
‘semigroup would immediately yield an algebra properly between X and C(T), 
e.g., the functions in C(T) “analytic” with respect to this larger semigroup. 
However, the maximality of G, is not sufficient for the maximality of A, as 
we shall soon show. 

First, let us make a few observaticns under the assumptions (1.21). Let 


(4. 21) G, = Go U Gh, 


where Ge is the subgroup of G consisting of the elements of G, having their 
inverses in G,. We distinguish the functional pọ in A defined by | 


(4.22) po(t)=1, € G, p=0, TEG. 


If we consider the quotient group 


(4.23) § =G/G), 
it is easy to see that 
(4.24) §,.=G,/Go 


is a sub-semigroup of this group. The character group of & is (of course) 
isomorphic and homeomorphic to the closed subgroup A of T which consists 
of the characters of G which are identically 1 on Gp. 

We shall now assemble some useful facts concerning %, $., po, ete. 


4.3 Lemma. Under the conditions (1.21), 


i) the semigroup $, defines an archimedean-linear order on the group $ 
ii) if x is in G, (4.21), the analytic function zT (2.51) has zeros on 
A exactly at the points ¢ = pog, ain T 
ili) the measure po on T associated with pe by (2.41) is the Haar 
measure of the subgroup A, i.e., mo(E) =u(E NA) for a Borel 
set E in T, where p is the Haar measure of the compact group A. 


Proof. i) From the definition of @,, we see that the semigroup $, 
has only the identity element of & in common with &,. Consequently, 
9 is totally (linearly) ordered by the semigroup &,. Since G, is a maximal 
semigroup in G, &, is a maximal semigroup in &. Let é and y be elements 
of &,, both different from the identity of &. Then there must be a positive 
integer n such that é >, i.e. such that é"77 is in &,. For, if this is not 
the case, the set of elements "6, 6 in &,, is a semigroup properly larger 
than %, (since €* has been adjoined) and is not all of 8, since &"6 > 
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‚for every din &,. Hence, $, defines an archimedean-linear order on $, with ' 
&, the set of elements not less than the identity. ii) If æ is in G,, then 
2? (poa) = po(w) ale) —0a(x) —0. Conversely, suppose that 2?(pa) == 0, 
Since G, is a group, p must be identically 1 on Go. Hence, p defines a 
multiplicative mapp-ng pı of &, into the unit interval. If y is the ‘coset of x 
(modulo Gz), then p:(7) = p(x) =0. If é is any element of $, other than 
the identity, there is a positive integer n such that é"7"? is in &,. Then 


21 (&)" == pi (E") = pı (7) pr (77t) = 0. 


Thus p, is the functional which is 1 at the identity of $ and is O at all 
other elements of &,. Consequently, p must be 1 on Ge and O on the 
remainder of G,, i.€ p= po iii) The measure y, has the Fourier-Stieltjes 
transform 


po? (2) = f <w, &>po(da) =1 if zE Go and =0 if sE G— Go. 
Jr 
On the other hand, :f » is Haar measure on A, 


f a, ayu(da) = 1 if 2€ Ga and —0 if 2€ @— Gh. 
A 


Since a measure or T is completely determined by its Fourier-Stieltjes 
coefficients, we must have w(#) =u(ENA) for each Borel set F. 

We now define our candidate for a maximal subalgebra of C(T) con- 
taining Wf. Let N, be the subalgebra of C(T) of those functions f for which 


Lx DF (@)H0(da) = 0, 266, 


In other words, W, is the collection of continuous functions on T whose 
restrictions to A have Fourier transforms that vanish outside the semi- 
group &, (4.24). When M, is described in this way, one can see easily” 
that M, is an algebra, as we rave asserted. 


4.5 Lemma. X is a subalgebra of Mo. 


Proof. Suppose f is in M. Then for any + in G— G, 


(4.51) IRZZIOHCE Í. gar, af (ct) wo (da). 
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The first condition of (1.21) tells us that 2 is in G. Then, by (2.41) the 
right integral of (4.51) is ` 


(2) (60) f° F(@) (da) — pola) f F(#)Ho(da) =0 
Thus f belongs to X.. 


4.6 THEOREM. The space dy, of complex homomorphisms of WU, is 
the set of points £ in A for which either 1) £(x) —1 for all s in G, or 
2) Cis inT., 


Proof. Since WC Me, we know from (3.2) that dy, is homeomorphie 
to the closed subset of A containing the points £ for which (see (2.41)) 


(4.61) _ MP) = f f(a)me(da) 


defines a multiplicative functional k on Ae. Let C, denote the algebra of 
continuous functions on T which vanish on A. Its space of maximal ideals 
is T— A. Furthermore, Co C Mo. Suppose h (4.61) is multiplicative on 
Yo, and let A» denote the restriction of À to Co. 

Tf ho==0, then the carrier of the measure -m; lies in A. If ze G and 
«€ A, then <z, «> = 1, so that 


1— f <e aym (da) =a" (t) = £(2). 
Thus 1) holds. 


If hos40, then there exists a point y in T— A such that for every f 
in Oo 


J f(a)me(aa) =h) =l In: 
Let N be any open set containing y such that N N A is empty. Let gy be 


a non-negative continuous function on T which is identically one on T—N 
and vanishes at y. Then 1—gy belongs to C, and 


Same) mda) =1— guy) =1. 


Since m,(T) =1, we have f gx(a)me(da) —0. Therefore the measure 
Jr 


m; is concentrateé at the point y. Thus &=y and 2) holds. 
If 2) holds, & (4.61) is obviously multiplicative on We. If 1) holds, 
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£ defines a multiplicative functional on &, (4.24) and hence a homomor- 
phism of W,/C,, thus a homomorphism of Mo. 
Our maximality theorem is as follows. 


4.7 THEOREM. The algebra À, is a maximal subalgebra of C(T) 
containing À. In order that X be maximal, i.e. that À = Wo, it is necessary 
and sufficient that G be archimedean-linearly ordered, with G, the semi- 
group of elements not less than the identity. 


Proof. To see that M, is maximal. we assume that $ is a subalgebra of 
C(T) which contains Ye. We know from (4.6) that po (4.22) defines a 
homomorphism of Xe. (i) If the pọ homomorphism extends to %, it does 
so in the form 


(4.71) Mf) =f f@)mo(da), 


Let f be in B. Then for any x in G—G,, 


SE (a) uo da) = f” ce, apf (@)na(da) — pala) f f(a)uol da). 


But x is an element of G, not in Go, so that po(z*) =0. Consequently, 
for z in G—G,, 


f, Si (2) 0 (da) = 0. 


Thus, f is in Wo. Therefore B == Mo. (ii) If the pọ homomorphism (4.71) 
does not extend to B, we shall show that B—C(T). Let s be an element 
of Gy==G,—G. From part (ii) of (4.3) we know that the only zeros 
of zT on°A are at the points €==p oe, & in T. On the other hand, (4.6) 
tells us that the only such point in dy, is po. Consequently, viewing X, 
(2.52) as an element of %, we see that its representing function has no 
zeros on By (po having been removed). Therefore X,1— x. is in B. 
Thus 8 contains all characters of r and must be all of C(T). | 

The condition that A == M, is evidently that the subgroup A be all 
of T; for, if this is not the case, X must be properly included in W, because 
N, contains all functions in C(T) which vanish on A. But, the condition 
that A=T is simply the condition that @, reduces to the identity, i.e., that 
@ is isomorphic to the archimedean-linearly ordered group & (see 4.3, 
part (i)). 

An interesting example of the situation which this theorem describes 
is obtained by letting @ be the additive group of the Gaussian integers, that 
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is, the direct sum of the group of integers with itself. The most natural _ 
semigroup to consider is the pairs of integers (m, rn) for which m= 0, n= 0. 
However, this semigroup does not satisfy G,UG,7=—G. This can be 
remedied by adding to the set the pairs (m,n) with m <0 and n>0. Now 
we have a semigroup satisfying the first condition of (1.21). However, 
this is not a maximal semigroup, so we extend it to the set G, of pairs (m,n) 
for which nZ 09, m arbitrary. Then @, is a maximal semigroup. The 
character group T is then the torus; the subgroup Ge cf G is the set of pairs 
(m, 0); the subgroup A cf T is a unit circle on the torus, in fact, T =A X A. 
The algebra M consists of the continuous functions f on the torus such 
that, for every integer m, the function gm on the unit cirele defined by 


2 
: 9m (8) = f Ta, 6)eï"Ÿ dy has a Fourier transform vanishing on the negative 
0 


integers. The maximal subalgebra M, is the collection of continuous func- 
tions f for which the function g(6) =f(0,#) is an “analytic” function on 
the unit circle, 


5. The classical case. It would seem worthwhi-e at this point to see 
how these methods apply to the classical situation, in order that the simplicity 
of the argument in that case should not be lost in the complexities of the 
more general situation. The argument which we present applies with vir- 
tually no change to all cases where G is archimedean-linearly ordered (sub- 
group of the additive group of real numbers) and G, is the semigroup of 
non-negative elements. 


Proof of Theorem 1.1. Suppose that B is a subalgebra of C which 
contains M. The origin, z= 0, defines a homomorphism h of W by 


BE 
(5.11) R(f) = if f (2!) de. 

"Jo 
(i) Suppose that the homomorphism (5.11) extends to 8. This homo- 
morphism is represented by a measure „ on |z|=1, and since any measure 


on the unit circle is completely determined by the Fourier-Stieltjes coeffi- 
Dr 
- cients | eitfu(d8), n—0,1,2,: - +, the measure p must be (normalized) 
m o . 


Lebesgue measure. Consequently, for any f in B and any positive integer n, 


a Serena) 9 2 f Fenaa. 


Thus, the Fourier transform of f vanishes on the negative integers, i.e., f 
belongs to X. (ii) If the homomorphism (5.11) does not extend to %®, 
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the functions Xn (9) — ei, n= 1,2,: <- belong to no maximal ideal of 8, 
as the analytic functions z” vanish only at z=0. Consequently, each x, is 
invertible in 8. Therefore, B- contains all characters Xn» n=0, = 1,3, 
so that B =C. 


6. Concluding remarks. The method of this paper is a special case 
of. a general procedure for finding maximal subalgebras M, of O (X) which 
separate the points of X. If Y is a “separating” subalgebra of O (X), then 
its space of maximal ideals dy contains X: Since the norm of a function 
in X is its sup over X, X contains the Silov boundary T of %. Let À be a 
closed subset of X and let X, denote the closure of the restriction of functions 
in W to the set A; so that Xa is a subalgebra of C(A). Let X, be the sub- 
algebra of C(X) consisting of all continuous functions on X whose restriction 
to A lies in Ha NC; and if Was&C(A), then MW 54C(X). Thus X 
cannot be a maximal subalgebra if Wss4C(A) and MAW. This is the 
situation in the non-archimedean ordered case of Section 4, where we go 
on to prove that À, is maximal because A, is maximal in C(A). Thus the 
maximal subalgebras X of O(X) are of two kinds. Of the first type are 
-those for which there exists a closed subset.A such that Ya is maximal in 
C(A) and X= M, [though it is not clear that all such algebras are maximal] ; 
of the second type are those for which no such subset exists. For the first 
type, the problem “reduces” to finding the maximal subalgebras of O(A). 

Note further that in order for Y to be maximal in O(X), the Silov 
boundary T=X. For the map: ff |r is norm preserving and therefore 
gives an isomorphism of Y with Ar. If Ur —C'(T), then T= dy, = dy D F, 
so that T=X. If Urs54C((T), then Ao =N (by maximality of A) so that 
every function in Ma has a unique extension to X. In particular, the zero 
function on T has a unique extension to X, i.e, T—X. 

So in seeking maximal subalgebras we can assume the Silov boundary 
is X. Suppose dy54X. Consider the class @ of subalgebras of C(X) with 
the same space of maximal ideals dy. Let X. be an increasing family 
(under inclusion) of algebras in @. Let 8 be the closure of the algebra LJ Wo. 


One can easily check that BE. Consequently, Zorn’s lemma applies and 
we conclude that every We @ is contained in a maximal BE g. Since 
dby—3yA~X, BAC(X). Therefore, in order for X: to be maximal in 
C(X), then Y must be maximal in €. 

Suppose, then, that X is maximal in g and N CC(X). Then 
dy 8x and by Theorem 3.2 (under the conditions of this theorem) 
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dy E Sy. The problem now is to show that there are suiiciently many 
functions {fu} in WM whose zeros lie entirely in dy— dy» (fo? € B), such 
. that M, {fu} generate all of C(X), i.e, B—C(X). The proof of the main 
theorem is the verification that X is maximal in @ and enough such functions 


fa exist. 
It was pointed out to us by Wermer and de Leeuw that the sup norm 


is not essential to these arguments. 
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ON THE TOTAL CURVATURE OF IMMERSED MANIFOLDS.* 


By SHIING-SHEN CHERN? and RicHarp K. Lasxor.. 


Introduction. In the classical theory of surfaces in the ordinary Euclidean 
space E an important rôle is played by the normal mapping of Gauss: Let 


M be an oriented, surface which has at every point x a well-defined unit - 


normal vector v(x). Then the normal mapping v:M— S» is the mapping 
of M into the unit sphere S, about the origin of F, which sends æ to (x). 

For differentiably immersed submanifolds in an Euclidean space of higher 
dimension the following is a generalizasion of the Gauss mapping: We con- 
sider a C®-manifold A” of dimension n, and a C*-mapping x: Mr — HN 
into the Euclidean spase E"-N.of dimension n+ N (N=1). M”, or rather 
M” and the mapping x, is called an immersed submanifold, if the induced 
mapping of the tangent space is univalent everywhere, or, what is the same, 
if the Jacobian matrix of x is everywhere of rank n. The submanifold Mr 
is said to be imbedded, if x is one-one; that is, if z(p) —x(q), p,q€ M", 
implies that p =q. Let B, be the bundle of unit normal vectors of s(M”), 
so that a point of B, is a pair (p,v(p)), where v(p) is a unit normal vector 
to «(M") at æ(p). Then B, is a bundle of (N —1) dimensional spheres 
over M” and is a C*-manifold of dimension #+N—1. The mapping 
v:B,— S."*% of B, into the unit sphere S,"*4- of EN defined by 
v(p,v(p))=r(p) is the mepping with which we will be concerned in this 
paper. : l 

Let dV be the volume element of M”. There is a differential form doy. 
of degree N—1 on B, such that its restriction to a fiber is the volume 
element of the sphere of unit normal vectors at a point p€ M”; then 
dox1 A dV is the volume element of B, (for detail see Section 2). Let 
@3n.v-1 be the volume element of $,""N-!. The function G (p, v(p)) =G (p,v) 
defined by ` 


(1) Sawa = G (p, v)doy A dV, 


where 7* is the dual mapping on differential forms induced by 7, is a func- 
tion in B,. It generalizes the Gauss-Kronecker curvature and we will call 


* Received January 4, 1957. 
1 Work done when the first-named author is under partial support from a contract 
with the National Science Foundation. 


306 


THE TOTAL CURVATURE OF IMMERSED MANIFOLDS. 307 


it the Lipschitz-Killing curvature at v(p). @(p,v) hes a geometrical inter- 
pretation which we will discuss below. It is zero at a point (p,v(p)) € B», 
if and only if p hes a critical value at this point. We call the integral 


(2) K*(p) = [| G(p,») | dows 20 
over the sphere of unit normal vectors at æ(p) the total curvature of M” 


at p, and define as the total curvature of A" itself the integral f K*(p)dV, 
Mn 


if it converges. 

The main results of this paper are concerned with the conclusions on M” 
when its total curvature is “small.” They can be siated as the following 
theorems : 


THEOREM 1. Let Mr be a compact oriented C*-manifold immersed in 
EN. Ils lolal curvature satisfies the inequality :* 


(3) Smart 
M* 
Treoreu 2. Under the hypothesis of Theorem 1, if 
(4) J EP tar < 3CnsN-1) 


then Mr is homeomorphic to a sphere of n-dimensions. 
1 


THEOREM 3. Under the same hypothesis, if 


(5) f KEAV = 2naner, 
Mn 


then M" belongs to a linear subvariety LH of dimension n +1, and is 
imbedded as a convex hypersurface in E"*'. The converse of this is also true. 


These theorems generalize known results of Fenchel, Fary [2], and 
Milnor [3] for curves and sharpen some results of Milnor and one of us [1]. 
Theorem 3 can be interpreted as a characterization o2 convex hypersurfaces 
among all immersed submanifolds of a given dimension in an Euclidean 
space of arbitrary dimension. A large part of our paper is devoted to a 
proof of this theorem. 


1. Moving frames. Suppose Z”*N be oriented. By a frame zer’ - ex 
in #™N we mean a point a and an ordered set of mutually perpendicular 


"Gnawa is the area of the unit hypersphere in an Euclidean space of dimension 


n + N. 
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unit vectors &,: * *,@nsx, such that their orientation is coherent with that 
of E*N, Unless otherwise stated, we agree on the following ranges of the 
indices: 


(6)  1£ijk£n, n+iSrstSn+N, 154,B,0Sn4N. 
Then we have 


(7) ‘ | Caen = Sap, 


where the left-hand side is the scalar product of vectors. Let F(n,N) be the 
space of all frames in E"*N, so that dim F (n, N) = (n +N) (n+ N+1)/2. 
In F(n, N) we introduce the linear differential forms os, w’4r by the equations 


(8) | des = >) 0’ ae», dz = > oaea, 
B A 

where 

(9) oag + oga = 0. 


Their exterior derivatives satisfy the equation of structure: 
(10) do'a = 2 op A o’pa, do’ ap = 2 oac À oon- 


As explained in the Introduction, we mean by an immersed submanifold 
in E*N an abstract C*-manifold Mr and a C®-mapping x: M” —> E*N, such 
that the induced mapping x. on the tangent space is everywhere univalent. 
Analytically, the mapping can be defined by a vector-valued function z(p), 
pe M*. Our assumption implies that the differential dz(p) of æ(p), which 
is a linear differential form in M”, with value in E"*N, has as values a linear 
combination of n vectors, t:,- --,¢,, and not less. Since +, is univalent, 
we can identify the tangent space of M” at p with the vector space spanned 
by #,:::,t A linear combination of the latter is called a tangent vector 
and a vector perpendicular to them is called a normal vector. The immer- 
sion of M” in E"*N gives rise to the following fiber bundles over Mr: 


1) The tangent bundle B,, whose bundle space is the subset of 
Mr x EN, consisting of all points (p,v), such that pe M and v is a unit 
tangent vector at z(p). 


2) The normal bundle B,, whose bundle space is the subset of 
M” X EN, consisting of al! points (p,v), such that p€ M and v is a unit 
normal vector at z(p). ` 


3) The bundle B, whose bundle space is the subset of M” X F (n, N), 
consisting of (p, z(p)eı * - ` @n@nsr* * - Can) € M” X F(n, N) such that e,,--:,e, 
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are tangent vectors and ĉn,” * °,@n are normal vectors at æ(p). The . 
projection. B> M” we denote by y. 


The last bundle B is the space in which most of our computations take 
place.” We define the mappings 


(11) ` Yr: B> Br, Yr:B—B,, 

ge 

(12)  yr(p aps: ` Enn) = (Pen), Yop, (per ` ` Enn) = (P; Enw). 
We also remark that the Whitney sum B, @ B, over M" is equivalent to the 


product bundle M” X Se N —> M". 
Consider the mappings 


(13) p—s ux P(n, N) > F(n,N), 

where i is inclusion and À is the projection into the second factor. Put 
(14) | oa = (Ai) “w a, was = (Ai) “wap, 

Then we have, from (9) and (10), 

(15) vas + ona — 0, 

(16) dws = 2 op A ons, doas = > uao N wor. 


From our definition of B it follows that w,—0 and that w; are linearly 
independent. Hence the first equation of (16) gives 


Dwi A or = 0. 
i 
From this it follows that ` 


(1 T) Oi; == > A rijjs A rij == Arji 
3 


2. The total curvature. An essential idea of the method of moving 
frames is to consider the bundle space B, and to construct differential forms 


*The bundle RB can also be defined as follows: Let Qux be the group of all 
orientation-presérving motions in H"**, and R, X Ry the subgroup of Qa,y consisting of 
all motions which leave fixed the origin 0 of Z"** and a given oriented linear space of 

dimension n through 0. Then Quy > Quix/R, X Ry is a bundle whose structure group 
` is Ra X Ry and whose base space is the space of all elements consisting of a point and 
an oriented linear space of dimension # through it. The bundle B is induced by the 
mapping which sends p € M to the point #(p) and the oriented tangent space at æ(p). 
In particular, the structural group of B is R, X Ry. Similarly, we can define the 
bundles Br and Bp. 
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in B, which are inverse images of differential forms in Mr and B,, under 
the mappings y and y, respectively. In particular, the volume element of 
Mr can be written 


(18) dV =o, A: Au 
and the volume element of B, is 
(19) dV N doya =o, A+ +A Onsen À A one 
doy, being equal to the product of the last N— 1 factors. On the other 
hand, we have 

dm = One AA Onan A nN, A 7 A Onaya 
Using (17), we get 

Vin 

= (—1)"det(Aums)oı A’ A on A oma AA anne 


It follows from the definition (1) of the Lipschitz-Killing curvature G(p,v) 
that 
(20) G (p, v) = (—1)" det (Anis). 

To see how @(p,v) desends on v, we take a local cross-section of Mr 
in B, described by the functions &,(q) for q in a neighborhood of p. Then 
for any frame eı(g) in Bas x(q), we have e4 = X, cagêg (q) and 


> A sijoiwj = = CerArijoi®;, 
ij rij 


where An; is the function’ 4,i; restricted to the local cross-section. In par- 
ticular, if for v = en,y we write r = Ð mê, we have at p: 


(21) G(p,v) = (—1) "det (B vrdny(P)). 


Further we get for the scalar product of » and the vector-valued second 
differential dx on B 
(22) v: Pt = non À vA ji; 

ur rij 


and hence as forms on B, we have: 








(23) dvdz vi aa > vArjöiöj. 


nis 
Therefore we may interpret G(p,v) as generalizing the determinant of the 
second fundamental form of a surface. 
If N—1, i.e., if M” is an immersed oriented hypersurface in E"**, its 


mn 
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orientation (and that of E"#) defines a unit normal vector vo(p) at pe Mr. 
Then G(p,vo(p)) = G(p) is called the Gauss-Kronecker curvature of M at p. 
Any other unit normal vector at p is of the form v(p) = = v (p), and 


G(p,v(p)) = G (p, = vo(p)) = (+ 1)"G (p). 


It follows that, for n even, G(p,v(p)) is independent of the orientation of 
the hypersurface M” and of the space F». Naturally, G (p) reduces for 
n=? to the classical Gaussian curvature. 

In the general case G(p,v) admits the following geometrical interpre- 
tation in terms of the Gauss-Kronecker curvature: Let L(v) be the linear 
space of dimension n + 1 spanned by the tangent space to z(M") at x(p) 
and the normal vector r(p). Then G(p,v) is equal to the Gauss-Kronecker 
curvature at p of the orthogonal projection of æ(Af") into L(y). 

Since the theorem is local, we take a local cross-section 4 (q) of M” 
in B in a neighborhood of p, such that v(p) = &un(p). We write 


ëa (p) = (Er) u(p) = zo. 


If x(q) denotes the position vector of the projection of (q) in L(y), 
x’(q) is defined by the equations 


v (q) — (9) = én (En )o + + Énna (Gnawa) o 
a’ (q) -— r =0, mod(é1)o,° © <, K&n)o» (Ens) o- 
From this it follows that 
Ena = (al) —2(g)) : (Enar)o= (Ho —2(9)) (Enno 1SASN—1. 
If p is fixed and 7 varies on the manifold M”, we have 
da! = de + x den (Enix) o = gom Za (Enar) 0) (En) 05 
dx = d's — x (dx (Enix) 0) (En) 05 


so that (@nsx) od°x’ = (êsx)od°x. This proves our statement. 


3. Proof of Theorem 1. For this proof we will need the following: 


` THeorem (Sard)* Let V and W be two C'-mamfolds of the same 
dimension and f a mapping of class C% of V into W. The image f(E) of 
the set E of critical points of f is a set of measure zero in W. 


‘Cf. [6], p. 10. 
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We consider the map 7: B,—> So". Every point of So is covered 
at least twice by ». In fact, for a fixed unit vector vo, the scalar product 
vo'&(p) as a cortinuous function on WM” has at least one maximum and 
one minimum, at which + v.de(p) =0. If, on the other hand, the maximum 
and minimum points are the same then M” is contained in a hyperplane 
perpendicular to vo, and every point of M" has v, as a normal vector. 

The set of critical points of » is the set Æ of points in B, such that - 
G(p,v) =0. Hence 


fear f | Gp, »)! dVdon 
Mn By 


is the volume of the image in S$"N-1 of the set of non-critical points of B,. 
By Sard’s theorem and by the above remark that every point of S)"*¥-1 is 
covered at least twice by 7, we have immediately 


f K* (p)dV = lenya. 
Mn 


4. Proof of Theorem 2. Suppose that f K*(p)dV < 34x. ; we wish 
An 


to show that M” is homeomorphic to a sphere of n dimensions. Our hypothesis 
implies that there exists a set of positive measure on 8,”*N- such that if vo 
is a unit vector in this set, vo: #(7) has just two critical points. For if not; 
every point of S,"N-1 except for a set of measure zero, would be covered 
at least three times by » and hence as in Section 3 we would have 


f K*(p)dV = Bonn. 
Me 


Since, by Sard’s theorem, the image of the set of critical points under 
7 is of measure zero, there is a unit vector vọ such that vp: 2(p) has exactly 
two critical points on M” and such that vo is the image of non-critical points 
of B, under 5. The latter means that G(p, vo) 0 at each eritical point 
p € M of the function vo-x(p), which is equivalent to saying that md? is 
a quadratic differential form of determinant not zero. In other words, the ~ 
function vo'e(p) on M” has exactly two non-degenerate critical points. 
Now a theorem of Reeb [5] (see also [4], p. 401) asserts that if a compact 
differentiable manifold M has a real-valued differentiable function on it 


with only two critical points which are non-degenerate, then A/ is homeo- .. 


morphic to a sphere. It follows from this that J/" is homeomorphie to a 
sphere, and our theorem is proved. 
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5: Proof of Theorem 3. We begin with two leramas: 


Lemma 1. Under the hypothesis of Theorem 3, M" is immersed in a 
linear subvariety of dimension n +1 of EN. 


We may assume N = 2, since otherwise there is nothing to prove. We 
will first show that M is contained in a hyperplane of ZN. In doing this, 
we show that the hypothesis of Theorem’ 3 and the assumption that A7” 
does not lie in a hyperplane of #"* lead to a contraciction. 

Let (p,vo(p)) € B, be such that G(p,ro) FC; such a point exists by 
Theorem 1. Choose a local cross-section of M” in B; i.e., the vectors öı(g), 
where g belongs to a neighborhood of p, and that é.x*(p) vo. Then any 
other unit normal vector at p may be written y = > vê (p) and by equation 

r 


(21), Section 3, we have G(p,v) = (—1)"det (Dv-A,;(p)). Holding p 
Tr 
‘fixed and restricting ourselves to normal vectors v{@) such that 
Yaw == C086, Vnan- = Sin 6, v= 0,7 An+N—i,n-+N, 


` we have G(p,v) —f(8), where f(8) is a polynomial in cos@ and sin@ and 
is hence an analytic function of 6. f(@) is not identically zero, since 
f(0) = G (p, vo) #0. 

Let Ho be the tangent hyperplane at ae perpendicular to v==v(0). 
Since z(M*) does not belong to a hyperplane, there ex:st tangent hyperplanes 
Hg, His 9 < 62, and points qu, qz € M, such that x(q.) € Hy, 2(q2) € Hoy 
z(q) ¢ Ho, ©(g2) £ Ho, Since f(8) does not vanish identically, there is 
a tangent hyperplane Hgo, such that f(#) 40 and that 2(q,) and x(q.) 
lie on different sides of the tangent hyperplane Ho, The condition f(6;) 0 
implies that the mapping 7 is one-one in a neighborhood W of (p,v(63)) 
of B, We can choose W so small that for (g,v)EW, x(q.) and æ(q) 
lie on different sides of the tangent hyperplane perpendicular to v at x(q’). 
The function v -x in M” has at least three point at wkich y- de = 0; namely, 
the maximum, the minimum, and the point q’. The last point q’ is distinct 
from the maximum and the minimum, since, by our construction, there are 
points of z(A*) on different sides of the tangent hyperplane at q’ perpen- 
dicular to vr’. It follows that a neighborhood of S,#*¥-* is covered by the 
image of y at least three times. As every point of $,**N-! is covered at least 
twice, we conclude that the total curvature of z(M*) is strictly greater than 
2Cuexs. But this is a contradiction. 

It follows from this contradiction that z(M*) belongs to a hyperplane 
EnN-1 of EN, We wish to show that its total curvature in EN! is equal 
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to 2Cney-2 We denote by v the unit vector perpendicular to #"*N-* and by 
So%N-2 the unit sphere in E»+N-1, The sphere SN? can be imagined as 
the equator of S"*4-1 with v as the north pole. Let B,’ be the bundle of 
unit normal vectors of &(47") in EN, Then B; C B, and v(B,’) C So’ N2. 
Denote by 7 the restriction of » to B,’. It suffices to prove that, with the 
exception of a set of measure zero on S,"*N-*, the points of S,"*¥-? are 
covered by 7 exactly twice. i 

Suppose the contrary be true. There is thus a set À of positive measure 
on 8-2, whose points are covered by 5 more than twice. To any u€ À 
there are distinct points pa- - <, pr € M”, k= 8, for which æ(p,},: - -,æ(#) 
have normal vectors parallel to a. All the unit vectors in the great circle 
spanned by x and v are then normal to z{M*) at æ(p:),. - :,æ(px). I 
follows that all the points of $,”*N-1 belonging to great circles spanned by v 
and the points of A are covered by » more than twice. Since A has positive 
measure on S,”*\-?, this set has positive measure on S"*¥-1, which is a. 
contradiction. 

Therefore æ+(1/*) belongs to #"*N-* and has, as a submanifold of PN- 
‘a total curvature equal to cnx- By induction on N we see that z(A/") © 
must belong to a linear subrariety £"*1 of dimension n + 1 and has in Æ"* 
the total curvature 2c,. 


Lemma 2. Let 2:1" E" be an immersion of a compact oriented 
manifold and let v: M”— 8,* be the normal map of Gauss. Let J(p) be the 
Jacobian matrix of v at p, and let U„— {p € M” | rank J (p) =n— m}. Then, 
if Un contains an open set V, its image under x is generated by m-dimen- 
sional planes. Every boundary point of Um, which is at the same time a 
limit point of an m-dimensional generating plane, belongs to Um. 


The fact that the image under x of V is generated by m-dimensional 
planes is a classical result; we include a proof for completeness. At any 
interior point p of Um the assumption on the rank of J implies that we may 
choose coordinates on M” in the neighborhood of p, say, tu,‘ - -,¢,, such 
that if v is the unit normal vector at p, then dv/dt,g = 0, and dv/dt, are linearly 
independent. Here, and for the remainder of this section, we make the 
following convention concerning indices: 


1S4,B,ySm, m+1<a,b,c<£n, 1£1,7,k En. 
We have v-ôv/êt;—0. It follows that 
v: P2/0tGty — 0, 0v/ta 0x/0t; + v(0°x/00t) = 0, bv/Ote- 0%/0ta = 0. 
Hence ôx/ dt. are vectors orthogonal to the nm + 1 linearly independent: 
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vectors v, 0/04. The surfaces ta == ta? = const. are therefore m-dimensional 
planes in Er. Since ®v/öt„=0, the tangent hyperplane remains constant 
along an m-dimensional generating plane. 

Consider now the sub-bundle B’ of B consisting of all those frames 
€1,° * t; Enn such that ea are in the m-dimensional generating planes. Then, 
as in Section 1, we have 


dz = D Wili; de; = 5 wijlj + Win+1Ënets denn => Ons+1, 72}, 
i j j 
where ; 
din = À Ayo; Ay Aj. 
7 
The above assumption on the bundle of frames B’ is equivalent to assuming 
(24) Og n+ TF — Unt, a = 0; 


i.e, that the matrix (4;;\ takes the form 


0 0 
Fe 2) det (Aq) = D 320, 


which is an (n X n)-matrix whose elements are zero, except possibly those 
of the (n— m)X(n— m) block in the lower right-hand corner. Our proof 
depends on studying the behavior of D along the #-dimensional generating 
plane. 

From (24) we have 


0— dwan = > Val: A Wk ni = 2 Waf A OB n+l + 5 Waa A Wa,n+i+ 
k a 


Our assumption implies 


OB,n+1 — 0, Wa,n+1 = > Aan; 
b 
‚so that S Aaa A w= 0, or X, Aawa A ILwc=—0. Since det(Ags) £0, 
i a,b a e 
we get waa À [[we==0. Hence we can put 


(25) Oga == > haare. 
b 
Now we have IT oan = DJ] oe. Exterior differentiation of this equation 
a c 
gives 
>(—1) A one net JANET SAN dons Neen Be 
a 


— dD A Ilo. + DCS (—1) tom A EWN doa A" A un). 
But | 


dwan — > war À OR n+1 = > Mab A Wb ntl. 
k b 


dog = Lux A vra = 2 haarva A op + Your A wba- 
a; .b 
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Hence 0 = dD A [Io + D( I hawa A IL we), or 
(26) dD + D(X hanval =0, mod we 
aa 


To complete the proof let p€ M” be a boundary point of Um, such that 
æ(p) is a limit point of a generating m-dimensional plane L. We choose 
a neighborhood V of p, in which x is one-one, and we suppose that s> (L) C Y. 
Let (q), © -,én(q), qE F, be a local cross-section of V into B, such 
that, for qE a t(L), & (q), - -,6,(q) span L. Such a cross-section clearly 
exists. If 6;, &; are the restrictions of w, wi respectively to this cross-section, 
then 6; are linearly independent and we will have 


®oa = 5 Raakõr. 
a 


The coefficients haa (qg) are equal to the functions haas(q) introduced above, 
for gex'(L). Let y be a curve in z'(L) abutting at p. We have, along y, 


aD + D( È howa) == 0. 
a0 ` 
It follows by integration of this differeutial equation that 


D(q) =Doexp (—f D hanawa) , 


for q € y— po, where Dy 50 is the value of D at a fixed point of y. Since 
D(q) is a continuous function and sinc? Aaaa is bounded, we conclude that 
D(p) 0. This completes the proof of Lemma 2. 

We now complete the proof of Theorem 3 as follows: 

Let H be the space of hyperplanes of #**? (with the obvious topology). 
A tangent hyperplane of v(W”) is said to be of rank m, if it is tangent to 
xz(M")at a point of (Um) and at no point of #(U;),l<m. By the argu- 


ment used in the proof of Theorem 2, a tangent hyperplane of rank zero does \ 


not separate the set v( M»). For otherwise there would be a neighborhood 
of 9”, whose points are covered at least three times by v, which would be 
contrary to the assumption that M” has the minimum total curvature 2¢,. 

We will show that in every neighborhood (in the space H) of a tangent 
hyperplane r of x(M”) there is a tangert hyperplane of rank zero. In fact, 
let W be such a neighborhood. Suppose z(p), pE Um, be a point of contact 
of +. Either there is a neighborhood of p in M which belongs completely 
to U or there are points of U, l < m, in every neighborhood of p. In both 
cases we can find a point p, such that the tangent hyperplane m, at z(p.) 
belongs to W and such that p. has a neighborhood in M» which belongs com- 
pletely to U, 1Æm. The image under x of this neighborhood of p, is 
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generated by I-dimensional planes and the tangent hyperplane to z(M") 
along the generating I-dimensional plane through zip.) is m. If z(p.), 
Pa € M”, is a boundary point of this I-plane, p, belongs to U, by Lemma 2 
and is not an interior point of UY, Hence there exists in every neighborhood 
about y, an open set whose points are in Up, k <1, and which contains a 
point ps € U, such that the tangent hyperplane at x(p,) is in W. Continuing 
this process, we see that W contains a tangent hyperplane of rank zero of 
s( M”). 

This means that every neighborhood of v in H contains a tangent hyper- 
plane such that s(M”) lies on one side. It follows that the same is true 
for ~ itself. If » is any unit vector in #4", voʻæ{p) has a maximum and 
a minimum on M*, which must be distinct, since M” cannot be immersed 
in an m-dimensional hyperplane. Hence the intersection of all the half- 
spaces of Er*! bounded by a tangent hyperplane of z(M") and containing 
points of z(Mr) is a closed convex set with a non-empty interior and with 
z(M*) on the boundary. 

Since the induced homomorphism x; of tangent spaces is one-one, ı is 
a local homeomorphism of M into the boundary of the convex set. It follows 
that z(M*) is both open and closed on the boundary; thus z maps M” onto 
the boundary. But the boundary of the convex set is homeomorphic to a 
sphere S* and by the above M” is a covering space of S* under the map x. 
Hence, if nz2, x is a homeomorphism. The same is true for n—1, on 
account of the fact that the total curvature is 2c.. | 

Conversely, let z(M") be a convex hypersurface. It is then locally 
convex. By reversing the orientation of Mr if necessary, we can suppose 
that G(p) 20. Then K*(p)=2G(p), because there are two unit normal 
vectors at every point. The degree of v is 


Von f G(p)aV =1. 
Me 
Hence the total curvature of «(M") is 2er. 


6. A further theorem. 


THEOREM 4. Let x: Mr Er": be an immersion of a closed orientable 
manifold and v:M"— 8 " the normal map. Then the following are equi- 
valent: 

1. degv== + 1 and the Gaussian curvature is of constant sign; 

2. The total curvature is 2¢n; 


3. Mr is imbedded as a convex hypersurface. 
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It suffices to prove the implications 1) > 2) > 3) > 1). Since 2) > 3) 
> 1} are contained in Theorem 3, we only have to prove that 1) implies 2). 

For this purpose it is sufficient to show that no set V of positive measure 
on Sy” is covered more than once by M” under v. Suppose the contrary. By 
reversing the orientation of M» if necessary, we can suppose that deg v == +1 
and that the Gaussian curvature is non-negative. By Sard’s theorem, there 
exists a point y€ V such that for eny point in v’!(y) the curvature is 
strictly positive. There can only be a finite number of points in v (y). 
For otherwise v?(y) will have a limit point p at which v is not locally. one- 
one, while, on the other hand, the Jacobian of v at p€v%(y), being a‘ non- 
zero multiple of the Gaussian curvature at p, is different from zero. By our 
assumption on V the number of points in vt(y) is 22. At each point of 
v!(y) the Jacobian of v is strictly positive. It follows that deg v= 2, which 
contradicts our assumption. Hence the theorem is proved. 


Remark. We would “ike to conjecture that for n22 the condition 
degv=— 1 in 1) can be omitted. In other words, it seems likely that a closed 
orientable hypersurface (of dimension = 2) of non-negative Gauss-Kronecker 
curvature is convex. If the curvature is strictly positive, this follows from 
Hadamard’s principle. On the other hand, it is well-known that this con- 
dition: is essential for n —1; there are non-convex immersed curves in the 
plane with non-negative curvature. 
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SUR LES REVÊTEMENTS NON RAMIFIÉS DES VARIÉTÉS 
ALGÉBRIQUES.* 


par SERGE LANG et JEAN-PIERRE SERRE. 


Introduction. Soit V une variété algébrique normale définie sur le 
corps C des nombres complexes. Munissons V de la topologie “usuelle,” 
déduite de celle de C. Tout revêtement algébrique non ramifi& de V peut 
être considéré comme un revêtement topologique, et correspond donc à un 
sous-groupe d’indice fini du groupe fondamental r,(V) de V. Des propriétés 
connues du groupe fondamental résulte alors imméciatement : 


a) Si V et W sont deux variétés, tout revêtement de V X W est quotient 
d’un revêtement de la forme V’X W’, où V’ et W’ sont des revêtements de 
V et de W. 


(C’est une conséquence de l'égalité mı (V X W) =m (V)X m (W)). 
b) Le nombre des revêtements de V de degré donné est fini. 


(C’est une conséquence du fait que 7,(V) peut être engendré par un 
nombre fini éléments). 

Dans ce qui suit, nous nous proposons de donner des démonstrations 
algébriques de a) et de b), valables en toute caractéristique (cf. th. 1 et 
th. 4) ; nous devons toutefois faire l’hypothèse supplémentaire que V est une 
variété complète. Des contre-exemples simples (dus essentiellement à la 
présence de “ramification supérieure”) montrent d’ailleurs que a) et b) 


‘ne sont pas vrais sans restriction en caractéristique p > 0. 


Comme application de a), nous démontrons que tout revêtement non ' 
ramifié d’une variété abélienne est une isogénie (th. 2), généralisant ainsi 
un résultat bien connu pour les courbes elliptiques. 


1. Conventions et notations. Nous adopterons la définition des revête- 
ments donnée dans [4] §1, à cela près que nous ne nous occuperons que de 
revêtements géométriques. Par définition, un revêtement est donc une appli- 
cation rationnelle partout définie 


f: UV, 


1 Received December 21, 1956. 
319 


320 SERGE LANG ET JEAN-PIERRE SERRE. 


vérifiant les conditions suivantes: 


a) U et V sont des variétés normales (absolument irréductibles) de 
méme dimension. ` 


B) Pour tout ve V, l'ensemble f*(v) est fini. 
y) La variété U est complète au-dessus de tout point de V. 


5) Si K et L désignent les corps des fonctions rationnelles sur V et 
sur U, l’extension L/K est séparable. 


Si U, V et f sont définis sur un corps k, on dira plus brièvement que 
le revêtement est défini sur k. | 

Les propriétés ci-dessus entraînent que U est la normalisée de V dans 
l'extension L/K (pour tout ce qui concerne l’operation de normalisation, voir 
par exemple [6], Chap. II, 85); inversement, si l’on se donne une variété 
normale V ayant K pour corps de fonctions, et si l’on se donne une extension 
finie séparable L de K, la normalisée U de V dans L/K est un revêtement 
de V. Ainsi, V étant donnée, il y a correspondance bijective entre revête- 
ments de V et extensions finies séparables de K. Le degré de l’extension 
L/K sera appelé le degré du revêtement f: U—> FV, et sera noté [U: V]. 
De même, un revêtement sera dit galoisien, de groupe de Galois G, si l’exten- 
sion L/K correspondante est galoisienne et de groupe de Galois G; on a 
alors V—U/G, avec les notations de [7], no. 18. 

Soit f: U— V un revêtement de degré n, défini sur un corps algébrique- 
ment clos k.. Si v est un point de V, l’ensemble f-(v) a au plus n éléments; 
sil en a exactement n, on Cira que U est non ramifié en v. L'ensemble des 
points de ramification est un sous-ensemble k-fermé de V ; s’il est vide, on 
dira que U est non ramifié. En fait, pour qu’une application rationnelle 
partout définie f: U— V soit un revêtement non ramifié, il suffit, d’après: 
Krull ([2], voir aussi [4], p. 292), que V soit normale, que les conditions | 
B) et y) soient remplies, et que pour tout point v€ L l’ensemble f-*(v) ait 
exactement n points (n désignant comme précédemment le degré de l’exten- 
sion L/K); la variété U est alors automatiquement normale, et l’extension 
L/K séparable. l | } 

Revenons au cas d’un revêtement quelconque f: U->V, et soit V’ une 
sous-variété de V. Soit f+(V’) l’image réciproque de V’ dans U, et soient 
U; les composantes irréductibles de f*(V’). En appliquant les théorèmes _ 
du type Cohen-Seidenberg, on voit tout de suite que les U/ ont même dimen- 
sion que V’; de plus, si Pon note [U/: V’] le degré de la projection U/’— V’, 
on a: | ; 

3(U/: VI<[T: V], cf. [2] ainsi que [4], loc. cit: . 
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Lorsque tous les degrés [U/’: V’] sont égaux à 1, on dira que le revêtement 
U se décompose complètement sur V’. 

En général, les U/ ne sont pas des variétés normales, et les extensions ` 
de corps correspondant aux projections U/— V’ ne sont pas séparables. On 
a toutefois : 


Lemus 1. Supposons que le revêtement f: U>Y soit non ramifié, et 
soit V’ une sous-variété normale de V. Alors les composantes U/ de f> (V^) 
sont des variétés normales et disjointes. Chacune d'elles est un revêtement 
non ramifié de V’, et l’on a l'égalité: 


S[U/: V’]—=[U: V]. 


Posons n—[U: V] et n—=[U/: V’]; d’après ce qui a été dit plus 
haut, on a en tout cas 3m; Zn. D’autre part, soit ve V’, et soit m; le 
norbre des points de U/ se projetant en v; du fait que V’ est normale, on 
a-mi ni Mais d’autre part, puisque f: U — V est nan ramifié, il a exacte- 
ment n points de U qui se projettent en v. On a done Zm: Zn, Vou m; = n: 
et Sn;—n". D’après le résultat de Krull déjà cité, Pégalité m; = n; entraîne 
que U/ est un revêtement non ramifié de V’, et en particulier que Uj’ est 
une variété normale; enfin, si U/ et U/ avait en commun un point u, de 
projection v, l’ensemble des points de U se projetant en v aurait au plus 
3m;—1==n—1 éléments, ce qui est impossible; les variétés U/ sont donc 
bien disjointes, ce qui achève la démonstration. | 

{Notons que, si f: V— V est galoisien, il en est de même de chacun des 
revêtements U; — V’; leurs groupes de Galois sont des sous-groupes de celui 
de U—les classiques “groupes de décomposition ”). 

Plus généralement, soit a: V’— V une application partout définie d’une 
À variété V” dans V; supposons encore que V’ soit normale. Alors V’ x U 
© forme -de façon naturelle un revêtement de 7’X V; si l’on plonge V’ dans 
Vv’ X V au moyen du graphe de œ, on peut encore définir f+ (V) C VXU, 
et l’on se retrouve dans la situation envisagée ci-dessus; dans la suite, nous 
noterons «*(U) l’ensemble algébrique f> (V) ; par définition, c’est l’ensemble 
des couples (vu) € VX U tels que a(v’)—f(u). Lorsque U est non 
ramifié, le lemme 1 montre que les composantes irréductibles de a*(U) sont 
_ des revêtements non ramifiés de V’ (les “pull-back” de [4], §4). 


2. Revêtements d’un produit de variétés. Soient V et W deux vari- 


étés normales. Dans ce no., nous aurons à considérer des revêtements du 
produit VX W. Si f:U—VXW est un tel revêtement, et si w est un 


9 


322 ` SERGE LANG ET JEAN-PIERRE SERRE. 


point de W, nous noterons Uw l’image réciproque de VX {w} dans U; 
si Pon note a, l'injection de.V dans V X W définie par la formule «„(v) 
= (v,w), l’ensemble algébrique Uw n’est autre que &,*(U). Lorsque U est 
non ramifié, les composantes irréductibles de U, sont des revêtements non 
ramifiés de V, d’après le lemme 1. 


LEMME 2. Soit k un corps de définition d’un revêtement f: U>VXW, 
‘et soit w un point générique de W sur k. Supposons que U soit complète- 
ment décomposé sur V X {w}. Alors U est isomorphe à un revêtement 
VXW, où W est un revêtement de W. 


Soit v un point générique de V, indépendant de w, et soit u€ U tel 
que f(u) = (v,w); le point u est alors un point générique de U sur. k. 
“On voit tout de suite que le lieu de u sur le corps k(w) n’est autre que Uw, 
qui est done irréductible sur k(w).. Soit L la fermeture algébrique de k(w) 
dans k(w) ; par hypothèse, &(u)/k(v,w) est séparable, et il en est évidemment 
de même de k(v,w)/k(w); done k(u)/k(w) est séparable, et l’extension 
k(u)/L est régulière. Il s’ensuit que le lieu de u sur L est l’une des com- 
posantes irréductibles de Uw; puisque on a supposé U complètement décom- 
posé sur V X {w}, on a donc k(u)—ZL(v). Si l’on désigne alors par W’ 
la normalisée de W dans lextension L/k(w), la variété V X W’ est la 
normalisée de V x W dans k(u)/k(v,w), donc est isomorphe à U, cqfd. 


Remarque. Le lemme 2 ne s'étend pas aux “revêtements inséparables ” 
(c’est-à-dire ceux où l’on supprime Vhypothése §) du no. 1). Pour le voir, 
il suffit de poser k(w) =k(z,y) et k(u) —k(v,x,y,0), avec 8 = x + vy, 
k désignant un corps algébriquement clos de caractéristique p. 


LEMME 8. Soit f: UV X W un revêtement non ramifié, V étant un \ 
variété complète. Supposons qu'il existe ae W tel que U se décompose 
complètement sur V X {a}. Alors U est isomorphe à un revêtement V X W’, 
où W est un revêtement non ramifié de W. 


Supposons d’abord que V soit une variété projective. Boit k un corps 
de définition du revêtement, et soit w un point générique de W par rapport 
à k. D’après le théorème de dégénérescence de Zariski ([8]), le nombre 
de composantes connexes de Uw est au moins égal à celui de sa spécialisation 
Ua; mais, d’après le lemme 1, ce dernier nombre est égal à celui des com- 
posantes irréductibles de U,, lequel est égal à [U:V] par hypothèse. Il 
s’ensuit que le nombre de composantes connexes de Uw est aussi égal à 
[U: V]; ce qui signifie que U se décompose complètement sur V X {w}; 


\ 
\ 


\ 


\ 


= re e aa 


| 
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d’après le lemme 2, il s’ensuit que Ọ = V X W’, et on voit immédiatement 
que W’ est non ramifié. ` 

L'hypothèse que V est projective n’a été appliquée que pour pouvoir 
utiliser le théorème de dégénérescence de Zariski. Le cas général se ramène 
. au cas projectif: d’après un résultat de Chow (cf. [1]), il existe une variété 
projective normale V, et une application birationnelle partout définie 


p: Vi V. 


L'application ¢ définit une application y: Vix W—>YVX W; posons U, 
=y"(U); en appliquant la première partie de la démonstration à U;, on 
voit que U, = VX W’. Le corps &(U1) des fonction rationnelles sur Uy 
est done un composé k(V,) kW’) —&(V)-k(W’); il s'ensuit que k(U) 
=k(V)-k(W’), d'où U— VX W’, cafd. | 


Remarque. Le lemme 8 est inexact lorsque l’on ne suppose plus que V 
est complète: on le voit en prenant pour V et W des droites affines de points 
génériques v et w, et en définissant U par l'équation w—u=vw (si Von 
fait v—0 ou w=0, l'équation se décompose, ce qui serait incompatible 
‘avec le lemme 3). 


Tatoreme 1. Soit f: UV XW un revêtement non ramifié, V étant 
une variété complète. Il existe alors deux revêtements non ramifiés V’ de 
V et W de W tels que U soit un quotient du revêtement produit V’ X W’. 


Nous pouvons évidemment supposer que le revêtement U est galoisien ; 
soit G son groupe de Galois. Choisissons’ alors un point a€ W, et soit 
U= f+ (V X {a}) ; d’après le lemme 1, les composantes irréductibles de U, 
‘ sont des revêtements non ramifiés de V; comme on a supposé U galoisien, 
/ il en sera de même pour ces composantes (leurs groupes de Galois étant des 
sous-groupes de G, les “groupes de décomposition”). Choisissons l’une de 
ces composantes, soit V’, et soit G” C G son groupe de Galois. La projection 
V’—>YV définit une projection 


h: VXW—VX VW, 


qui fait de V’ xX W un revêtement de VX W de groupe de Galois @. 
Posons U==h*(U), sous-ensemble algébrique de V’ x WXU; comme pré- 
cédemment pour Ua, les composantes irréductibles de U, sont des revêtements 
non ramifiés de V’ X W, galoisiens et de groupes de Galois des sous-groupes 
de Œ. Soit be V’ et soit U’ la composante de U, qui contient le point 
(b,a,b)E U;; comme U’ est un revêtement non ramifié de VX W, c’est 
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aussi un revêtement non ramifié de V X W; de plus, puisque la projection 
de U’ sur V X Wrsse factorise en ”’>U>VXW, le revêtement U est un 
quotient de U’, et il nous suffira done de prouver que U’ est de la forme 
V’x W’. Mais U’ se décompose complètement sur V’ X {a}: en effet, U, 
contient la sous-variété de VX WX U formée des points (v’,a,v’) où v 
parcourt V’; comme cette sous-variété a le point (b,a,b) en commun avec 
U’, elle est contenue dans U’, et constitue une composante de U,’ se projetant 
sur V’ X {a} avec degré 1; du fait que U” est galoisien, ceci suffit à assurer 
que U’ se décompose complètement sur V’ X {a}. En appliquant alors le 
lemme 3, on en déduit bien que U’ est isomorphe à un revêtement de la 
forme V’ X W’, ce qui achève la démonstration. | 


COROLLAIRE 1. Soit Œ un groupe abélien fini. Les notations étant 
celles de [7], no. 14, on a a (VX W,G)=7(V,G)X 7 (W,G). 


Cest immédiat. 


CoROLLAIRE 2. Les hypothèses étant celles du théorème 1, soient a et 
b deux points de W. Il existe alors un isomorphisme de l’ensemble algébrique 
Ua sur l’ensemble algébrique U, compatible avec les projections U>V et 
U, >F. 


(On a un énoncé analogue en permutant les rôles de V et de W). 

En effet, d’après le théorème 1, le revêtement U est quotient dun 
revêtement g: VX W’->V & W; on peut supposer V’ et W galoisiens de 
groupes de Galois G, et G, respectivement; alors U est isomorphe à 
(VX W’)/H, où H est un sous-groupe de G X Ge. Posons: l 


Us =g>(V X {a}) et U’ =g% X (0). 


U est clair que U, et U,’ sont tous deux isomorphes à V’ X G., ces isomor- 
phismes commutant avec les opérations de G, X Gz; comme U, est isomorphe 
à U«/H, il est isomorphe à (V’ X G.)/H, et de même pour U», ce que 
démontre le corollaire. nr 

Lorsque U est galoisien, de groupe de Galois G, on a G = (G, X G)/H; 
de plus, on peut supposer (quitte à changer V’ et W’) que G N H = {e} et 
Ga N H = {e}. Les groupes G, et G, s’identifient ainsi à des sous-groupes 
de G, invariants, commutant entre eux, et engendrant G.: De plus, le 
raisonnement fait ci-dessus montre que, pour tout a€ W, l’ensemble algé- 
brique U, se décompose en composantes irréductibles qui sont isomorphes 
à V’, le groupe G, s’identifiant au groupe de décomposition correspondant; 
on a un résultat analogue pour U, si ve V. En définitive, on a obtenu:- 
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CoROLLAIRE 3. Ouire les hypothèses du théorème 1, supposons que U 
soit galoisien de groupe de Galois G. Soit (v,w) € V X W, et soit V’ (resp. 
W’) une composante de Uw (resp. Uy); soit G, (resp. G,) son groupe de 
Galois. Les groupes G, et G, sont alors des sous-groupes invariants de G, 
qui commutent entre eux et engendrent G; si H désigne le noyau de Vhomo- 
morphisme CK X GG, le revêtement U est isomorphe à (V’ X W’)/H. 


8. Revêtements non ramifiés des variétés abéliennes. Nous nous pro- 
posons de démontrer le résultat suivant: 


Tukorime 2. Toute revêtement non ramifié d’une variété abélienne est 
une isogénie (séparable). 


(Cela montre en particulier qu’un tel revêtement est abélien). 


Soit done V une variété abélienne, et soit f: U — V un revêtement non 
ramifié de V. On peut évidemment supposer que U est galoisien; soit G 
son groupe de Galois. Il nous faut montrer que l’on peut définir sur U 
une structure de variété abélienne (auquel cas f sera automatiquement une 
isogénie). 

Soit g: VX V>V lapplication qui définit la loi de composition de 
V, ie. g(v,vw)=v+. Soit U’—=g*(U), sous-ensemble algébrique de 
FX V XU formé des triples (v,v’,w) tels que fv)=v+v. Le groupe 
G permute les composantes irréductibles de U’; mais si l’on pose 


Ts E a 


2 Ur =U A ({0} XV XU), 
‚Pensemble U,’ s'identifie à U, donc est irréductible; a fortiori, il en est 
/ de même de U’. Nous noterons f: U'>V XV la projection de U’ sur 
_ les deux premiers facteurs du produit VxXVxU. On a évidemment 
i Uy =f’*({0} X V), et Pon vient de voir que U,’ s’indentifie à U; de même 
Uy =f" (V X {0}) sidentifie à U. Appliquant alors le corollaire 3 au 
théorème 1, on voit que. avec les notations de ce corollaire, on a Gi = G: = G, 
ce qui montre d’abord que G est abélien, puis que U’ s'identifie à (U X U)/H, 
où H désigne le sous-groupe de @ X G formé par les éléments (g, 97), g € G. 
Comme on a une application canonique h: U’—>T, cn en déduit par com- 
position une application g’: UXU>U’>U qui “relève” Vapplication 
g: VX V-V. Si l’on a choisi dans U un point e tel que f(e) —0, on 
peut en outre s’arranger pour que g’(e,e)—e. Il ne nous reste plus qu’à 
démontrer que Papplieation g’ vérifie les axiomes d’une loi de groupe, ce que 
ne présente pas de difficultés : 
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a) Le point e€ U est élément neutre pour la loi de composition g’. 
En effet, soit o: U—>U l’application définie par la formule: 


o(u) —g'(e,u). 


On a foo =f, ce qui montre que o est un automorphisme du revêtement U, 
i.e. un élément du groupe ce Galois Œ. Mais on a o(e) =e, et comme G 
opére sans points fixes, cela montre que o est Videntité; un raisonnement 
analogue montre que g’(u,e) =u pour tout u€ U. 


b) La loi de composition g’ est associative. 


Soient i, et k, les applications de UX U X U dans U définies par les 
formules : 


Bo, v, 0) = go, (u) et kav, 01,0”) = gC O, t) 0). 


Du fait que g’ relève g, les projections de k,(v,v’,v”) et de k.(v, v, v”) dans 
U sont les mêmes. On a done k,(u,v',v”) =o: k,(u, v, v”), avec o€ G. 
Appliquons ceci à trois points génériques indépendants v, v’, v”; en spécialisant 
v, V et v” en e, on voit que o=1, d’où k, = k, et g’ est bien une loi de 
composition associative. 


c) Il existe un inverse u — u”! qui est un automorphisme de U. 


Désignons par f” l’application fX f: U X UV XV; soit d’autre part 
$: VXYV—VXV l'application définie par (v,v) > (vv +v), et soit 
de même y: U X U—>U XU application définie par 

y(u, w) az (u, 9’ (u, w)). p 
. On a évidemment la relation de commutation f”oy=pof”. En prenant i 
les degrés des deux membres, et en tenant compte du fait que $ est bi- ` 
rationnelle, on voit qu’il en est de même de y. De plus, y est partout définie : 
puisque ¢ l’est. L’existence d’un inverse, et le fait que u—>w est un auto- 
morphisme résultent aussitôt de là, ce qui achève la démonstration. 


Remarques. 


1) La démonstration précédente est calquée sur la démonstration clas- 
sique prouvant que tout revêtement d’un groupe topologique est un groupe 
topologique (démonstration qui repose elle-même sur la formule 7,(X X F) 


=r (X) Xm(¥)). 


2) Le théorème 2 ne s'étend pas aux groupes algébriques non complets. 
On trouvera des contre-exemples dans [3], relatifs au cas où V est un groupe 
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non commutatif, défini sur un corps fini. En fait, ou peut même construire 
des contre-exemples où V est le groupe additif Ga: si U’ est une courbe 
elliptique d’invariant de Hasse nul, une différentielle de première espèce de 
U’ peut s’écrire w = df, où f est une fonction rationnelle; soit U l’ouvert de 
U’ obtenu en retirant l’ensemble des pôles de f; il est clair que f: U —> Ga 
est un revêtement non ramifié qui n’est pas une isogénie. 


4. Finitude du nombre des classes de revêtements non ramifiés d’une 
variété complète. Nous démontrerons d’abord le résultat suivant: 


TKHÉORÈME 3. Soit V une variété normale, complete, définie sur un 
corps algébriquement clos k. Alors tout revêtement non ramifié de V est 
isomorphe à un revêtement défini sur k. 


(Autrement dit, il n’y a pas de “systèmes algébriques” de revêtements 
non ramifiés). 

Soit fi: U;— V un revêtement non ramifié de V, défini sur une exten- 
sion L/k que Pon peut supposer de type fini. Soient v un point générique 
de V sur L et u un point de U, tel que f,(u) =v. Soit autre part W’ 
une variété normale, définie sur k, telle que, si w est un point générique 
de W’ sur k, on ait Z=k(w). On a L(v) —k(v,w), corps des fonctions 
rationnelles sur V X W’, et le corps L(u) est une extension finie de k(v,w). 
Soit U’ la normalisée de V X W’ dans l’extension L(u)/k(v,w), et soit f la 
projection canonique de U’ sur V X W’. It est clair que Uy’ —f1(V X {w}) 
est une variété k(w)-normale, et en correspondance birationnelle, sur k(w), 
avec le revêtement donné U,; comme U, est normale, ceci montre que U,’ 


‘et U, sont isomorphes. Soit Z C V X W’ l’ensemble des points au-dessus 


desquels le revêtement U” est ramifié; c’est un ensemble algébrique k-fermé, 


. qui ne rencontre pas V X {w} puisque par hypothèse U, =U, est non . 
ramifié. Il est donc contenu dans un produit V X Z’, où Z est un sous-- - 


ensemble algébrique k-fermé de W’; posons W = W”- 7, et soit U l’image 
réciproque de V X W dans U’. Le revêtement U est non ramifié, et l’on a 
Uw == Uw =U; choisissons alors dans W un point a, rationnel sur k. 
D’après le corollaire 2 au théorème 1 les ensembles algébriques U, et TU, 
sont isomorphes. Il s’ensuit que U, est irréductible, et que c’est un revête- 
ment de V isomorphe à U, cfqd. 


Tæéorème 4. Une variété normale et complète ne possède qu’un 
nombre fini de revêtements non ramifiés de degré donné. ` 


Soit V une telle variété. D’après Chow [1], 7 est image d’une variété 
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projective V:, que l’on peut supposer ncrmale, et qui est birationnellement 
équivalente à V. Tout revêtement non ramifi& de V en définit un de Y, 
et l’on est ainsi ramené à démontrer le théorème pour V;. Autrement dit, 
nous pouvons supposer que V est une variété projective. Soit k un corps 
de définition de F, et soit C, une courbe générique de V (sur k), au sens 
défini dans [5], §3; on sait (loc. cit.) que si U est un revêtement de V, 
défini sur k, la restriction de U à C, est un revêtement irréductible de Cy. 
Il s'ensuit, par un raisonnement standard, que deux revêtements non iso- 
morphes de V, tous deux définis sur k, ont des restrictions à Cy, qui sont 
également non isomorphes. En prenant pour k un “domaine universel” on 
voit donc qu’il suffira de démontrer le théorème 4 pour Cy. 

Nous supposerons donc, à partir de maintenant, que V est une courbe 
C, non singulière, complète, de genre g. Nous la supposerons plongée dans 
un espace projectif S,, et nous désignerons son degré projectif par d. Si 
f: U—C est un revêtement non ramifié de C de degré n, le genre gy de la 
courbe U est donné par la formule classique: 


gu—1=n(g—1), 


et ne dépend donc pas de U. D’après le théorème de Riemann-Roch, on 
peut plonger birégulièrement U dans un espace projectif S, de dimension 
go (donc fixe), le degré projectif de ce plongement étant d = 2gu +1. Soit 
TCSıX $ le graphe de f. Si H, et H, sont des hyperplans de S, et 8, 
posons: 

H=8,X H.+ 4: X 8z; 


‘un calcul immédiat montre que deg(T:H)—d,+nd, donc que ce degré) 
ne dépend pas de U. Cela signifie que, si l’on plonge S, x Sə dans un’ 


espace projectif S: à la manière habituelle (i.e. de telle sorte que H devienne - 


une section hyperplane dans ce nouveau plongement), le degré de T dans 
S3 sera d, + nd, donc sera fixe. 

Or, d’après la théorie des coordonnées de Chow, il n’existe qu’un nombre 
fini de familles algébriques irréductibles de cycles de C X 8z ayant un degré 
donné (dans 8,). Il nous suffit donc de prouver que, si deux revêtements 
U, et U, ont des graphes T, et T, qui appartiennent à la même famille 
algébrique F, ces deux revêtements sont isomorphes. 

Pour cela, soit T un élément générique de la famille #; nous allons 
d’abord montrer que '— C est un revêtement non ramifié de degré n. Tout 
d’abord, puisque T admet pour spécialisation T,, c’est une variété; comme 
la projection sur C est compatible avec les spécialisations, la relation 


j 


| 


| 
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pri (T) =n: entraîne pr:(T)=nC, donc l’application T— C est de degré 
n. De plus, si Q est un point de C, on peut prolonger la spécialisation 
TT, en une spécialisation Q— Qı, et Q X Sz. se spécialise en Q, X Ss. 
Comme le cycle T,- (Q1 X S2) est défini, et se compose de n points distincts, 
il en est de même du cycle T-Q X S). D’après ce qu’on a vu au no. 1, il 
s’ensuit bien que T est un revêtement non ramifié de degré n de la courbe C. 

Nous allons maintenant montrer que les revêtements T, et T sont iso- 
morphes ; comme le même argument montrera que T, et T sont isomorphes, 
il en résultera bien que T, et T, sont isomorphes, ce qui achèvera la démon- 
stration, en vertu de ce qui a été dit plus haut. | 

D’après le théorème 3, le revêtement T est isomcrphe à un revêtement ` 
T” défini sur le corps de base; on peut supposer I” plongé dans C X 8: 
comme ci-dessus. Désignons par T le graphe de Visomorphisme T— I”; c’est 
une sous-variété de T X I”, lui-même contenu dans C X 8X CX 8: On 
a évidemment pr::(T) —nA, où A est la diagonale de CXC. Etendons 
maintenant la spécialisation TT, en une spécialisation T— Tı; la variété 
I” reste fixe durant cette spécialisation, puisqu’elle est définie sur le corps 
de base. On a pre(Tı)=T,, pras(T1) =T et pri (T1) —nA; les deux 
premières formules montrent que, ou bien T, est le graphe d’une correspon- 
dance birationnelle entre T, et I’, ou bien T, est “dégénérée,” i.e. égale à 
T,X {y}+ {yı} XT; la troisième formule exclut cette seconde possibilité. 
On a done obtenu une correspondance birationnelle entre les revêtements T, 
et I’, commutant avec les projections sur C. Il s’ensuit que T, et I” sont 
isomorphes, done aussi T, et T, cqfd. 


Remarques. 


1) La démonstration du théorème 4 que nous venons de donner utilise 
de façon essentielle les résultats du no. 2. Inversement, si l’on pouvait 
démontrer directement le théorème 4 (dans le cas d’une courbe), on retrou- 
verait facilement ces résultats comme corollaires. 


2) Soit C une courbe, et soient P,,- - -,P, des points de C en nombre 
fini. Il est vraisemblable qu’il n’existe qu’un nombre fini de revêtements 
de C d’un degré n donné, ramifiés seulement aux points P; et n’y admettant 
pas de ramification supérieure (revêtements “tamsly ramified”). Une 
démonstration de ce fait permettrait d’étendre notablement nos résultats. 


3) Dans le cas des revêtements abéliens, le théorème 4 peut aussi se 
démontrer en utilisant le théorème de Néron-Severi (pour les revêtements 
d'ordre premier à la caractéristique), et la finitude du premier groupe de 
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cohomologie (pour les revêtements d’ordre une puissance de la caractéristique). 
Cf. [7], nos. 15 et 16. 
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LIE GROUPS AND LIE HYPERALGEBRAS OVER A FIELD 
OF CHARACTERISTIC p> 0 (VI).* 


By JEAN DIEUDONNÉ. 


1. Introduction. In the preceding papers of this series ([8] to [12])* 
our main task had been the study of abelian formal Lie groups, and the 
general theory had not been developed beyond the most elementary theorems. 
On the contrary, this paper is chiefly devoted to noncommutative formal Lie 
groups. There seems to be little hope at present of using the hyperalgebras, 
in that part of the theory, to the same effect as they were used in the study 
of abelian groups [11]. Here the hyperalgebra recedzs in the background 
and becomes a mere technical tool, and the method of attack is based on an 
entirely different idea, which consists in considering the homomorphisms of 
a formal Lie group @ into linear groups. When G has no center, there 
exist such homomorphisms which are injective; when such homomorphisms 
exist (in which case G is said to be representable), is is possible to define 
an “algebraic hull” of the image of G by such a homomorphism, following 
the pattern of the corresponding techniques used by C. Chevalley for Lie 
algebras [6] and by A. Borel for arbitrary (non formal) subgroups of linear 
groups [2]. I must record here my indebtedness to these two fundamental 
papers: not only do they suggest, by analogy, the results to be expected for 


* Received November 28, 1956. 

1I take this opportunity to correct a few misprints and minor errors in these 
papers: in [9], p. 237, formula (45), the summation should extend over the range 
O<u<A. In [10], p. 64, in lines 1-2 frcm top, the condition “et n’ont aucune com- 
posante d’indice <i qui soit non nulle” should be omitted, as well as the statement 
“toutes les composantes d'indice <7 sont nulles ” in lines 12-13 from top. On the same 
page, the index (or exponent) à in G, Gi, Mo tt, u®, # should be replaced by i+ 1. 
On p. 69 of the same paper, equation (39) should read A(Hex(a,a,-- -)) 
== ¢. Hex (So S,- . .) where c is a constant, and in line 1C from bottom, y should be 
replaced by x. In [12,] p. 208, line 9 from top, read < instead of S; p. 210, line 9 
from top, read #7; p. 211, lines 3 and 6 from bottom, replace r by r+ l; p. 219, line 
12 from bottom, there should be a bar over the second tma; p. 221, line 4 from top, 
there should be a bar over quu,r; p. 222, line 14 from bottom, replace p” by p'#; p. 238, 
formula (65), read H(Y,%*) instead of (Y,%”). In [137, p. 252, formula (3), the 
summation is over the index a; p. 254, line 18 from top, X,. should be replaced by Xu. 
P. 255, line 3 from bottom, p. 256, line 10 from top, p. 257, line 18 from bottom, replace 
the exponent Br. by Br — 1. 
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formal Lie groups, and sometimes the methods of proof by which they can 
be obtained, but it turns ou that a surprisingly large number of the theorems 
of A. Borel for algebraic groups can be used to prove their counterparts for 
formal Lie groups (even when there does not seem to be any possibility of 
extending their method of proof): we mention in particular many of Borel’s 
results on solvable maximal subgroups, maximal tori and Cartan subgroups. 
This is mainly due to a fundamental result (suggested by a similar 
theorem of Chevalley on Lis algebras in characteristic 0) according te which 
the derived group of a representable formal Lie group is essentially algebraic. 
From this it follows also that simple formal Lie groups which are not abelian 
are essentially algebraic, and the latter have recently been determined by C. 
Chevalley [7], who has shown that they are the same as in characteristic 0, 
namely the groups of the Killing-Cartan classification. To sum up, it seems 
that a general formal Lie group is essentially built up out of algebraic groups 
and abelian formal Lie groups; and, contrary to what might have been 
expected, the theory of non-commutative formal Lie groups does not exhibit 
startlingly new features when compared to the classical theory; the radically 
new phenomena (should one say the “pathology” because they have never 
been met before?) occur in the theory of abelian Lie groups (and in the 
general case, are confined tc the center of the group). 

There is one additional point, however, which should be duly emphasized: 
in order to develop the method outlined above, it is first necessary to have 
at hand the usual tools of group theory, such as subgroups, quotient groups, 
group of commutators, etc. This might seem at first glance to offer no 
problem at all, but one must remember that the set-theoretic background, 


which is usually taken for granted (and plays an essential part in the! 
development of the papers [2] and [6] quoted above), simply does not exist ! 


in our theory: a “formal Lie group” is not a set, has no “elements” nor 
“subsets”, and we are thus denied the use of set-theoretic arguments, at least 
until we have been able to find substitutes for them by defining anew all 
the notions which, in the theory of algebraic groups or of Lie algebras, are 
based on the theory of sets. This is the object of the first two parts of the 
paper, part III being devoted to the proof of the main results. It is in the 
definition of these basic notions that the hyperalgebra is particularly useful, 
for there the set-theoretic notions again become available; however there arise 
unexpected difficulties, and ectually the hardest theorem to prove is that the 
subgroups of a formal Lie group form a lattice (for a convenient definition 
of “inclusion ”), a fact which would hardly need a proof in the classical 
theories. 
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I am much indebted to M. Rosenlicht for useful information on algebraic 
geometry and for many stimulating comments. 


2. Preliminaries. We do not recall here the definitions of a formal 
Lie group @ of finite dimension n over a field K, of the hyperalgebra © of 
such a group,” of a homomorphism u of G into a formal Lie group G, (over 
the same field K) and of the derived homomorphism w’ of © into the hyper- 
algebra ©, of G, (see [8]); until no. 14, when we speak of a “group”, a 
formal Lie group will always be meant. It will be convenient, when con- 
sidering a system x= (Tı, to’ `` TnI of n indeterminates which intervene 
in the definition of G, to refer to it as a “generic point” of G; when dealing 
with several “ generic points”, x, y,2,- : +, to say that thay are “independent” 
wiil mean that all the indeterminates in these various systems are distinct 
from one another. The notation of these systems by bcldface characters will 
prevent any confusion with the usual notion of “generic point”. We recall that 
x-y or xy is an abbreviation for the system d(x, y) = (p(x, y) - >, ¢n(x,y)) 
of n. formal power series which defines the group law of G; for any system 
y= (y: ,yn) of n integers 20, xY is the monomial t”: ` -2,7%; if 
U= (ui, in), V= (V * *,%) are two systems of n power series 
(without constant terms) in certain indeterminates, uv and uY will then 
designate the system of power series (resp. the power series) obtained by 
substituting u; for a; and v; for yı (LSiSn) in xy and xY respectively. ` 

A formal Lie group @ over a field K can also be considered as a formal 
Lis group over any extension L of K; when we do so, we will write it G(r); 
the necessity of distinguishing these two groups arises from the fact that 
the notions of homomorphism and of hyperalgebra depend on the ground 
-field. . More precisely, any. homomorphism of G into @ is also a homomorphism 
of Giz) into Gu), but not conversely; and the hyperalgebra of G(r) is (as 
an algebra) obtained by extension to L of the field of scalars of ®, and will 
accordingly be written G(r,. We will only consider in this paper the case in 
which the ground field K is a perfect field of characteristic p > 0. 

We keep the notations of [8], except that we write 8: instead of 3, for 
the algebra of left-invariant special semi-derivations cf height Sr; 8,. is 
thus the enveloping algebra of the Lie p-algebra gm, of left-invariant semi- 
derivations of height Ær—1. We recall that the identity Z and the left- 
invariant differential operators Z, (defined by the condition that Z.(e) 
= D,(e)) form a basis for the hyperalgebra & over K, which we will call the 


2I will systematically use the convention by which a German capital represents the 
hyperalgebra of a group represented by the corresponding Latin capital. 
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Lemma 1. If the group law of G is pseudo-canonical, then, for every 
a= Met es * + Open E N", we have Za = Zaara * *Zanend furthermore, if . 
PSE <p, Zuc.is an element of the subalgebra of © generated by 
Xop Xi," . "y Xie we 


Moreover, we have shown in [12, no. 12, th. 2] that any group G of 


dimension n is isomorphic to a group @ with pseudo-canonical group law. 
Actually, the proof of that result yields a “standard process” for the con- 
struction of such an isomorphism, which we suramarize for future use: 
starting with the group Ge = G, one defines a sequence (G,) of groups, and 
for each r an isomorphism u, of G, onto G, such that the following con- 
ditions are satisfied. Let (Za) be the structural basis of G,, and let f be 
the algebra homomorphism of §,(K) onto ©, such that f(Un) = Xu for all 
pairs (h,i) (h20,1StSn); then we have f(V.) = Za for all indices 
& = Oye, +--+ One, of height <r. In general, if we write f(Va) = 2 bazr 


we thus see that we have baa = 1 and ba —0 for A£ 0, for any «€ N” such 
that h(a) <r and for a—p'a (1=iZ£n). Now, if x’ — (#1) is a generic 
point for G,.., w+, is defined by the formulae 


U1, (x) =D Dae, x”? .(£i£n) 
a 


and the preceding remark shows that, on the right-hand side, we have ‘the 
term 2’,, all the other terms have a height = r, and the monomials «’?"; have 
coefficient 0 (1Sj=n). From which it follows that 


(1) Uri (#) = 2; + 0,;(%) (1Sisn) 


. where, in the power series v,; (1 Sin), all monomials have a height =r, 

/ and there are no monomials <”; (1Sj=n). Having thus defined ‘the 
isomorphism ur, it follows from the preceding remark that the “infinite 
product” - - -u,u,.,-- "u, is meaningful and is an isomorphism of @ onto 
a group G with pseudo-canonical group law. 


I. Homomorphisms and Subgroups. 


4. Homomorphisms. One of our main tools in this paper will be the 
homomorphism theorem [8, th. 6, p. 107]. We recall that, according to 
that theorem (in which the assumption that K is perfect is an essential one), 
if u is a homomorphism of G into G’, it is possikle to “change variables” 
in G and G’ (in other words, to replace u by guf, where f and g are iso- 
morphisms) in such a way that i 
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ul) =u; for 1SiSr 
u(x) =; for mt1isisntn 

(Ce ee | 
u(x) =; for to res +ISiS rot +p 
w(x)=0 for 1>p. 


To these formulae correspond, for the derived homomorphism wu’, the 
formulae 


w (Xm) = Xn: for 131% 
w (Xn) =X nai for m+1Sisntn 
(B)  -:..... DE 
w (Xm) = Xi for III SH br 
w (X) = 0 for t>ro+: 4m 


where we agree to put 7, —0 for k >t. The integers ry (some of which may 
be 0), which we will call the partial ranks of u, actually depend only on the 
original homomorphism u and not on the particular isomorphisms f, g which 
- yield the formulae (2); p=7)-+- - -+r is the rank of u, and t (greatest 
integer for which 1;5£0) the height of u. We say that the homomorphism u 
is separable if-t = 0, inseparable if t > 0, trivially inseparable if t > 0, p= tr; 
in that case, u can be written vo pt, where v is a separable homomorphism 
of GW into @. We say that u is injective if p=-dimG, surjective if 
p=dim @; a monomorphism (resp. an epimorphism) is a homomorphism 
which is both injective (resp. surjective) and separable. From (3) we derive 
at once the following criterion: j 


Proposrrron 1. In order that a homomorphism u of G into G be 
separable, a necessary and sufficient condition is that the image w (go) of i 
the Lie algebra of G by the derwed homomorphism w be a Lie subalgebra 
of dimension p of the Lie algebra of @. $ 


COROLLARY. If u, v are both monomorphisms (resp. both epimorphis.1s) 
of @ into G’ and of G into G” respectively, then vou is also a monomorphism 
(resp. an epimorphism). 


` However, we will see later (no. 21) that vow may well be inseparable 
even if u and v are separable homomorphisms. 

Following M. Rosenlicht [16], we will say that a homomorphism u is 
an isogeny if it is both injective and surjective; an isomorphism is a 
separable isogeny; an isogeny which is trivially inseparable is obtained by 
composing an isomorphism with an iterate of.the Frobenius homomorphism. 


t 
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Proposition 2. If x is an isogeny of height t cf G onto GQ’, there is 
a unique isogeny v of G’ onto G such that vou = pt. 


We can suppose w is given by (2) with p= n = dim G=dim @. Let 
p= (di) and y= (y) be the group laws of G and @ respectively; by 
definition, we have, for two independent generic points x= (xı), y= (Yi) 
of G, the following identities: 


- WaT, à Tro Tran > Organ Droits > Pn; ' 

(4) 
Yrs ro Pro © YP n) = (piln © ‘En Yt" Yn) P 

for ro e Htr HISS rot o Hrn 0OSkSt. Raise both sides of 

(4) to the power p**, and denote by 6 = (¢,) tke group law of GM; 

then if we put #,—2", for m+: --+trmnitisisnt+::-+nr, 

O0ShSt, the resulting identities can be written 


t Int fyi Ant Ipt-? a 
i (L, TP TP ety ET rary EP rran 5 Un 
t... apt ofpt-t sn NE th a fete GH eg t-h 
yır, YP rY? ron Yn) = (ils, 2n; Yr» > Yn))}? 


for n +", - mn ı tlSsissnt+:: tn, OShSt. Ifwedefinew(x) 
to be equal to AP’, for mf: --+ratlSiSmt+:- +n, 0Shst, 
this shows that v = (v;) is an isogeny which satisfies the required conditions, 
and it is obviously unique. 

We will say that two groups G, @ are isogenous if there exists an 
isogeny of G onto a group G's), where s is a positive or negative integer. 
This relation is clearly transitive, for if u== (wu) is an isogeny of G onto G’, 
and if ut) denotes the system of series u;“) obtained by raising the coefficients 
of the u; to the power p°, uw is clearly an isogeny of 7 onto G’®. More- 
‘over Proposition 2 shows that if G is isogenous to G’, G’ is isogenous to G, 
` for if there is an isogeny of height ¢ of G onto @’©), there is an isogeny of G” 
onto G@-8), In other words, isogeny is an equivalence relation between groups 
of same dimension. It is easy to see that that relation can be defined in 
the same terms as those used by M. Rosenlicht [16, p. 147] to define isogeny 
between algebraic groups: namely, G, and G, are ‚isogenous if and only if 
there exists a group @, and two isogenies of Gs on G, and G, respectively. 
For if there is an isogeny u of G, onto G,{), then we can suppose s=0 
(otherwise přou is an isogeny of G, onto G,), and then take G = GO, 
the isogenies on G, and G, being p° and u(® respectively. Conversely, if v 
and w are isogenies of G; on G, and G, respectively, then by Proposition 2, 
there is an isogeny u of G, onto some G,®, and woz) is an isogeny of Gi 
onto Gt). 


10 ” 
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5. Subgroups and subhyperalgebras. We slightly modify the formu- 
lation of the definition of a subgroup given in [8]: we define a subgroup of 
dimension m of a formal Lie group @ of dimension n as a pair (H, f) 
consisting of a formal Lie group H of dimension m and a monomorphism f 
of H into G. That this definition is essentially the same as that of [8] is 
seen by remarking that it follows from the homomorphism theorem that 
there is an isomorphism v of G onto a group Ẹ and an isomorphism u of a 
group Ë onto H such that vo fou will have the form (2) with p=r—=—m; 
we may say in that case that the subgroup (Z,vofou) of @ is typica, 
- and is defined by the equations Emu =" > `= En =Q. 


Moreover, we shall identify two subgroups (Ha, fi), (Hn, fe) of Git 


there is an isomorphism u cf H, onto H, such that fı = f.ow*; and we will 
say that the subgroup (H, fı) is contained in the subgroup (Hz, fe) if there 
is a monomorphism u of H, into H, such that fı = fao u. 


PROPOSITION 3. In order that a subgroup (Hi, fı) of G be contained 
in a subgroup (Hz, fe), a necessary and sufficient condition is that if $1, 9a 
and © are the hyperalgebras of H,, H, and G, the subalgebra f’:(§.) of & 
be contained in the subalgebra f’.(G2). 


The condition is obviously necessary. Conversely, suppose it is satisfied, 
and observe that, from the homomorphism theorem, it follows that a mono- 
morphism’ x is characterized by the fact that w is injective: f'a can therefore 
be considered as an isomorphism of §. onto the subalgebra f’,(G2) of ©, 
and in addition we know [9, p. 221] that (f’2(Y))°= (F28 F2) (X°) for 
every Ÿ € $2; if s is the isomorphism of f.($:) onto Se, inverse to fs 
we have therefore (s,:(2))°— (s:@s)(2°) for every ZE f’:(&2). Let 


r=s,0f,; this is an injective homomorphism of §, into 9, such that 7 


(r(X))°= (r@r) (X°) for every X€ H,. But that condition implies that ` 


r is the derived homomorphism of a monomorphism u of H, into H, [10, 
p. 59, prop. 2], and as fı=f.0r by definition, we have fi = fiou. 

For a subgroup (H,f) of G, we will say that f($) is the subhyper- 
algebra of © corresponding to the subgroup; Proposition 3 shows that the 
subhyperalgebras of @ thus correspond in a one-to-one manner to subgroups 
of Œ. We will now characterize them independently of their origin as 
images of hyperalgebras: 


3 For any formal Lie group G” isomorphic to G and any isomorphism f of @’ onto 
G, the subgroup (G, f) is thus identified to the subgroup (@,1) of @ (where I desig- 
nates the identity isomorphism, defined by the n series a, (1 Si=n)). 


t 


’ 
\ . 
\ 
\ 


| 
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THEOREM 1. In order that a subalgebra & of the hyperalgebra © be a 
subhyperalgebra, the following conditions are necessary and sufficient: 


1°. For any r 0 and any X € gr N GS, X°—1@X—XO1 belongs to 
(8 $) @ (8 N $). 

2°. For any r 20, the algebra 8, § is generated by the Lie p-algebra 
Gr N G. . 

3°. For any element X€ g N Q, there is an element Y € gr N $ such 
that X = p' (Y). 


It is immediate to see that the conditions are necessary, by considering 
a typical subgroup of @. To prove the conditions are sufficient, consider the 
Lie p-algebra go N $; performing if necessary a linear transformation on 
the indeterminates x;, we can suppose that the structural basis of © is such 
' that the Xo; of index =m constitute a basis for go N Q; we denote by J the 
interval 1S i& m in N. In order to build up a proof by induction, let us 
first suppose that @ satisfies the following assumption: 


(A,) The group law of G is pseudo-canonical (no. 3), and the elements 
Xa such that a€ NT and h(a) Sr form a basis for 8-N §. 


Observe that, owing to Lemma 1, the Za such that & € N’ and h(a) Sr also 
form a basis for 8.0 §. 

From assumption 8°, for every index tE J, there exists in gr N an 
element Frai such that p (Fm1) =X, and we can obviously write 
Fanai = Arata Z ondr, where the summation extends over all indices À of 


“height h(A) Sr. I claim that ca —0 for all A which are not in N’ and 
. are different from the 4 (1Sj=n). Indeed, if we form the expression 
Pa 18 Fri Fns ®1, which belongs to (8 NS) @ (8) by 
assumption 1°, we obtain | 


Zi D Zorna + Der( 3 Z Or) 
OSh<prtt À OKULA 


and all the terms Z,@ Zs which intervene in that sum are distinct, hence 
linearly independent. But from assumption (A,) it follows that in the 
preceding sum the only terms Z,@ Zs which can have a coefficient 0 are 
those for which both y and 8 belong to N’, whence our assertion. 

We can therefore suppose, by subtracting if necessary from Y,., an 
element of 8,6 (and remembering that by definition p’(Z,) —0 for all 


+I have not been able to determine if condition 1° implies condition 2° or not. 
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Rn 
the Z, which intervene in Y,a), that Yu = Ks t+ D tyy (SiS m). 
ja 


Consider now an isomorphism u of G onto a group @’ such that we have 
(writing Z'a and X’ for the elements of the structural basis of ©’) 


w (Xu) =Xm for hSr and for h—r+1,i¢J; 


(5) , 
u (Tru) == X’ rna for 1€ d. 


This can be achieved by taking for instance 
(6) u(x) un a", for 1=i=<n 
3=1 


as it is readily verified. By assumption, there is a homomorphism f of 6,(K) 
onto & such that f(Vq) = Za for every index; from (5) it follows that we 
have w (f(Va)) = Z'a for al indices œ of height <r. If we denote by v 
the isomorphism of G” onto a group G” cbtained by the “standard process” 
of no. 8, it follows at once from the description of that process and from 
the preceding remark that we can write 


(7) v(x!) = 2's + (a) (1Sisn) 


where in the series w, all monomials have a height Ær + 1, and there are 
no monomials =’, (1Sj=Sn). Writing X”. for the elements of the 
structural basis of &”, we deduce therefore from (5) that 


v (w (Xni)) =X" for hSr and for h==r+1,i¢ J; 


v (a! (Yours) ) =X” rai for 4€ J. | 
Replacing (for the moment) G by G”, we can therefore suppose from | 
now on that in G the group law is pseudo-canonical, and that we have 
Fruit Lou: for 2€ J. | 
‚Next we remark that mı N § has a basis consisting of the Za of height 
sr such that «EN, and of the m elements Y,,14 (2€ J). Indeed, if we 


n 
consider an arbitrary element Y= X bX 14 + Dad of gua N (summa- 
4 À 


tion extended over all the indices À of height <1), and if we express that 
Y°—1@Y—Y@1 belongs to (8, NS) D (8 N K), we see at once (using 
assumption (A,)) that the only coefficients which can be -£0 are the b; for 
ic J and the «à for which AE NT. As gm N $ is a Lie p-algebra, the elements 
XP, and [Kurs Xr] (47 in J) are in ga N G; using now assumption 
2°, we see that the elements X, of height =r-+1 and such that «€ N’, form 
a basis for 8,,: N G. Due to the fact that the group law is pseudo-canonical, 


l, 


3: 


ra 


LI 


a 


mm 
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Lemma 1 shows that the Z, such that h (a) $r+1 and & € N’ also form a 
basis for 8,4 N ©. 

Summing up what we have done, and slightly changing the notations, 
we have proved the following result: if G, is a group, in the hyperalgebra 
G, of which the subalgebra §, verifies the assumptions of Theorem 1 
and the assumptions (4,), then there is an isomorphism g, mapping G, 
onto a group Gm in such a way that $,.1—=’,(6,) now satisfies the assump- 
tions of Theorem 1 and the assumptions (Ar). Moreover, g, being obtained by 
composing the isomorphisms noted v and u above, we have gx) = a4 + (x) 
(1Zi£n), where in the power series r, all monomials have a height 
Zr+1. As usual, we can now therefore consider the “infinite product” 
rg‘ Lo With Ga = G; this is an isomorphism g of @ onto a group 
G such that the group law of Ge is pseudo-canonical, and a =g (G) now ` 
satisfies the assumptions of Theorem 1, and assumptions (A,) for every r. 
This shows that we may suppose that, by a suitable isomorphism, the Z 
such that «€ N’ form a basis for §; but then property 1° shows that these Ze 
constitute the structural basis of a hyperalgebra [10, p. 59, prop. 1] and 
this ends the proof of Theorem 1. f 

We may observe here that Theorem 1 obviovsly implies Theorem 1 of 
[13], of which we thus obtain an alternate proof. 


A similar method enables one to prove 


PROPOSITION 4. Let HCH C: CH, be a strictly increasing 
sequence of subgroups? of G, of dimensions m, < ma <° ++ <m Zn; let 


„Jy be the interval 1 SiS mx (1SksSs). By applying a suitable isomor- 


phism to G, it is possible to suppose that the group law of G is pseudo- 
canonical and that, for each k (1S k 5&8), the subgroup Hy is typical and 


- defined by the equations zi =0 for i¢ Jr. 


We only sketch the proof. First, by a linear isomorphism, one can 
suppose that for each k (1=S%k=s), the Xo: such that 1€ J; form a basis 
for go N Hr. Then one builds up an inductive proof by supposing that the group 
law of G is pseudo-canonical and that for each k (1 S kS s) the elements X, 
such that «€ N/x and h(a) Sr form a basis for 3, fı y One then defines 
the Puis (Stn) such that Frai — Æra E go, first for 4€ J, by the 


ë From now on, we will most of the time omit the mention of the monomorphism f 
in the notation of a subgroup (Jf, f), and simply write it H; we will refer to f as 
the “natural injection ” of H into G. Similarly, when we will speak of the “ restriction 
to H” of a homomorphism u of G into a group G’, we mean the homomorphism uof 
of H into G’; ete. 
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condition that V4 Grr, then for 1€J,.—J, by the condition 
Verse gr So ete. We omit the remainder of the proof, which follows 
very closely that of Theorem 1. 

We define the dimension of a subhyperalgebra § of © as the dimension 
of the subgroup of G of which § is the subhyperalgebra (no confusion can 
- arise with the dimension of § as a vector space, which is always infinite) ; : 
it is equal to the dimension of the Lie algebra go N 9 over K. If , & are 
two subhyperalgebras of Œ, such that § C $’, then dim $ = dim §’, and the 
relation dim § = dim §’ implies § = $/, as follows from Proposition 3. An 
obvious consequence of these remarks is that the subhyperalgebras of © 

verify both chain conditions for the inclusion relation. 

It is natural to ask if the subgroups of a formal Lie group (or the 
corresponding subhyperalgebras) form a lattice for the inclusion relation. 
"We will be able to show that such is the case, but only via a very indirect 
argument (no. 17). The difficulties which block a direct approach are the 
following ones: it is very easy to give examples (for a product @ of three 
additive groups) of subhyperalgebras $1, ə of © such that $1 Gs is not 
a subhyperalgebra; one may ask if the subalgebra of © generated by $1 U Ss 
is a subhyperalgebra; I will prove in no. 9 that such is the case when one of 
the subgroups H,, H, is normal, but the proof will clearly show the obstacles 
to the extension of that result (if true} to the general case. 

As soon as we have proved that the l.u.b. (resp. g.l.b.) of two sub- 
groups Hı, H: exists, we will write it H.\y H, (resp. Hi A H2), and use 
similar notations for the 1. u.b. and g.1.b. of subhyperalgebras. 


II. Normal Subgroups and Quotient Groups. | 


6. Inner automorphisms and normal subgroups. Let @ be a formal ` 
Lie group of dimension n over K; we know [8, p. 88] that there exists a 
unique system @ of n formal power series A(x) (1=i<n) such that 
p(x, 0(x)) =¢(0(x), x) =e. If we write x for that: system of n power 
series, we can therefore define, for two independent generic points x,» of G, 
zxz as the system of n power series ¢i(¢(z,x),0(z)); if y is another 
independent generic point of G, we have (zas*) (zyx?) —=2(xy)s* by the 
usual associativity argument. Let L be a perfect field containing the ring 
K[[z]] =K[[4,- - -,2,]] of power series in thé z; with coefficients in K; 


° The relations {x} T=x, (xy) t= y 7x7, u(x?) = (ulx))" (for a homomor- 
phism #) are proved by the standard arguments. 
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we can say that the system i (x) =zxs! of n power series in 21,° °°), 
with coefficients in L, defines an automorphism of the group Giz), which we 
will call an inner automorphism of Giz) (or of G by abuse of language) ; its 
derivative i’, is an automorphism of the hyperalgebra Gr). 

More generally, if u is a homomorphism of a group H into G, y a 
generic point of H and L a perfect field containing K[[y]], the system 
iag) (x) == u(y)x(u(y))-? of n power series in the s, with coefficients in 
L, defines an automorphism of Giz). 

Let (H,f) be a subgroup of G, © the corresponding subhyperalgebra 
of ©. We say that (Z,f) is a normal subgroup of G if the subgroup 
(Hz), t2°f) of Gi is contained in (H(z), f), in the sense of no. 5; by 
Proposition 3, an equivalent condition is that i’.(§) C Giz). If we suppose 
that (H,f) is a typical subgroup defined by nu=' * —2,—0, then in 
order that such a subgroup be normal, necessary and sufficient conditions are 
that in the system i,(x) = (hi(x),- - -,ln(x)) of 2 power series in the 2; 
and z, the n-m last series be 0. 

It is clear that i’.($(1)) C Su, and as these two subhyperalgebras have 
same dimension over L, we have #:(9(1)) = $u). We also note that if H 
is a normal subgroup of G, then, for any perfect extension E of K, Hi») is 
a normal subgroup of Gis). 


7. Kernels and normal subgroups. Let u be a homomorphism of rank 
p of a group @ of dimension n into a group @’; if u has the form (2), we 
have defined in [8, p. 114], the kernel of u as the typical subgroup of @, 
of dimension n— p, defined by the relations z;=-0 for i>p. We will first 
“see that this notion is an intrinsic one: 


Proposition 5. The subhyperalgebra N of © corresponding ta the 
kernel of u is the largest subhyperalgebra § such that u’(§) = {0}. 


As u’(%t) = {0}, it is equivalent to prove that if w’(S) — {0}, then. 
§ C9. Let us observe that, from (3), it follows that each X°,; is of the. 
form w(Xu) for a unique index k; let us order the factors X”,; in the X’, 
in the same order as the corresponding factors X have in the products X, :: 
then those of the w (Xa) which are not 0 are distinct elements X”,, hence: 
linearly independent. We prove first that 9M qo CNN Go; indeed, let us: 


n 
suppose there is in $Ng, an element c,X,, with at least one of the c; of 
i 


index ip being 0. As § is a subhyperalgebra, condition 3° of Theorem 1 
shows that there exists in § an element of the form Y => Xu + SE EX) 
N i=1 A 
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the summation being extended over indices of height <£ and such that 
p"(X,) —0. If we now cbserve that by (3), none of the w’(X,„) with 
42S p is 0, it follows from the preceding remark that we cannot have u’(Y) == 0, 
contradicting the hypothesis. From that result and conditions 2° of Theorem 
1 it follows that 63, C JÈN 8o Suppose now that we have proved that 
8 16 C8,N9. From the argument in the beginning of the proof of 
Theorem 1 (based on condition 1°), we see that any element of gmi N 6 can 


he written Z + Sax o With ZENN grr; then 9 also contains an element 
— de" Xu T + LHX, with TEN and p’*(X,) —0 for all indices A 


in the sl it one of the c; of index Sp was not 0, we would 
then get u’(Y) 0 as above, contradicting again the hypothesis. Therefore 
BaN ÖC Grr N N, hence 8.449 GS C 3a NN by condition 2° of Theorem 1, 
and Proposition 5 is thus proved by induction on v. | 


THEOREM 2. Let (N,f) be a subgroup of G, N the corresponding sub- 
hyperalgebra of ©. The following properties are equivalent: 

a) (N,f) is a normal subgroup; 

b) the left (or right) ideal generated in © by N* is a two-sided ideal; 

c) (N,f) is ine kernel of an epimorphism ; 

d) (N,f) is the kernel of a homomorphism. 


It is clear that c) implies d) ; condition d) implies a), for if u(f(y)) =e’ 
for a homomorphism u of G into @ (y generic point of N), we also have, for a 
generic point z of G independent of y, u(=f(y)z*) = u(z)u(f(y))(u(z))7 = €’, 
hence by Proposition 5, the subgroup (N(z),i:°f) is contained in (N(x, f)»: | 
which proves that (N, f) is normal. 


To prove that a) implies b), we can suppose that the group law of a! 
is pseudo-canonical and that N is a typical subgroup defined by the relations 7 


Lit -== Tm = 0; we will denote by J the interval 1 Sim, by J the 
interval m--1SiSin. Let y= (Ymus* * *,Yn) 3 then f(y) = (0,- + -,0, 
Yms” © *yYn), and if, for simplicity’s sake, we write z'f(y)»=h(y,z), we 
have by assumption h(y,%) = (0,- + -,0, hms1(Y,%)," * *,hn(y,7)). By 
definition, f(y)z =zh(y, z); remembering that (¢(a,%))7 = 2 dap nial for 
AR 


two independent generic points x,% of G, we obtain, for any index y 
(8) 2 dar (F9) 2 dune (h (y, z))#. 
a t 


Now (f(y))e=0 unless «€ N’, and similarly (h(y,z))*—0 unless 


4, 
N 


| 


4 
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EN. Let a be an arbitrary index in N’, and B an arbitrary index in NT, 
and let us identify in (8) the unique monomial d.s,(f(y))°z® to the sum 
of the monomials of same degrees in the y; and z; on the right hand side. 
It is clear that such terms can only come from products =A(h(y,z))* such ` 
that A€ N/; hence, we can write 


(9) dagy = = Ayndruy 
Arzt 


where on the right hand side, the summation extends only over pairs (A, m) 
such that À € N! and EN’, But from Lemma 1 it follows that under those 
conditions ZAZ,— Zu, hence dyy—=0 except if y=A-+y, and such a 
decomposition of an index y in a sum of AE N! and pE N” is unique, hence 
lapy = &ud\yy. On the other hand, if «540 in NY, then we must have 
#340, otherwise the term zò cannot contain any y; We conclude that if 
aE NI, BE NI and «40, then dagy —0 unless y =A + p with AC NI ne N 
and p 70. 

Now from Lemma 1 it is clear that the left ideal of © generated by 
the subalgebra N* has as a basis over K the elements Z,, with À € NI, pe N? 
and „740. As ZaZg = X depyZy, the preceding result shows that the right 


ideal generated by the sublar N+ is contained in the left ideal generated 
by that subalgebra, in other words the latter is a two-sided ideal. A similar 
argument, applied to the group opposite to G, proves that the right ideal 
generated by N* is the same two-sided ideal as the left ideal generated by N. 

Finally, to prove that b) implies c), consider (under the same assump- 
tions regarding the group law of Œ and the typical form of N) the two- 
sided ideal a generated by 9*, which has, as we have seen, the Z),, with À € NI, 
pE&N’ and „>20, as a basis over K; the elements Z, such that À € N! span 
therefore a supplementary subspace to a in © If s is the natural mapping 
of © onto G/a= GW’, the elements Z,—s(Z,) with A€ N! thus constitute a 
basis for ©’; furthermore, we have 


(688) (Zh) = s(Z) 88s (Z) 


hence (s®s) (2%) —0 unless A€ NT. This proves that the image of G’ into 
G Q W by the linear mapping which to each Z) associates 2, = % Z,@Z)_, 
À 


0£r£ 
(AE NT) is the subalgebra G’° = (s@s)(G°). Moreover, it is clear that 
the Z with A540 constitute a basis for a two-sided ideal of &, and the 
7, of height h(A) Sr a basis of a subalgebra of ©. Applying Proposition 1 
of [10, p. 59], we see that (7Z\)aenz is a structural basis for a well determined 
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structure of hyperalgebra on @. We will say that the corresponding formal 
Lie group of dimension #-m is the quotient group of G by N, and write it 
G/N; s is then the derived mapping of an epimorphism g of G onto G/N, 

‘having kernel N, and which we will call the natural mapping of G onto G/N. 
This concludes the proof of Theorem 2. 


We will say that the two-sided ideal a generated by N* (which is lee 


the right and the left ideal generated by N*) is the normal ideal corre- 
sponding to N. 
The following results are immediate consequences of Theorem 2: 


Corozzary 1. If N is a normal subgroup of G, go NN is a p-ideal in. 
Go and Go/(Go NI) is isomorphic to the Lie algebra of G/N. 


COROLLARY 2. If N is a normal subgroup of @, then, for any perfect 
extension L of K, (G/N) 1, is identified to Guy/Nu). 


COROLLARY 3. If Lisa perfect extension of K, and a a normal ideal 
corresponding to a normal subgroup N of G, then the vector space au) 
generated by a in Giz) is the normal ideal corresponding to the normal 
subgroup Nx) of Giz). 


Let now u be a homomorphism of G into a group G”, having N as its. 
kernel, and reduced to the form (2); we have w’(Z,) =0 except for à € NT 
and therefore, for À and u in NZ, 


(10) uw (Zw (Za) a. 2 Au (Zy) i (v € N!) k 


On the other hand, the definition of the ZA yields 


(11) Zn = Sdu, | (ENT). © 
v 


Observe that, from the homomorphism theorem, it follows that w (©) = 
is a subhyperalgebra of &”. Let t be the linear mapping of W’ into & defined 
by #(Z,) =u (Z) (A€ N!) : then we have, by the preceding definitions 


(t84) (2) = 2 w (Z,) Du (A) = (w Ow’) (ZU) ERB 


and on the other hand it follows from (10) and (11) that & is a homo- 
morphism of @ into 2; therefore [10, p. 59, prop. 2] t is the derivative of 


* Strictly speaking, this group is thus only defined when the group law of @.is 
pseudo-canonical and N is a typical normal subgroup: By abuse of language, we will 
designate by G/N any formal Lie group isomorphic to G’/N’, where @ is a group with 
pseudo-canonical group law, isomorphic to @ by an isomorphism which transforms N 
into a normal typical subgroup N’. 


coe 
a 
De re 
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a homomorphism v of G/N onto a group L of hyperalgebra &. Moreover, 
there is a monomorphism f of L into G” and G/N and L have the same 
dimension, hence v is an isogeny; in other words: 


Proposition 6. Any homomorphism u of G inio Q”, of kernel N, can 
be decomposed as fovog, where g is the natural epimorphism of G onto 
G/N, v an isogeny of G/N onto a group L, und f a monomorphism of L 
into G”. 


8. Direct and inverse images of subgroups. We have just observed 
that if œ is a homomorphism of G inte G’, u’(G) is a subhyperalgebra of ©’. 
More generally, it follows that if (H,f) is a subgroup of G, wW(f($)) is 
a subhyperalgebra. of ©, since wof is a homomorphism of H into @’; we 
will say that the corresponding subgroup of G’ is the direct image of the 
subgroup (H, f) of G by u, and we will write it w(H) by abuse of language 
when we drop the monomorphism f in the notation of a subgroup of G. 


PROPOSITION 7. If u is an isogeny of a group G onto a group @’, the 
mapping H>u{H) is a bijection of the set of subgroups (resp. normal sub- 
groups) of G onto the set of subgroups (resp. normal subgroups) of @. 


Consider first the case in which @ = GM and u= pt; then it is clear 
that u(H) =H for any subgroup H of G, as it is immediately seen when 
H is taken as typical subgroup; Proposition 7 is just obvious in that case. 
If now u is any isogeny, there is an isogeny v of G“ onto some G® such 
that vo u = pt (Proposition 2), and as u® ov = pt, the result follows at once. 


Proposirion 8. Let u be a surjective homomorphism of G onto @. 
{For any subgroup H’ of G’, there is a largest subgroup H of G such that 
‚u(H)CH’; H is the unique subgroup of G containing the kernel N of u 
and such that u(H) =H’, and we nave dim H = din N + dim H’. 


It is clear that if there is a largest subgroup H of G such that u(H)C H’, 
it must contain N; for any subgroup F of G such that NC F CH, N is 
then the kernel of the restriction of u to F, and we heve, by the homomorphism 
theorem, dim F = dim N + dimuw(#}; the proposition will therefore be 
proved as soon as we establish the existence of a subgroup HD WN of G 
such that u(H) =H’, and the fact that H is the largest of the subgroups 
F for which u(F)C H’. 

By Proposition 6, we can write u==vow, where w is an epimorphism 
and v an isogeny; using Proposition 7, we are immediately reduced to the 
case in which u is an epimorphism. Suppose dim G =n, dim @ =m £n, 
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and (using the homomorphism theorem) suppose u is defined by w(x) = z; 
for 1SiS m, u(x) —0 for m+1Sisn. We can change variables in 
@', by an isomorphism Yi = fi(V a + -,@m) (SiS m) so that H’ will be 
transformed into a typical subgroup defined by #;—0 for lSisSqSm. If 
we also change variables in G by %=—/fi(t,: + *,2,) for 1 SiS m, Gi 
for m--1Si=n, then the epimorphism w corresponding to u will again be 
defined by t(x) =&; for lSism, u(x) =0 form+1Sisin. We can 
therefore suppose that H’ was already a typical subgroup of G’ defined by 
x; —=0 for 1Sissq. I claim that the relations a; =0 for 1Stq define 
a typical subgroup H of G, which then obviously contains N and is such that 
u{H) =H’. We have to show that 


$j (0,- + +50, Tous * > Tns 0, * +50, Yan * “5 Un) = 0 for ig. 
But by assumption we have 
g'i(0,- 0, Sous + Bm, 0," * +59, m) =O for ig. 
Now, by definition of a homomorphism, we have 
Bla sEm Yrs" 7 Ym) = Biken MY" Yn) for LSZSm; 


substituting 0 to the a, and yy of index k <q in those identities for 1 Sj Sq 
yields the desired result. 

It remains to prove that if a subhyperalgebra § of & is such that 
u'(S)C 9, then § CH. First we have w (Ng) C YNA go; as w’(Xoi) 
=X’, for 1SiSm uw’ (Xi) =0 for m+1Sisn, this shows that 
SAG CHAgG, hence FNC ON. Suppose we have proved that 
SNS CHNAN S; by the argument at the beginning of the proof of Theorem 


1, any element of $ N g can then be written Z + > GX with ZE SN goa 


as w (Z) € $’, we must have c= 0 for 1<i<g, en IZA $, which-\ 


proves that INGA C ON Gra, hence FN Su C ON Bray (by condition 2° of \ 


Theorem 1), which ends the proof. 
We will write as usual H —wu"(H’), and say that H is the inverse 
image of H’ by u. 


COROLLARY 1. If u is a surjective homomorphism of G onto G’, va 
surjective homomorphism of G’ onto G” and w—vou, then, for any sub- 
group H” of G”, w` (H”) =u (v4 (H”)). 


For if H = u>(v>(H”)) we have w(H) =H” by Proposition 8; on 
the other hand if N’ is the kernel of v, u*(N’) is the kernel of ww, for the 
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relation v(u(F)) = {e”} implies u(F) C N’ by Proposition 5 for a subgroup 
F of G, hence F C wt (N’), and conversely v(u(u?(N’))) =v (N°) = {e”}. 
As N’ C v> (H”), we have u> (N’) C w4(v7(H”)), anc Proposition 8 shows 
that H==w(H”). 


COROLLARY 2. If Lisa perfect extension of K, u*(H’(1)) is identical 
to (w*(H’)) a 


For if H=ut(H"), u(H4ry) =H’), and H 1) contains the kernel 
Nz) of u (considered as homomorphism of Giz) onto in). 

If the homomorphism w is not surjective, we can still prove the existence 
of a largest subgroup H of G such that w(H) C F’ as soon as we have proved 
the g.l.b. H’ A u(@) exists; for the relation u(H) C 4’ is then equivalent 
to u(H)C H’ A u(@), and considering u as a surjective homomorphism of 
G onto u(@), we need only take H=u"(H’A u(G@)} 


9. Lattice properties of normal subgroups. 


Proposition 9. Let H be a subgroup of G, N a normal subgroup of G. 
Then there ts a g.l.b.HAN and al.u.b.H VN of these two subgroups. 
If g is the natural epimorphism of G onto G/N, H AIT is the kernel of the 
restriction of g to H, and HVN—g'(g(H)). 


The fact that the kernel of the restriction of g to H is HAN follows 
from Proposition 5. On the other kand, if a subgroup F of @ contains 
both H and N, we have g(F)> g(H), hence g*(g(F))D g'(g(H)). But 
by Proposition 8 !—=g"(g(F)), which proves that gt(g(H)) =H V N. 


COROLLARY 1. For any perfect extension L of K, 
Ha AN = (H AN) a) and Ha V Nay = (H V N). 


It is clear that (H A N) x, is the kernel of the restriction of g to Hir); 
on the other hand, from ccrollary 2 to Proposition 8 we have (g-"(g(H))) a) 
= g1((g(H)) (1)), and consideration of the subhyperalgebras shows that 


(g(H)) aw =8 (Hw). 


COROLLARY 2. If Ni, Nz are two normal subgrougs of G, Ni A N: and 
N,V N, are normal in G. 


Let z be a generic point of G, and L a perfect field containing 
K{[ [2° - +,2nJ]3 then isk (N: A Noir) C à (Nic) = Nit) and similarly 
i-( (N, A N:)ın) C Na): hence 


ECM A Na) ) C Mon A Nam = (Ni A Ne) ys 
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which shows N, A N, is normal; on the other hand Nim) == i (Ni) 
Ci.((NıVN;)ır,) and similarly Nz) C ((N:VN2)«), hence (N1 V2) 1) 
C iz((Ni V Nec) and as these two groups have same dimension, they 
coincide, which proves N, V N, is normal in G. 

As mentioned above, even if N, and N, are normal subgroups, NR, N Nz 
will not in general be a subhyperalgebra. But we have the surprisingly 
simple: 


THEOREM 3. If H is a subgroup of G, N a normal subgroup of G, 


then the subalgebra of & generated by GUM is the subhyperalgebra corre- 


sponding to HVN. 


We consider, for each r= 0, the subalgebra {, of 8, generated by the 
union of 8, N $ and 8, N N, and the Lie-p-algebra m, generated by the union of 
tb, g- NQ and g NN. It is clear that 4, is the subalgebra generated by 
m,, by condition 2° of Theorem 1. 

Next, consider the increasing sequence of sub-Lie-p-algebras Mr N Go. 
It is a stationary sequence, in other words there is a smallest integer t such 
that Mu N go =M N Go for r= t. By a linear isomorphism, we can suppose 
that the basis (X oi)asizn Of Go is such that there is an increasing sequence of 
intervals I =J- Cd CJ, C+ >- CJe=Ju =: > having the property 
that the Xo: with 1€ I form a basis for go N N, the Xa such that se J, a 
basis for m, N go for each value of r= 0. As goNN is a p-ideal in the Lie 
algebra go, it is immediately verified that m, = (go NN) + (go N $). 

As a basis for an inductive argument, we will now suppose that G 
verifies the following conditions: : \ 


(B,) The group law of G is pseudo-canonical and the basis (Xa) of g 


is such that: \ 


a) The Xa for which h(a) Sr and a€ N! form a basis for 8, 1N R. 

b) The algebra t, has a basis consisting of the Xa of height h(a) Sr 
which satisfy the following conditions: 

(*)- If a= (an> ‘,@), then a=—=O0 for i¢dd,, a < ptk for 
DE JE — Je, OSk Sr, and a <p foriel=J... 

c) The Lie algebra m, is identical to (g: O R) + (ar N $) + to. 


Observe that from Lemma 1 and the fact that 8.9 (resp. t) is a 
subalgebra, it follows that the Z, such that h(a) Sr and ae NM! form a 
basis of 8, N, and the Za satisfying (*), and such that h(«) =r a basis 
of t. We note also that the last remark before (B,) means that G verifies 
conditions (Bo). 


~~ eo 
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Let urs. be the vector space consisting of the elements X € g. such 
that X°-—1®@X—X@1¢€t,@t,. Let n be the space having as a basis the 
Xr Of index tE 1—J ,, q the space having as a basis the Xra-zi of 
index 4€ Jz—Jy: (OSbSr), r the space having as a basis the Xa; for 
ig J, Then it is immediate to check that: | 

G) Ure ts the direct sum of tn, n, the qe (OSk=Zr) and r. 

Next we show that: 
Gi) If Xen and TES NN, then [X,T] E t 


AS Ura C Gra, IL, T] €. It is enough of course to take T = Za with 
h(a) Sr and a€ NI; we use induction on |a]. For |a|=1, we have 
T =X; with i€ I; by definition X°=1@X4+XO14 FV; @V;, with U, 
j 
V; in t, and on the other hand X°,;—1®@X:+ Xl; hence 
[X, Xa]? = [X°, Loi] = 1 @ [X, Loi] + [X, Xa] 81 
+ 2 U8 [Vs Xa] +È TU; Xa] @ Vs 
3 


Now, as Xu€t,, so are [U;, Xu] and [V; Xu], hence we see that [X, Xo] 
belongs to uy. But on the other hand, [X,X«] kelongs to the normal 
ideal a generated by N* in ©; but from (i) it follows at once (remembering 
that a is also the right ideal generated by N*) that 8, N uri Ma is contained 
in te 

‘Next assume we have proved that [X,Z,]€t, for À Ko; then we have 
by definition Z'a == 1 © Za + Za ® 1 + È Z8® Za-g; hence 

0. a 


LE, Za = [X°, 2] =1@ [X, Za] + [X, Z181+ 3 ; 70 OZ, Zap] 
A = Æ 75182842 3 (U28 Piles A, ® Ze Vi). 


But as [X, oe €t, for B<« by the aie hypothesis, we first conclude 
as above that [X, Za] Eu, and then that [X, Za] € 3 Our next step con- 
sists first in defining, by the same process as in Theorem 1, for each 4€ I, an 


element Yyr.1, belonging to gı NON and such that Fi: = Xi + Sako 


On the other hand, for tE J;—J,1 (0S < kSr) we can Grits Ki 

=-S+T+TD, with SEg NG, TEGAN, Vet. Let Ve gun, 

T'E gra NNN, VU’ Et, be such that Pf (N) =S, p (T) =T, p (U) =U. By 

definition, Yun: 8’ + T + U’ is in 1,4, and if we write that p (I...) 

== X, we see at once that we can write Yu = Li pus + Puyt y 
¿į=1 


{ 
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with V € t,; we thus see that, by substracting V from U’, we can find an ele- 


ment Yin (gra 9) — (Grr N N) + tr of the form Xn + ZaX ays 
j= 


It is clear that all the Y,; thus defined are linearly independent mod t; 


if b is the space having these Fm as a basis, b is contained in (gr: N $&) 
+ (gra NNN) t, and urm is the direct sum ,--b-+r; therefore we can 
find a certain number of elements YuE r (1Si=g) which form a basis of 
a supplementary subspace 0? b -Htr in (ga NN) + (Gra G) +t- 


(ii) If TEgaNN and Vet, then [T, U] E tn 


This is trivial if TE 8, 9t C t, and we can thus only consider the case 
TV, EIL As Frat Ure, Porz —1 ® Yan Yri D 1 belongs to 


t,®t, We can on the other hand take 7 = Za with « satisfying (*),, and 
then prove (iii) by induction on |@]|; the proof follows exactly the same 
lines as that of (ii), and we omit it. 


(iv) If Te gaa, Jeu, then [T,UJE (Gra N W) + te 


Due to (ii), we can suppose T = Y;,1,1,1€ I; then the proof again follows 
the same lines as (ii), using the fact that ¥°,.14—1@ Fnr Vis © 1 is in 
(NAN) @ (8 NN), the results (ii) and (iii), and noting that urn Na 
Cc (Gras NN) -+t 


(v) The Lie-p-algebra Mm is identical to (Gri Mt) + (8ra N GY -+ t 


By definition of m,, it is enough to prove that nr: = (8r N N) 
+ (Gri) +4, is a Lie-p-algebra. For any two elements X, X’ of mu, 


. we have X HT -4U € grin SG, HT HUE gui NG for suitable elements. 
T,T' in ga NW, U, U’ int. As [XT +U, X HT +U’] is in gra N G, 


X, X’ in ir, it follows from (ii) and (iv) that 12x) belongs to Mri 
Similarly (X + T + UY € gr N ; but by Jacobson’s formula, (X + T + U) 
is the sum of X? + Tr + UP and of alternants formed with X, T and U; we 
have just seen that the latter are in Wru, and as Uret, and TPE qn. N KR, 
we have again X? Emm, which concludes the proof of (v). 

This shows thet g is the number of elements of J,,,—J,, and that 
the Va are linear combinations of the Xo; of index jEJmi—dJr, let 
Fu ©  byXo;; let (cy: be the inverse matrix to (by). Consider the 


EJee 
isomorphism u of G onto a group G” defined by 


u(x) hl) — È (I ane *;) (taking J-a = Z) 


=-1 hh oe od 


-ai —- 
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where (a) =z; if i¢Jpni—J,, and (x) = © cut if 1€ Ji —J,. 
jel 


Es gyr 


‘Then it follows readily from the definitions [9, p. 221] that 
u (Za) = Zu for indices « verifying (*). 

2) (rad dau for iE did, —_1Sk<r+1 
u (Xoi) = Ku for if Jon — dr. 


The group law of @ is now not pseudo-canonical any more, and we have to 
apply to G’ the isomorphism v onto a group G” obtained by the “standard 
process” of no. 3. Now, if f is the homomorphism of §,(K) onto © such 
that f(V.) = Za for every index o, it follows from (12) that w (f(Va)) =Z’ 
for all « verifying (*),. As explained in no. 3, v is obtained as an “infinite 
product” - » -w2,.: + "vo; using the preceding remark and the recursive 
definition of the v», it is easily verified by induction that for any h, 
v,(ZW,) =Z, for all à satisfying (*), and in addition 


Vr (X Ours) = Xp sre for de Ji — Jr, —1£k=r+1, 


as well as vh (Xj) = XD, for 1 Six n (with self-explanatory notations). 
We suppress the somewhat tedious detail, which involves not the slightest 
difficulty, the main point being the following one: if, in an arbitrary power 
series without constant term, we substitute for the indeterminates power 
series in the x; (1SiSn), in which there is no monomial in x® with a . 
satisfying (*),, or a= pre, tE Jr—dJri (—1I1SkSr+1), or omg 
(1Sisn) then there is also no monomial of any of these types in the 
power series which results from the substitution. The same remark shows 
‚that if we consider the isomorphism w=vou of G onto G”, there are no 
: monomials in x* with « satisfying (*), in any of the series w;(x) — ti 
Replacing for a moment G by G”, we have obtained as a basis for 
Mrs the X, which satisfy (*), and the Zu: such that ie Ja —Jrı 
(—1SksSr+1). As Mm is a Lie-p-algebra, it is immediate to see that 
the associative algebra fmı it generates has as a basis the X, which satisfy 
(*),42 In other words, we have obtained a group for which (Bm1) holds. 
Summing up what we have done, and changing the notations, we have 
proved the following result: if G, is a group, H, a subgroup and N, a normal 
subgroup of G, for which assumptions (B,) are satisfied, then there is an 
isomorphism g, of G, onto a group G, such that H,,,—g,(H,) and 
Nu =g,(N,) now satisfy assumptions (B,,,). Moreover, as soon as r>t, 
in the power series g,;(x) —a (1=i<n) there are no monomials of height 
<r—t. We conclude as usual (see end of proof of Theorem 1), obtaining 


11 
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an isomorphism g of G onto a group G such that if À = g (H) and N—g(N) 
Æ and N now satisfy assumptions (B,) for every r. The subalgebra of © 
generated by $ USt is then the algebra having as a basis the Za such that 
a € Ns, and it is clear that it is a typical subhyperalgebra; the proof of 
Theorem 8 is thus complete. 

From Corollary 2 to Proposition 9 and the chain conditions, it follows 
that the normal subgroups of G form a complete lattice. There is a corres- 
ponding result for the normal ideals of G: 


Propostrion 10. The normal ideals of © form a complete lattice; 
more precisely, the mapping N>a{(R) which, to every subhyperalgebra N 
corresponding to a normal subgroup of G, associates the normal ideal it 
generates, is a lattice isomorphism, such that a(R, V Nz) = a(Nı) + a (N). 


Indeed, by Theorem 3, 2(3t,) + a(9t2) is the ideal generated by the sub- 
algebra of & generated by Nt, U Nə, hence by Mı V Na. It is clear that the 
condition Jt, C N, implies a(Nı) C a(M.) ; conversely, if that last inclusion 
holds, then a(9t, V N.) =a(R,). If we had NR, V NNa, the dimension 
of N, V N, would be strictly greater than that of Na; but the dimension of 
a normal subgroup N is equal to dim (ge N a(9%)), hence our conclusion. 


} 
10. The isomorphism theorems and the Jordan-Hölder theorem. For 
convenience, we collect the properties corresponding to the classical “ isomor- 
phism theorems” of ordinary group theory: 


Proposition 11. Let u be a homomorphism of G onto a group @, 
having kernel N =u> (e). Then: 


\ 


\ 


a) The mapping H — u(H) is a bijection of the set of subgroups of G\ 
containing N, onto the set of subgroups of G’, the inverse bijection being \ 
H >u (H’). 

b) In the preceding one-to-one correspondence, to normal subgroups 
correspond normal subgroups, and the cerrespondence is a lattice isomorphism. 
Moreover, if HDN is normal in G, and H’=u(H), there is an isogeny 
of G/H onto G’/H’, and both groups are isomorphic when u is an 
epimorphism. 


3 
c) If F is an arbitrary subgroup of G, FV N=u(u(F)), there | 


exist isogenies of F/(F AN) onto (FV N)/N and of (FV N)/N onto 
u(F). Moreover, dim F + dim N = dim (F V N) + dim (F A N). 


Most of this has already been proved (Propositions 8 and 9). The fact 
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that if H is normal ir G, w(H) is normal in @ follows from the charac- 
terization of the subhyperalgebras of normal subgroups given in Theorem 2, 
remembering that w (9) = ©. Conversely, if H’ is normal in G’, and 
v is the natural epimorphism of @’ onto G’/H’, vou is a homomorphism of | 
G onto G’/H’, of kernel H = u-1(H’), hence H is normal in G and there is 
an isogeny of G/H onto G’/H’ (Proposition 6); this isogeny is an iso- 
morphism when u is an epimorphism, since then vow is an epimorphism 
(Corollary to Proposition 1). The isogenies of (F V N)/N and F/(F AN) 
onto w(F) stem from application of Proposition 6 to the restrictions of u 
to FV N and F respectively. If we replace u by the natural epimorphism 
of G onto G/N, it follows from Proposition 1 that the restriction of zs to 
FNN is an epimorphism onto w(F); in that case u(F) and (F V N)/N 
are isomorphic, hence the existence of an isogeny of F/(F AN) onto 
(FV N)/N (cf. no. 21). 


COROLLARY. Under the same assumptions as in Proposition 11, the 
mapping a(G)—->u’(a($)}) is a lattice isomorphism of the set of normal 
ideals a(S) corresponding to normal subgroups H of G containing N, onto the 
set of all normal ideals of ©, the inverse mapping being a(S’) >w (a(g) 


It is now possible tc develop the sequence of propositions and definitions 
corresponding to the one which, for abstract groups (or Lie groups over 
fields of characteristic 0), leads to the Jordan-Hölder theorem: namely the 
Zassenhaus lemma, the definition of simple groups™ and the Schreier refine- 
ment this The only difference is that throughout “isomorphic groups” 

Í i isogenous groups”; “equivalent” composition series 
ıotient groups can be paired so as to be isogenous; 
heorem states then that two Jordan-Hölder series 
ss the details, which are straightforward adapta- 
ee e.g. [3, pp. 84-87], and [16, pp. 422-423], 
r algebraic groups); as we have not yet 
roups, the only point where a little care 
the g.1.b.G; A H; when (G:)osisn 
of G. This is done for instance 
mal in H;, hence that (G; A H) 
Id ha ahserved that thia in tha 
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11. Commuting subgroups and center. Let (H,f) and (H’,g) be 
two subgroups of G; we say they commute (“elementwise”*) or that they 
centralize each other if f(y)g(y) =g(y’) f(y) for any independent generic 
points y,y’ of H,H’ respectively. 


Proposition 12. In order that two subgroups of G commute, it is 
necessary and sufficient that their subhyperalgebras commute elementwise — 
in ©. 

Let (¥,), (7’,) and (Za) be the structural bases of §, 9, © respec- 
tively. If we put (f(y))*=Daay, (ey) =Dbugy’“, the relation 

À 7 


fris(y)=g({y)f(y) is by definition equivalent to the relations 
D dapymaduyy— I dapybuatgyy" 
Br CA ANA 
for any index y. This yields  dopy@abng = Di dapybuatrg for all A,p. But 
ap af 


we have f/(Y,) = Dar. and g’(¥’,) = È bueZe, hence the preceding rela- 
ua a 


tions are equivalent to f'(Y))g’(Y’,) =g (Y'a) f (Xn), qe. d. 

Proposition 12 and Theorem 2 show immediately that any subgroup of 
G which centralizes @ is a normal subgroup of G; if Z,2, are any such 
subgroups, Z, V Z, is therefore defined and a normal subgroup of G; and 
it follows from Proposition 12 and Theorem 3 that Z, V Z, again centralizes 
G. There is therefore a largest subgroup centralizing G, the center Z (or 
Z(@)) of G, which is an abelian normal subgroup. It follows 
tion 12 that the subhyperalgebra 8 of the center Z 
algebra contained in the center of the algebra ©. 















12. Quasi-direct products. We say that a 
product of two of its subgroups H, Ho, if t 
direct product G, X G, onto @ such that uf 


Proposition 13. In order that g 
two subgroups Hı, Ha, necessary a 
H, be normal subgroups such th 
these conditions are satisjied, H 
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A group G will be called solvable (resp. nilpotent)-if D*(G) =e (resp. 
C*{(G) =e) for sufficiently large n. From Propositions 16 and 17 it follows 
that subgroups and quotient groups of solvable (resp. nilpotent) groups are 
solvable (resp. nilpotent). The usual arguments show that solvable groups 
are characterized as those having a composition series with abelian quotient 
groups, and that if H is solvable and normal in G, and G/H solvable, then 
G is solvable. | 

The ascending central series is also defined as usual: Z!(@) is the center 
of G and Z"(G@) the inverse image of the center of G/Z"*(@). As, by 
definition, C™*(G)/C*(G@) is contained in the center of @/C"(G), the 
classical argument shows that nilpotent groups are also those for which the 
ascending central series terminates at G. 


III. Representable Groups. 


14. Formal Lie groups associated to algebraic groups.!® The words 
“algebraic group” will be taken with the meaning given to them in [16]. 
The process outlined in [8, p. 116], associating a formal Lie group to an 
algebraic group which is an affine variety, can be generalized in an obvious 
way to arbitrary algebraic groups. We rapidly sketch it in this section. 

We first recall known properties of local rings at simple points of 
algebraic varieties. Let U,V be two algebraic varieties, F an everywhere 
defined rational map of U into V, K a common field of definition of U,V, F, a 
a simple point of U rational over K, b a simple point of V rational over K, 
and suppose b= F(a). Let z,y be generic points of U,V over K, and 
consider an element t(y) € K(y) of the local ring ox(b,V) of V at the 
point b. As the specialization y—> b transforms ¢(y) into a finite element 


‚ €(6) and the specialization æ— a transforms F(x) into b, the specialization 


y— F(x) transforms t(y) into a finite {(F(x)), which is an element of 
the local ring ox(a, U), and the mapping t(y) > ¢(F(z)) is a homomorphism 
of ox(b, V) into og(a, U), which can be extended by continuity to a homo- 
morphism À of the completed local ring Ox(b, V) into the completed local 
ring Dr(a, U). If dim U =m, dim V =n, then Ox(a, U) (resp. Ox(b, V)) 
can be identified to the ring of power series K[[X,,: © :,X,]] (resp. 


10 The assumption that the characteristic is ~0 is not used in this part until no. 


9 (Lemma 3 and its consequences). Taking into account the one-to-one correspon- 


dence between formal Lie groups and Lie algebras in characteristic 0, the theorema 
proved in nos. 14-18 yield new proofs of the corresponding theorems on Lie algebras 
proved by Chevalley in [6]. 
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K[[¥i,: - -,Y,]]) in m (resp. n) indeterminates, by an isomorphism which 
sends a en (si)isism (resp. (t;):sjn) of uniformizing parameters in ox(a, U) 
(resp. ox(b,V)) onto the system (X;) (resp. (Y;)); the elements F(t;) of 
Dx(a,U) are then identified to n power series (X, ` °, Xm); if t is an 
element of Ox(b,V), identified to a power series f(¥1,:--,¥n), F(t) is 
identified to the power series obtained by replacing each Y; by $;(Xi,---,Xm) 
in the power series f(Y:,- - +, Yn). 

If W is a third algebraic variety, @ an everywhere defined rational map 
of V into W, W and G being defined over K, c a simple point of W, rational 
over K, such that G(b) =c, then it is readily verified that GoPF—FoG, 

In particular, suppose F is generically surjective, i.e. that F(x) is a 
generic point of V over K [16]; then it is obvious that the restriction of # 
to ox(b, V) is injective, and it can be proved [17, p. 64, th. 3] that F itself 
is injective. 

Consider now the product U X V, in which (a,b) is a nn point; to 
the projections pry and pry correspond natural injections of og(a, U) and 
ox(b, V) into ox((a,b),U X V); the images #1, mt + *,tn of the 
s; and t; by these injections form a system of m + n uniformizing parameters 
of U X V at the point (a,b), which we will say corresponds An to the 
systems (s;) and (t;). 

Finally, suppose U is a subvariety of y, b=a, F being the natural 
injection of U into V. Then F is a homomorphism of Ox(a, 7) onto Or(a, U); 
and it can be shown that uniformizing parameters t; in ox(a, V) may be 
chosen so that the kernel of F is the ideal generated by fm," ` *, 4, and 
the F(t) for 1SiSm form a system of uniformizing parameters of 
ox(a,U) [4 p. 705, prop. 9]. 

Let now G be an algebraic group of dimension n defined over K, Go, the 


connected component of the identity e in G. Applying the process described 


above to the rational mapping f:(x,y) > zy of Go X G into Go, we obtain 


a homomorphism F of Ox(e, Go) into Ox((e, e), Go X Go); let (ti)rsisn be a sys- : 


tem of uniformizing parameters in ox(e, Gy), and let (I, U, t1,°--, tn) 
be the system of uniformizing parameters corresponding naturally to (t) in 
ox((e.e), Go X Go}; then, if (#:) and (¢”;) are identified to two systems 
aa (zi), y= (yi) of n indeterminates, each element f(#) is identified to a 
power series ¢;(x,y) in these 2” indeterminates. Consideration of the 
composed mappings (2, 4,2) — (zy,2) >zys, (z,9,2) > (2, yz) >zyz of 
Go X Go X Go into Go, and of the composed mappings. æ— (z,e) > ze, 
zx (e,x) ex of G, into itself proves at once that the power series di 


define a group law over K. Let us for the moment denote by G*((t,)) the 
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formal Lie group thus associated to G, K and (¢,); it is immediate that 
when K is replaced by a larger field of deänition L of G, the power series di 
are not changed, in other words G*((£;)) is replaced by (G*((4)))«. 

Let now H be a second algebraic group of dimension m, e’ the identity 
in H, H, its connected component, u a razional homomorphism of G into H, 
K a field of definition for G,H and uw; it is known that u, restricted to Go, 
is a rational homomorphism of G, into the connected component H, of H. 
It gives rise therefore to a homomorphism & of DOx(e‘,H,) into Ox(e, Go). 
Let (s;)isjem be a system of uniformizing parameters in ox(#’, Ho); then, if 
(t) is identified to a system x = (4) of n indeterminates, each element &(s;) 
is identified to a power series u;(x) in these n indeterminates; and .con- 
sideration of the composed mappings (2,y)—> (u(x), u(y)) >u(z)u(y) 
and (z,y) >zy>u(ay) of Go X.G into H, shows that the system u = (u;) 
of m power series is a homomorphism of @*((4;)) into H*((s;)). If uisa 
rational homomorphism of G into G’, v a rational homomorphism of @’ into 
G”, then (with self-explanatory notations) if we consider the rational homo- 
morphism w=vcu of G into G”, the corresponding homomorphisms u, v, w 
of G*((t)) into G*((#;)), of @*((#;)) into G’*((#%,)) and of G*((4)) 
into G”*((t”,)) are such that w=vou. If we take in particular G=@’ 
=G”, u,v being the identity, and t’;—%, we see that the various formal 
Lie groups G*((t;)) corresponding to different systems of uniformizing 
parameters, are isomorphic. We will therefore usually write from now on 
G* to denote one of these groups. 


Suppose H is a closed subgroup of dimension m <n of the algebraic 
group G, and take a system (t;) of uniformizing parameters of or(e, Go) 
such that, if u is the natural injection of H into G, the kernel of & is 

) generated by the % of index > m, and th2 elements ŭ(t:) for 1m form a 
system of uniformizing parameters of ox{e,H,). With that choice of uni- 
formizing parameters, it is clear that the formal Lie group H* will be the 
typical subgroup of G* defined by the equations 7,—0 for + > m. 


PROPOSITION 18. If u is a rationcl homomorphism of an algebraic 
group G inte an algebraic group H, having kernel N, then, if u is the 


31 From now on, we will assume (unless the contrary is explicitly stated) that 
whenever the field K is mentioned in connection with algebraic groups or rational homc- 
morphisms, it is a common field of definition of all points, algebraic groups and rational 
homomorphisms concerned. We recall that no fields other than perfect fields are ever 
considered in this paper, which suppresses the distinction between field of definition 
and ‘ field of quasi-definition ” [2, p. 25]. 
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corresponding homomorphism *? of G* into H*, N* is the kernel of u, 
u(G*) = (u(G))* and the rank of u is equal to the rank of u. 


Let K be a common field of definition of G, H and u. As u can be 
considered as composed of the natural injection of u(G) into H and of a 
surjective homomorphism deined over K [16, p. 415, cor. 1 to th. 4], we can 
immediately restrict ourselves to the case in which u is surjectwe. If v is 
the natural injection of N into G, v the corresponding monomorphism of 
N* into G*, then from u((N)) = {e’} follows u(v(N*)) =g, in other 
words N* is contained in the kernel N’ of u. Suppose N’54N*; then, if 
dim G =n, dim H =m, we would have dim N’ > n—m [2, prop. 5.2, p. 37]; 
by a change of variables, we may suppose N’ is a typical subgroup of G*, 
and then the definition of u shows that the image of Og (e, Hy) by @ would 
be a ring of power series in less than m indeterminates; but this contradicts 
the fact that @ is an isomorghism of Or(e’, H.) onto its image in Ox(e, Gy). 
Then the dimensions of u(*) and (u(@))* are equal, and this ends the 
proof. | 

This result implies immediately that, for any algebraic subgroup F of 
G, u(F*) = (u(F))*, and, for any algebraic subgroup F” Cu(G), w*(F’*) 
== (u+(F’))*38 the latter relation being again due to the fact that the 
dimensions of both groups are the same, and that the first contains the 
second by definition. 

If H,,H. are two algebraic subgroups of G which commute (element- 
wise), it is immediately verified that H*, and H*, commute in G*. 


Proposition 19. If N,,N. are two connected normal algebraic sub- 
groups of G, then [Ni N2|* = [N*,N*,]. 


If u is the natural homomorphism of G onto G/[N,,N,], w( Ni) and 
u(N,) commute, hence u(N*,) and u(N*,) commute in w(G*); as [N,. N2]* 
is the kernel of u, we have [N*,,N*.] C [N,,N,]* by definition (no. 13). 
Let dim[N*,, V*.] =m, dim[N,,N.]=q. We can suppose the uniformizing 
parameters % (1Si=n) of ox(e,@,) have been taken so that, if v is the 
natural injection of [N,,N.] into G, the s,—@(t;) (1375 q), constitute 
a system of uniformizing parameters of ox(e, [N:, N:lo). We identify the 
t (1SiSn) with a system x == (2, - -,2,) of n indeterminates, the s 


127 will systematically use the convention by which a boldface letter represents the 
homomorphism of formal Lie groups corresponding to a rational homomorphism of 
algebraic groups, denoted by the corresponding italic letter. 

18 If U is the graph of u, waich is an algebraic subgroup of G x G’, u?({F”) is the 
projection on G of the subgroup U N (G xX F’) of Gx @’. 
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(1&i& q) with a system y= (y1,- ` *,Ya) of q indeterminates. We know 
it is possible to “change variables” in @* so as to transform [N*,, N*,] 
into a typical subgroup: this means there is a system of n power series 
di pilt  *,%) with non vanishing jacobian such that [N*,,N*,] is 
defined by the relations 4; —0 for m+1SisSn. 

Consider now r generic points n’; (resp. n”;) of N, (resp. Nz) over K, 
all these points being independent; let f (resp. g) be the natural injection 
of N, (resp. N,) into @, and consider the rational map F of Nr, X Nr, 
into G, defined by 


Fa), a) (F(x) (9 (ms) ) AI 
(F(s) ) (g (mr) ) A) (g (ne) 3 


by definition, one can write F=voF,, where F, is a rational map of 
N’,x Nr, into [N,,N,]. Take in ox(e, (N1)o) (resp. ox (e, (N2)o)) a system 


(Wit +, wa) (resp. (w °, W”a)) of uniformizing parameters, and 
in ox((e,- > -,e), (N"1 X N”2)o) the system of uniformizing parameters 
, ‚ , J Z 
WW Wan," © > W dp * Wm Wray, 
(24 vt a at 
Way © W idy Er * W rda 


which corresponds naturally to the wr and w”,. If we identify these para- 
meters with 2r systems g= (2/;n)1cneas, Z j= (2 jx) 1sxea, Of indeterminates 
(1Sj Sr), then F(t) —0 for g+1Sisin, and F(t) =F,(s;) for 
1S:i=g is a power series w;:((2 5), (2’;)) in the zm and 27%. But it 
follows from the definitions that this system of n power series is the one 
which we have agreed to denote by 


CET (81) FG 1) ICE Far) ef) 28 (27) > 
and from the definition of [N*,,N*,] (no. 13) it follows that we have 


(13) palwa ( (25), (2G) > Wa (375), (275), 0," +, 0) = 0 
for m+1SiSn. 


Now it is known [2, pp. 34-35] that for r large enough, F,((n’;), (n”;) ) 
is a generic point of [N;,N,]. But then F, is an isomorphism of 
Ox (e, [N1,Nz]o) onto its image; and for m+1<1i<n, the left hand side 
of (13) is the image by F, of the element of Ox(e, [N,, N:10) identified to 
the power series #:(71,° * °,Yq,0,- + :,0). Therefore we have Wi(y1,° © +, Y¢, 
0, ::,0)—0 for m+1Sisn; but by definition, this means that 
v((N1, N2]*) C [NY N#], q.e.d. 


364 ‘ JEAN DIEUDONNE. 


COROLLARY. In order that a connected algebraic group G be solvahlz 
(zesp. nilpotent, commutative), if is necessary and sufficient that G* bz 
solvable (resp. nilpotent, commutative). 


15. Representable groups. By general linear group GL(n), we will 
always mean the algebraic group consisting of all n X n invertible matrices 
with elements in the “universal domain” Q; it is connected and defined 
over the prime field Fp. If (#;) are the elements of a generic matriz 
TE GL(n) over Fp, then we can take the t;;— êy as uniformizing parameters 
of or,(e,@L(n)), which we call the coordinates of T. The corresponding 
formal Lie group over F, will be denoted GL*(n); its group law is defined 
by the power series ¢i;(x,y) (with x = (ty), y= (yy), 1<ij<n) 


(14) by + by(x,y) = È (bin + Tir) (8x3 + Yr) - 


A homomorphism w of a formal Lie group @ (over a field K) into 
GL*(n) is therefore a system (ui) of n? power series (with coeficients in X) 
verifying the identities 


(15) by + uylay) —> (Sin + Wax (%) ) du; + Wes (¥)). 


Suppose G = G’*, where G’ is an algebraic group, and let u be a rational _ 


homomorphism of G” into GL(n). Then, if ¢ is a generic point of G’, over 
K, u(t) is a matrix (8; -+ uy(t)) where the u(t) are elements of the local 
ring ox(e,G’); taking uniformizing parameters and identifying Ox(e, @.) 
with a ring of power series, the w;;(f) are identified to power series &;;(x) 
and u= (ü;;j(x)) is the homomorphism of Œ into GL*(n), corresponding 
to u. 


Lemma 2. Let u be a homomorphism of a formal Lie group G (over 
a field K) into GL*(n), and let H be an algebraic subgroup of GL(n). 
defined over K. Suppose that H is the set of matrices of coordinates z; 
such that Py (15° © *,%nn) = 0, where (Py) is a family of polynomials in 
Kl X11,° ++, Xan]. Then, in order that u(G) C H*, it is necessary and 
sufficient that the power series Px(un(%),' © +, Unn(x)) =0 for each A. 


Let c be the ideal generated by the Py, b D c the ideal of H. We first 
observe that the condition is equivalent to saying that P (u(x), > +, Unn(x)) 
= 0 for every P€ b, since P"E c for m large enough and the ring of power 
series has no divisors of 0. Next, if bo D b is the ideal of the connected 
component H, of H, it is also equivalent to say that P(u,,(x),: © *,t%nn(x)) 


i mn 
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—0 for every PE bọ Indeed, the polynomials P € b, are characterized by 
the property that PQ,¢€b, where Q, is a polynomial with nonvanishing 
constant term [6, p. 86, th. 2], and as the w;;(x) have no constant term, it 
is clear that the power series Qo(tu(x),* * ",Unn(x)) has a nonvanishing 
constant term, i.e. is invertible. We can therefore suppose H is connected. 

The condition is necessary, for if ¢== (8; -+ ty) is a generic point of H 
over K, the ty belong to og(e, H), and P(tu,:--,tun) =0 for any P£b; 
let (sx)1sxem be a system of uniformizing parameters of og(e, H); then u 
‘is defined by a system of m power series v(x), and w;(x) is the series 
obtained by substituting v(x) to sx in the expression of ty as power series. 
in the sx, hence P(u(x)," * *,Unn(x)) — 0. 

To prove the converse, note that Kit) is the field of fractions of the 
quotient ring K[X" + -,Xnn]/D—=R; let Xi; be the class modb of Xy 
in R. Then we can write Sr = Pr( XF, © +,Xnn)/Qx(Yu,- ©‘, Ann), where 
P, and Q, are polynomials of K[X:,::-,%%] such that P,(0) =0, 
Qz(0) 540, the polynomials Pr, Q; being only determined modb. From the 
assumption on the w(x), the elements 


v(x) = Px (tir (x), + +, Unn (2) )/Qr (t (2), +, Unn(#)) 


are well determined power series without constant terms. On the other hand, 
if w is the natural injection of H into GL(n), there exists a system of 
uniformizing parameters (tx)isnen2 Of og(e, @L(n)),; such that sx = 0t) 
for 1SkSm, and that (tr) —0 for k> m, in other words the ty for 
k>m are in the ideal generated by b in the local ring ox(e, GL(n)). The 
tx are power series in the coordinates of a generic matrix of GL(n) (which 
form, as we have seen, a system of uniformizing parameters of ox(e, GL(n))); 
substituting the u(x) to these coordinates in these power series, we obtain 
0 for k>m and v(x) for 1=k=™m, which shows that the v.(x) define 
a homomorphism of G into H* such that u =w ov. 

We will say that a formal Lie group G is representable if it is tso- 
genous to a subgroup of a group GL*(n). As we will chiefly be interested 
in properties invariant under isogeny, we will mainly consider subgroups 
of GL*(n). 


Proposıtion 20. For any formal Lie group G, the center Z(G) is 
such that G/Z(G@) ts representable. 


ProposiTion 21. For any algebraic group G’, Z(G’*) = (Z(@))*. 


Both propositions will be proved by the method used by M. Rosenlicht 
to show that if @ is an algebraic group, G’/Z(G’) is isogenous to an algebraic 


+ 
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matrix group ([16, p. 432, th. 13]; see also [18]). Let x= (a, - Ta) 
z= (2,° ",2%) be independent generic points of the formal Lie group G, 
L a perfect field containing the ring K[[#,---,%,]], and o the ring of 
power series L[[a,,- + -,%,]]; if m is the maximal ideal of o (power series 
without constant terms) then, for any h > 0, m” is the ideal of power series 
having only terms of total degree =h. If to each f€m we associate the 
power series f(x) = f (zx), it is clear that f— fs maps m* into m*, hence 
defines, for each h, a homomorphism js of m/m into itself, such that j,7.-1==1; 
jz is therefore an automorphism of the Z-vector space m/m*. The classes 
x* of the monomials x* such that |@|<h form a basis for m/m*, hence 
we may write j.(%*) = Cos(s)x8 for |a| <h. It is then clear that 


2 (€ug(z) — Sag) is a homomorphism u, of the group G into GL*(n,), 
where ny = dim m/m”. Let Z, be the kernel of u»; then we have obviously 
Zru C Zn, and therefore there is a smallest À such that Zy == Z, for all k Z h. 
If v is the natural injection of Z, into G, y a generic point of Z,, we have 
therefore f— fui) € m* for any kZ h, i.e. f= fe) for all f€m, and this 
shows by definition that Z, C Z(G). On the other hand, iz w is the natural 
injection of Z(@) into G, and # a generic point of Z(G), we have fwg) =f 
for ail f€m, hence Z(G) C Z, for any k, and therefore Z(G) =Z,, and 
G/Z(G) is isogenous to a subgroup of GL*(n,) by Proposition 11, which 
proves Proposition 20. 

Suppose now Œ= G’*; we define in a similar way (M. Rosenlicht, loc. 
cit.) for any h=1 a rational homomorphism u,:5— (c’ag(s) — ug) of @’ 
into GL(n,); and if we take a system of uniformizing parameters in ox(e, G'a) 
and identify it with z, then it follows from the definitions that cgg(z) is the 
power series identified to c’„s(s) (when s is a generic point of @, over K). 
In other words, u, is the homomorphism corresponding to un; hence, by 
Proposition 18, if 2’, is the kernel of un, Zn =Z". But (loc. cit.) 2’, is 
equal to the center Z(G’) for sufficiently large h; hence this proves Proposi- 
tion 21. 


16. Algebraic hull of a subgroup of GL*(n). In what follows, an 
algebraic set in GL(n) will have the same meaning as in [2]. If M is an 
algebraic set in GL(n), defined over K, b its ideal in K[X, - -,Xnn], Ga 
formal Lie group over K and u a homomorphism of G into GL*(n), we say 
that (G) is contained in M if, for any polynomial P € b, the power series 
P(ua(x),: + +; Unn(x))—=0. It is clear that if H is a subgroup of G 
(as defined in no. 5), then u(Z) C M. The same argument as in Lemma 2 


LIE GROUPS OVER A FIELD OF CHARACTERISTIC poo (VI). 367 


shows that in order that u(G)C M it is sufficient that P,(uj(x)) —0 for 
a family of polynomials P,¢€ K[X,,,: - -,X,,] such that M is the set of 
matrices for which all P) are 0. 


Provostrion 22. For any homomorphism u of a formal Lie group G 
over K into GL*(n), the smallest algebraic set A(G,u) of GL(n) zon- 
taining u(G) is a connected subgroup of GL(n), defined over K, and u(@) 
is contained in the formal Lie group (A(G,u))*. 


Let b be the ideal of A(G, u) in K[X: © +,Xan]3 we prove that if 
s,t are in @(G,u) then so is st, which will prove @(G,w) is a group 
[6, p. 82, prop. 2]. For any polynomial PE K[X; `°; Xan], and any 
s€GL(n), let ¿P be the polynomial with coefficients in K[s] obtainec by 
substituting in P to the Xy the coordinates of the matrix, product of s and 
of the matrix (8y -+ Xy). We can then write 


(16) Pauly > `> tan (Y)) =E Gains °° Snn) Y" 


where the Qu are polynomials of K[X11,- - -,X,,] (since a term in y® can 
only come from terms of degree S | «| in the uy(y)), and the sy the cocrdi- 
nates of s. Suppose PE b; then we have 


P (un (xy),° 7 `, Urn (ÆY) ) = 0 


which, as w is a homomorphism, is equivalent to 


2 Qalu (æ), + `, Unn (æ) ) y= 0 


and implies therefore Q.(tii(%),° * -,Wn(x)) —0 for each «. But by 
definition, this means that Qa € b for eack a; hence, if se Œ(G,u), we have 
Qalsın’ * Snn) =0 for each a, and therefore, by (16), .P € bE) (ideal 
generated by b in K (s) [Xi - -,Xnn]); hence P (st) = 0 for any tE A(G, u), 
which proves our assertion. The argument in Lemma 2 shows moreover that 
G(G,u) is connected, and it also follows from Lemma 2 that w(G) 
C (A(G, u))*. 

We shall simply write Œ(u(G)) instead of A(G, u), @*(u(G@)) instead 
of (A(@,u))*; when u is a monomorphism (i.e. (G,u) a subgroup of 
GL*(n)) we will simply write G (G) and @*(G@). We say that Q (G) is the 
algebraic hull!* of u(G) in GL(n). It is clear that if @’ is a connezted 
algebraic subgroup of GL(n), Œ(G*)—@ and G*(G’*) = G. 


11 Here is an example of a formal Lie group G C GL*(2) which is distinct from its 
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Note that Proposition 22 is also valid when GL(n) is replaced by an 
algebraic group G” which is an open subset of an affine space, the origin of 
the space being the neutral element of @’; the only modification in the proof 
is that the Qa are replaced by rational functions R,/S« with 84(0) 0. We 
shall make use of that remark when G” is a product of several groups GL (nx). 


Prorosirion 23. If G is a formal Lie subgroup of GL*(n) and N a 
normal subgroup in G, then Œ(N) is a normal subgroup in A(G). 


Let b be the ideal of A(N) in K[X: © -,Xnn]; we can suppose that 
the subgroup N is typical, and then, if x is a generic point of N, z a 
generic point of G, u the natural injection of G into GL* (n), we have 
P(uiz)u(x) (u(s))*) =0 for any Peb. For any P€ K[Xu,-- +, Xm] 
and any se GL(n), let *P be the polynomial with coefficients in K(s) 
obtained by substituting to the X;; (coordinates of the matrix X = (8; +X,)) 
the coordinates of the matrix sXs*; we have then *P(u(x)) =P (su(x)s"*) 
= > Rasa; * +; Sun)%*, where the Ra are rational functions defined at the 

a 


origin. If Pe b, we have then as in Proposition 22, Ra(uii(2),° © +, Unn(%)) 
= 0, in other words, the numerators of the Ra belong to the ideal c of Œ(G). 
This proves that if se @(G@), *P belongs to bE®, hence that sts te Œ(N) 
for any tE A(N). 


Proposition 24. Let @,G be two connected algebraic groups which 
are open subsets of affine spaces, and f an everywhere dejined rational map 
of G’ into G”; suppose u is a homomorphism of a formal Lie group G into 
@*, M an algebraic subset of G”, and that for any polynomial P of the. 
ideal b of M, P(f(u(x)) —0. Then G(u(G)) C f*(M). 

For any generic point se @, and any polynomial Feb, we have 
P(f(s)) =Q(s)/R(s) with Q,R polynomials in K[s], and R(0) 40, and 
f> (A) is the set of matrices for which all the polynomials Q vanish: The 


remark preceding Proposition 22 then shows that u(G)Cf*(Jf), hence 
the result. 


PROPOSITION 25. a) If G is a subgroup of GL*(n), G’ a subgroup 
algebraic hull Œ(G). We take @ as the image of the multiplicative group I, by the 
homomorphism 

l+z 0 
| o> ( 0 utat) 
where ¢ is a p-adic integer which is not a rational number [9, p. 241]. @ has therefore 


dimension 1, whereas from the characterization of the tori in @L(n) [2, 87, pp. 42-46} 
and the choice of f, it follows at once that @Œ(G) has dimension 2. 
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of GL*(n’), then A(GX @)=(G)X AO”). 


b) ‘Tf M,N are two subgroups of GL*(n), and if M centralizes N, then 
G(M) centralizes A(N). 


e) If M,N are two normal subgroups of a ie of GL* (n), then 
[A (M), A(N) = 4 ([M, N]). 

d) For any subgroup G of GL*(n), G(D*(G)) = D(A (6)) and 
a (C*(G)) =C*(A(G@)). 


e) In order that a subgroup G of GL*(n) be commutative (resp. solv- 
able, nilpotent), it is necessary and sufficient that A(G) be commutative 
(resp. solvable, nilpotent). 


_ À) Let G be a subgroup of GL*(n), N a normal subgroup of G, Ma 
subgroup of G containing N. Then if M/N is commutative (resp. solvable, 
nilpotent), @(M)/A(N) is commutative (resp. solvable, nilpotent). 


These results are the counterparts of (8.2), (3.4), (4.5), (4.6), (4.7) 
and (4.8) in [2, pp. 33-85]; it will be observed.that the proofs of these 
last results are purely formal consequences of the propositions corresponding 
to Propositions 22, 23.and 24 above, and of (4.3) in [2, p. 34]; the only 
point which needs some comment is the inclusion [M,N] C [@(M), G(N)]* 
(which is obvious in the context of [2]); this follows here from Proposition 19, 
which yields [M,N] C [Q* (M), @*(N)]—=[@(M),Q@(N)]*, using Proposi- 
tion 17 and Proposition 23. We omit the rest of the proofs. 


THEOREM 4. For any subgroup G of GL*(n), D(G)=Ü*(D(@)) 
= (D(A(6)))*, and any normal subgroup of G ts also a normal subgroup 
of A*(@). 


This corresponds to Theorems 13 and 15 of [6, pp. 173 and 177] (and 
implies them when the characteristic is 01°); in non rigorous language, we 
can say that the group of commutators of any representable formal Lie 
group “is algebraic”, and is “equal” to the commutator subgroup of the 
algebraic hull of G. 

| The proof is an adaptation of Chevalley’s proof of his Theorem 13 
(loc. cit.). We start with the group law of GL*(n) defined by (14). 
By Proposition 4, for any normal subgroup N of G, it is possible to 
“change variables” in GL*(n), in other words to find n? power series 
wy = fx(211,° ` +> %nn) with nonvanishing jacobian, such that the subgroups 
G*(G), G and N of GL*(n) be “defined” respectively by the equations 
dr =0 for k>m, dy —0 for k>q, dr—0 for k>r (rSqSm). Let 


x 
12 
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guy, ae) be the “inverse” system of power series. Let 

y= (Ya * *,Yr) be a generic point of N; denote by g(y) the matrix whose 

coordinates are the gi in which s's has been replaced by yp for kS r, by 0 

for k >r, and consider, for a matrix s of coordinates sy, the power series 

fu(sg(y)s*) obtained by replacing in fs the x; by the coordinates of the 

matrix sg(y)s*; it is clear that we have f,(sg(y)s*) = >) Kxralsıı‘ © * > San)¥% 
a 


where the Rra = Pra/Qkra are rational functions of K(X:,,: : -,X,,) such 
that Qka(0) 20. Now let z= (2,: * *,2,) be a generic point of G, g(x) 
the matrix whose coordinates are the gy in which 2’, is replaced by 2, for 
k& q, by 0 for k>gq. From the assumption that N is normal in G; it 
follows that for k >r, the power series f,(g(z)g(y)g()~2) are 0, in other 
words that Rra(g(z)) —0 for all k > r and all « But by definition, this _ 
implies that Rosa, * *,Snn) =0 if s€A(G); if t= (t, --,tm) is a 
generic point of @*(G), g(t) the matrix whose coordinates are the guy in 
which a’, is replaced by ty for km, by 0 for k > m, we have therefore 
Ria(g(t)) —0 for all k>r and all a, hence f;(g(t)g(y)g(£) 1) —0 for 
k>r, which means of côurse that N is a normal subgroup of G*(@). 

Take now N —D(G), which is therefore a normal subgroup of Œ*(&). 
With the same conventions as above, consider the power series 


fe (sg (z)s*g (z) = > Sha (S11, neg ay Sun) zt, 
a 
where the Ska are again rational functions. By assumption, 


felg (z )g(z)g (2) *g(s)*) =0 for k>r, 


when z = (2, --,#,) is a second generic point of G; this means that 
Sialg (7 ))=0 for all k>r and all a, and we conclude as above that 
fx(sg()stg(%)*) =0 for k>r and se A(G), hence 


fu(g (t)8() g(t) 7g (%)*) =0 for k >r. 
Consider finally the power series f(g (ë)sg (t) ts) = X Tra(Si1,° © ©, San) #® 


with rational Tka; the same argument proves that 


felg (tjg (t)e(t) g(r) =) =0 for k>r, 


when t= (tu: - -,@m) is a second generic point of Œ*(G). As we know 
that D(G) is a normal subgroup of @*(@), we conclude that D(A*(G)) 
C D(G@) ; but clearly D(@) C D(G*(G@)), hence D(G) = D(G*(G@)). Now 
from Proposition 19 it follows that D(@*(G)) = (D(G(G)1)*, and from 
Proposition 25 d), D(@(G@)) = (D(G@)), whence D(G) = G*(D(G@)). 
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17. Normalizers and centralizers. 


Prorosrrton 26. Let G be a formal Lie group over K, M,N two sub- 
groups of G. Then there is a largest subgroup P of M such that, if u is the 
natural injection of P into G, i( (Na) CN, where z is a generic 
point of P and L a perfect field containing K[[z]]. 


Let x= (%,,:::,«,) be a generic point of G, and suppose N is a 
typical subgroup defined by s; =0 for i>g. Let y= (y1,---,Ym) be a 
generic point of M, E a perfect field containing K[[y]], o the ring of power 
series E[[x]], m the maximal ideal of o. As in Proposition 20, we define 
an automorphism 5, of the Æ-vector space n/m? by associating to each f €m 
the power series f,(x) —f(v(y)7xv(y)) (v natural mapping of M into G), 
and taking classes mod m?; and with the same notations as in Proposition 20, 
we may write j,(%*%) — = Cap(y)x®, thus obtaining a homomorphism wz: 

h 


Y— (capy) — Bug) of M into GL* (na). Let J be the interval 1SiSq, 
and let V; be the subspace of m/m* having as a basis the x" such that «€ N”. 
It is clear that the set of matrices se GL(na) such that s(V,) C Vh is an 
algebraic subgroup S» of GL(n,). Let Çh be the connected component of 
the identity in the algebraic group 8, N A (w,(M)) ; in the formal Lie group 
Q*(w,(M)), w.(M) is a normal subgroup by Theorem 4, hence the g.l. b. 
Q* A w,(M) is defined (Proposition 9), and therefore we can also define 
the inverse image P,—w,(Q*,) in M (see remark at the end of no. 8). 
These definitions imply that P, is the largest subgroup of M such that 
fre (V3) C Va, i£ t is a generic point of P, and f the natural mapping of 
P, into M. Furthermore, from that definition it follows that Pra C Pi, 
hence there is an integer r such that P, = P, for h Z r, and P =P, obviously 
satisfies the requirements of Proposition 26. 

When M==G, the subgroup P obviously contains N, and is the largest 
subgroup of G such that N is a normal subgroup of P; we say, as usual, 
that P is the normalizer of N in G. Proposition 26 then expresses the fact 
that for any subgroup M of G, the g.1.b.P AM exists. This enables us to 
prove the result announced in no. 5, namely: 


THEOREM 5. The subgroups of a formal Lie group G form a complete 
lattice. 


Owing to the chain conditions, all we need to do is to prove that 
H, A H, exists for any pair of subgroups of G. Consider the normalizer 
N, of H, in G; any subgroup contained in H, and H, is contained in H, 


© 
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and N,, hence in H, A Na, which is defined as we have seen above. More- 
over, in the group N,, H, is a normal subgroup, hence H: A (Hi A Nz) is 
defined (Proposition 9), and is obviously the g.1.b. of H, and He. 


COROLLARY 1. Let u be a surjective homomorphism of G onto a formal 
Lie group G’, H,, H, two subgroups of G, H’, H’, two subgroups of G’; then 


(17) u(H, V Hò =u(H,) V u(H,) 
u(H’, V H) =u (A’,)V ut (H), 


(18) . 
u>(H’, A B'a) =u (H) A u> (E). 


Formulae (18) follow at once from the fact that H’—> w'(H’) is a one- 
to-one inclusion preserving correspondence between subgroups of G’ and 
subgroups of G containing the kernel N of u (Proposition 11); the same 
argument proves (17), when we observe that 


H,VH.VN=(H,VN)V(HBVN), 
and that u(H) =u(H V N) for any subgroup H of G. 


COROLLARY 2. Let H,, H, be two algebraic subgroups of GL(n), 
H, V H., (resp. H, A He) the smallest algebraic subgroun of GL(n) con- 
taining H, and H, (resp. the largest algebraic subgroup of GL(n) contained 
in H. and H,). Then (H, A H.)* =H*, A H*,, and, tf H, and H, are 
connected, (H, V H.)"=H*, V H*.. 


Note that H, AH, is the set theoretic intersection H, N Ha and is 
defined over K if both H, and H, are. We have obviously (H, A H:)* 
C H*, A H*,; on the other hand G@(H*, A H*,) is contained in both 
CG (H*,) and Q(H*,), which are respectively the connected components of e 
in H, and H,; hence H*, A H*, is contained in the connected component 
of H, A Ha, which proves that H*, A H* C (H, A H2i* by definition. 
On the other hand, we have obviously H*, V H*,C (H, V H.)*. To prove 
the converse inclusion, we remark that if x, (1S:=m) are independent 
generic points of Hy, y; (1S i m) independent generic points of He, over 
a common field of definition K, then, if m is large enough, 2:9:%%2- ` © EmYm 
is a generic point of H, V H, over K; this is easily proved as the Lemmas 
8.1 and 4.3 of [2]. The rest of the argument is then practically identical 
to that in Proposition 19, and we accordingly suppress it. 


Proposition 27. For any subgroup H of a formal Lie group G, there 
is a largest subgroup H’ which commutes with H (no. 11). That subgroup 
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H’ (called the centralizer of H in G) is a normal subgroup of the normalizer 
of H. ; 

With the notations of Proposition 26 (H replacing N and G replacing 
M), we consider the algebraic subgroup 7; of GL(n,) consisting of the 
matrices s such that the restriction of s to V, is the identity, and the inverse 
image w*,(T*,) in G. These subgroups form a decreasing sequence of sub- 
groups of G, and their intersection is the group H’. If N is the normalizer 
of H in G, it is clear that H’ C N. To prove H’ is normal in N, we may 
suppose N — G. Then, if z is a generic point of G, i(H'(1;) commutes with 
i.(H 1) (L perfect field containing K[[z]]), and as the latter is equal to 
Hit) we have by definition i.(H’(z)) C A’). 

For representable groups, we have additional results. For any s€ GLin), 
let a, be the rational map t>sts! of GL(n) onto itself, defined over the 
field F,(s); it gives rise to an automorphism a, of the formal Lie group 


(GL* (n) ) ep 


PROPOSITION 28. Let G be a subgroup (over a field K) of GL*(n); 
the set of elements sE GL(n) such that a.(Gcr(sy)) C Furey) (resp. such 
that the restriction of a, to Giz is the identity mapping) is an algebraic 
subgroup N (G) (resp. 3(G@)) of GL(n), defined over K and such that 
N* (G) == (N(G))* (resp. 3 (G)—(8(G))*) is the normalizer (resp. 
centralizer) of G in GL* (n). 

First, for reasons of dimension, if as(@(x(s))) C Gize, both groups 
are equal, from which it follows that if sen (G), then ste M(G); if 
tEeN(G) and L=K(s,t), we have a (Gr) — Gu) and a;(Giz)) = Gr); 
as as = 4,0," we have ax(Gir)) = Giz, hence ste A(G), and N(G) is 
therefore a group. On the other hand, taking G to be a typical subgroup of 
GL*(n) by a suitable “change of variables,” the same argument as in 
Theorem 4 proves that the elements se N (G) are characterized as the 
matrices satisfying a family of equations Rya(Su,° * `, Sun) =0, where the 
Era are rational functions of K(Xi1,- ` ;Xan). Lastly, if H is a subgroup 
-of GL* (n), z a generic point of H and u the natural mapping of H into 
GL*(n), then the condition iut) (Gie) C Giz) (for a perfect field Æ con- 
taining K[[=]]) is equivalent to the relations Rya(wii(%),: © *,Unn(2)) =0, 
for all indices, and the fact that N*(G) is the normalizer of G in GL* (n) 
then follows from Lemma 2. A similar proof applies to the centralizer. 


CoRroLLARY 1. For any normal subgroup N of G, Œ(G) is contained 
in N(N). 


This follows from the first part of the proof of Theorem 4. 
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CorRoLLaRY 2. M(G) is contained im the normalizer of the algebraic 
hull A(G) in GL(n), and 3 (G) is equal to the centralizer of A(G) 
in GL(n). 


‘The first statement follows from Proposition 23, applied to the normal 
subgroup G of N*(G); the second follows likewise from Proposition 25 b) 
and from the fact that 2 (G) is a decreasing function of G. 


18. Solvable representable groups. Let Œ be a solvable subgroup of 
GL*(n); then by Proposition 25e), Œ(G) is solvable. We denote by 9 (n) 
the subgroup of triangular matrices s=(s,) (with sy=0 for i>j), by 
Un) the normal subgroup of J(n) consisting of unipotent triangular 
matrices (i.e. with diagonal elements 1). Applying the preceding remark 
and the Lie-Kolchin theorem [?, th. 10.4], we have the corresponding 
result for representable groups: 


Proposition 29. If G is a solvable subgroup of GL*(n) defined over 
an algebraically closed field K, there is an element se GL(n), rational over 
K, such that a,(G) C J*(n). 


In other words, if w is the natural mapping of G into GL*(n), and 
v—açou, then the matrix 14-v(z) = (v,,(z) +4,) is triangular (z being 
a generic point of G). | 


Proposrrion 30. For any solvable formal Lie group G, the derived 
group D(@) is nilpotent. 


This follows immediately from Proposition 29 if G is a subgroup of 
GL*(n), for we can then suppose that G C J*(n), and D(G) C D(F*(n)) 
CU*(n); as U(n) is a nilpotent algebraic group, U*(r) is nilpotent by 
the corollary to Proposition 19. In general, if G is solvable, G/Z(G) is 
solvable and representable, hence D(G/Z(G@)) is nilpotent; but D(G/Z(G)) 
is isogenous to D(G@)/(Z(G) A D(G)) by Propositions 16 and 11, hence 
a fortiori D(G)/Z(D(G)), which is isogenous to a quotient group of 
D(G)/(Z(G) A D(G)), is nilpotent. But this implies that C*(D(@)) 
C Z{D(G)) for some k (corollary to Proposition 16); by definition, we 
have C#1(D(G@)) =e, hence D(@) is nilpotent. 

We next prove the result corresponding to A. Borel’s conjugation 
theorem for maximal solvable subgroups: | 


Prorostrion 31. Let G be a subgroup of GL*(n), over an algebraically 
closed field K. Then: 
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a) If 8,8, are any two maximal solvable subgroups of G, there is an 
se A(G), rational over K, such that as( 81) = a 


b) Any maximal solvable subgroup of G has the form R* A G, where 
R is a maximal connected solvable subgroup of A(G); and conversely. 


a) Œ(8;) and Œ(S:) arc solvable connected subgroups of Œ(G) by 
Proposition 25e), defined over K, hence contained in maximal solvable 
connected subgroups R, and R, defined over K. By the conjugation theorem 
[2, Th. 16.5, p. 66, and Prop. 16.10, p. 68], there is an se Z(G), rational 
over K, such that sR,s+== Rz; replacing S, by a,($,) (and using cor. 1 to 
Prop. 28), we can suppose that Rı == Rs, and therefore 8, and S, are con- 
tained in the solvable subgroup R*, (cor. to Prop. 19). As both are maximal 
in G, if they were distinct, neither would be contained in the other, hence 
8:V Sa would be distinct from S, and S; but as $,V Sə is contained in 
the solvable group R*,, it would be solvable, contrary to definition. 

b) If 8 is a maximal solvable subgroup of G, it follows as in a) that 
it is contained in R*, where R is a maximal connected solvable subgroup 
of A(G); as R*A G is solvable, it must be S. Conversely, let R be a 
maximal connected solvable subgroup of @ (G); if R* A G were not maximal, 
it would be properly contained in a maximal solvable subgroup 8, of G, 
which in turn would be of the form R*,A G where R, is a maximal con- 
nected solvable subgroup of G(G). Then there is se @(G@), rational over 
K, such that R=sRıs, hence a,(8,)C R*; as dim S, > dimS, S V a,(S;), 
which is contained in &*, would be a solvable subgroup of @ properly con- 
taining S, contrary to the assumption that S=R* A G. 

I have not been able to determine if the algebraic hull @ (8) of S in 
G is a maximal solvable connected subgroup of Q (G). 

If G is an arbitrary formal Lie group, S a maximal solvable subgroup. 
of G, then S contains the center Z(G); for if f is the natural epimorphism. 
of G onto G’=G/Z(G), 8S’ =f(S) is solvable, and 8” = f7 (9) is such. 
that 8”/Z(@), isogenous to 8”, is solvable; hence 8” is solvable, and as. 
S” DS, it must be equal to S. The same argument proves that S’ is a 
maximal solvable subgroup of G/Z(G) and that conversely the inverse image 
of a maximal solvable subgroup of @/Z(@) is a maximal solvable subgroup 
of G. I do not know if the l.u.b. of all maximal solvable subgroups of @ 
is equal to @; however, the derived group D(G’) is isogenous to a group H*, 
where H is a connected algebraic matrix group (Theorem 4), and the l.u.b. 


15 This is related to another unsolved question: is the center Z(S) equal to the 
center Z(@) for a maximal solvable subgroup S (cf. [2, p.72, prop. 18.5])? 
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of the maximal solvable connected subgroups of H is H itself [2, Th. 17.4, 
p. 71]; hence the maximal solvable subgroups of G’ have a Lu.b. which 
contains D(G’) (cor. 2 to Th. 5), from which it follows that the l.u.b. of 
the maximal solvable subgroups of G contains D(G)V Z(G). A question 
which remains unsettled for general formal Lie groups is whether any two 
maximal solvable subgroups are isomorphic; all which follows from Proposi- 
tion 31 and the preceding remarks is that their quotients by Z(G) are 
isomorphic, and therefore they have same dimension. 


Proposition 32. If 8 is a maximal solvable subgroup of a formal Lie 
group G, K is equal to its normalizer in G. 


Let N be the normalizer of S in G; if M == N/S is commutative, then 
N is solvable, which implies N=$ by definition. If not, as D(N’) e, 
there are solvable subgroups 8’ C N’ not reduced to e, and the inverse image 
S, of S’ in N is then solvable, since 8,/S and S are solvable; this is a 
contradiction, hence N = S. 


19. Maximal tori. We will say a formal Lie group G is a torus if 
it is isomorphic to a direct product I,” of multiplicative groups. It follows 
immediately from [9, p. 236, Th. 3] that any subgroup and any quotient 
group of a torus is a torus. 


Lemma 8.6 Let N be a normal subgroup of a formal Lie group G, 
containing the center Z(G) =Z and such that N/Z is a torus. Then N=2. 


Using Proposition 4, we can suppose that the group law of G is pseudo- 
canonical, and that both subgroups Z and N are typical; more precisely, 
if m, q and n are the dimensions of Z, N and G, and if we denote by I, J 
and H the intervals 1Si<n, 1SiSm, 1<i<q, the X, or Za of the 
structural basis of @ such that & € MW (resp. «e NA) form the structural 
basis of the subhyperalgebra 8 (resp. N) of the group Z (resp. N). We 
first prove that if 4€ H—J, then X, commutes with any element F of go. 
As N is a normal subgroup, we have [Xon Y] E go NN (cor. 1 to Th. 2); on 
the other hand, the class Ÿ of Xo; modulo the normal ideal a(3) is in the 
Lie algebra of the torus N/Z, hence we may assume it is such that Ir. = Fo; 
[9, p. 233, prop. 5]; this means that 1%,—-X ; belongs to the intersection 
of a(8) and go, i.e. to go N 8, which is contained in the center of the Lie 
algebra go. Hence we have [X?9:— Xo, Y] = 0, or 


[Xoi Y] = [XP ot, ¥] = [Lui [Fos [ ae [Koi Y] DR 11] 


16 Lemma 3 and its corollary are not true for formal Lie groups over a field of 
characteristie 0. 
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by Jacobson’s formula. Now, N/Z being commutative, we see as above that 
[U, VIE gN8 for any two elements of the Lie algebra gNN; the pre- 
vious formula then proves, first that [X,,Y] is in go M8, and then that 
it is 0. 

As a basis for induction, suppose now we have proved that all elements 
Xm such that h<r and i€ H—J are in the center of the algebra Cee 
the same is true therefore for all X, of height h(a) <r, such that g€ NE, 
and also (by Lemma 1) for the Z of corresponding indices. We now 
proceed in several steps. 

(i) We first prove that [X,,Y]—[Xr,, Y] for i€ H—J, YE 8,4. 
The difference X?,,—-X,, belongs to the Lie-p-algebra gr N N, and applying 
to it the iterated homomorphism p°” shows that X?,;,—2Y,,—S-+T7, where 
SE g-N8 and TE 8, NN; the result follows from the fact that [S, Y] — 0 
by definition and [7,Y]=0 by the inductive hypothesis. . 

(ii) Next we show that [X,, Xu] — 0 for ie H—J and for any j€ I. 
The inductive hypothesis first proves, as in the proof of Theorem 3, that 
Kr, Xoj]°— 18 [En Xy] — [Xi Xy] 891 =0, ie. that [Xn Xoj] is im go; 
on the other hand, [Xm Xo] is in the normal ideal a(Jt), hence in go N N. 
But then LX?,,,Xo;] is in the normal ideal a(3) by Jacobson’s formula and 
‘the commutativity of N/Z, and on the other hand it is in go by (i) and by 
what has just been proved; therefore [ Xm, Xoj] € go N 3, and then Jacobson’s 

‘formula yields [X?,:, Xo] — 0, which proves our contention by (i). 

(iii) We can now prove that [X,,7]=0 for i€ H—J, Y € 8ni We 
can of course suppose F = Z, with h(a) <r, and we use induction on | «|, 
the result being proved in (ii) for |«|=1. As in (ii), the induction 
hypothesis first shows that [2,i,Z,]°—1® [Xn Za] — [Xr Za] 8 1 —0, 
hence [Xr Za] E€ go Then [X?,,Z.]=0 by (ii) and Jacobson’s formula, 
and we conclude by (i): | 

(iv) The next step is to show that [Xon Xu] —0 for i€ H—J and 
any j€I. As we have Kr, — Xut B, [Xo Xr] = [XP oi, Xr]; on the other 
hand, the inductive hypothesis proves as above that [Xon Xr] € go; Jacobson’s 
formula then yields the result. 

(v) Now we prove by induction on A<r, that [Xn Xj] —0 for 
1€ H—J and any jeI. From Lemma 1 and the inductive hypothesis, it 
follows that [Z,,X,;] =0 for ae NE and h(a) <h. As before, this implies 
that [Xr Xr] € ge But asin (i) we remark that X?,,—X,,— S + T, where 
SEHNMZ and TE€3,.NM; the inductive hypothesis then proves that 


LA Les] = [XPu, Xy], and the conclusion follows as usual from Jacobson’s 
formula. j 
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(vi) We can now take the final step and prove that [X,i,X,;] —0 for 
ie H—J and any jEI. From (ii) and (v) it follows that X,, commutes 
with all elements of 3,_, and X,; with all elements of 8,. N N; the usual argu- 
ment implies that [X,,X,;] € go- On the other hand, as X?,,—Xi—S+T, 
with S€g,NB and TE8 a NN, we have [Xr Xn] = [XP:,X,;] by (v), 
and (ii) and Jacobson’s formula end the proof. The induction on r is thus 
completed, and shows that every element of the hyperalgebra Jt commutes 
with every element of ©, which concludes the proof of Lemma 3. 


COROLLARY. A torus N which is a normal subgroup of G is contained 
in the center. 


For (N V Z)/Z is isogenous to a quotient group of N (Proposition 11), 
hence a torus, and N V Z is a normal subgroup of G, so that we can apply 
Lemma 3. 


Proposition 33. If G is a torus in GL*(n) over an algebraically closed 
field, then A(G) is a torus in GL(n). 


From Proposition 25e), we know that @(G@) is commutative and con- 
nected, and by [2, p. 53, Th. 11.1] Œ(G) is the direct product of a torus Cy _ 
and a unipotent abelian group Ca. Let v be the (rational) projection of 
A(G) onto Cu, with kernel Cs; then the corresponding homomorphism w 
of Œ*(G) onto C*, has kernel C*, (Proposition 18), and as C*, is unipotent, 
v(G) =e [9, p. 240, Th. 4], which proves that GC C*,, in other words 
A(G) = 0s qe.d. 


PROPOSITION 34. Let G be a subgroup of GL*(n), over an algebraically 
closed field K. Then: l 

a) If T, T, are any two maximal tori of G, there is an se A(G) 
rational over K, such that a,(T,) =T}. 

b) Any maximal torus of G has the form R* A G, where R is a mazimal 
torus in A(G); and conversely. 

c) Any maximal torus in a maximal solvable subgroup of G is a maximal 
torus in G. 


The proofs of a) and b) run exactly parallel to the proofs in Proposition 
31, using Proposition 33 and [2, cor. 16.6, p. 67] instead of [2, Th. 16.5]; 
they can therefore be omitted. Statement c) follows at once from b) and 
from the corresponding statement in [2, cor. 16.6]. 

Here again, it remains to be seen if, for a maximal torus T of G, A(T) 
is a maximal torus in Œ(G) (cf. cor. to Proposition 38}. For a general 
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formal Lie group G, let T be a maximal torus of @/Z(@); if we apply 
Lemma 3 to the group f 1(T), where f is the natural epimorphism of @ onto 
@/Z(@), we see that f+ (T) is commutative, hence is the product of a unique 
torus To, its core [9, p. 236, Th. 3], and of its p-radical U; moreover, U is 
contained in Z(G) by [9, p. 240, Th. 4], and T= f(T.). Conversely, if 
T’ is any maximal torus in G, f(7”,) is a torus in @/Z(@), and if it was 
properly contained in a torus T in @/Zi@), the preceding argument would 
show that 7”, is properly contained in a torus in f1(7). We therefore 
deduce from Proposition 34 that all maximal tori in a formal Lie group G 
over an algebraically closed field. are isomorphic. Furthermore: 


PROPOSITION 35. In a formal Lie group G over an algebraically closed 
field, the intersection of all maximal tori of G is the core of the center of G. 


From the preceding remarks, and Proposition 34b), we see that the 
intersection C of the maximal tori of @ is contained in f*(D*A G’), where 
f is a homomorphism of G into a group GL*(n), with kernel Z(G), and 
D the intersection of all maximal tori of the group A(G’). But, by [2, 
p. 71, Prop. 18.1], D is a torus contained in the center of @(G’), hence 
D* A @ is a torus contained in the center of G’, and by Lemma 3, 
f°? (D* A @) is contained in the center of G, q.e.d. 


20. Nilpotent groups and Cartan subgroups. We say that a formal 
Lie group @ is unipotent if there exists a power p* of the characteristic such 
that «?*=-e (which means ¢(")(%) —e, if we define, by induction on h, 
the system ¢“ (x) of n power series as equal to d(x, 6%) (x))). 


Proposition 36. Any unipotent formal Lie group G is nilpotent. 


It is clear that the representable group G’—G/Z(G) is unipotent. If 
u is a monomorphism of G’ into a group GL*(m), and z a generic point 
for @, the matrix u(z) is unipotent. As the set of unipotent matrices in 
GL(m) is defined by a system of algebraic equations, we conclude that A (G) 
is a group of unipotent matrices, hence is nilpotent [2, p. 74, Th. 19.4]. 
Therefore G’ is nilpotent, and so is of course G. 


Proposition 37. A representable nilpotent group G over an algebrai- | 
cally closed field is quasi-direct product of its unique maximal torus and of 
its unique maximal unipotent subgroup. 


We can suppose @ is a subgroup of a group GL*(n). Then Œ(G) is 
nilpotent, hence [2, p. 58, Th. 11.1] the direct product of its unique maximal 
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torus C and its unique maximal unipotent subgroup U. It is clear that 
D(@(G)) =D(U). The group D*(U) is equal to D(G) (Theorem 4), and 
the abelian group @/D(@) is thus contained in the group C* X (U*/D(U*)). 
Now G/D(G) is the direct product of its core H and its p-radical R, and as 
C* is a torus and U*/D(U*) a unipotent abelian group, we have H C C* 
and RC U*/D(U*) [9, p. 240, Th. 4], which shows in particular that R is 
a unipotent group. The inverse image V of R in G contains D(G) = D(U*), 
and as À and D(U*) are unipotent, so is V, and therefore, by the same 
argument as in Proposition 86, we have V C U*; moreover V == G A U*, since 
V CGA U*, and if this was a proper inclusion, the dimension of the p- 
radical of G/D(G) would be strictly greater than that of R. A similar 
argument shows that if f is the projection of @(G@) onto U, f(@) = V, hence 
G is contained in the direct product V X C*, and as it contains V, it is equal 
to PV X(G A C*); as G A C*=T is the maximal torus of G (Proposition 
34b))}, the proof is complete. 

Proposition 37 applies in particular to abelian representable groups; it 
shows at once that (in contrast with Ado’s theorem for formal Lie groups 
over a field of charecteristic 0) there exist non representable abelian groups. 
This is for instance the case for all one-dimensional groups J, (0 < r <+) 
[9, p. 229, Th. 2], for I, is the only one-dimensional torus and W, = In 
(the additive group) the only unipotent one-dimensional group. Similarly, 
all simple abelian groups of dimension > 1 [11, pp. 450-451] are non-repre- 
sentable, by Propositions 36 and 37; this shows incidentally that if a simple 
abelian group $ of dimension > 1 is contained in a formal Lie group G, 
it is contained in the center of G. It is clear that if two subgroups H, H, 
of a formal Lie group G are such that there is no homomorphism of H, nor 
of H, into a group GL*(n) which is not trivial (such groups may be called 
totally nonrepresentable groups, and the previous examples are of that kind), 
then H,V H. has the same property. There is therefore a largest totally non- 
representable group N, contained of course in the center of G. It would be 
interesting to know the structure of N and if N is a quasi-direct factor of G. 


THEOREM 6. In order that a formal Lie group G over an algebraically 
closed field K be nilpotent, it is necessary and sufficient that it contain a 
unique maximal torus, which ts then in the center of G. 


a) The necessity of the condition follows from Proposition 37 if G is- 
representable. In general, @/Z(@) is nilpotent with G, hence contains a 
unique maximal torus T which is in its center. But as T is normal in 
@/Z(@), its inverse image f (T) by the natural mapping f of G onto 
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G/Z(G@) is a normal subgroup of G containing Z(G) and whose quotient 
by Z(G) is a torus; hence f!(T) —Z(G) by Lemma 3, which means T is 
reduced to e, and the unique maximal torus of @ is the core of Z(G). 

b) To prove sufficiency, let us first assume G is a subgroup of a group 
GL* (n), and let T be the unique maximal torus of G. Then, by Proposition 
84a), for any s€ Q (G), rational over K, as(T) =T; as the points of A(G) 
which are rational over K are dense in Œ(G), we see that A(G) is contained 
in A(T), and therefore T is a normal subgroup in @*(G@) (and of course 
in G). From the corollary to Lemma 3, we conclude that T is in the center 
of G*(G), hence Q(T) is in the center of @(G) by Proposition 25b). 
Furthermore, from Proposition 34b), any maximal torus S of Q (G) is such 
that S* A G=T, and this implies that S D G(T), otherwise the connected 
component of SN A(T) would have strictly smaller dimension than A(T) 
and contain T, contrary to the definition of @(T). There is a rational 
homomorphism g of @ (G) into a group GL(m), with kernel A(T) [2, p. 40, 
Lemma 5.10.2], and the maximal tori of the algebraic group H—g(&(G)) 
are the images g(S) where S is a maximal torus of Œ(G) [2, p. 80, Th. 22.1]. 
If G@’—g(G), H is equal to Z(G’), otherwise the inverse image of Z(G’) 
by g would contain @ and be properly contained in @(G@), contrary to 
definition. Furthermore, we have G’A g(S*) =e; indeed @ V g(8*) 
=g (G V S*) ‘and as GV S* contains the kernel Œ*(T) of g, we have 
dira(G’ V g(S*))—dim(G V 8*)—dim@*(T). But as GA S*=T, 
dira(G V S*) == dim G + dim S* — dim T by Proposition 11 (@ being normal 
. in @*(G@)), hence 


dim (GV g(S*)) — (dim G— dim T) + (dim S* — dim G*(T)) 
— dim @ + dim g(S*), 


which proves by Proposition 11 that dim(@ A g(S*)) ==0 (G being normal 
in H). Now it is enough to prove that G’ is nilpotent, since T is in the 
center of G; the preceding argument thus allows us to restrict ourselves to : 
the case in which T =e. 

We are actually going to prove that in such a case @(G) (hence also 
G) is a unipotent group. First there is no maximal torus in D(@), which 
by Theorem 4 is equal to (D(Œ(G))*; by [2, p. 67, cor. 16.7], the algebraic 
group D(@(G@)) is unipotent. Let f be a rational homomorphism of Œ(G) 
into a group GL(m), with kernel D(Œ(G)) [2, p. 40, Lemma 5.10.27; it 
will be enough to prove that the algebraic abelian group H =f(Q(G)) is 
unipotent. Suppose the contrary: then, by [2, p. 53, Th. 11.1], H is the 
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direct product of its unique maximal torus C and its unique maximal uni- 
potent subgroup U, and by assumption C54 {e}. Furthermore, the ‘abelian 
formal Lie group f(G@) is a subgroup of H*, and a direct product of its 
core Q C C* and its p-radical R C U* [9, p. 240, Th. 4]. If we had Q =e, 
f(@) would be contained in U*, hence @ would be contained in the algebraic 
group (U), which is properly contained in @ (G), contrary to the definition 
of A(G). We have therefore dimQ >0. Consider now the algebraic 
subgroup C)==f7(C) of Œ(G), which is such that C,* contains the 
normal subgroup @=—f*(Q) of G If g is a maximal torus of H, 
f(S) is a maximal torus of H [2, p. 80, Th. 22.1] hence equal of C, 
which proves that S C Oo. We are going to show that S* A Qù is not reduced 
to e, which is a contradiction by the assumption and by Proposition 34b). 
As we have f(8* V Qo.) =C* V Q —C*, we have dim C* = dim(S* V Qo) 
—dim D(G@) = dim 8", since S* A D(G)—e. This, by Proposition 11, 
yields dim(S* A Qo) = dim Qo— dim D(G) =dimQ>0, and we have 
reached the desired conclusion. 
Suppose now @ is an arbitrary formal Lie group having a unique 
maximal torus 7’; then, if u is the natural epimorphism of G onto G/Z(G), 
u(T) is the unique maximal torus 7, of G/Z(G), and by the preceding 
argument, @/Z(@) is nilpotent, hence also G. Farthermote, u (Ty) is 
normal in G and its quotient by Z(G) is a torus; therefore Lemma 3 proves 
that actually To =e, T C Z(G) and G/Z(G) is unipotent, I do not know 
if T is then a quasi-direct factor of @. 


PROPOSITION 38. Let G be a representable solvable formal Lie group 
over an algebraically closed field. Then there is a largest unipotent sub- 
group G, of G, which is normal in G, and for any maximal torus T of G, 
G=TV Gu and G AT =e. 


We suppose G C GL*(n). Consider the derived group D(@), which is 
nilpotent (Proposition 30) and equal to (D(Œ(G))* (Theorem 4). There is 
a rational homomorphism f of @(G@) into a group GL(m), with kernel 
D(G(G)), and f(@) is an abelian representable group, which is therefore 
direct, product of its core C and its p-radical R, which is unipotent 
(Proposition 87). Let N—f1(R) D D(G); this is a solvable normal sub- 
group of G. Moreover, if S is a maximal torus in N, we have f(S) =e, 
and SC D(G). But as D(G) is nilpotent, it has a unique maximal torus, 
and so therefore has N, which proves, by Theorem 6, that N is nilpotent. 
N is therefore, by Proposition 37, quasi-direct product of its largest unipotent 
subgrcup G, and its unique maximal torus 8. Furthermore, if V is a 
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11 and 2 that there is a homomorphism v, (resp. v2) of G onto a group G, 
(resp. G2) isogenous to H, (resp. H+), with kernel H, (resp. Hı). Consider the 
homomorphism v= (vı, v2) of G into G, X G2; we have v(H:) =G, and 
. v(H,) = Ga, hence v(G) contains Gi V G = G, X Gz; v is thus surjective, 
and as @ and G, X G; have same dimension by Proposition 11, v is an 
isogeny. Let w be an isogeny of G, X G; onto some group G (prop. 2), 
such that wov= pt; w® is then an isogeny of G,-) XG,“ onto G, 
mapping G6? onto H, and G.~ onto H,. The last statement of the proposi- 
tion is obvious from the definition of a quasi-direct product. 

The preceding definition and proof can of course be extended in an 
obvious way to any finite number of factors. For an example of a quasi- 
direct product which is not a direct product, see no. 21. 


13. Subgroup of commutators; ascending and descending central series. 
Let N,,N, be two normal subgroups of G, u a homomorphism of G into 
a group H, P the kernel of u. In order that the subgroups u(N,) and u(N,) 
commute in H, the corresponding subhyperalgebras of $ must commute 
elementwise (prop. 12). Using Propositions 6 and 7, we have an equiva- 
lent condition by restricting ourselves to the case in which w is the natural 
epimorphism g of G onto G/P. But then the subhyperalgebra corresponding 
to g(N,) (resp. g(N,)) consists of the classes of the elements of N, (resp. 
N.) modulo the normal ideal a(®) (th. 2); hence, for T,€ 9, TE Je, 
[71,72] must belong to a('P), and conversely. 


Proposition 14. Jf N,,N, are two normal subgroups? of G, there 
rrists a smallest normal subgroup P —[N,,N,] of G such that the natural 
Pas of N, and N, in G/P commute; [N1,N2] is contained in N, A Na, 
and a(P) ts the- smallest normal ideal containing the alternants [T,,T;] 
where TLE N, and T, E Ne. 


Once the existence of a smallest P is proved, the characterization of 
a($) becomes obvious. As N, and N, are normal subgroups, [71, T3] belongs 
both to a(R,) and a(R,), hence P C N, A Na by Proposition 10. Finally, 
owing to the chain conditions, all we have to prove is that if P,, P, are kernels 
of homomorphisms g,,g. of G into groups H,,H,, such that g,(N;) and 
gi(N:) commute (i= 1,2), then P, A P has the same property. But 
P, A P, is the kernel of the homomorphism g = (gı, g2) of G into H, X H., 
and it is clear that g(N.) and g(N.) commute in M, X Ho. 





? There does not seem to be any obvious definition of [H,,#,] when H, H, are 
arbitrary subgroups of a formal Lie group G. 
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We will denote by [9,9] the hyperalgebra of [N1,N2]. If g is the 
natural epimorphism of G onto G/[N;,N2], then g(aixox xt) =e for 
any two (independent) generic points x, of Ni, & of N,; if [N,,N.] is . 
brought into typical form, being defined by the annulation of all coordinates 
of index +> m, then the coordinates of such indices of a,x.471,477, are 0. 

In particular, for any normal subgroup N of G, [N,N] is the smallest 
normal subgroup in G such that N/[N,N] be abelian. We call [G, G] the 
commutator subgroup or derwed subgroup of G, and write it D(G) (and its 
subhyperalgebra D(G)). 


Prorosıtıon 15. For any normal subgroup N of G, [N,N]=D(N). 


All we have to show is that D(N) is a normal subgroup in G. Now, 
if z is a generic point of G, and L a perfect extension of K[[z]], is is an 
automorphism of Wir, hence H—i,(D(Nir)) is a normal subgroup of 
Nw) such that N (z)/H is abelian. By definition, this implies H D D(N4«,;)), 
and as the two groups have same dimension, they are equal. | 

We can define as usual the derived series of successive commutator 
subgroups D*(@) = D(D**(G)) for n > 1, and the descending central series 
Œ(G)—D(G), O(G) = [G,0"*(@)] for n>1. 

Proposition 16. If u is a surjective homomorphism of G onto @’, and 
N,,N two normal subgroups of G, then [u(N,),u(N2)] =u( (Ni, N:]). 


Indeed, if a—a([9%:,N>]) the image w’(a) is a normal ideal in & 
containing all the [w’(7,),u’(T.)]=w'([T:,T2]) for TEN, Ta EN 
Conversely, if a’ C © is a normal ideal containing these elements, w’-*(a’) 
is a normal ideal in G containing the [T;, T2], hence contains a by definition 
and therefore w’(a) is the smallest normal ideal in © containing the 
[w’(T,),w’(T2)]. 

CoROLLARY. If u is a surjective homomorphism of G onto G’, then 
u(Dr(@)) = D*(G’), w(C*(@)) = 0"(4"). 

Proposirion 17. Let M,,M, be two normal subgroups of G, H a 
subgroup of G, N,N, two normal subgroups of H such that N, C M,, 
Na CM: Then [N.,N.] C [M,M?]. 


Indeed, if g is the natural mapping of G onto (/[M,,M,], g(M,) and 
g(M.) commute, hence also g (N1) C g(Mı) and g(N2) C g(M;) ; the kernel 
H A [M;, M] of the restriction of g to H thus contains [N,, Nz]. 

COROLLARY. For any subgroup H of G, 


D*(H) C Dr(G) and C"(H) c (G). 
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unipotent subgroup of G, and g the natural homomorphism of Œ onto G/N 
(which is isogenaus to C, hence a torus}, we have.g(V)C G/N, hence as 
g(V) is unipotent, g(V) =e, V CN, and finally V C Gu; and as G, is the 
largest unipotent subgroup of G, it is normal in G. Let now T be any 
maximal torus of G; TAN is a torus in N, hence contained in S; on the 
other hand, 8 being the largest torus in the normal subgroup N, is a normal 
subgroup of G. In the group T V S, & is a normal subgroup such that 
(T V 8)/S is a torus (isogenous to T/(T A S)), and Lemma 3 and its 
corollary prove that T V 8 is a torus, hence S C T by definition. Further- 
more we have TA N—$ and TA Q„=e; finally f(T) is contained in O, 
hence equal to C for reasons of dimension, hence g(T) = G/N, T V Gu=G. 


COROLLARY. The algebraic group A(T) is a maximal torus in A(G), 
and A(G,) is the largest unipotent subgroup of Œ(G). 


Indeed, Q (Gu) is a normal unipotent subgroup of Q (G), A(T) a torus 
in A(G), hence Œ(T):Œ(G) is an algebraic subgroup of Œ(G) which 
obviously contains G, hence Œ(G) = G(T) -€(G,) ; as the intersection of a 
torus and a unipotent subgroup only contains the identity, this proves our 
assertion. 

Note that if R is a maximal solvable subgroup of a representable formal 
Lie group G, then the largest unipotent subgroup of R is also a maximal 
unipotent subgroup of G, as follows from the conjugation theorem (Proposi- 
tion 81). 


Proposrtion 39. In a formal Lie group G over an algebraically closed 
field, let T be a maximal torus. The normalizer C of T is also the centraliser 
of T, and it is a maximal nilpotent subgroup of G, equal to its normalizer 
in G; moreover, any maximal solvable subgroup of G containing T contains O. 
Conversely, any nilpotent subgroup H of G which is equal to its normalizer 
in G is the centraliser of a maximal torus of G. 


We closely follow the proofs of the corresponding results of A. Borel 
[2, p. 67, cor. 16.8 and p. 76, Lemma 20.6]. It follows at once from the 
corollary to Lemma 3 that C is also the centralizer of T in @; moreover, 
if N is the normalizer of C in G, T being the unique maximal torus of the 
normal subgroup C of N, is a normal subgroup of N, hence N—C. From 
the uniqueness of the maximal torus in C it follows (Theorem 6) that C is 
nilpctent. Č is contained in a maximal solvable subgroup R of G; if G is 
representable, it follows from that remark and from the conjugation theorems 
(Propositions 31 and 34) that any maximal solvable subgroup of @ con- 
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` taining T contains C. That result is easily extended to the general case, 
remembering the one-to-one correspondence between maximal solvable sub- 
groups (resp. maximal tori) of G and of G/Z(G). Finally, if Q is a nil- 
potent subgroup containing C, T is the unique maximal torus of Q, hence 
in the center of Q, which proves that Q = C. 
' To prove the converse, let us first suppose G is a subgroup of @L*(n). 
Then H is direct product of its unique maximal torus § and its largest 
unipotent subgroup H,, (Proposition 37). Consider a maximal solvable sub- 
group À of G containing H, and let Q be a maximal torus of R containing 8. 
Let M be the centralizer of § in R, which contains H and Q; the largest:uni- 
potent subgroup My of the solvable group M then contains H, and we have 
M = M,VQ by Proposition 38. If we had Hu 54 Mu, the normalizer N of H, 
in M, would be different from H,; this is seen by the same argument as in 
[2, p. 75, Lemma 20.3], which we suppress. But then, if f is the natural 
mapping of MM onto M/S, f(H,) would be normal in f(N) and distinct from 
f(N) for reasons of dimension, since S A N =e; hence, by Proposition 11, 
H = SV H, would be normal in SV V and distinct from that group, contrary 
to assumption. Therefore H,— M,, and as M/M, is abelian (Proposition 38), 
H contains the derived group D(M), hence is normal in M; but the hypothesis 
then implies H = M, hence Q =S, and $ is equal to a maximal torus of R, 
hence of G (Proposition 84c)). If now C is the centralizer of S in G, it is 
the direct product of S by its largest unipotent subgroup Ou D Hu. If we 
had H,C,, it would follow as above that H would be distinct from its 
normalizer in G, hence H =C, and the proof is complete in that case. | 

Finally, if Œ is not representable, it is clear that a subgroup of G’ 
equal to its normalizer must contain the center Z(G); but in the one-to-one 
correspondence between subgroups of G/Z(G) and subgroups of @ con- 
taining Z(G), nilpotent groups correspond to nilpotent groups and normalizers 
to normalizers: the image of H in G/Z(G) is thus the normalizer (or cen- 
tralizer) of a maximal torus T of G/Z(G), and as we know that T is the 
image of a maximal torus T, of G, H is the normalizer of Ty. i 

We say that the centralizers of maximal tori in @ are the Cartan sub- 
groups of G. 


COROLLARY. Let G be a subgroup of GL*(n), over an algebraically 
closed field K. Then, if Cı, C, are any two Cartan subgroups of G, there is 
an se A(G), rational over K, such that a,(C,) = 02. 


This follows immediately from Proposition 34a). 
If G is a subgroup of GL*(n), over an algebraically closed field, the 
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relation between the algebraic hull @(C) of a Cartan subgroup C of G and 
the Cartan subgroups of @(G) is not clear; nor do we know if the l.u.b. of 
all Cartan subgroups of @ is equal to G. 


21. Semisimple and simple formal Lie groups. We say that a formal 
Lie group @ is semisimple if it contains no abelian normal subgroup distinct 
from the identity. A simple Lie group is obviously semisimple if it is not 
abelian. 


THEOREM 7. If Gis a semisimple (resp. non abelian simple) Lie group 
over a field K, then G is isogenous to a group G’*, where G is a semisimple 
(resp. non abelian simple) algebraic group of matrices defined over K. 
Conversely, ij G’ is a semisimple (resp. non abelian simple) algebraic group 
of matrices, @’* is a semisimple (resp. non abelian simple) formal Lie group. 


Ii G is a semisimple Lie group, Z(G) =e by definition, hence @ is 
representable. Among all isogenies u of @ into groups GL*(n), consider 
one for which the dimension of Œ(u(G)) is minimum. If G is semisimple, 
Q(u(@)) cannot have an algebraic abelian normal subgroup N of dimension 
> 0 defined over K; for there would then be a rational homomorphism f 
of Œ(u(G)) into a group GL(m), definec over K, with kernel N [2, p. 40, 
Lemma 5.10.2]; as N*A u(G) is an abelian normal subgroup of u(9), 
it must be reduced to e, hence the restriction of f to u(@) is an isogeny, 
and fou would be an isogeny of G into GL*(m), such that the dimension 
of A(f(u(G@))) would be at most dim @(u(G)) —dim N < dim GZ(u(G)), 
which contradicts our choice of w. The same argument proves that if G 
is simple and non abelian, @(u(G)) has no algebraic normal subgroup of 
dimension > 0, defined over K, other than itself. Moreover,.in this last case, 
D(G(G)) = @(G@), hence, by Theorem 4, u(G) = G*(G@). The same argu- 
ment holds also in the case of a semisimple group G, as it follows from 
resulis of Chevalley [7] that an algebraic connected semisimple group is 
equal to its derived subgroup. 

Suppose conversely G’ is a semisimple connected algebraic group of 
matrices. If G’* contained an abelian norraal subgroup N of dimension > 0, 
A(N) would be an abelian normal sutgroup of @ of dimension > 0 
(Proposition 23), hence N—e, G'* is semisimple. Similarly, if @ is 
simple, and G’* contains a normal subgroup N of dimension > 0, Œ(N) is 
a normal subgroup of G” of dimension > 0, hence equal to @. But, by 
Theorem 4, D(N) is then equal to (D(G’1)*, hence to G’*, and this proves 
that N = G@’*, in other words G’* is a simple formal Lie group. 


13 


386 JEAN DIEUDONNÉ. 


C. Chevalley has recently succeeded in determining all algebraic semi- 
simple groups of matrices over an algebraically closed field [7]; in particular, 
it follows from his results that the simple algebraic groups over such a field 
are those of the Cartan-Killing classification. This fundamental theorem, 
joined to Theorem 7, shows that all simple nonabelian formal Lie groups over 
an algebraically closed field are known up to an isogeny. It remains to 
determine what are the possible isogenies between simple groups; when the 
Lie algebra is simple, only the trivial isogenies pt exist [8, p. 115, Theorem 
Y]; but it is known that some of the Lie algebras of the simple algebraic 
groups are not simple for certain values of the characteristic [14], and it 
seems likely that this phenomenon corresponds to the existence cf non- 
trivial isogenies. I am not at present in a position to prove this conjecture 
* in every case (actually, the structure of the Lie algebras of the groups of 
types Fe, Be, Es and F, is not even yet determined over a field of arbitrary 
characteristic), and all I will do here is to show that it is substantiated 17 in 
the case of the groups of type Ap. 

Let us consider the Lie algebra gl(n) of the group GL*(n), and write 
Ai its basis elements, instead of Xoy (1 Si,75n). We have on one hand 
in GL*(n) the unimodular group SL*(n), which is the kernel of the homo- 
morphism f, defined by f( (vs) ) = det(äi;+xi;) —1 of GL*(n) into the 
multiplicative group Io; it is readily verified that the Lie algebra 8f(m) of 
SL*(n) is the subalgebra of gl(n) consisting of the elements È Sky such 


that S £;==0. On the other hand, the center Z of GL*(n) is the image 
ih 


of I, by the homomorphism g such that g;;(x) — dix (1SijSn) (Pro- 
position 21); its Lie algebra 3 is the subalgebra of gl(n} generated by the 
element +: --+%, Now it is clear that Z is not contained in 
SL*(n), hence ZA SL*(n) —e since Z is one-dimensional, and from 
Proposition 11 it follows that Z V SL*(n) — GL*(n); therefore GL*(n) 
is the quasi-direct product of its normal subgroups Z and SL*(n) (Proposi- 
tion 18). If n is not a multiple of the characteristic p, gl(n) is the direct 
sum of 3 and 8I(n), hence (Propositions 1 and 13) GZ*(n) is the direct 
product of Z and SL*(n). But if n is a multiple of p, we have à C 8l(n), 
and the restriction to SL*(n) of the natural mapping of GL*(n) onto the 
quotient group PGL*(n) — GL*(n)/Z is a non trivial isogeny u. More 
precisely, 3 is the kernel of w in 8{(n), and it is kncwn [14] that the 
quotient Lie-p-algebra 8[(n)/3 is simple unless p—n—?. From the homo- 


>T This example has been pointed out to me by J. P. Serre. 


LIE GROUPS OVER A FIELD OF CHARACTERISTIC p>0 (VI). 387 


morphism theorem it then follows that the Lie algebra of PGL*(n) has an 
(n? —2)-dimensional ideal isomorphic to 8!(n)/3 [8, p. 116]. This shows 
that the Lie algebras of SD*(n) and PGL*(n) are not isomorphic when p 
divides n and n5<2; direct computation leads to the same conclusion when 
n=%==p. This provides examples to scme situations discussed earlier: u 
is composed of the natural epimorphism of GE*(n) onto PGL*(n) and of 
the natural monomorphism of SL*(n) into GL*(n), but fails to be separable 
(ef. no. 4); the example F= SL* (n), N=Z shows that F/(FAN) is 
not always isomorphic to (F V N)/N (no. 10); and the two Jordan-Hölder 
sequences GL*(n) D SL*(n) De, GL*(n)D ZDe have quotient groups 
which are not isornorphic (no. 10). 

As a last remark, let us observe that it follows from Chevalley’s result 
mentioned above that the simple Lie-p-algebras over an algebraically closed 
field, discovered and.studied in recent yeazs by several authors (see e.g. [1] 
and [15]), which are not isomorphic to Lie algebras of the groups of the 
Cartan-Killing classification, cannot correspond to formal Lie groups. For 
some of these algebras it is possible to see this directly without using 
Chevalley’s deep results. For instance, cousider the Witt algebra w (the first 
one to be discovered) over an algebraically closed field K of characteristic 
p> 0: it is defined as the algebra of derivations of the associative algebra 
X—K[X]/(ÆX?) over K and has dimension p. It is known [15] that mw is 
simple if p> 2, and that its group of automorphisms is solvable if p= 5, 
But if w was the Lie algebra of a formal Lie group G, G would be simple and 
non abelian [8, p. 115, Theorem 7], hence of the form G’* by Theorem 7, 
where G” is an algebraic simple connected group of matrices. Consider now the 
automorphisms a, of G, where s ranges ove> the rational points of @ over K; 
the restriction fs of a’, to the Lie algebra gy —' of G would be an auto- 
morphism of iv, and s— f, a rational homomorphism (over K} of the group T 
of all elements of @ rational over K, into the group L of all automorphisms 
of w. Now L is an algebraic matrix K-group, and so is r; the homo- 
morphism s— f, gives rise to a homomorphism of the Lie algebra w of T 
into the Lie algebra { of L, and the same argument as in [5, p. 122] shows 
that this is identical to the usual “adjcint mapping” #—ad(X) of w 
into T, with ad(X)-¥ = [X,Y]. As w is simple, the kernel of the mapping 
X — ad(X) is reduced to 0, hence, by the homomorphism theorem, the kernel 
N of s— f, is a finite normal subgroup of T; therefore, for p= 5, T/N 
would be a solvable group. As @ is isomorphic to (T/N)*, G would be 
solvable, which is absurd. 
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ON MEAN MOTION.* 


By Raour Doss. 


7 N 
Introduction. Let p(t) — D anexp (int) be a trigonometric polynomial. 
1 


The Lagrange mean motion problem is to prove that the argument (t) of 
p(t) has a mean value c, i.e., that there exists a limit 


c= lim[$(8) —$(y)]/(8—y) as (8—y) > &. 

The existence of the limit c has been stated in Jessen [4] and proved 
by Jessen and Tornehave’ in their paper [5]. We refer to this important 
paper for a full treatment of the Lagrange and allied problems and for 
bibliography. 

. Since arg p(t) is not determined at a zero of p(t), we shall denote by 
arg p(t), viz. argt p(t) any branch of arg p(t) which is continuous, except 
at a zero of p(t), and discontinuous with a jump — pz or pr respectively 
when ¢ is a zero of order p. In describing the f-axis this comes to avoid 
the zeros of p(t) by means of small semi-circles in the negative or positive 
sense respectively. In a discontinuity point t we define arg" p(t.) or arg* p(to) 
as the mean value of the limits from the two sides of to. 

Put now a*(¢t) —argt p(¢-+1)—arg* p(t), i.e., at(¢) is the variation 
of arg* p(t) along a segment of length 1; similarly define a-(t). Our main 
result (Theorem I) is that the function at(t), (respectively a (£)), is almost 
| periodic in the sense of Riemann-Siepanoff. (The R.S.a.p. functions form 
a subclass of the S.a.p. functions; see [3] or below). 

As a consequence of this theorem we prove (Theorem II) that arg’ p(t) 
may be written in the form 


t 
arg’ p(t) — ct + f'aiu)du+y(t), 


where c is a constant, a(t) a Bohr a.p. function with mean-value zero and 
y(t) a (bounded) R.S.a.p. function. The first result of this type is due 
to Wintner [6]. , 

It is useless to try to prove that the remainder arg* p(t) — ct is bounded. 
For, as shown by Bernstein [1], even in the case N =~, the remainder is 
generally unbounded. 


* Received September 7, 1956; revised February 5, 1957. 
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In our proofs we use a deep result given by Jessen and Tornehave in 
[5]; but instead of applying the Kronecker-Weyl theorem (as Jessen and 
Torenhave) or the ergodic theorem (as Wintner) we use the theory of 
Riemann-Stepanoff a.p. functions. | 

We add that our thecrems may be proved in a more general setting: 
p(t) may be replaced by a function f(s), almost periodic in a strip, having 
a finite integral base and an analytic spatial extension. 


Notations and definitions. Let E be a measurable set and let its charac- 
teristic function be c(z). We define the S-measure of E as 


SE) sup l c(u)du. 


~o LC V 
The complement of # with respect to the set R of all real numbers will be 
denoted by E*. 

A function f(x) is said to be almost periodic in the sense of Riemann- 
Stepanoff (R.S.a.p.) if to every 8 > 0 there corresponds two trigonometric 
polynomials p(x), q(x) such that p(x) Sf(x) Sq(x) and Ds(p,q) <8. 
Here Ds(p,g) is the usual Stepanoff distance between the two functions 
p(z), q(2). 

In order that the bounded function f(x) be R.S.a.p. it is necessary 
and sufficient that to every 8 > 0 there corresponds a measurable set E 
and numbers k>0, p,°-:,un such that S(#*) <6, and such that 
| F(x) —f(2’)| <8 provided zeE and provided that | pat—pat’|<k 
(mod 2r), (n==1,; -+ mi. See [3]. 

Let the exponents A;.- - -,Ay belong to the modul 


M = {Raper + 22 + hmm} 


where the numbers a,‘ -gm are linearly independent and the set of 
coefficients Aı,‘ + *, Am runs through all sets of integers. Denoting the inner 
product Aa, ++: -H hmEm of two vectors h= (hn) and s= (m) by hr, 
and allowing terms with the coefficient 0 we may write p(t) in the form 
p(t) —Yarexp(ihut). The function P(x) —=Na,expl(ihr) is called the 
spatial extension of p(t). Clearly P(ut) = p(t). Spatial extension may 
also be defined for any almost periodic function f(¢) with a finite integral 


base m’ ` "> Bm 


Proofs of the theorems. We shall need the following lemmas: 


Lemma I. Let D(e-,: ` +,@,) =D(a,) be a function of ti, > `, 2m 
of period 2m in each wp, analytic in the domain |z,—*,°|S3h, (n—1, 
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-- m), and not identically zero. Let pi, + -, pm be linearly independent 
numbers. Denote by T(h) the set of points t at which | ut — m | Sh 
(mod 2r), (n—1,: : -,m). Then to every &>0 we can associate an «> 0 
such that the set T(h,e) of the points tE T(h) at which | D(unt)| <€ has 
an S-measure less than 8. 


Proof. Let | — au] <h (mod2x), (n—1,: ::,m). We first show 
that the function of 6, D (pn +- Yn), analytic in the domain |u40| < 2k 
(mod 2r), (n=1,: - -,m), does not vanish identically. In fact, due to the 
linear independence of the u», the points (nô Yn) are everywhere dense, 
mod 27, in the sat of points (sa). Hence the set of points (40+ yn) for 
which | n0 + yn—Yn |S 2h (mod 2r), (n=1,: : :,m) is everywhere dense, 
mod 2r, in the set of points (a) for which |%,—y,| < 2h (n—1,: +, m). 
Suppose therefore that the analytic function D(uw:0 + Yn) vanishes at every 9 
for which | an0 | S 2h (mod2zx), (n==1,---,m), then the function D (æ) 
vanishes at every point (a) at which |2,—yn|<2h (n=—1,:-:,m), and 
hence everywhere, against the hypothesis. Thus D(x,6 + Yn) does not vanish 
identically. 2. 

Suppose now that the lemma is false. Then there exists a è> 0, a 
sequence of points ¢, and a sequence of positive numbers «—0 such that, 
for the Lebesgue measure p: 


AT) (t-—4, te + $)} SS. 
Hence, choosing an arbitrary 6,€ T'(h, er! N (t-—4, tr» +4) we have 
{T (h,e) N (0,1, 6, +1) } Bo. 
Let tE T(h,er) N(8—1,8 +1). Put 6=t—6, Since 
1) | Aan? [Sh (mod?r),  [ynt—a|<h (mode), 
(n=1, ::,m), 


then @ belongs to the domain © defined by the inequalities |9| S1 and 
| pn? |S 2h (mod2r), (n=1,--+,m). Moreover | D (unð + pnOr) | < er; 
Thus: 


(2) the set of points 0€ © for which | D (yn + pn9-)| < e has a measure = 8. 
Put 

En” = fr, mod Êr, OS < 22, (n—1,---,m), 

. and let y= (yn) be a limiting point of the (2,7). By (1), | yn— zr? [Sk 

(mod 2r), (n=1, -:,m). Now the function of 8, D (un8 + Yn) does not 
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vanish identically. It is analytic in the domain ® and this domain consists 
of a finite number of intervals. Hence, we can find an e > 0 such that 


(2’) the set of points 8€ ® for which | D (n0 +4Ya)| < € has a measure < 6. 
On the other hand, we can find an r such that e, <e/2 and such that 


l | D (un + pnb) — D (110 + Ya) | < 6/2, 


for 8€ @. If 8E © is such that| D (nð + Hrn) | <er, then | D(pn + yn)| LE 
so that, by (2), the set of points 4€ @ at which |D (unb + yn) <e has a 
measure 6: but this contradicts (2’), and the hypothesis that the lemma 
is false is untenable. ö 


x ; 
COROLLARY. Let p(t) = Da„exp(iAnt) be a trigonometric polynomial. 
e . 


Then, to every 8 > 0 we can associate an e > 0 such that the set of points t 
at which | p(t)| <e has an -measure < ò. 


We just apply the lemma to the analytic spatial extension 
P (a) =P (£) = >a, exp (tha). 


Remark. We shall use this corollary in the proof of Theorems I and II. 
To prove these theorems, not for a polynomial p(t), but for a function f(s), 
almost periodic in a strip and having a finite integral base and an analytic 
spatial extension, one should replace the corollary by the following state- 
ment whose direct proof presents no difficulty: “To every o in the strip 
and to every 8 > 0 we can associate an «> 0 such that the set of points ¢ at 
which | f(o-+ it)| <e has an S-measure less than 3.” 


N 

THEOREM I. Let p(t) = asexp(it) be a. trigonometric polynomial. 

1 . 5 

If at(t) =argt p(t +1) —argtp(é), then a(t) is an R.S.a.p. function. 

Proof. Using the notations above we put 

P (a, t) == Sa, exp (thx) exp (ihut). 

Denote by a*(4,,0) or a*(x,0) the variation of arg’ P (x,t) on the segment 
(0,1) of the t-axis (so that at(pnt,0) = at(t)). Let z(2,0) be the number ` 
of zeros of P(z,t) on the same segment, a zero at an end point being counted 
with only half its multiplicity. We use the following result proved by 
Jessen and Tornehave ([5], p. 264): 


“To every 2° we can associate a neighbourhood I(#°,3h°): |. — zr’ | 
3h (n=—1,---,m), and a finite number of functions not identically 
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zero D,(a1,° ` `, Em) = Di(tn),: + +, Di(aa), of period 2r in each zy, analytic 
in the domain /(x°,3h°) and such that zix,0) is a continuous function of x 
at every point z&/(2°,3h°) at which Biles) 0,° + +, Di (tn) #0.” 

Replacing the functions Di (zu), © -, Di(x,) by their product D°(z,), 
we see that z(z2,0) is a continuous function of a at every point z€ I(2°, 3h°) 
at which D°(z,) 0. 

It is however obvious that for a point æ at which P(x,0)£0 and 
P(x,1) 40 the continuity of z(2,0) implies the continuity of a*(x, 0). 

The points 2 for which 0 S tn S&S 2r (n—1,: : -,m) form a compact 
set K. The covering of K by the sets I(2°,h°) contains a finite covering, 
say, I (2°, h°), - -,I (at, ht). Let «> 0 be arbitrary; let I(z’,h’,e) be the 
set of points of I (si, hi) at which Di(a,)| Ze and let Pe be the set of x for 
which |P(x,0)|=e, |P@ D2 Ze Then at(z,0) is continuous at every 
point of the set 


Ke= P20 U Liat, hi,e). 
1 


Ke being compact, we prove in a standard manner that to every ô> 0 we 
can associate an A= hs such that | a*(x,0) Be <6, provided x € Ke 
and provided |æ— | <h (mod2r), (n—1.::-,m). 

We now go back to the variable ¢ and put £n == pnt (mod 2r) 0S aS 2x, 
(n—1,: >, m). Let Te be the set of points ¢ for which s€ Ke Then 
|a (t) — ue) < 8, provided t€ Te and provided | pnt — prt’ | < h (mod 2r), 
{n==1,---,m). Also the function a*(¢) is bounded (see e.g., [5], p. 179). 

To prove that a*(t) is an R.S.a.p. function there remains to show that 
we can find an e > 0 for which S(T) < à. | | 

Now if t€ T.* then either ze P or for some 7—1,: - -,r, œ € I(x, hi), 

zé I(si, hi e), i.e., t belongs to the set of points ¢ for which | Di(pat)| Ke, 
and | pint-—2,i|< hi (mod2r), (n—1,: :-,m). By Lemma I, we can 
always choose « > 0 such that each of these r sets has an S-measure less than 
8/(r+1). By the Corollary, the set of points t for which ze P.* may also 
be given an S-measure less than 6/(r+1). This gives S(T*) < 8, and the 
theorem is proved. 


Remark. In the same way we prove that for any ö>0 the function 
[arg* p(t +5) ee] is an R.S.a.p. function. 


Lemma H. If b(t) is an S.a.p. function and if B(t) -f b(u)du 
is-bounded, then B(t) is a Bohr a. p. function. 


The proof is identical with the classical proof of Bohrs theorem stating ` 
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that if an indefinite integral of a Bohr a.p. function is bounded, then it is 
also a Bohr a.p. function (see e.g.. [2], p. 7). 


N 
Lemma III. Let p(t) = Da,exp (it) be a trigonometric polynomial. 
I 


Then there exists a Bohr a.p. function A(t) such that 


arg* p(t) — f'a (u)du + O(1). 
Proof. We have - 
(3) Seoa- (ue p(t)dt [ae po —arg* p(n) ze O(1), 


since the variation of arg p(t) along any segment of length 1 is bounded. 
Put now 





A(t) = (etwa f Hudu 


Since a*(u) is an S.a.p. furction then A(t) is a Bohr a.p. function. But 
we have 


L'acte f” f atudat f (f ett uddu 
— f (udu (say) — du (0) 0051) 
= foot tate f eat Hence 
n n n+8 8 
f Aa f «(bat f cat f at (t)dt = 0(1). 
This gives, by (8), are*p(n) — f "Alt)dt + O(1), and finally 
to f'a (u) du + O(1). 


N 
THEOREM II. Let p(t) = Sanexp (it) be a trigonometric polynomial. 
1 . s 
Then 


ag pl) ot + [la(u)du +yli), 


where c is a constant, a(t) a Bohr a.p. function with mean value zero and: 
y(t) a (bounded) R. 8.a. p. function. 
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Proof. If c is the mean value of A(t), then, by Lemma III, we can 
write 


ug p(t) —ct-+ f'a(u)du+y(t), 


where «(£) is a Bohr a. p. function with mean-value zero and y(t) is bounded. 
We shall prove that y(t) is an R.S.a.p. function. Put 


B= f u+ Diu fa +Dau— f du 010). 
Since {t+ 1)—y(t) is an S.a.p. function, we see, by Lemma II, that 
B(t) is a Bohr a.p. function, so that the function 

t+1 
| TOE [ya 
is also a Bohr a.p. function. 


In the same way, using the fact that arg’ p(t y) —arg* p(t) is an 
R.S.a.p. function we prove that 


tiy 
wl) =r J OL 
is a Bohr a.p. function for any y > 0. 


Let now 8 > 0 be arbitrary. By the Corollary of Lemma I we can find 
an e > 0 such that, for the set Ese of points # at which | p(t)| = 2e, we have 


(4) S(E2*) < 8. 

Now e being fixed, we can find an ho > 0 such that 
larg p(t +h) —arg' p(t)| <5/6, 

provided #€ Te and |h| <ho. But 


HEEB) UC = — oh — f aludu + arg p(t +4) ang p(t). 


Therefore we may find an h, >O such that |y(¢+h)—y(t)| < 8/8 for 
te, and |h|<h,. This shows that 


(5) | y(t) —w(t)| < 8/3 
for tE Te and |y| <M. 


Take now a fixed positive y<h,. Since y(t) is a Bohr a.p. function 
we can find an hg > 0 and numbers v - -,ym such that 


(6) | vo (t +r) —y(#)| < 3/8, 
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if only | vr |< he (mod 2r) (n==1,---,m’). Also we can find an h; > 0 
such that | 


(?) PEDERE 


provided that | ur | < he (mod 2r), (n=1,; >- m). Now let t€ F.C Eo 
and let 


| vnr | < ha, mod 2r, (n= 1, -c m}; [pr | hs, mod 3r, (n—1,-- <, m). 
Then, by (7), [p(t+r)| Ze, so that t+r€Te Therefore, by (5), 
(8) y(t +r) —p(t+r)) < 8/3. 


Relations (8), (6) and (5) now give |y(£+r)—y(t)| <8. This shows, 
by (4), that y(¢) is an R.S.a.p. function and completes the proof of 
Theorem IT. 
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ON DIFFERENTIAL EQUATIONS ON THE TORUS.* 


By SHLOMO STERNBERG. 


1. The study of differential equations on the torus was initiated by 
Poincaré in [3]. It was conjectured there, that for non-singular systems 
under suitable smoothness assumptions, either there exists a periodic solution 
or every solution path is dense on the torus. This result was first proved by 
Denjoy [1], ef. also Siegel [5]. More recently, it was shown by Saito [4] 
that if the flow generated by the differential equations is assumed to be 
measure preserving, then either every solution is periodie or the flow is 
ergodic, depending on the rationality or irrationality of a certain ratio. Thus. 
all measure preserving flows on the torus behave qualitatively like a recti- 
linear flow on the Euclidean torus. We shall improve upon this result by 
showing that any flow on the torus with an invariant integral actually is - 
rectilinear in the sense that by suitable choice of coordinates on the torus 
one can arrange that all the trajectories are straight lines. However the 
linearization of the time dependence depends intimately upon the arith- 
metical properties of the flow and becomes an issue of small divisors. It may 
be remarked that since Hamiltonian flows have an invariant integral, the 
following results are valid for a Hamiltonian system on the torus.” 


2. We now state our principal theorem. 


THEOREM 1. Let the system of differential equations 


(1) | da/dt=f(x,;y),  dy/dt—g(x,y) 


be of class O” and defined on the torus, i.e. let f and g be periodic of period 
one in both variables. Furthermore assume that the differential equations 
(1) possess an integral invariant U(x,y) of class C” defined on the torus. 
Then there exists a change of coordinates 


(2) o A=X(a,y), Y=Y(s,y) 


* Received October 4, 1956. ; 
*The results of this paper were obtained during participation in a seminar con- 
ducted by Professor Wintner. i 
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such that in the new coordinate system the differential equations (1). have 
the form 
(3) dX/d=FiX,Y), dY/dt=yF(X,y). 


Thus in these new coordinates the trajectories are all straight lines. 


In the proof of this theorem, essential use will be made of the non- 
bounding cycle without contact introduced by Siegel in [5]. We remark 
that in the present case, this cycle can be chosen to be of class C##1, This 
follows immediately from Siegel’s construction. In fact, the cycle without 
contact is constructed by considering the orthogonal trajectories to (1). 
If the orthogonal system has a periodic solution, this provides the desired 
cycle. It is clearly of class %"** since the differential equations are of class 
Cr. In the complementary case one closes up an orthogonal trajectory in 
the neighborhood of a limit point where the vector field is approximately 
constant; and this can be done in a smooth manner. For the details the 
. reader is referred to [5]. 


8. Let T be the cycle without contact. We wish to construct a family 
of such cycles filling up the torus. The natural thing to do, would be to 
allow the points of T to follow the flow generated by the differential equa- 
tions. However, this procedure, as it stands, would lead ta difficulties since 

“the points flow with different speeds along different trajectories, thus leading 
to the situation where one point on T will have returned to T at a given 
time, whereas another point might not have. This difficulty can be avoided 
simply by speeding up the flow on the slow trajectories and slowing down 
the flow on the fast ones: if we denote by ¢(s) the length of time it takes 
for a point on the cycle (parametrized by s) to return to T under the flow, 
then t(s) is a function of class C***. Denote by I'(s;7) the image of the 
point T'(s) under the flow corresponding to the time ¢==¢(s)+ +r. The family 
of curves T(-;r) provides us with the desired family of cycles without 
contact. We can now introduce the function r(x,y) which tells what cycle 
T(+37) the point (x,y) is on. This function essentially tells us how far 
the point (z,y) is along a trajectory; we now wish to introduce a parameter 
which tells us which trajectory the point (x,y) is on. For this purpose we 
make use of the integral invariant. Now the fact that U is an integral 
invariant can be expressed analytically as i ne 


(4) 5 (UP) + (Ug)y=—0. 
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This, in turn, implies the existence of a function H(x,y) satisfying 


(5) H,=Uf, H,=—-Ug. 
Thus 
(6) dH/dt=H,f+ Hyg = 0 


` i.e, H is an integral of the flow. The function H is not defined on the torus 
but in the plane, i.e., it is not necessarily periodic. However, by virtue of 
(5), the partial derivatives of H are periodic and we may write 


(7) H(a,y) = az +by+h(x y), 


where h is a function of class (C**t on the torus. Since the system (1) is 
non-singular, the function H cannot assume the same value for two distinct 
trajectories in the plane. We now set 


(8) X—=r(e,y), Y=ar(z,y) +H (2,9), 

where a and ß are chosen so that 
ray) —7(e-+1,y)) + BAC, y) —H(e+1,y) =m, 
a(r(x,y) —7(x,y +1)) +8(H(2,y) —H(x,y +1) =n, 


where m and n are integers. It is clear that the change of coordinates (8) 
transforms (1) to the form (3) with y=a. 


(9) 


4. In order to obtain an explicit formula for y we first show that by 
proper linear area preserving changes of coordinates we can arrange that 
the cycles without contact are homotopic to the cycle t—0. This is a well 
known result that we include here for completeness. 


Lemma 1. Let K be a non-bounding non-self-intersecting cycle defined 
on the torus T. Then there exists a linear area preserving homeomorphism 
of T onto a torus T’ such that image E’ of K is homotopic to the cyclic 
v= 0.2 f 


It is clear from the structure of the fundamental group of the torus 
that we can find a linear automorphism of the torus of the form # = ax + by, 
y = ct + dy with integral a, b, c, d and ad— bc = + 1 and is therefore 
area preserving such that K is homotopic to some multiple m of the cycle 
z==0. We now show that m—1. In fact, let K denote the curve in the 
plane which covers K. If m +1 then the translate of K by the vector 


2 The following proof of the lemma was oktained jointly with Harry Furstenberg. 


400 SHLOMO STERNBERG. 


(0,1) does not intersect K and so must lie entirely in one of the two domains 


in the plane bounded by K. Repeating this procedure m times leads to a 


contradiction. 
In these new coordinates the function r satisfies the equations 


r(a+1y)—r(ey)—1, rlz, y +1) —7(a,4) =0; 


we may thus choose « and 8 in (10) as —a/b and 1/0 respectively. Here 
it is to be remarked that a, b, f and g are all to be caiculated in the new 
coordinate system (and that f and g transform as vectors). 

By (5) and (7) we have 


1 
(10) a H(e+1,y) Han) f iena 
o 


ai 1 
=] f Ho (x, y)dedy = — f f Ugdady. 
o o T 
Similarly, 


(11) be f J. Ufdady. 


Combining (10), (11) and (9), we obtain 


(12) ‘ime F Í, Ufdady/ f sf Ugdady. 


This formula was obtained in the’ new coordinate system. However since 
both sides of (12) transform in the same manner under linear change of 
coordinates, (12) holds in tke original coordinate system. 


5. The results of paragraph % may be summed up by saying that given 


any system (2) with a smooth invariant measure, we can find a smooth . 


change of coordinates which makes all the trajectories of (2) linear. In 
these new coordinates the dependence on the time, is still, however, non-linear. 
The question of whether or not we can linearize the time dependence, depends 
on the arithmetic nature of the invariant r. The following result is due to 
Kolmorgoroff [2]. It is essentially equivalent to a previous result of 
Wintrer [6]. | 


THEOREM. Let F(X,Y) be an analytic function on the torus. A 


sufficient condition for the existence of an analytic change of coordinates. 


sending the system (3) into the system 


(13) dx/dt—A,  dy/dt—B; A/B—y. 
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is that.there exists two constants K.> 0 and h > 0, such that for all integers 
m and n, 
(14) | m—ny| > Kh". 


Remark. If condition (14) is not satisfied, then there exists a y and 
an F such that (3) can be transformed into the form (13) by a change of 
coordinates which is of class C° or of class C* but not O* for any k. 


It is clear that any two coordinate systems in which (3) has the form 
(14) can differ only by a linear transformation, so that as far as smooth- 
ness considerations are concerned, the change of coordinates is essentially 
unique. Now if we were operating in the plane, the change of coordinates 


. fx 
ot = ET (X,Y) =k | (1/F (e Y + y(e—2)))de, 
o 
y* =Y + y(2*—X), 
would have the desired effect. In fact all we have to check is de*/dt. But 
x x 
0x*/0X —=k(1/F(X,Y) +h f (1/F) vdz-(—y), Bar rk f (1/F)yda, 
0 0 


so that dx*/dt = F(X, Y)ôx*/0X +yP(X, F)02*/0Y =k. 

We now have to modify z* so that it becomes periodic. We may do 
this without affecting the form (13) by adding a suitable function of Y + yZ. 
Setting @=1/F we have (since G is periodic), 


X+ x 
T(X+1,¥)— J Ge, Y +y(2—X))de— f GG YX + Ya —1))ds. 


Thus T(X +1,¥)—T(X,¥) = Í "Ge. EE E 8 =); 


where 


8(Z)— fO(z,Z+y(s—1))de— T(L2). 


i 1 1 2 l 
Setting 1/k— f S(Z)dZ — f f (1/F)dedy, we see that if R(Z) is a 
0 0 0 
solution of the functional equation 
(15) RENE) ee —1/k, 
then the change of coordinates 


(16) t=k(T(X,Y)+R(¥—X), y—Y+y(c—X), 


14 
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has the desired properties. But (15) is a difference equation in angular 
variables so that the results of [6] are applicable. 
Expanding S into a Fourier series 


S(w) = 1/k +2 = a,e?rimo, 
equation (15) has the formal solution 


R(w) = Sayer /(eerim — 1), 
n7£0 

Since S(w) is analytic, condition (14) assures the analytieity of R. As we 

can choose S arbitrarily by proper choice of F, this proves. the remark 

following the theorem. | | 


Tue JOHNS HOPKINS UNIVERSITY. 
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2. DeRham’s theorem and Dolbeault’s theorem. We let U be a C® 
V-manifold. If B is a V-bundle over Y with a vector space as fibre, it is 
clear that the sections of B over an open subset @ of UV form an additive 
group. We let A? denote the bundle of differential p-forms for Y and let 
Fr denote the sheaf of germs of C” sections of 47. It is clear that Fr is a 
fine sheaf, since there exists a C® partition of unity subordinate to any 
locally finite covering of Y, and therefore (see [21]) H2(V, Fr) —0 if 
g=21, while, as always, H°(%, Fr) =M? is the module of C* sections of 
A», We let D? denote the subsheaf of 47 consisting of germs of forms ¢ 
such that dé = 0 (i.e., such that & is closed). Then since d?—0, d induces 
a homomorphism, also denoted by d, of Fr into Dr. We now show that d 
maps F? onto Dr, Let ze 4), let $ be a closed C” differential (p -+ 1)- 
form (i.e., a C” section of A?*) in a neighborhood W of x and let {U, G, v}? 
be a Lu.s. for Y such that ze U C W. Then in U,¢ is represented by a 
0” G-invariant differential (p+1)-form y such that dpy—0. Let 
ye v(x). By the Poincaré lemma there exists a C® differential p-form y 
in a small neighborhood N of y such that dy = dy, and we may assume that 
gN ON is empty unless g belongs to the subgroup Gy of G@ leaving y 
fixed, while gN =N if ge@,. We put yy* = (1/ord Gy) Soea,W, where 
Wo(n) = g*Y(gn), n EN, and g* is the mapping of differential forms dual 
to g. Then since d commutes with the mapping of differential forms dual 
to a differentiable mapping of one manifold into another, it follows that 
dyx*= gy. Since py* is invariant under Gy, yy* induces a O” differential 
p-form #* in a small neighborhood of x on ® such that dy* = ¢. Hence 
d: #?—>» Dr is onto. Therefore the sequence of sheaves 


0> Dr Fr D> 0 


is exact. From the associated exact cohomology sequence we obtain by a 
well-known inductive process, using the fact that H7(Y, Fr) —0 if q21, 
that H2(Y, D°) = B/M, g=1, where 8 is the module of C” closed 
forms of degree q, and since D° is just the constant sheaf of real numbers, 
H (V, R) = B1/dMT ; thus we have obtained another proof (see Satake [17]) 
of de Rham’s theorem which is analogous to that given by Weil for C* mani- 
folds [24]. Let Y be supplied with a Riemann metric. Coupling the above 
result with Theorem H. of [2] we have Ha(%,R) — Ya, where Y4 is the 
finite dimensional module of real harmonic differential forms of degree q 


on V. 


_ In this paper we denote a l.u.s. by {U, G,v} instead of by {U, G,¢} as in [2]. 
Furthermore, @ and ÿ of [2] have been replaced by d’ and d” respectively. 
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Now let Y be a compact, complex analytic V-manifold and let B be a 
complex line bundle over Y. We let Ars denote the bundle of forms of 
type (r,s) on V. Then we denote by ¥"*(B) the sheaf of germs of C® 
sections of B®Ar®. It is clear that F"*(B) is a fine sheaf so that 
Ha(Ÿ, Frs(B)) —0 if qZ 1, while, if M(B)”s is the module of C” forms 
of type (r,s) with coefficients in B, H°(V, ¥"*(B)) =M(B)™*. We let 
Drs(B) denote the subsheaf of #"*(B) consisting of germs of C® sections 
¢ of B@ Ars such that d’p—0. Since d”? =Q, it follows that d” induces 
a homomorphism of #"*(B) into D™s*(B). We may then use Dolbeault’s 
lemma (see [11]) in the same role as we previously used Poincaré’s lemma, 
together with the fact that d” commutes with complex analytic mappings 
and multiplication by a holomorphic function, to prove, by use of an obvious 
local averaging process, that d”: Fr®(B) > Drst(B) is onto. Therefore the 
sequence of sheaves | 


0— Drs(B) > Frs(B) > D8 (B) 30 


is exact. From the associated exact cohomology sequence we again obtain, 
by an inductive process, that 


H*(Y, Dr(B)) —37*(B)/d' M(B), s21, 


where 8"*(B) is the module of d”-closed forms of type (r,s) with coefficients 
in B; and since D”°(B) is just the sheaf of germs of holomorphic r-forms 
with coefficients in B, which we denote by Q7(B), we obtain 


H: (V, OF (B)) = 87 (B) /a" Mrs (B), sz, 


which is Dolbeault’s theorem. If Y is supplied with a Hermitian metric 
and B is supplied with a C® metric, we may couple the above result with 
Theorem K of [2] to obtain 


THEOREM D-K. H*(U,07(B)) = A (B)*8, 


which we will refer to as Dolbeault-Kodaira’s theorem. 


8. Certain definitions for V-manifolds. Let ® be a compact C° V- 
manifold. Let {U,G,v} be a Lu.s. for V, let ze U, and let G, be the 
subgroup of @ leaving x fixed. We say that t*—u(x) € Ü is a regular 
point on Y if G, consists of the identity alone; otherwise we say that «* 
is singular. We let m,=ord@, and call m, the order of z. We define 
Mo =l. C.M. +cU Mz and call m, the order of UY; clearly m, is finite since Y 
is compact. It is evident that the above definitions do not depend on the 
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choice of Lu.s. The regular points of Q form a C manifold in the ordinary 
sense. From our definition in [2], it is clear that we may naturally identify 
the ring of germs of O”? functions at +* on Y with the ring of germs of 
G-invariant C” functions on U atv. If Y is a complex analytic V-manifold, 
it follows from a known theorem on removable singularities that the ring 
of germs of holomorphic functions at z*, in addition to being naturally 
identified with the ring of germs of G-invariant holomorphic functions at x, 
also coincides with the ring of germs of continuous functions at æ* which 
are holomorphic at all the regular points of Y in a neighborhood of =. 

We now let Y be a compact, complex analytic V-manifold. By a. 
known theorem [6], we will assume, without loss of generality, that ‘for 
each Lu.s. {U, G,v} G acts as a finite linear group in the coordinates of U. 
By a divisor over Y we mean that, for each l.u.s.{U,G,v}, we are given a 
divisor Dy on U such that, if f belongs to the module Dy(gz) over the ring 
Ops of local holomorphic functions at gx€ U which are locally multiples of 
Dy, then fog belongs to Dyis) for each zEU, gE G, and such that, if A 
is an injection of {U’, G’,v’} into {U, G,v} and if f belongs to Dy(A(y)) at 

A(y) €A(U’), then fod belongs to Do (y). We say that D is an absolute 
` divisor (i.e., locally linearly equivalent to zero) on Y if at each sE Y there 
exists a l.u.s.{U,G,v}, ze U, such that Dy is the divisor (fu) of a single 
meromorphic function fy in U which can be expressed as the quotient of 
two relatively prime G-invariant holomorphic functions. It is not neces- 
sarily true that a divisor D over YU is an absolute divisor, but if m, is the 
degree of V, then moD is absolute. To see this, we let ze, let {U, G, v} 
be a lus. z€ Ü, such that Dy is the divisor (fy) of a quotient of. two 
holomorphic functions, and let m= ord G; fu is not necessarily the quotient 
of two relatively prime, G-invariant, holomorphic functions, but, the product 
Po of its tranlates under @ clearly is, and (py "/™) =m .Dy in view of 
the invariance of Dy under G. (In this connection see [20], exposé XX.) 

Let B be a V-bundle over Y (see [2]). We may assume without loss 
of generality that By is the product bundle for each l.u.s.{U,G,v}. Then 
if gE G and. (z, £) € By, hu(g) (2, é) z (g*2,nv(g) (z) ö $), while if À is an 
injection of {U,G,v} into {U”,G,v}, z€ U, and (A(z), ¢) € By | A(U), 
then A*(A(z), ¿) = (2,4 (à (2))-¿), where nu(g) and é are, respectively, 
mappings of U and A(U) into the group of the bundle; in particular, if B 
is a complex line bundle, yy(g) and & are non-zero holomorphic functions. 
It is clear, from the definition of V-bundle, that yy(g2) (91 72) nu(g1) (2) 
=70(9:92).(2) and yolg) (2z)Ex(A(z)) =A (A (gz) ger (g) (A(z) ), where 
Q Ju 92€ Gandz¢ U, while if X is an injection of {U’, G’, v'} into {U”, G”, v}, 
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then &(A(z) éx (WA (Z)) = dn (WA(Z)). Conversely, if {nv(g)} and {á} 
are given subject to these conditions, it is clear that we obtain a V-bundle 
in a natural manner. We say that two V-bundles B, and B, having a given 
differentiable structure are equivalent if, for each l.u.s.{U,@,v}, there 
exists a map ĝy of U into the group of the bundle such that 


(1) Øv belongs to the same class of differentiability as the bundles B, 
‘and Ba. 


(2) If ge G and z€ U, then 
n*o (g) (2)8u(z) = bu (9 *z)n°0(g) (2) 
E (A (2) Ou (A (2) ) = 00 (2) (A (2) ), 


where yy, x and mu(g), £n are corresponding functions for B, and B, 
respectively. 


and 


Now suppose that B is a V-bundle, the group of which is some linear 
group. We say that B is an absolute V-bundle if, in addition to the require- 
ments stipulated in [2], the following condition is satisfied: If {U, Œ, v} is 
al.u.s. and g€ Gz, then hu(g)b =b for each b in the fibre of By over x. 
We can give a useful characterization of absolute bundles (up to equiva- 
lence). Let B be an absolute V-bundle. Let {U, G, v} be a L.u.s. and define 
6y(z) = (ord G) Sgcanu(g) (2). Since B is an absolute V-bundle, yx (g) (z) 
is the identity if gz =z, and therefore if y€ U and G,— G, Pr definas a 
mapping of a small neighborhood of y into the group of the bundle. By 
choosing a sufficiently small 1. u. s. {U, G, v}, we may assume that Oy is defined. 
in all of U. It is easily seen that, for g€ G, 6y(g™z)nu(g) (z) = 60(2). 
Therefore, if we define €*,(A(z)) = 8v (z)é (A(z) )Oy-(z)) +, it is clear that 
&*\(A(gz)) = €*,(A(z)). Hence the system of functions &* and 7u0(9)*, 
defined by ny (g)* = identity, define a V-bundle B* equivalent to B. Hence, 
up to equivalence, an absolute V-bundle B may be naturally regarded as a. 
bundle over Y itself whose coordinate transformations are given by functions- 
of a certain differentiability class on intersections of neighborhoods for B: 
on Ÿ. 

Let B be a complex line bundle over Y and let a be a C” metric for B.. 
Then for each l.u.s. ar is a C® positive, real-valued function, and it is clear 
(using m (i), section 2 of [2]) that the differential form dy = ż d'd” log ay* 
is G-invariant in U and that the collection of differential forms {ou} defines 
a closed differential form ¢ on U. By Section 2, & defines a certain 2- 
dimensional cohomology class on Y, which we call the characteristic class of 
B. It is not hard to see that this cohomology class is independent of the 
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choice of metric. Moreover, & is Hermitian, and if ¢ is positive definite, 
o> 0, p provides a Kahler metric for V; in this case ¢ is called a Hodge 
metric, and B is said to be positive (or ample), B > 0, if a metric a can be 
found such that ¢ is positive. Our principal result, stated more precisely 
in the very last section, is that, if there exists a positive complex line bundle 
over the compact, complex analytic +V-manifold %, then VY is an algebraic 
variety. 

Equivalence classes of complex line bundles over Ņ form an additive 
group in an evident manner (see [16]). 

If D is a divisor on Y, D naturally defines a complex line bundle {D} 
over Y. Namely, if {{U,G,v}} is a collection of l.u.s.’s such that {U7} is 
a base of neighborhoods for UY, and if Dy is the divisor of the function 
fo in each U, we define yy(g)(z) = (fo°g7) (2) /ful(z), g€ G, and if 
A: U—U is an injection, we define é (A(2)) = fo (2)/ (fo °A) (z). It is 
clear that yu(g) and é are non-zero holomorphic functions and satisfy the 
necessary conditions for defining a bundle. In particular, if D is an absolute 
divisor, we may assume each fy is G-invariant so that each ny(g) —1 in U 
and therefore {D} is an absolute bundle. The characteristic class of {D} 
is also called the characteristic class of D. Another motivation for the given 
definition of an absolute divisor is that it may be viewed locally as a divisor 
over the ring of local holomorphic functions at a point on UY. Just as it 
was shown for any divisor D over U that m,D is an absolute divisor, where 
m. is the degree YU, so it can be shown for any complex line bundle B over 
‘Y that mB is absolute. In fact, if {U,G,v} is a lus. and yy is the 
‚corresponding function defined for B, then yy(g) (z) is an mo-th root of unity 
‘whenever gz =z, g€ G, z€ U. These facts correspond roughly to the fact 
that if K is an algebraic extension of the field &, then the norm of an ideal 
in K is an ideal in k. In fact, in many cases of interest the divisors over VY 
appear as divisors invariant under the fundamental group of a kind of 
universal covering space of Y. 

Let f: z— f(z) be a complex analytic mapping, with non-vanishing 
Jacobian, from an open set @ in C” into O”, let the cocrdinates of f(z) be 
P (2), + +,f"(z), and let the coordinates in @ be 27,- - -,2". Then we write 


IN (p) = [det (6f*/02) 1a", pe 6. 


We define the canonical bundle K over Y to be the complex line bundle over 
YV for which the functions yy and & are defined as follows: 


nu (g) (2) =J (g>) (2) 
g (A(z) ) =F (7) (A (2) ). 


and. 
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Let y be a Hermitian metric for Y. Then for each Lu.s. {U, G, v}, y is a 
positive definite Hermitian matrix function (ywg)* and direct calculation 
shows that the system of functions ay = (det(yzvag) )* defines a metric a for 
the bundle K; hence the collection of forms 


pu = dd’ log (det (yoag") ) 


defines a closed form & in the characteristic class of K. The form À of 
type (1,1), defined by LR =#, we call the Ricci curvature of the metric y. 
For a given Lu.s. {U, G,v} 


Ro = SPowdedit = da” log (det (yo). 
| In the future we will have use for the tensor R* defined in U by 
RB* yl w = Syo" Bono's 


where (yy) is the matrix inverse of (yvap)- 
Let X be a C® manifold and let C be a discontinuous group of C* 
homeomorphisms of X satisfying the following conditions: 


(1) Ita,yeX and y¢ Ga, there exist neighborhoods U of x and V 
of y such that GU N GV is empty. 


(2) X/G is compact. 
(3) If ze X, the subgroup Gs of G leaving x fixed is finite. 


(4) Each point ze X has a neighborhood U such that gU N U is empty | 
if g ¢ Ge. 


Then is it clear that X/G is a V-manifold. If we replace C* by “complex 
analytic,” X/G is a complex analytic V-manifold. It is clear that we obtain 
a V-bundle B over X/@ in a natural way if we let B* be a bundle over X 
and prescribe an anti-isomorphism h of G into a group of bundle maps of B* 
onto itself such that if ge G, zE X, then h(g) carries the fibre over x onto 
the fibre over gx. The modifications of these statements for the C@ and 
complex analytic cases are obvious, as is also the necessary and sufficient 
condition under which the bundle induced over X/G is absolute There is 
an obvious correspondence between the sections of B and the cross-sections 
of B* invariant under h(G). An important special case is obtained by letting 
X be a bounded domain D in O” and G a properly discontinuous group of 


* Our tensor notation is ‘modified in this paper from that in [14] in that here we 
replace af, B, etc., as superscripts ‘or subscripts by af’, 8’, etc. respectively. 
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complex analytic automorphisms of. D. We let B* be the product bundle 
D XC and define h(g) (2,4) = (gz, J (g>) (2)-¿). Then a metric for 
B* invariant under h(g) is given by 8, where & is the kernel function 
(see [3]), and since d’d” log ® is the G-invariant (positive definite) Bergman 
metric, we see that the complex line bundle B over D/G induced by B* and 
h is positive. Hence it will be an immediate consequence of our main result 
that D/G is an algebraic variety. It is easily seen that B is simply the 
canonical bundle K for D/G. 


4. A sufficient condition for vanishing cohomology. Kodaira [14] has 
demonstrated by means of a method due to Bochner [5], a useful sufficient 
condition for the vanishing of certain cohomology groups of a compact 
Kähler variety with coefficients in the sheaf of germs of holomorphic p-forms 
with coefficients in a complex line bundle. We demonstrate here analogous 
results useful for our purposes. For the most part, we are able simply to 
copy down Kodaira’s formulas. 

Let UY be a complex analytic V-manifold of complex dimension n 
carrying the Kahler metric y (see [2]). Since for each Lu.s. {U, G, v}, 
y defines a G-invariant Kahler metric in U, it is easily seen that we may 
define covariant differentiation of alternating tensors on Y by means of the 
usual formulas. . | 

Let B be a complex line bundle over X and let a be a C” metric for B. 
If {U, Gv} is a Lu.s., we define 


Xap = dads log aut, in U, 


where ĝa = 0/02° and 9g — 3/322. Let Rrap = fal E y” gyrr) (where y” is 
defined by Sy’ yr» = r yry being the metric tensor and 3°, the Kronecker 
symbol) and let Rwg= X R'rwg be the Ricci tensor. Define Rap == Rap. 
It is easily seen that 4 

Rog = duds log det (yar) |; 


as in Section 3. In a given system of local coordinates, we denote covariant 
differentiation with respect to z* and 2 by Va and Vy respectively. Then 
if p is a C” form of type (r,s) on UY with coefficients in B, we define * 


Eus = Oy D V phone mon of PUT Tree, 
‘For reasons of naturality we have always spoken of a metric for the bundle, 


whereas Kodaira (see [14]) speaks of a cross-section of a certain positive real line 
bundle. One’ is simply numerically the reciprocal of the other. 
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as in [14]. where ¢y represent ¢ in U and 
por Trase as Yyrırı. . -yT ryba . JR yon OB Bay 


so that € defined in U by & = Di&rude® is a C” 1-form on VY. If, more- 
over, & is harmonic (i.e, [¢@—0), we have from [14] that in U 
— bés = Sy" V bow 
= De (0 [X — RS u] +R ral )anbuon ngop who rade e 
+#=A-+ #, 
where # is a non-negative quantity, and where X®y==>iy'X),. and 
Royer = Sy R rg. If we denote by 1 the function on Y which is equal 


to 1 at each point, then *1=— dV, the 2n-form on Y which represents the 
measure associated with y (see [2]). We now suppose Ÿ is compact and 


obtain [2] 
je = + f aes) = 


Therefore o= f (A + #)*1, or sine # = 0, f Ax10. We give a 
y U 


partial ordering to the Hermitian forms on Y by writing X, > X, for the 
Hermitian forms X, and X, if X,— X, is positive definite at each point 
of Y. From an examination of A, we see that if the form (Xag) is suff- 
ciently high in this partial ordering, then we must have ¢==0, for other- 


t 


wise f A*1 would be positive. In particular, if r—0, it is enough to have 
u < 


X—R>0. Hence, if there exists a metric a for B such that X— R > 0, 
we have, by Theorem D-K, that 


(1) Ho(U,Q(B))=0, s>1. 


Using the notation and results of Section 3 we may assert that (1) holds if 
B—K is a positive bundle. | 

We observe that if Y carries a positive complex line bundle B, then Y 
is automatically Kahler. For if a is a metric for B such that the form y, 
defined by yg = 1d’d” logay™, is positive definite, then y exhibits a Kahler 
metric for Ÿ. 

Let D be a bounded domain in C and let G be a properly discontinuous 
group of complex analytic automorphisms of D such that D/G is compact. 
The canonical bundle for D/G is positive (see Section 3), and if k is an 
integer, the cross-sections of kK are just the automorphic forms of weight k, 
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while Q°(kK) is just the sheaf of germs of automorphic forms of weight k. 
Ii k2z2, kK —K = (k—1)K > 0, and therefore 


H*(D/G,0°(kK)) =0, s>1. 


This result is well known for n—1 and has been proved by Kodaira for 
arbitrary n in case G acts without fixed points, but to the best of our 
knowledge has been only conjectured in the general case (see [20], exposé XX). 


5. The quadratic transform [15]. Let V be an n-dimensional complex 
analytic V-manifold and let 2*€ VY. Let {U,G,v} be a Lu.s. such that 
xo* € Ü and such that v1(x,*) consists of a single point z,. We may assume 
that x, is the origin of C* and that G acts as a finite linear group on 


C*. We denote the complex coordinates in Cr by 21,:-:,2# and let 
Ui { (21, - +, 2") | (21, < +52") € U, z?340}. By making an appropriate 
choice of coordinates (we may subject z1,- - -,2* to an arbitrary non-singular 


linear transformation if necessary) we may assume that U (fl yeqgU:) 
isi 


"—U—1. This is equivalent to saying that the homogeneous polnomials 
Pi(z) =1lgec (92)*, t=1,:-++,n, 2€ C”. have only the trivial zero in 
common, where (gz)* is the i-th coordinate of gz. If = is any point of U, 
we let z,1,---+,2,% denote the coordinates with center at x defined by 
Za (y) =z (y) —zi(x), ye U, and let Ge be the subgroup of @ leaving x 
fixed. It is clear that the polynomials P4? (2) = J] ze: (g2)a!, i= 1, > *,n, 
2€ C”, where (gz)s? is the i-th coordinate of gz in the coordinates. {z,‘}, 
have only the trivial zero in common. If U, is a sufficiently small neighbor- 
hood of x in U, such that G,U,—U, and 9gU,N Us is empty if ge G—G,, 
we may take {Ua Gaus} as a Lu.s. for the neighborhood U,—v(U,) of 
z* v(x), where vs is the restriction of v to Us. Then the following con- 
struction, which we carry out for z,* using the Lu.s. {U,G,v} holds equally 
well for x* using the L u.s. {Us, Gz, ve}. 

Let S be the (n—1)-dimensional complex projective space with homo- 
geneous coordinates (ét,- - -,{*). Consider the product manifold I—U X 8 
and let W be the non-singular subvariety (of complex dimension n) of II 
determined by 


W = { (z, t) | zit? —2it?—0,1,j—1,---,n}. 


The analytic map r: W—> U of W onto U given by r(z2,t) =z has the easily 
seen properties that it is a biregular mapping of W—71(x,) onto U — to 
and that m*(z,) is a non-singular subvariety of W which is naturally bi- 
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regularly equivalent to S. Therefore without material risk of confusion we 
denote m!(z,) by 8S. We also use S to denote the prime divisor on W 
determined by 8. 

We observe some elementary facts about W and the bare or divisor 
Sof W. Let L—{(2,t)|(2,t) € W, tt = 0} and let Wi—W—1,. Then on 
W; we may choose 


(I) (E/E), +, (E7), at, (9/6) + +, 4/2") 
as local coordinates ; 

(II) gi = zi (t/t), 744, in W, 

so that 


(II) det Ae e +A de” = (dlt A o A dei Noo A aE) in Wi 


Let w € W and let S, be.the ideal in the ring of local holomorphic functions 
©, at w consisting of functions which are locally multiples of S, and for 
any function f holomorphic at w, let fw denote the principal ideal (f) in Du. 
At each point of Wi, Sy== (2+). Obviously 24,-- -,2* are holomorphic 
functions on W. Let P be a homogeneous polynomial in zt,- > -,2, of degree 
g. In view of (II) we may write 


P= (zi)aP*(#/tt) in Wa 


where P* is a polynomial in the (t3/t*)’s, 747. From this it is easy to 
see that if P is a non-zero, homogeneous polynomial of degree q in 21,- - -, 2", 
then at any point we S, P is divisible by z? to precisely the g-th power. 

We now show that the group G acting on U can be lifted in a unique 
way to a finite group of complex analytic transformations of W; i.e., to each 
ge G we may assign a unique transformation g’ of W such that rg’ == gr. 
It will follow trivially that g— g’ is an isomorphism of G onto a group @ 
of complex analytic transformations of W. First of all, g€ G acts on the 
local coordinates of U as a linear transformation: 


(g2) = È ga. 


For (z,t) €M we define g’(z,¢) = (gz, gt), where (gt) =$ g'ate. Then 
(2,4) € W if and only if g’(z,t) € W since 


(gt)? (gz)*— (gt) (g2)! = Sapgtagip (that — tth). 


Thus 9° gives a biregular map of W onto itself which we also denote by g’. 
It is obvious that (g192)’=g1’g.’ and that the mapping gg’ is an iso- 
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morphism, and it is easily seen that the complex analytic transformation g’ 
of W satisfying rg’ = gr is unique. | 

It is clear that W/@ is a V-manifold. We let p be the canonical 
projection of W onto W/@ and define 6:(W—S)/G’>V—zx,* by 
6—=60r0p. Then we denote by 2.,+(V) the complex analytic V-manifold 
obtained from W/G’U Y—z,* by identifying wE(W—S)/G with 6(w). 
When there is no danger of confusion, we denote 2..+(W) by Vz, We let 
P denote the natural projection of Va, onto V (defined by P (8) =z," and 
P(x) == 2 if ve Y— zr"). It is clear that if B is a V-bundle on Y, then 
B and P together define a V-bundle P(B) — Biz; having the same fibre, 
group, and differentiable structure as B. We denote the canonical bundle 
on Va by Ka, and denote by S* the divisor on Va, which is induced by the 
diviser S on W (this definition is legitimate since S is stable under G’). 
It follows from (III) that 


(IV) Kay (m—1){8*} + Ke 


As remarked in Section 3, m){S*} is an absolute bundle. It turns out 
that m{S*} is an absolute bundle, where m = ord G. We now construct 
coordinate transformations for m{S*}. Let M;=Nygec!W, t= 1," pn. 
Since the polynomials P, i= 1,- - -n, have only the trivial zero in common, 
it follows that W.,---,%, cover W. If a, : :,a, are complex numbers, 
then at each w==(2,t) € W such that Dajti -£0 we have (Sarl) = Sy. 
We put fi(z,t) = fi (2) = II gcc (ga) t= 1, + - nm. If w= (z, t) E€ Wa then 
(m8) „= fx. Moreover, each ft is G-invariant. The open sets Up = YV — To 
and U;—=W./G’, 1=-1,- - -,n, viewed as components of the identification 
space Vey cover Uz, We define f°—1 on all of Y—x.. By our remarks 
in Section 3, the absolute bundle {mS*} may be viewed as the complex line 
bundle over Va, defined by the system of coordinate neighborhoods {U;} and 
coordinate transformations (or transition functions) {fy}, where fi; is the 
non-zero holomorphic function in WU; NU; defined by fi;==f#/fi. 

If x is any point of U, we carry out the same construction for = using 
the Lu.s. {Us, Gs, vz} and denote the entities corresponding to Ui, W, Wi, 
PF, Wa Ui, Ka, Kia fis fi» M, m, P, Ve. and S in the above construction 
by Uszy Wa, Wai, Ge’, Mois is Ko, Kix, Fat, frij Ma, Tr Ps, Uz, and Sz respec- 
tively. Let U* be a neighborhood of s, in U such that GU*—U*. Let 
M={(z,y)|(z,y) € U* X U,y€ Ge}. Then by a singular G-form of class 
C> and type (p,q) on U with respect to U*, we mean a C° form y on 
U* Xx U—M< such that for fixed ze U*, y, defined on U—G, by yaly) 
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=y(z,y) is a G-invariant, C” form of type (p,q). Using this notation 
we have the 


THEOREM oF Continuity. There exists a neighborhood U* of x, stable 
under G with compact closure in U, and a real, singular G-form y of class C® 
and of type (1,1) on U with respect to U* such that: 


(1) For each x € U*, y, induces in a natural manner a real C® form 
of type (1,1) on Pa t(v(U) —v(x)) which may be extended to a C” form 
ve on Ps (V—v(x)) by defining yr —0 outside Pat (v(U) —v(2)) ; 


(2) Wo has a unique extension to a C” form y on all of Va, and wa’ 
belongs to the characteristic class of {—m,S,*}. 


Proof. We know that there exist positive real numbers M = 1 and pl 
such that given any ,yE U and any gE G we have „|2e—y|< | gr—gy | 
<=M|«—y|, where |z— y] is the Euclidean distance between x and y in 
the given coordinates on U. 

Let e > 0 be such that U contains a closed Euclidean ball of radius 10e. 
Let p be a O” function on the non-negative real axis such that 


r? for r < ep, 
p(r?) = 4 a non-decreasing function in r for bep S r S Yep, 
a constant C for r > Ten. 


Let U* be a neighborhood of x, stable under G such that U* is contained 
in the Euclidean ball of radius eu/M about zo. 


Define A on U* XU by A(x,y) =T1,<cpe(|e—gy |”). We note that 
we may write A(x;y) =1Il«lIlsec. (|£— gry |?) ], where « runs over a 
system of representatives of the right cosets of G, in G. For fixed x € U* we 
put Yo(y) =¥(2,y) = dd" logA(z,y), yEU—Gx. It is evident that 
ÿ-(y) is a C” real form of type (1,1) in U — Gz invariant under G, and that 
ÿe(y) vanishes if | y — zo| = | y | > 8. This being the case, assertion (1) 
is obvious. 

Let «€ U* and let N be a neighborhood of x stable under G, such that 
gN ON is empty if ge G— Gs and such that N C U*. For any real number 
r>0, let B(z,7) denote the open Euclidean ball of radius r about 7z. 
We choose neighborhoods N:, Nə, N, of x stable under G, and positive 
numbers 8 > 8, > & > 0 such that clos(N3) C B(x, à), clos(ß(2,8%)) C Na, 
clos(N,) C B(#, 8), clos(A(a, 81)) C Na, clos( N1) C Ba, 8), clos(B(x, §)) C N. 
Let pz be a C* function on the non-negative real axis such that 
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r? for r < êz 

pa (1?) = f: non-decreasing function in r fr. <r < 8, 
a constant C, if r > 54 

We define 


E.(y) = dd log[Il peapa (| 2—99 |*)], ye N—z, 


and define (y) —0 if yeU—N. Let %,(y) = Dkx*Be(xy) in U— Gz, 
where « again runs over a system of right coset representatives of G, in G. 
Then 

Uo(y) = dd’ log Tyee po(|e—gy |°), ye U— Ge, 


and. (fe — Ws) (y) = ¿d'd log Fo(y), where 


By) = Tye [o(| t—gy |?) /p2(| s—gy |?) ] 


is a non-vanishing, G-invariant, O” function in U having the constant value 
(C/Cz)™ for |y— | > 8e where m—ord G. Therefore Ys and Y, induce 
forms on Pat(v(U) —v(x)) which differ by a form X which can be extended 
to a O” exact form (i.e, X—d6) on all of Uz. Hence it is sufficient. to 
show that the form ¥,’ on Y,— Pz (v(z)), induced on Po t(v(U) —v(z)) 
by Y, and defined to be 0 outside of P;-t(v(U)), has an extension to a form 
on Uz belonging to the characteristic class of {— m,8,*}, for if the extension 
exists, it is obviously unique by continuity. 

We define T, on V by Te(v(y)) = Isca pe(|e—agy |?) if ye U0 and 
To(n)=C.” if mév(U). Then Te is clearly a well-defined function of 
class C® on Y which is non-vanishing on Y—v(x). Moreover, in Ns, 


Te(v(y)) = (Ilsec:| T— gy 2) 0 ,m-mz}, 


It is obvious that Y, = dd” log(T,oP,) on Pz7(Y—v(x)), © denoting 
the composition of functions. 2,(V) =z is supposed to have been con- 
structed with the complex coordinates 2,1,: - `, Zs” in Nz. Hence Wa is the 
non-singular subvariety of N, X S defined by Zaft? — 2,44 = 0, i, j —1,---,n;3 
and Ss= rs (x) is the non-singular prime divisor on W, such that (Sz). 
= (È j22/) for each w= (z, t) € We such that Siajtis40. For brevity let 
(21, © © ,%2") = Zo We also write (gZ)? (y) = Zst (gy) for ge Gz, so that 
(922) = gti since G, acts linearly in the coordinates {2s}. We now 
construct a C® metric {a;} for the bundle {— m,S,*}, where a; will be a C°” 
function in the i-th coordinate neighborhood U, of {—miS.*}. We define 





a (w) = LIIseo- (2 | (gt)”/(gt)* |2) ]C,-me), 
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i=1,- - -,n, if w is the natural image in Un = YWai/G of w= (ta, t) EWai, 
and define ao(y)*==Tz(y) if ie U.—=WV:— S82. Using the fact that 
agit! — zst = 0 on Wa t,j=1,- - +n, we obtain easily that a;/a;—= | foy |? 
on Ua Usp 1,7==0,1,---,n. Consequently, the form ¢ on V, defined 
on Uz by ¢= £.d’d” loga;* is a C” real form of type (1,1) in the charac- 
teristic class of po MSe*}, and sincep—wW,’ on Uz,—Sz, our theorem is 
proved. 

We-use the notations of the statement and proof of the continuity 
theorem in the following discussion. 

Define w to be the form on the (n—1)-dimensional projective space S 
which is given on the affine space #7540 by 


o= Lad” log(1 + Ejo | 6/8 |). 


o is well known to be positive definite. If C"—0 is the space of n complex 
variables minus the origin, œ induces the form wo’ = ¿d'd log(> |z# |?) on 
-C™—-0 under the natural projection of C*—0 onto S, and o’ is positive 
semi-definite. It follows from the construction of p and y,(y) that ys is a 
positive semi-definite form in the regions | y—2»| < 5eu/M, |y— | > 9 
for each æE Ü*. In the compact subspace 


(Czy) | xE U*, 5ep/M S | y—2 | S 9e} 


of U* XU, w2(y) depends continuously on v and y. Therefore, if @ is a 
positive definite form in the region 5eu/M S | y — To | 9e, there exists a real 
number R > 0 such that if r= R and ze U*, then ra + y, is positive definite 
in this region. Consequently, if « is a positive definite C* form on %, there 
exists an R > 0 such that a + ys > 0 in Y—v(x), for r= R, where we 
use yz to denote the form previously defined on U — Gz as well as the form 
which the latter induces on Y—v(x) when we define ¥,—0 outside v(U). 
On X. we have 


= Lda" Log [Ty cae (X |(g) (98)* 1. 


and the latter expression, which we denote by «;(t), is clearly positive definite 
on the subset Sa = {t | tE S,[I,ec (gt)? £0} of S. On the other hand, 
ra > 0 on N. Hence w(t) +re > 0 on NX Sq, and if we let u be the 
inclusion map of Wz; into N, X Su, we have Pa” (re) + Yo’ = u* (u + ra) > 0 
Moreover, ?, is an isomorphism of V-manifolds outside 8,/G,—= Pg" (v(x)), 
so that P,*ra-+ ys > 0 on YVz— Sz, and therefore P,*ra + yr > 0 on all Ye. 
If F is a complex line bundle over Y and a a O” metric for F, then 


15 
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under the map Pa, F and a induce, respectively, a complex line bundle F” 
on V, and a metric a’ for F’. It is trivial that d'd” log a’ = ?,*d’d” log a, 
where ?,* is the mapping of differential forms dual to Pe. Suppose now 
that there exists a positive complex line bundle F on Y. Then there exists 
a 0” metric a for F such that T= id’d” loga™ is positive definite on ®. 
There exists a positive integer Z(x,) such that Z(&)T -+ Ys > 0 in the region 
Bep/ MS | y—2 |S 9e, for alla € U*—=U* (xo), so that Pa” (I(£0)T) + Ya’ > 0 
on Uz. We observe that P,*(l(zo)T) + ys is in the characteristic class of 
zo) Fa; — {maSa*}. a 

We now assume that Y is compact and let & be any integer >0. Let 
P,—1(z,)F and put F* = (n+ q(ao)) Fs, where g(a») is an integer at our 
disposal. Then by (IV), 


mo (FF — {m8 *}) — moe = [bmo + (n—1) po] (Far — (meSe*}): - 
+ [mo(n + q (z0) ) — km, — (n— 1) po] Pato) — MoK tei, 


where 2,m, = m == ord G. Pa is a divisor of m, so the number of distinct 
pas for vE U is finite. Choose q(x») such that 


[m(n + 4(2)) — km — (n— 1) pe] Fi—moK > 0 


foralze U. Then mo(F* to; —k{m.5,*}) — mK > 0, since Fite; — {Me o* } 

> 0, and therefore (2'* 2; —k{m,8,*}) —K,>0 for all ze U*; for if 
a is a metric for mo(F*(2)—k{m,S2*}) —m Kz, a/ is a metric for 
(F* a —k{m,82*}) —K,. Thus we obtain 


AUXILIARY THEOREM I. Let V be a compact, complex analytic V- 
manifold. Assume there exists a positive line bundle on V. Choose a finite 
number of points To, + -,€P with neighborhoods U*¥ (x4) (as above) suck 
that V is covered by the natural images of U* (at), i—1,: : +, p, and for 
each à let an integer ky=0 be given. Then there exists a positive compler 
line bundle F on Y such that 


(Fra) —i{mS2*}) — Ky > 0 
for x€U*(a*), t= 1,-- -,p. 
Let 2*,y*E V, s*y". We construct 2,.(%), denote P,-1(y*) again 
by y* and construct 2,.(9,.(%)). We let S.* and Sy* denote, respectively, 
the divisors on 2,+(2.+(Y)) associated (as before) with the (n—1)-dimen- 


sional complex projective spaces by which = and y are replaced in local 
uniformizing systems {U,, Gav} and {U;, G2,v.} such that v, (£) =z* and 
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va(y) =y*. These definitions are legitimated by the fact that if U is a 
V-manifold, and Us, Se, and Pe have their previous meanings, then ?, is an 
isomorphism of U,—S./G,’ onto Y—2*. We denote by Key the canonical 
bundle on 2,.(2.(V)). Then computations entirely similar to those above 
yield (see Kodaira [15], p. 38, Lemma 2): 


AUXILIARY THEOREM II. Let V be a compact, complex analytic V- 
manifold and assume there exists a positive complex line bundle F on Y. 
Then for all sufficiently high multiples mF and all z*,y*€ V, such that 
a* sh y*, we have 


(mF toy; — {m2S2*} — {m,S,*}) — Key > 0, 


where Fun is the bundle induced on 2,.(9,.(%)) by F under the mapping 
P,P, and m, and m, have their usual meanings. 


6. Holomorphic cross-sections of a positive complex line bundle 
having prescribed properties. The results of this section are established 
for absolute complex line bundles, the question of their validity for general 
complex line bundles having no immediate importance for our purposes. 
Let V be a compact V-manifold. We shall suppose that there exists a 
positive complex line bundle over Y, from which it follows immediately that 
there exists a positive absolute complex line bundle over Y. In what follows 
we will always assume that a given absolute complex line bundle is defined 
by a system of neighborhoods { U3}, where {U;, Gavi} is a Lu.s., and a system 
of holomorphic coordinate functions {fi}; then for each g€ Gi, the map 
hu,(g) of Ui X C onto itself is given by hu,(g) (4,¢) = (g7z,c) (see [2]). 
Thus ‘a holomorphic cross-section of the complex line bundle is given by 
prescribing, for each i, a G;-invariant holomorphic function f; in U, such 
that on 019 Ü; fı=fuf; If we are given any finite number of absolute 
complex line bundles, we may assume they have a common system of such 
coordinate neighborhoods. 


Basro Existence THEOREM. Using the above notation and the notation 
of Section 5, let xE U, and let k be a positive integer. Suppose that F is a 
positive complex line bundle on UV such that (Fra — k{m.S:}) — Ko > 0. 
Let P(23,:-+,%2") be a polynomial invariant under G, of total degree 
< km, in the coordinates {24} with center at x. Then there exists a holo- 
“morphic cross-section f = {fi} of F such that P—f, has a zero of order = km, 
ab 2. 


Proof. First of all, it is easily seen that it suffices to prove our theorem 
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for a bundle complex analytically V-equivalent to F. In what follows, we | 
denote all members of a family of complex analytically V-equivalent bundles 
by the same letter. Let {V.’} be a common system of coordinate neigh- 
borhcods for the three absolute complex line bundles {m,8.*}, Fi. and 
Fim — {meSo*} on Ve. Let Uf = Pat (Ü). Then 8/6 C UY and it is 
clear that Fizy is a product bundle over U/. Hence a holomorphie section 
o of F3 over any open subset @ of Uy may be viewed as a single holomorphic 
function o; on ©. 

If Q is any sheaf over Y or Wz, then in what follows we denote the 
stalk of Q over the point y* by Qy». We have defined the two sheaves 
(Fa) and O° (F ie —k{m.S,*}) which are the sheaves of germs of holo- 
morphic cross-sections of the two bundles. We now define an isomorphism ` 
of Q (Fie — {m.S,*}) onto 2° (Fisz). This isomorphism arises by multi- 
plication by a suitable cross-section of the bundle &{m,S,*}. Let -y*€ UY, 
and let ays € Q? (F aa — {m8z*}) y+. Let {U’, G’,v’} be a Lu.s. on Ye such 
that y* =v (y). Then in a sufficiently small neighborhood V of y stable 
under Gy, such that gV N V is empty if ge G’ — @’,, a representative of ays 
is a collection of holomorphic functions at, «e being defined in v'?(V’,)N V 
and invariant under G’,, such that « = (by ov )af in VNYUVANYTLV/), 
where by is the non-vanishing holomorphic coordinate function for Fis 
—{m,8,"} in VZ NV. Let s be the chosen invariant holomorphic func- 
tion in V such that (s°), = (kmaS.*), at each w Evt (Ve). Define B° = star. 
Then since 8°— (s°/sf) (bey ov’) Bf in »-1(V/)Nw1(V/)N V, {ße} represents 
a germ Bye € Q°(Fra)ye- We define 2: 2°(Fy2;—k{m,8,*}) > (Fia) by 
A (ay) = By, as given above. It is clear that & is an isomorphism of the 
sheaf 0°(Ft2;—k{m,82*}) into the sheaf Q°(Fiz). Thus we have the 
exact sequence of sheaves 


0 > 2°(F a — k{maSs*}) En (Fra) 

IP) / [OP —Eme8.)]> 0 
and from this we obtain the exact cohomology sequence 
0 TP —k{m,82*}) = T(F 21) 

Fra) AR poy — fms) 


À, (Ve, Pa km" })) > + - 


where T in each case stands for “(holomorphie) sections of.” However, by hy- 
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pothesis, (Fa; -—&{m2S2*}) —K,>0. Hence H*(V2,2°(F aj — k{msSs*})) 
==0. Therefore j* is “onto.” 

We now examine the image of & in 0°(Fi2;). First of all, it is evident 
that if Be € Im(A),, Bye = {8°}, then each Be is divisible by s* at y and 
so belongs to the ideal (km.$,), at y. On the other hand. suppose By» = {8°}, 
where each f° is divisible by se in some small neighborhood V of y stable 
under G’,; we define «= 8¢/s¢ in VNv'4(V,/). It is clear that the system 
{at} defines an ays € 2°( Fie; — k{maSs*})ye and that 8ye = A (ay). Hence 
A [2° (F ia] — k{maS.*})] is the subsheaf of 9° (Frej) consists of those germs 
B such that a representative of 8 is divisible by s® at p(B), where p is the 
projection of Q? (Fia) onto Us. 

We wish to study the module 


T(V (Pro) /3 [2° (Fia — k{maSs*}) ])- 


In the first place, in a coordinate neighborhood V,’ of the bundle {m,S,*}, 
the holomorphic function se is a unit at y*¢ Vif y*¢ Po+(a*). Therefore 
[V (Frey) /3 [0° (Pro) —k {mee} ]]ye—0 if y* g Pater). 

We return to our notation of Section 5, where {Uz, Gs, vg}, ma Wa, etc. 
were defined, and exhibit a natural decomposition of the local ring of holo- 
morphic functions on W, at each point of S+. Let 


(22, t)9 = (0,- +, 0, tot, K * sto”) € Hoi N Se. 


Let tft = dot. Then Zst and [ (4/45) — ai], j£i, may be taken as local 
coordinates with center (2: t)o- Let f be holomorphic on W, at (Ze, t)o. 
Then f is a power series in these coordinates: 


fat) = Din imp fei, samy eee mg! +++ tty, (22°) Ilse (47/45) — 0,” 
(where m means “omit m;”) 
= Dimickins img éme mem ce mn (2a) ME Tal (t/t) — do] m 
+ Dmizrm, smd gy AN a me nim (22°) at Tal (ft) => al," 
=A(f) +B(f). 

This decomposition is, of course, unique in the given local coordinates at 
(22,t)o (by the uniqueness of the power series expansion of an analytic 
function). Moreover, suppose N is a small neighborhood of (zz, t)o in which 
this series converges, N C Wei, and let (Ze, t)i = (0, < -,0,é3,-  *,bı®) 
€e NNS,. Then the coefficient of (2,°)”: in the power series development of 
f at (2.,)ı is a power series in the coordinates [ (t#/t*) — (#,5/t,*)], and so 
the decomposition of f into the sum of two analytic functions is the same 
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as that above, in a neighborhood of (Zs, t)ı; this expresses, so to speak, the 
fact that the decomposition is “analytically continuous” on Se (gt) 0 
if (Zat) € Wa: for all g E Ga, and ((g2z)at)w= (Sz)w at each wE Mu. It is 
thus easily seen that the decomposition is independent of the choice of + such 
that (22, t)a€ W wi, and that the decomposition is invariant under G,’. It is 
evident that B(f)w, C (km2Sz), at WoE Se, while Alf), C (km2S2)», only 
if A(f) 0. As we have pointed out, Fay] U/ is complex analytically the 
product bundle, so that, if w*e U/, we may regard Q°(Ft2;)w.« as being 
the ring Ou of local holomorphie functions at wọ”, and if w * is the 
natural image in Uz of wo€ Wa Dior is to be identified with the ring of 
local holomorphic functions at w, invariant under @’„, the subgroup of G,’ 
leaving w fixed. For any function f holomorphic in a neighborhood of y*, 
denote by ft»; the germ of holomorphic functions induced by f at y*. Then 
since the decomposition f— A(f) +B(f) is invariant under the elements 
of Go the mapping F>A(f) induces a natural homomorphism A, of 
Q? (Fisi)w onto a submodule Qu, of the complex module of local holo- 
morphic functions at w,” for W€ Ss; and we then have the isomorphism 


toot? [UF re) ZA [0° (F tey — k {M81} ) ] Joo = Braye 
defined by choosing a representative f of a coset « of 
I [V (Fre — k{ma82*}) Ju 


in 0°(Fi2})w and defining iw» (x) to be A (fF) mtj under the identifications 
agreed upon above. We define the sheaf @ on Us to be the sheaf whose 
stalk over w* € P,*(z*) is Cys, whose stalk over y*¢ Pz7(2*) is 0, and a 
basis for whose topology is obtained by admitting the following sections: 


(1) If wo* € P;t(x*) and f is holomorphic in the neighborhood N of 
wo", we admit the section o defined by ae +) =A(f) nosy if w* E€ N N Pz*(a*), 
o(w*) == 0 otherwise. 


(2) Ef y*EY,— Po 1(x*) and N is a neighborhood of y* such that 


NAN Ps t(z*) is empty, the only possible section of @ over N is the zero 
section. 


If y*¢ Ps (x), we define Ay and iy by Aye: OF)» > Ay —=0 and 
tye: [0°( Fie) /I [2° (Fie —k{meSz*})]] > A,-—0. Thus we obtain the 
sheaf homomorphism A: 0°(Fi«2;) CG defined by A(a)—Ay(a) if 
aE D(Frj)ye, While, since the decomposition f— A(f) +B(f) is “analyti- 
cally continuous” on Sa, t defined by i(a) = tiy (a) if 


ae [2° (Fw) /8 [2° (Fte — k{mSn*}) 1 ]ye 
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is a sheaf isomorphism, i: OP) / A [0° (Finn — {MS 2" }) ] = &. There- 
fore we have an isomorphism, #*: T'(Q°(Fre;)/&[2° (Fix; — k{msSz*})]) 
æTr(@). Itis clear that ij — A. Thus we have the “onto” homomorphism, 
i*j*: IP) >T(0). ; 

We now examine T(Q). Let o€I(@). Then under our agreed upon 
identifications, for each w€ S,, o(w) is a germ in the local ring of holo- 
morphic functions at w invariant under @’,, (actually, if w*,- - -,w* is the 
complete inverse image of w* in Wae, «(w*) prescribes a local holomorphic 
function fi at wt for each à such that if g€ Gy and gwi—wi, then 
(fio g) cot] —=fitet)). It follows easily from the continuity of o that there 
exists a neighborhood M of S, stable under G,’, and an analytic functicn f 
invariant under G,’ on M such that A(f) nos =o(w*) if we Sz. Since f is 
holomorphic in a neighborhood of Ss in Wa, and since S, is a compact, com- 
plex analytic submanifold of Wz, f is constant on Sz. Therefore if we define 
f*(u) =f(rst(u)) for we ra(M JC Us, we see by the theorem on remov- 
able singularities that f* is analytic on 7,(M) and invariant under G. We 
now examine the power series expansion of f* at æ: 


f* (42) = È dmg mm (es) + + (2a). 


It follows from our construction of f and definition of A that A(f) =f at ` 
each point y€ s(x). Therefore f* is a polynomial of degree < km, 
invariant under G,. On the other hand, if we are given án invariant poly- 
nomial f* at z of degree < kme, it is evident that f* defines naturally a, 
cross-section ø of @ such that f* is the natural image of o under the pro- 
cess described above. Hence we have established a natural isomorphism: 
A: T(Q) =I, (km,), where I,(km,) is the module of invariant HE 
at x of degree < kmg. 


Finally, we point out that there is a natural isomorphism of the holo-. 
morphic sections of F with those of Fisy. It is obvious, of course, that we 
have an isomorphism ı of T(F) into T(F;:4). On the other hand, from the 
facts that Fi; is complex analytically the product bundle over U/ and that: 
8, is compact it follows easily, again from the theorem on removable singu- 
larities, that ı is onto, «: T(F) =T (Fiz). Thus we have the homomorphism 
A*j% of TUF) onto I,(km,), and the kernel of this homomorphism is pre- 
cisely those cross-sections which, when expressed as holomorphic functions 
on U, have a power series expansion at x containing no terms of degree 
<km,. Moveover, the image of any element of T(F) is just the terms of 
degree < km, in this power series expansion. (Note that since G, is linear 


424. W. L. BAILY. 


in 2,7 © ,22", it preserves the degrees of the homogeneous terms.) Thus 
the existence theorem is proved. | 


COROLLARY I. Lei 2*,y*€ VU, 2*-£y*. Let two integers h,k >0 be 
given. In the notation of the preceding section let F be a positive bundle 
on V such that (Fr —h{maSo"} —k{m,8y*} >0. Let {Uz Ge, ve} and 
{Uy, Gy, vy} be Lu.s’s such that v„.(z) =2*, v,(y) =y*, and let {24} and 
{21} de coordinates in U, and Uy with centers at x and y respectively. Then 
there exists a cross-section of F which has power series expansions at x and y 
with the prescribed invariant terms of degrees < hm, and <km, in {Zz} 
and {24°} respectively. 


Letting h = k = 1 in Corollary I, we obtain 


COROLLARY II. If (Fiss — {M8r} — {m,8y*}) — Kay > 0, there exists 
a pair of cross-sections o1 and o, of F, o, non-vanishing ai x and y, such that 
o2(2)/oı(2) =1 and o2(y)/oi(y) =0. 


7. Imbedding theorems—The main result. Let Y be a compact, com- 
plex analytic V-manifold, and suppose there exist a positive complex line 
bundle over Y. The purpose of this section is to employ the global methods 
and results of the preceding section together with some local results of J. P. 
Serre and H. Cartan [8, 19, 20] in showing how % may be naturally pened 
as an algebraic variety. 

We state some well know definitions. Let o be an integral domain 
contained in the integral domain k and denote by o’ the integral closure of 
o in k. If o—o’, o is said to be integrally closed in k. Let V be a local 
analytic variety (or, more precisely, a germ of analytic varieties) at the 
origin of C”. Then a representative of V is defined as the set of common 
‘zeros of some finite number of holomorphic functions in a small neighborhood 
of the origin. Let 3(V) be the ideal of V in the ring Om of local holo- 
:morphie functions at the origin. Suppose that V is irreducible, or, equiva- 
‘lently, that S(V) is prime; V is said to be (analytically) normal if OM/S(V) 
‘is integrally closed in its quotient field. Let O be the ring of local holo- 
morphic functions at the origin of C™ and let fi,‘ - -,fm be elements of O% 
which vanish at the origin; then by the ring W(f1,- - -, fm) analytically gen- 
erated by fi,‘ * *,fm we mean the subring of O™ consisting of those p € OÙ) 
such that »y—¢(f1,---,fm) im some neighborhood of the origin of Cr, 
where p E€ O™ (naturally, & is not necessarily unique). 

We now state, in special cases and without proof, two theorems of the 
1951-52 Cartan seminar [19] (these are Theorems 5 and 6 of exposé XIV). 
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We have somewhat specialized the statements of these theorems, as found in 
the seminar notes, to suit our own particular. needs and have labeled them 
as Theorems A and B. 


THEOREM A. Using the above notation, let f1,:--,fm be functions 
belonging to OD) which vanish at the origin. Moreover, let. f: NC" be 
the analytic mapping into C™ of a small neighborhood N of the origin in Cr 
defined by f(z) = (f1(2),° - +> fm(2)). Then 

(1) The ideal $ of those ge O™ for which gof vanishes in some 
neighborhood of the origin of Or is prime; and if we denote the variety 
of R by V(B), then the germ determined by the point set f(N) at the 
origin is contained in V($). 


(2) If every EEDM is regna over A (fa ©- fm), then (the germ 
of) F(N) = V ($). | 


Tæsorem B. Let fa, - ‚mE OÙ) and suppose that these functions 
vanish at the origin. Let W be the integral closure of A (fu: - -,fm) in DOM. 
In order that W =O, it is necessary and: sufficient that the origin be an 
isolated point of the set of common zeros of fis: * Sn 


Before stating more local results of Cartan and Serre, we introduce 
additional notation. Let H be a finite subgroup of the general complex 
linear group on n variables. We may regard H as a group of automorphisms 
of OM. Let I be the subring of those elements of O which are invariant 
under H. Then we may summarize the local results which we need in the 
following two theorems [8, 20] which we state here without proof. 


THEOREM ©. There exist a finite number of homogeneous polynomials 
Qu, QE I such that A(Q:,- - +, Qn) =I. 


For any fE O™ let w(f) be the degree of the monomials of lowest degree 
appearing in the power series expansion of f at the origin. 


Tasorem D. Let Q,---,Qx be homogeneous polynomials belonging 
to I such that X(Q:,: - -,Qz:)—1I. Let d—max(deg@i). Let fi,‘ -, fe 
be elements of I such that w(Q;—f)> d,i=1,---,k. Then U(fi,- : +, fr) 
= I, 


Of all systems @:,---,Q, as in Theorem D there is one for which 
d = max (deg Q:) is least; we denote this least value of d by d(H). 

Let fi,’ ,/m be elements of I vanishing at the origin such that 
A(fu' + fm) =I. We adopt all the notations of Theorem A. Then, it 
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follows from our previous considerations and from Theorem A that f(N) is 
an analytic variety V at the origin of C™. Let R be the local ring D/P 
of V. We will establish a natural isomorphism i: Je. Let p€I. Then 

—@(f1," ` *,fm), where DE DO. We let i(p) be the coset to which ¢ 
belongs in O/B. i is well-defined, for if $(f1,- + -, fm) =p (f° * ->fm), 
p—# vanishes on V, and therefore 6—q¢’€. It is a trivial exercise to 
show that i is in fact a homomorphism with kernel zero and that i(1) — 
Since I is clearly integrally closed in its quotient field, it follows that V is 
(analytically) normal at the origin (of 0”). 

For any pEO™, we let Px(y) denote the polynomial of degree d(H) - 
such that w(g—Pux(y))> d(H}. Suppose that fi,---,fm are elements of 
I vanishing at the origin such that Pu(f1),---,Pu(fm) span the complex 
module of polynomials of degree = d(H) belonging to I which vanish at the 
origin, Then clearly (Theorem D) %(f1,- + *, fm) =I. Hence in the above 
notation we have . i 


LOCAL IMBEDDING Tarorem. Let H be a finite subgroup of the general 
complex linear group in n variables. Let D® be the ring of holomorphic 
functions at the origin of O", and let I be the maximal subring of DO” 
elemeniwise invariant under H. If fi," > -,fn are elements of I vanishing 
at the origin such that Pu(f1), `>, Pa(fm) and 1 span the complex module 
of polynomials in I of degree d(H), then the mapping f defined by 
f(z) = (f1(2),° + +5 fm(2)) maps a small neighborhood of the origin of Cr 
onto an analytic variety V which is irreducible and (analytically) normal at 
the origin of C™, and, moreover, I = OM/$(V). | 


Let V be an n-dimensional V-manifold and let & be a complex analytic 
mapping of Y into an m-dimensional complex analytic manifold M. Let 
2*E Y, let {U,G,v} be a Lu.s. such that v(z)—=r* and such that the 
coordinates z1,- - -,2" on U have center at v, and let f',- : -,£" be local 
coordinates with center at y==@(z*) on M. Denote by ©’. the map thus 
induced by @ of a small neighborhood N of x into a small neighborhood of 
the origin in CO": (z) = (2, - -,2%) = (@,: - - Em), where =fi(2), 
t==],---+,m,f1,-°+,fm being invariant under G,. Then we say that © 
is biregular at 2* if fı,* * *,fm analytically generate the whole local ring I 
of holomorphic functions invariant under G,. It follows immediately from 
the local imbedding theorem that if & is biregular at «* and if U is a small 
neighborhood of z*, then &(U) is normal at y, the local ring of (U) at y 
is naturally isomorphic to J, and if G consists of the identity alone, then & 
is biregular at æ in the usual sense (note that in this case a small neighborhood. 
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of æ is an ordinary complex analytic manifold). Since J is isomorphic to 
the ring of local holomorphic functions on Y at x*, the latter is isomorphic 
to the local ring of &(U) at &(2*). A sufficient condition for & to be 
biregular at =* is that Po.(f:),---,Pe.(fm) and 1 span the complex 
module of polynomials invariant under G, of degrees = d (G+). 

We now state and prove the theorem which has been the main object 
of this paper. ; | 


GLOBAL IMBEDDING THEOREM. Let Y be a compact, n-dimensional, com- 
plex analytic V-manifold. Suppose there exists a positive complex line bundle 
over V. Then V is an algebraic variety. More precisely, there exists a homeo- 
morphism & of V into a complex projective space S™ such that ® is biregular 
at every point of V and B(Y) is an algebraic variety in ©". The mapping 
© is obtained in terms of a basis of holomorphic cross-sections of a sufficisntly 
positive absolute complex line bundle in a manner to be described in the 
proof. 


Proof. Let &t,- >`, and U* (xt), i=1,: - -,p, be chosen es in 
Auxiliary Theorem I of Section 5 and choose positive integers k;,1—1,---, p, 
as follows. Let {U+, Gi, vi} be a L.u.s. such that U*(2y!) C Ui, let Gi, = Gi, Gis, 
<e, Gn, be the ‘subgroups of G‘, and let k: > max;(d(Gï;)). Then by 
Auxiliary Theorems I and II of Section 5, there exists a positive, absclute, 
complex line bundle F on Y such that 


(I) (Pwi—kh{m,8,*}) —K,>0, i=1, : - pP; and 


(II) (Fisy — {MaS} — {m,Sy*}) —Kay > O for all z*,y* E, 
z* Æ y*. 


By Theorem F of [2], T(F) is finite dimensional. Let oo,‘ - *,om be a basis 
for T(F). Since (II) is satisfied, it follows from Corollary II of Section 6 
that for each «*€ Y at least one o;(x*) 40. 

Let x belong to the coordinate neighborhhod Vy (on U) of the (absolute) 
bundle F and let cor,’ * ', omy be the holomorphic functions which represent 
Co° ` *,6m in Vy. The ratios og,(2*)/oj,(e*) (defined for all j such that 
oj(z*) 40) are evidently independent of the choice of coordinate neighbor- 
hood V4. Therefore, the mapping ©: U— ©" defined by &(z*) = (oox(2*), 

` +, omxz(2*)), if s” € V4, is everywhere defined and continuous. By Corollary. 
II of Section 6, @ is one-to-one. Since Y is compact, & is a homeomorphism 


of Y onto S(V). 
Let x“ be a point of Y and let {U, G,v} be a l.u.s. such that v(2) =“, 
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such that the coordinates z!,- - -,2* in U have center at z, and such that 
v(U) is contained in a single coordinate neighborhood Vy for F. - By an 
appropriate linear transformation on oo, °*,om, We obtain a new basis 
05° © 50m for T(F) such that Pg(oo’) =1 and oi(x*) =0 if i>1; then 
it is clear from (1) and the Basic Existence Theorem of Section 6 that 
A (oik cor,’ © *; mx /Gor’) =I, and therefore & is biregular at z* since the 
above linear transformation on oo,’ * `, om amounts simply to a non-singular 
transformation of coordinates at }(a*). 

Our Local Imbedding Theorem shows that 6(%) is a complex analytic 
subvariety of ©”, and, being compact, it is an algebraic variety by Chow’s 
Theorem [9, 12, 20]. q.e.d. 

It is easy to see that if 4, is another projective imbedding of Y con- 
structed as above, then the two projective models 6(Y) and ,(V) of V are 
biregularly equivalent. 

We list some applications of the theorem just proved. Let D, as in 
Section 3, be a bounded domain in C” and let @ be a discontinuous group 
of complex analytic transformations of D such that D/G is compact (see 
[4, 22]). Then D/G is a compact, complex analytic V-manifold, and, as we 
see from Section 3, the Bergman metric affords a positive definite form in 
the characteristic class of the positive complex line bundle K whose holo- 
morphic cross-sections are to be naturally identified with the automorphic 
forms of weight 1. Then there is a multiple m,K of K such that for all 
sufficiently large positive integers N, a basis of holomorphic cross-sections of 
Nm, (ie. automorphic forms of weight Nm,) affords an imbedding ® 
of D/G into a projective space ©” such that © satisfies the conditions of 
our main theorem. In other words, if fo’ > ,Om are a basis of the module 
of automorphic forms of weight Nm, the map $: D >G", defined by 
(2) = (90(),- > -,On(v)), is an imbedding of D into ©" such that 
(D) is an algebraic variety, and such that ® may be factored by way 


of D/G: 
4 
®/ ww 
S 


D ———— 8(D/G)c Sm 
& 


where & is a homeomorphism and 6’—60@. This result has already been 
obtained in the Cartan seminar of 1953-54 together with the additional 
information that, a priori, we only need require 9,,° - -, 6 to be a basis for 
the Poincaré 6-series of weight Nm.. That proof is based on the kind of 
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local imbedding theorem given above and on the elementary properties of 
6-series. It is nearly obvious that if we let {PQ} be the set of homogeneous. 
polynomials in m-+1 variables such that Pa(6o,° ` *,4m)=0 in D, then 
®’(D) is the variety in ©” defined by the equations P,(#°,-.- <, t”) =0 in 
the homogeneous ‘coordinates #°,- - -, tm, 

Another example is obtained by letting X be a non-singular algebraic 
variety in the complex projective space © and letting @ be a finite group 
of complex transformations of X Then X/@ is a compact, complex analytic 
V-manifold and a positive complex line bundle is constructed as follows: 

Let S be a general non-singular hyperplane section of X. Then GS 
(the union of the translates of © under @) evidently gives rise to an 
absolute divisor SC on X/G, and the bundle {86} is positive since {S} is a 
positive bundle on X, the characteristic class of {9} being simply the class of 
the metric form w induced on X by the “standard” metric of G*, and a 
form in the characteristic class of SG being induced by the sum of the 
translates of w under G. If X —Gs, the imbedding is given by a basis of 
invariant homogeneous polynomials of a sufficiently high degree. 

A third example of a V-manifold has been described by Satake, in a 
recent article [18], in compactifying the fundamental domain of the 2- 
dimensional modular group of Siegel which acts in the space of 2 X 2 com- 
' plex symmetric matrices of positive definite imaginary part. The author of 
the present article has shown that there exists a positive definite bundle over 
this V-manifold, which is consequently an algebraic variety. 

There are, of course, compact, complex analytic V-manifolds which are 
not algebraic—an example of such is afforded by every compact, complex 
analytic manifold (in the usual sense) which is not algebraic. 
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ON ESTIMATING ELLIPTIC PARTIAL DIFFERENTIAL 
OPERATORS IN THE L, NORM.* 


By MARTIN ScHECHTER.! 


1, Introduction. In recent years many authors have been treating 
problems in partial differential equations within the framework of Hilbert 
spaces involving La norms. As should be expected, it is necessary to estab- 
lish so called a priori estimates. In particular, if A is a linear m-th order 
partial differential operator with continuous coefficients and D" denotes the 
generic m-th order derivative, it is desired to know when one has 


(1) | Du |? SK (| Au |? + Iu ll?) 


for all functions u in a given class U.2 (The functions u as well as the 
coefficients of A are to be complex valued and defined in the closure of u 
domain G. The norm is that of L,(@).) 

If U is the set of infinitely differentiable functions with compact support 
in G, it is easily shown that ellipticity is a necessary and sufficient condition 
for (1) to hold. On the other hand, if no boundary restrictions are placed 
on the u, the inequality is violated (cf. [1]). 

However, as suggested by the Dirichlet problem, one can consider inter- 
mediate classes of functions, namely functions having derivatives up to a 
certain order vanish on the boundary. In this connection, Guseva [7], 
Nirenberg [6], and Browder [2] proved that (1) holds for operators of even 
order with real parts elliptic and for functions u having zero Dirichlet data, 
i.e. functions which vanish on the boundary together with all derivatives 
of order less than m/2. 

Tt is the purpose of this paper to study the intermediate cases more 
fully. Let n be the dimension of G and let O(G) be the set of functions 
infinitely differentiable in Ẹ having all derivatives of order less than r vanish 


* Received December 17, 1956. 

1 This work was completed while the author was an Institute of Mathematical 
Sciences Fellow at New York University. 

2 The letter K will denote a constant independent of the functions u. It will denote 
a different constant in different expressions. 

3 See Lemma 9 of Section 6, this paper. Note that our definition of ellipticity 
(Section 2) is weaker than that of some authors (ef. [4]). 
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on the boundary. (If r>0, it is understood that the functions themselves 
vanish on the boundary.) It is convenient to consider the case n= 2 
separately. In all other casés we have the simple result: (1) holds for all 
‘we Or(G) if and only if A is elliptic and m<?r. (Precise regularity 
conditions assumed for the boundary of G are given in Section 6.) Moreover, 
if the coefficients of A are real, this result holds also for n= 2. 

In the general case of n—2? we must take into consideration the roots 
of the characteristic polynomial P of A. ‘Properly defined (see Section 2) 
there are, at the boundary, exactly m roots of’ P with imaginary parts 
perpendicular to the boundary. Let p, represent the number of those with 
imaginary parts directed inward and p, the number having imaginary parts 
directed outward. Setting g—=max(p,,p.) we have for n—2: (1) holds 
for all ue Cr(G) if and only if A is elliptic and gsr. (The reason for 
the simpler formulation for higher n is that in those cases ellipticity implies 
that m is even and that g—m/2. See Section 2.) 

In the next section we make the necessary definitions and state our 
main results (Theorems 1 and 2). In proving them (Section 6) we employ 
_a method developed by Gärding [4] and Aronszajn [1]. It consists of 
bréaking G up into small subdomains and, after appropriate transformations, 
of approximating A by a homogeneous operator A’ with constant coefficients. 
This reduces the problem to a similar one for A’ in a special type of domain. 
The corresponding theorems for A’ are stated in Section 3 and proved in 
. Section 5 by means of Fourier transform methods introduced in Section 4. 

For the special case of the Laplacian operator, inequality (1) was first 
proved by LadyZenskaya and Michelin for functions having zero Dirichlet 
data on the boundary (cf. [7]). 

Aronszajn, in an unpublished work, has treated inequalities of the form 
(1) in which | Au |? is replaced by a general bilinear form. He considered 
functions with no boundary restrictions. 

S. Agmon, A. Douglis, and L. Nirenberg have proved inequality (1) 
for funetions satisfying very general mixed initial values and boundary 
conditions. Their work is as yet unpublished. u 

The author would like to express his sincerest gratitude to Professor 
Louis Nirenberg, who suggested the problem, -for his invaluable assistance 
and expert guidance. 


2. Statement of results. Let @ be a bounded n dimensional domain 
with closure @ and boundary B. We assume, for convenience, that B is 
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infinitely differentiable, although this is not necessary.* By C”(@) we shall 
denote the class of all infinitely differentiable complex valued funetions 
defined in G and having all derivatives of order less than r vanish on B. 

Let p= (pa, po; * *yln) be a sequence of indices, each >0, and set 
lml=Yur If E= (&,&,°- -,&) is an n dimensional vector, we employ 
the notation é == émé: - ép". . Similarly, if £= (Tı, ta ` ‘,%n) is a 
coordinate system in G, set 


Dy=—i0/00, De = DD - - Dp, 


We shall use the following norms: 


Lure f lulas (lul)? = S Duie (u) le. 


` Suppose that a, are complex valued functions continuous in G. We 
consider operators of the form A= X aD”, where |u| Sm, and shall call 
A elliptic in G if its characteristic polynomial P(x, é) = $, apg”, where 
| a| =m, does not vanish for real vectors €A0 at any point of G. We are 
now in a position to state our first result. 


THEOREM 1. If n > 2, a necessary and sufficient condition that 
(D (u n° SK (|| Au |? > lu?) for all we oe 
| is that A is elliptic and mS Rr. 


In proving Theorem 1 we take into: account the following considerations. 
At each point of B we have exactly m complex vector roots of P having 
imaginary parts perpendicular to B. They are to be found as. follows: 
Rotate the coordinate axes until x, is perpendicular to B at the given point. 
A and P are correspondingly changed. Now let &,&,-- ‚&u-ı take on any 
real values not all zero. Then there will be m complex roots of P for én. 
Let p, be the number of those roots having positive imaginary parts and let 
pe be the number with negative imaginary parts. If A is elliptic,’ these 
quantities do not change as éé’ ° na are allowed to take on all real 
values not all zero. Moreover, continuity of the coefficients together with | 
ellipticity will guarantee that p, and p, remain unchanged as one moves 
along B. Hence, for elliptic operators, the quantity q= max (pı, pe) is 
properly defined. Theorem 1 now follows fromi the more general 


THEOREM 2. (I) holds if and only if A is elliptic and gr: 


‘Weaker conditions on B which are sufficient for the validity of the theorems stated 
here are discussed in Section 6. 


16 
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COROLLARY. 1. (I) holds if mS Pr. and there is a complex constant y 
such that ReyA is elliptic. 


The connection between the two theorems is seen in the 


Remark. If n> 2, the ellipticity of A implies that m is even and that 
g=m/R. 


Proof. If n > 2, one can continuously take the vector (é, én: © >, éna) 
through real values into the vector (—&,—&,: * -,—£,:) without going 
through the origin. By our previous argument the quantities p, and p: 
remain unchanged. But the signs of the corresponding roots will be reversed. 
Hence p, = po. 

In the two dimensional case, q can have other values and Theorem 2 
is needed. However, if the coefficients of A are real, pı — pz and Theorem 1 
holds also for n= 2. 

Theorems 1 and 2 will be proved in Section 6 by means of the special 
theorems of the next section. 


3. Operators with constant coefficients. We-now consider theorems 
similar to those of Section 2 but applying to a spécial type of domain and 
to homogeneous operators with constant coefficients. 

Let G* be an n dimensional domain having part of its boundary on 
the hyperplane æa, —0. Denote this part by B*, and the remainded by B*,. | 
By C*r(G*) we. shall mean the class of functions u RE 

1) w is infinitely differentiable in G*; 

2) u vanishes near B*,; 


3) all derivatives of u of order < r vanish on BF. 


We consider an m-th order homogeneous operator with constant, (com- 
plex) coefficients A—Sa,D4, where |u|—m. If A is elliptic, its charac- 
teristic polynomial P(£) = Ð aé”, where |p| =m, does not vanish tor pany, 
real vector 540. . - 

ERDE to Theorem 1, we “have 


THEOREM, 3. For n> 2, 
(IT) ….‘ [tle SE | Av | för all we orten 
if and only if A is elliptic and m £ <a 


The quantities pi, po, q for A are introduced as follows: Let &,&, "na 


$ 
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take on any set of real values not all zero. There will be m complex roots 
of P for é. Let p, be the number of those with positive imaginary parts 
and p: the number with negative imaginary parts. Set g—max(p,, po). 


Tor 4. (IL) holds if and only if A is elliptic and q Sr. 


| COROLLARY 2. (II) holds if m = ?r and there is a complex: constant y 
such that ReyA is elliptic. 


The proofs of these results will be given A Section 5. 
4. Preliminaries. In this and the following tes, we shall alter our 
notation slightly in order to facilitate the proofs. Set 
T= (Ta, Ta, °°, Ura), Y= Tn; lee) 
lm m; ba of bette | 
We make use of the Fourier transform | 
| wt — (Ir)? f exp—i(ér + ny)u(a, y) dedy, 


applied to functions u € C*r(G*). (Whenever limits are omitted, integration 
is to be taken over all space. We assume u==0 outside G*.) 


By partial integration we have | 
(2) | (Deu) * = tu, (D,u)* =m*-+u, 
where w = — (2m)? f exp(—iEr)u(z,0)de. Hence, by induction, | 
B) (Dytu)* = fut + Sigh (Du). 
- Lemma 1. If we o*(G*), then Se! 
‘Proof. For v(y) continuous, piecewise smooth, and in TA (—œ, 0 }, - 
v(z) = 1 f exp(inz) f exp(—iny)v(y)dydn., ` 
Set 2=0 and 0(y) — 2 fexp(—iér)u(x, y) de. | 
Lemma 2. If ue C*"(G*), then f mu*dn—0 for OSs <r. 


Proof. Since (D,su) € C*(G*), we have by Lemma 1, S (D, u) *dn—0. 
But -(D,8u)* = qu. ` 


Lemma 3. If H(én) is homogeneous of degree t in (E4), then 
F(E) = f.H(&)dy (provided it exists) is homogeneous of degree t + 1 in é 
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: Proof. If à> 0, set 7 = n/a Then 
` Fag) =f Habi f HUE, An’) dda! am Sf HE 1) dy! AV (E)- 


Consider a homogeneous m-th order operator with constant coefficients 
A=)\a,D#D,* and its characteristic polynomial P (é, n) = > auf", where 
[ul+k=m. Tue C” ‘r(G@*), we have, by (2) and (3), (Aw)* = Pu* + 8, 


where S= Soot and, it |é] — la and eo, 
{ 


ni9 onen à ay E", | 1stsSm—r 
ul+i=m ° 


w(£) = EI (Da) if £740, w() =0 if £&=0 rs m 
“LEMMA 4. If Qoo--o 0, then gi(€) =0 for 1st=zm—r if and 
only if ws (Eo) =0 for rSs<m. 
Proof. Start with £=m—r. 
LEMMA 5 (Aronszajn). Let A be an elliptic operator and assume that 
for £40 and ue C*(G*), l 
f |(4u)* |? dy = f | Pu* + M |? dy + È Hawt, 
where . x = 
a) M =$ Vw, and each V, is homogeneous of degree m in (£,n) ; 
b) Each Hs is homogeneous in £ of degree 2m +1; | 
c) For each real E0, the matrix (Hst) is positive definite. 
. Conclusion. (II) holds. ` 


Proof. Let Dw be any m-th order derivative of u. Then-by (2) and 
(3), (Dru)* = Qu* +T, where Q is an m-th power of (7) and T is 
analogous to S. Setting J = | P|?—e|Q |?, we have 


§ (|(Au)* |? e | (Deu) * |?) dy = X Ham 
+S (Fl ut |? + 2Reu* (Pit — QT) +] MP—e| T|2)dy … 
— Huw + fI |w + JA (PM — QT) |? dy | 
+ SI M |?—e |T |2) —| PM — «AT |?) dy. 





Since A is elliptic, we can take : so small that J=0. Moreover, T has the 
same homogeneity properties as M. Hence . 


` f (Au)* f )* |?) dy = E Hawi — e X Leiwt 
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‘where the Lu, by Lemma 3, are Be in é of ai 2m-+1. Now 
consider 


` ġ(é w) = Ela) Em), u 


where w= (Wry Was ` + m1). Since $(Ag,w) QE Aw) =$(é,w) for 
all A > 0, we may consider ¢ defined only on the compact set | é| =| w| =1. 
Since, by hypothesis, the denominator does not vanish on this set and all 
-functions are continuous, there is a constant K such that o(é,w) <K for 
al éw. Taking «< K7 we have 


f ({(Au)* |?—e|(D™u)* Je )dy = 0 for all £0. 
Hence, by the Parseval identity, 
Ft Au |?—~e | Dy |?) dady = § (|(4u)* |?—e | (Dru)* 





2) dédn = 0. 
' Qed. 


Lemma 6. Let P(z) be a polynomial of degree = 2q having etacily q ` 
roots in the half plane Imz>0 and no real roots. If 


cum ['at/P(ajde OSG, 


then the qX q matrix (cu) is non- -singular. 


Proof Set P— P,P}, where P, contains me the q roots with ptite 
imaginary parts. SUppoen t that . 
. = 
(4) o = Z cos —=0 


and not all the complex numbers A; vanish. We can extend the integrals 
to be, complex line integrals along a path E enclosing the q roots. _ Hence 


by (4), . | 
(5) fre (z)/P(z)dz — 0 | 0ZS< 4, 


q-t : i 
where Q(z) = SA,z'.. We may assume P, and Q relatively prime. Otherwise, 
t=0 ~ : 


the common factor can be. cancelled in (5) and the resulting polynomials 
used. ‘Thus there are polynomials F,,H, such that F,Q + H,P,—1, and 
hence there are polynomials F, H such that FQ + HP,—2t'P,. By dividing 


SThis proof was suggested by Shmuel ere It replaces the cumbersome one 
‘Originally intended by the author. DRE Le 
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F by P, and taking the remainder if necessary, we can demand dee the 
degree of F be less than g. Now 


f F@)Q@)/P@)dz— f (FQ+HP,)/P de= f att /P, dz 0. 
B. ; E | . JE 


But this contradicts (5). Hence all the A; vanish. Q.e.d.: 


Lemmas 1-6 are used in the next section to prove Theorem 4. 


5. Proof of Theorem 4. Let G be any domain, and denote by U(G) 
the class of infinitely differentiable functions with compact support in G. 
If A is any m-th order operator with constant coefficients, we have - 


Lemma 7 (Gärding). The inequality 
(111) lul SK (| Awl? + jul?) for all we U(G) 
holds if and only if A is elliptic. 


Sufficiency may be proved by applying ‘Fourier transfroms and the 
Parseval identity (cf. [4]). Necessity may be obtained either by a counter 
example [1] or a device due to Hörmander [5]. 


Proof of Theorem 4. Sufficiency. Suppose that we C*r(@*) and let 
w be defined as in Section 4. Set 
m-q 
h(E) = UVa, R= Pilze 


where each V, is homogeneous in é of degree 2n—t-+1. Since m—q 
S qs", we have, by Lemma 2, f u*Rdy=0. Using the notation of Section 
4 we have 


S| (Au)* |? dy = f(| Pu* |2 4 2Reu*(PS— cR) + |S |? dy 
= [| Pu* + P> (BPS — cR) |? dn + redest —| PS — ch]? Va 
The second integral, which equals 
Rec f|P|*(22RS —c | R|*) dn, 


can be made positive definite in the Ws (y. choosing R properly) if tie same 
is ‚true of. 


W= Re f SR/P dy. 


To see this one employs the same reasoning as. that used -at the end of the 
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proof of Lemma 5.. The quantity c must be taken real and sufficiently small. 
Thus, by Lemmas 3 and 5, we are through if we can pick R.in such a.way _ 
that W is positive definite in the w, for each £40. Now the coefficient of 
gate in Wis | 
3 A Cst = f q JP dy, | 


and by Lemma 6 the Oe D 4) matrix (es) is non- singular. If 
we set Jn-r=IJm-rii =" * -= Jm-q== 0, we can solve the system 


m-q 


2 ER | é [egs 


for the h. Since the ÿ, are linear in he Ü,, sò are the hy, and by uniqueness 
it is easily checked that h, is homogeneous in é of degree 2m —t + 1. More- 
over, for this choles of R, 


W= Zier lool. 


and hence cannot vanish ee all the gs do. But by the ellipticity of A, 
this: cannot happen without all the w, vanishing (Lemma 4). Hence W is 
a positive definite quadratic form in the ws. This completes the proof. 


Necessity. That A must be elliptic follows from Lemma 7. We now 
prove that 


(IV) . ju u |a? SE (| Au e+ lul ) for all ue C*"(G#) 


cannot hold if q >r. (This is slightly stronger than the statement in the 
theorem and willbe used in the next section.) We employ an extension of 
an example due to Aronszajn [1]. Assume for definiteness that q = p, > r. 
This: means that, for any 540, there are complex numbers %,%3,° - +, 2g 
such that Im z, > 0 and P (£, z) —0 for 1Ss=g. We may assume that G* 
is so situated that B*, contains the origin (see Section 3). Let ¢ be a 
function in C*°(G*) which is identically 1 near the origin and such that 
0p/0y—0 on y= 0. We first assume that all the 2, are different. Then 
‘we can find a set of q numbers b., not all zero, such that 


í ; 
bat). . for 0St<g—1. 


8=1 
` Set v(w,y) = 3b, (Ee bay + ei)3 and u. Then we C*r(G*), since 


du/dy x p D dete! (Ee + zay + ei) 
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which vanish on y=0 for OSt<q—1. The quantities |u] and | Au | 
remain bounded as e— 0, the latter since 


Av «x $, bP (£, za) (E£ + zey + i) r= 0, 


At least one of the numbers bs, say bı, does not vanish. Let Q(é,7) be a 
homogeneous polynomial having all the (é zs) but (£,z:) as roots and let 
N be its corresponding operator. Then i 


No « bQ (é 2) (Er + ay + iino. 


Hana | Nu |e as e—>0 and (IV) cannot hold. 

If not all the roots z, are different, we set v= SY, (de zy + ei)}, 
where Y, is a polynomial in y of degree one less than the multiplicity of zs. 
One then has enough arbitrary constants to insure that u € C*"(G*). The 
reader is spared the details. 


Proof of Corollary 2. Following the proof of Theorem 4, we take 
R=y8. Then W—=f|P|#|S|*ReyPdy, and hence W>0 unless S=0. 
This can happen only if each g,= 0 which in turn implies that each w, = 0 
(Lemma 4). The result again follows from Lemma 5. 

It now remain only to prove Theorem 2 from Theorem 4. This will be 
done in the next section. 


6. Proof of Theorem 2. We shall show that Theorems 1 and 2 hold 
for domains @ of class C™. The proof is essentially contained in Lemmas 
8-12 which follow. In them we employ inequality (6) due to Ehrling [3] 
and Nirenberg [6], to which the reader is referred for proof. pe * 


Definition. A domain @ is said to be in class C® ii every boundary 
point x of G has a neighborhood @ such that the closure of @ N G can be 
mapped in a one-to-one way onto the closure of a domain G* of Section 3 
with @ N B (the boundary of @) mapped into Z, == 0 and such that the map 
and its inverse are s times continuously differentiable. 


Lemma. If GEC? and s<t, then for every > 0 sufficiently small 
there exists a constant K such that 


(6) Jule S elule +E | ell? for al we iG). 


Let x be a point in n-space, and assume that A is a linear m-th order 
partial differential operator with coefficients continuous at x. Denote its 
characteristic polynomial by P, and let A’ be the homogeneous m-th order 
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operator with constant coefficients which equals the principal part of À at 2. 
We now have 


Lemma 8. There is a neighbörheod a of æ such that 
(III) lu lm SS (| Aw |]? + Vu 1) for all ue U(Q)* 
i and only if there is a neighborhood B of x such that 
(IT) || © Im” SK (Su la+ lul?) for al ueU(&). 


Proof. Suppose (III) holds. Since Au = A'u + (A—A’)u, we have 
| Aule S2 | Lu P+ 2 | (A— —A’)u |?» In a small enough neighborhood 


of a, |(4— Au | Sel ule? HE] u llm and > by (6), for any 
€ > 0, there is a K fuck that 


[ups | du fe $e fut +E Nul 


ina sufficiently small neighborhood of «. Combining this with (III) shows 
that we can find a neighborhood. B so ‚small that 


ul SENA |]? + lu EET 


for all u€ U (8). Thus cr) holds. The converse is proved in the same 
way. | 
In light of Lemma ? we have 


Lemma 9. There exists a neighborhood Ss of xin which dun holds 
if and only if A is elliptic at x. 


We now suppose that is on ie * fat part” of a domain ae of Section 3 
(i.e. on Ba) - 


LEMMA 10. There isa neighborhood Q of x such that 
(V) lu SK (Awl? + lull) for all ver (AN ar 
tf and only if there is a nenghoorhood B of x such that 
o tele SE A’u |? + ul?) for all we C* (BN G*). 


© Proof. Same as that for Lemma 8. 


° See the beginning of. Section 5 for the definition of U(G). 


` 
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If. q is defined for A’ as in Section 3, we see from Theorem 4 and its 
necessity proof that 


‚Lemma 11. There exists a neighborhood Q of a in which (V) holds 
if and only if A is elliptic at z and q Sr. 


We now return to a general domain GE C" and to an m-th order 
operator A with coefficients continuous in @. 


Lemma 12 (Aronszajn). A. necessary and sufficient condition that (I) 
hold is that each point x of G has a neighborhood Q suck that 


(7) uff? SK (| Au + a?) for all we [07(G)N 0(G)I. 


Proof. The necessity is obvious. To show sufficiency, suppose that the 
condition is satisfied. Thus for each point x of G, there is a neighborhood 
Q in which (7) holds. These neighborhoods cover G, and, by the Heine- 
Borel theorem, there is a finite subset (Q+) which does likewise. Let 1 = Y, ĉr. 
be a partition of unity subordinate to this covering. We may assume that. 
the &, are infinitely differentiable. Thus wf, € [C"(@)N U(Gx)], and hence, 
by (7), | Seu Yn? SK (|| Atxu |? + ul?) for all weCr(@). Summing over 
k, we obtain 


(8) . ZI Exu I SE(S || Airu? + |] w P). 
Now ` : 


(9) lu llm = | E bru llm? SE | Ste Im’, 


and since Atu—t,Au-+ terms of derivatives of u of order < m, we have, 
by (6), + 
(10) Adve ff? S2 | Au’ + Kw i? S2 | Au +e] ue? HE e 


Inequalities (8), (9) and (10) imply (I). Q.e.d. 


We are now ready for the . 

Proof of Theorem 2. From. Lemma 9, we see that ellipticity is essential 
in the interior of G. Now let x be a point of B, the boundary of G By 
hypothesis, there is a neighborhood @ of x such that the closure of @ N Œ 
can be mapped in a certain way onto the closure of a domain G* of Section 3. 
We can make this mapping in two steps. First rotate the coordinate axes 
until x. is perpendicular to B at v, and then make the required transforma- 
tion by changing only a, but not the other sp. (This can always be done). 
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What happens to A? It is transformed into a similar operator A, and the 


quantit 


y q defined for A in Section 2 equals the quantity q for A, in Lemma 


11. This in turn is the same for the operator A,—=J%A,, where J is the 
Jacobian of the transformation. (These facts follow from the ellipticity of 
A.) We now merely note that (7) holds in @ if and only if 


|u la SK (|| Aou |]? + ul?) for all we C*r(G*). 


The result now follows from Lemmas 11 and 12. 


Corollary 1 follows from Corollary 2 in the same way. 
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A NOTE ON CONSERVATIVE TRANSFORMATIONS AND 
THE RECURRENCE THEOREM.* : 


By Lours SUCHESTON. 


Let X be a space and @ a o-field of “measurable” subsets of X, that 
is a class of sets closed under countable set-operations, with X € B. Let d 
be a class of sets of @; we may call elements of 3 “sets of measure 0.” 
Assume that a multi-valued transformation T is defined on X, i.e., a function 
which lets correspond to each point € X a non-empty set Te C X. The 
empty set is denoted ©. T-14 is the set of points œ such that Ts N AO. 
The transformation 7’ will be always assumed measurable, that is such that 
TB C B. We shall say that T is conservative if A € 3 whenever a set À € B 
is disjoint with all sets T-#A, i= 1,2,---. It has been proved by Halmos 
([1], pp. 736-738, see also [2], p. 13), that any power T* of a conservative 
transformation T is again conservative. Halmos assumes that T is single- 
valued, so that Tx is a single point for each x, that T is one-to-one and that 
T= is measurable. The proof, based on an argument of E. Hopf ([3], p.391), 
is rather difficult. We propose here a simple proof of this result, which does 
not make use of the above assumptions. A version of the recurrence theorem 
extended in the same sense is then derived (compare [1], p. 747), with a 
corollary about a subsequence of the sequence T-"A. ; 


`” THEOREM A. If 3 is closed under finite set-unions and if a trans- 
formation T is conservative, then Tr for n —1,2,: - - is conservative. 


` Proof. Let AE B and 


(1) ANTA = Het 


We have to show that A€ 3. We arrange all sets T4, k—0,1,- - : in the 
following scheme : 


* Received October 26, 1956. 

2 This work was in part supported by the National Science Foundation Grant 
NSF-G1975, The author gratefully acknowledges his indebtedness to Professor 
G. Lorentz for his encouragement. 
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A4 > TA; 0, TA 
oe A, -> T DA; 3 g < P-er- 4 
T-in A, Tamm A. .., © T-GninD4 


. 


Let D, j—1,2,: > a be the set of points z€ A which belong to 
exactly 7 columns of the scheme (2). We shall prove that 


(3) D; N TD, = © v=1,?,: j 


and hence À — u D;e 3. If (3) is not true for some > = 1, there exists a 


point ze. DIN TD, There is a point y such that y€ Tx, yE D; and this 


last relation implies that Pos | 
(4) yEeTma, yeTA >, oo. ye TA 
where n,,' ° :,n; is some set of Don negatize RER different modulo n. 


Since x € Ty” we have 
(5) TE TA, ze Ton, SH n E ze TA 


where n, + vr, +V are positive integers, different modulo n. ‘However, 
we know that v€ D; C A = T°A and. by (1) that doute 11,2, °°. 
Therefore none of, the numbers th, +, s—1,2,---,7 is congruent to 
0 modulo n. It follows that x belongs to the sets T°A, T-™™A,- > +, Turd 


- which are in j-+1 different columns. This contradicts ~€ D; and PE 


the theorem. i 

We deduce now the recurrence theorem. A point sE A is called recur- 
rent under T' (with respect to A) if there exists an infinite set of positive 
_ integers n; such that Tms N A0 for i—1,2,- : .. 


~ THEoREM B. (Recurrence Theorem). Assume that 3 is closed under 
countable set-unions, let À be a set of B and E the set of points of A not 
recurrent under a conservative transformation T.- Then EE à. 


Ele Put E, = ñ (A—T-MAA). Then for any v=n> 0, 
E„CA-—T>A and TE, C TA, 


hence FaN T-VE, —® for 4— 1,2, -: and by Theorem A, E„€ 3. There- 
fore F — (J B E d. as «| Ze, 


nak 
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It follows also that “almost all” points of A are recurrent under each 
positive power Tr of T. It should be noted that there is a simple proof of 
the recurrence theorem (but not of the last remark), which does not depend 
on Theorem A (in [5], where some of Oxtoby’s assumptions are not necessary). 

We derive still a corollary under the assumption that dis an a-ideal in 
B, i.e. 3 is closed under finite set-unions and EM A€ 3 whenever HE d- 
and AEB. Let A€ B, it follows from the proof of Theorem B that the 


set E, = A — Ü (AN TA) belongs to d. Hence, if AEB — ð, there is 
i=1 


an integer r>0 such that ANTrAEB— 8. Put B—ANTTA and 
consider B and T'*t instead of A and T. There is an integer s > r such that 
BNT=BEB— 8, hence C=ANTTANT “AE B—3B, for TBC TA. 
Consider now C and Ts, etc. The argument can be carried on indefinitely. 


k p3 
If Ay,--:,4,€@ and [4EB — 8, the collection of sets A.: <, Az 
4=1 


will be called compatible. (The word has its intuitive sense if a probability 
measure is defined on @ vanishing on ð. See then [4] and [6] for addi- 
tional information.) We have proved the following: 


COROLLARY. Assume that 3 is an a-ideal in B, let A be a set, T a 
conservative transformation and An = T-A for n—=1,2,--+. Then for any 
set A€ B—S of the sequence {An}, there exists an infinite subsequence 
{An} beginning with A, and such that any finite collection of sets Ay, is 
compatible. | | 


We add the following remarks: Our definition of a conservative trans- 
-formation T is different from Halmos’ definition ([2], p. 12) which requires 
that A€ 3 whenever A€ 8 and the sets T-A, i—0,1,: : - are pairwise 
disjoint. Halmos considers also incompressible transformations: T is incom- 
pressible if TA—AE 3 whenever A € 8 and ACTA ([2], p. 13). We 
assume (to simplify) that 3 is an a-ideal in @. The relation between the 
different considered notions is the following: If a transformation is incom- 
` pressible, it is conservative in our sense; if a transformation is conservative 
in our sense, it is conservative in the sense of Halmos. It can be shown by 
simple examples (and such that a probability measure can be defined on B, 
vanishing on 3), that the inverse implications do not hold, and also that 
with Halmos’ definition the recurrence theorem does not hold for multi- 
valued transformations. This is of course the reason for which this definition 
has beer here modified. For single-valued transformations (only this case 
is considered by Halmos and Oxtoby) all three notions coinéide. | 
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ERRATA. 


M. Kuranishi, “On E. Cartan’s prolongation thedrem of exterior differ- 
ential systems,” this JOURNAL, vol. 79 (1957), pp. 1-47. 


_ P. 20, lines 12 and 23: Instead of “Since d(d(f°pr1')) =0, 
(22) Dro Dy = Dr ° Dr, (h, k =1,: : 7 
read “Since d(d(fopr1t)) —0, for any h,k=1,---,p, | 
(22)  DroDif—DioDif=0 (mod Op 5,56€ D4, j=l, - -,p)”; 
this should be inserted in the next line of the formula (25). 

P. 20, line 6 from the bottom: The formula (26) should be replaced by 


(26) Opiij terea = D (E— 1) Dayo? © 0 Du. (®p:4;)) 
where the summation is with respect to all (k,,- © +, hı) which is a permu- 
tation of (hs, - <, kr)” x 


P. 21, line 3: Instead of “Bé:;.w,, are defined inductively by the 
formula: ”, read “By (22), it follows that” | i 


P. 21, line 4: Instead of Bysmm=. - +”, read = 
© Be sits tye ta = + à. 
P. 21, line 6: Insert 
| “(mod OY pme WE IP, f, g + + ha, hal, ++, p)” 
at.the beginning of the line. | 
P. 21, line 13: Instead of “(mod)”, read “(mod (IN), Rz)”. 
P. 21, line 14: Insert “(mod (Ih), R r3)”. 
P. 22, lines 15 and 17: Twice instead of 


té Me, LE A >? 
mod (VA 7, Vj, it 9 Os Sica le) > 


read “(mod vx, Vin © ty Neger 9%, Ra OAN”. 
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By DANIEL M. Kan. 


1. Introduction. It was indicated in [3] how the usual notions of 
homotopy theory may be defined for cubical complexes which satisfy a certain. 
extension condition. In the same manner (see [9]) these notions may be 
defined for complete semi-simplicial (c.s.s.) complexes which ‘satisfy the 
following c.s.s. version of the extension condition. The notation used will 
be that of [2] except that the face and degeneracy Spree will be denoted 
by ei and yf (instead of en? and mr’). : 


Definition (1.1). A c.s.s. complex K is said to satisfy, the extension 
condition if for every pair of integers (k,n) with Skan and for every 
n (n — 1)-simplices Go," © ‘> Ok- Okri’ * ‘On € K such that oje! == gjet for 
i<j and i>£k£j, there exists an n-simplez o€ K such that oct =o; for 
i=0,: en. 


Lét ä be the category of c.s.s. complexes and c.s.s. maps and let Sn 
be its! full subcategory Br by the c.s.s. corplexes vo Rue the 
extension condition. 

“Many interesting c.s.s. le do not satisfy the extension con- 
. dition ; for example the finite c.s.s. complexes (finite — with only a finite | 
‚number of non-degenerate simplices). The definitions of some homotopy 
“ notions, such as the homology groups, apply to all e.s.s. complexes, but the 
definition of the homotopy groups of [9], for instance, cannot be carried 
over to c.s.s. complexes which are not in dz. 

„In order to extend the definitions of all homotopy notions defined on 
the category Bn to the whole category 3 one needs what will be called an 
H-pair, i.e, a pair (Q,q) consisting of 


(i) a functor Q: 8 —> dz, 
Gi) a natural transformation q: E—>Q (where E: 3238 denotes 
the identity functor), satisfying the following conditions : 


(a); The functor Q maps homotopic maps into homotopic maps. 
(b) Let K€ dz, then the map qK: K — QK is a homotopy equivalence. 


* Received September 20, 1956. 
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(c) Let KE $ and let f: QK— QK be a map such that commutativity 


holds in the diagram 
QK 
Fri 
Ge Se 
QK 


Then f is a homotopy equivalence. 

In view of condition (a) every homotopy notion on the category dy 
yields by composition with the functor Q a homotopy notion on the whole 
category 3. Condition (b) implies that on the category gr the homotopy 
notions induced by the functor Q coincide with the original ones. Condition 
(c) essentially ensures the uniqueness of the homotopy notions induced by 
Q; if (R,r) is another H-pair, then Q and À induce the same homotopy 
notions. In particular QK and RK have the same homotopy type, even if 
K does not satisfy the extension condition. 

An example of an H-pair is the following. Let S| |: d—> dz be the 
functor which assigns to a c.s.s. complex K the simplicial singular complex 
S|K| of the geometrical realization |K | of K and let j: E— | | ‘be the 
natural transformation which assigns to a c.s.s. complex K the natural 
embedding jK: K->S|K|. Then it is readily seen that the pair (S| N j) 
is an H-pair. 

Although the existence of an H-pair is sufficient in order to do homotopy, 
theory on the whole category æ, it is sometimes convenient to have an! 
H-pair which (unlike the pair (S| |,j)) may be defined in terms of c.s. s. 
complexes and c.s.s. maps only. Such an H-pair (Ex*,e”) will be defined 
in this paper. A useful property of the functor Ex”: 3 — dz is that it 
preserves fibre maps. 

The main tool used in the definition of the functor Ex® is what we 
call the extension Ex K of a c.s.s. complex K, which is in a certain sense 
dual to the subdivision SAK of K. More precisely: let K and L be e.s.s. 
complexes, then there exists (in a natural way) a one-to-one correspondence | 
between the c.s.s. maps Sd K— L and the c.s.s. maps K— Ex L. In the 
terminology of [6] this means that the functor Ex is a right adjoint of the 
functor Sd. 

The simplicial approximation theorem may be generalized to c.s.s. com- 
plexes roughly as follows: let K,LE 4, K finite, then every continuous 
map f: |K |— |Z] is homotopic with the geometrical realization of a c. s.s. 
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map g: Sd? K— L for some n. Using the adjointness of the functors Sd 
and Ex a dual theorem may be obtained which involves a c.s.s. map 
h: K— Ex" L instead of g: Sd” K— L. This dual theorem may be streng- 
thened as follows: let KE and Le dr, then every continuous map f: 
| K|—>|2£ | is homotopic with the geometrical realization of a c.s.s. map 
h: K— L. It is essentially because of this property that, as far as homctopy 
theory is concerned, the c.s.s. complexes which satisfy the extension condition 
“behave like topological spaces.” 

The paper is divided into two chapters. In Chapter I the definitions 
and results are stated; most of the proofs are given in Chapter II. 


The results of this paper were announced in [5]. 


Chapter I. Definitions and results. 


2. The standard simplices and their subdivision. For each integer 
n= 0 let [n] denote the ordered set (0,:: :,n). By a map «:[m]— [n] 
we mean a monotone function, i;e., a function such that a(i) <a(j for 
0OSisjsm. 

For each integer n 20 the standard n-simplex A[n] is the c.s.s. com- 
plex defined as follows. A g-simplex of A[n] is-a map o:[g]—f[n]. For 
each map 8:[p]—>[g] the p-simplex of is defined as the composite map 


B œ 
Cp] — [gq] — Ir]. 


For each map «:f[m]— [n] let Aa: A[m] >A[n] be the c.s.s. map 
which assigns to a g-simplex rE A[m] the composite map 


(> [ms] —> [n. 


The subdivision of A [n] is the c.s.s. complex A’[n] defined as follows. 
A g-simplex of A’[n] is a sequence (o,: - -,94) where the a; are non- 
degenerate simplices of A[n] (i.e. the map oj: [dimo;]— [n] is a raono- 
morphism) and o; lies on on, (i.e. oi =o% for some a) for all i. For 
each map £: [p] => [g] we have (09° - -,04)8— (aa), : *,089))- 

The subdivision of Aa is the c.s.s. map A'a: A[m]—A’[n] given by 
afro > +> Ta) = (Co * *,0¢), Where o; is the unique non-degenerate sim- 
plex of A[n] for which (see [2]) there exist an epimorphism y:: [dim ri] 
— [dim o;] such that commutativity holds in the diagram 
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[dim r} senas [m] 
(2. 1) = DR Yi % 
| : [dim oi] E [n] 


© © For each integer n Z 0 let 8[n]: Aln] -> A[n] be the c.s.s. map which 
assigns to a g-simplex (oo, ` ,04) € A’[n] the g-simplex «€ A[n], i.e., the 
map e:[q]—> [n], given by e(i) —oi(dimoi), SiS q. 
Lemma (2.2). For each map a: [m]— [n] commutativity holds in the 
diagram | | 
Aa 


Alm] ——— Afn] 
(2. 2a) ô[m] s[n] 
A'a 


A’ [m] are A’ n] 


Proof. It follows from the definitions that for every g-simplex 
(To © oTa) € A’[m] and each integer à with OSiSq, 


(Aa o ë[m])(re ty Ta) (i) == ari(dim ri), l 
(8 [n] © an CE Tq) = sfn] loo: * *,0q)(t) = vi(dim o), 


where c; is the unique non-degenerate simplex of A[n] for which there exists 
an epimorphism y; such that commutativity holds in diagram (2.1). Because 
yi is onto, | 

ar (dim ri) = o: (dim ri) = o;(dim oi). 


Hence commutativity holds in diagram (2.2a). 


3. The extension of a c.s.s. complex. The extension of a ¢.s.s. com- 
plex K is the c.s.s. complex Ex K defined as follows. An n-simplex of Ex K 
is a c.s.s. map o: A’[n] >K. For each map a: [m] — [a] the m-simplex 
ou is the composite map 


Aa 


A’[m] —> A'[n] - —K. 


Similarly the extension of a c.s.s. map f: K>L is the c.s.s. map Ex j: 
Ex K— Ex L which assigns to every n-simplex o € Ex K ‚the composite map 


o 
A’[n] —— K — L. 
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Clearly the function Ex so defined is a covariant functor Ex: 4 — ð. 
By Ex” we shall mean the functor Ex applied n times. | 
For c.s.s. complex K define a monomorphism eK : K — Ex K -as follows. 
For every n-simplex © € K, (eK)o is the composite map 
sfin] ġo 
A'În] —> A[n] — ZE, 
where ġo: A[n] >K is the unique map such that pou = oa for all «€ A[n]. 
‘It follows from Lemma (2.2) that the function e is a natural transforination 
e: E>Ex (where Ẹ: 3-» 3 denotes the identity functor), i.e., for every 
c.s.s. map f: K>L commutativity holds in the diagram | 


K ——— L 


: k Le | [ez 
“Ex f 


Ex K ————> Ex L 
We shall denote by e"K: K— Ix" K the composite monomorphism 


eK ->` e({ExK) e(Ex"!K) a 
K— Ex K — ; — Ex KE. 
Lemma (3.1). The functor Ex: 3-3. maps homotopic. mags into 
homotopic maps. 


The proof will be given in Section 9. 

An important property of the functor Ex is that if it is twice epplied 
to a c.s.s. complex K; then the resulting complex Ex? K partially satisfies 
the extension condition; if po,- © * ,Px-1, Pres © *>pn€ Ex? K are n (n—1)- 
simplices which “match” and which are in the image of ExK under the 
map e(Ex K): Ex K — Ex? K, then there exists an n-simplex p€ Ex? K (not 
necessarily in the image of Ex) such that pe = p; for 154%. An exact 
formulation is given in the following lemma. 


Lexma (3.2). Let KE 3. Then for every pair of integers (k,n) with 
0OfSk=n and go n (n—1)-simplices To’ + `, Th- Thy’ © Tn € Ex K such 
that r = rj? for i<j and ik 54], there exists an n-simplex p€ Ex? K 
such that p= (e(ExK))r for i—0,: - oy ee 

The proof will be given in Section 10. 


Another useful property of the functor Ex is that it preserves fibre 
maps. This is stated in Lemma’ (3.4). 
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Definition (3.3). À c.s.s. map f: K— L is called a fibre map it for 
each pair of integers (k,n) with O<Sk<n, for every n (n—1)-simplices 
To’ “> Thay The © Tn E K such that nett = rt for i<j and 1 Ak Aj 
and for every n-simplex p€ L such that pe = fr; for i=—=0,: „hm, 
‘there exists an n-simplex r€ K such that fr —p and rd = r; for i=—0,: >, 
k, -cn Let pEL be a 0-simplex. Then the counter image of ¢ and 
its degeneracies is called the fibre of f over $. It is denoted by F(f,$). 


LEMMA (3.4). Let f:K—L be a fibre map and let PEL be a 
O-simplex. Then Exf: ExK—ExL is a fibre map and Ex(F(f,¢)) 
=F (Exf, (eL)¢). | 

The proof will be given in Section 11. 


Let f: K>A[0] be a fibre map, then it follows readily from the fact 
that A[0] has only one simplex in every dimension that K€ p. Conversely 
K€ dx implies that the (unique) map f: K—>A[0] is a fibre map. As 
Ex A[0]~A[0] Lemma (3.4) thus implies 


COROLLARY (3.5). If KE ðn, then Ex KE dz. 


The following lemmas relate the homology groups of K and Ex'K and, 
if K€ 8», their homotopy types. 


Lemma (3.6). Let Keg. Then the map eK: E>ExK induces 
isomorphisms of the homology groups, i.e., (eK): H,(K) = H,(ExK). 


The proof will be given in Section 12. 


Lemma (3.7). Let KE dx. Then the map eK: K>ExK is a homo- 
topy equivalence. 


The proof will be given in Section 13. 


4 The functor Ex”. Let K be a c.s.s. complex. Consider the sequence 


eK e(Ex K) e( Ex? K) 

K ——> Ex K —— Ex’? K — EX K >.. 
and let Ex” K be the direct limit of this sequence. The n-simplices of 
Ex” K then are the pairs (o,g) where se Ex1K is an n-simplex; two 
n-simplices (o,g) and (r,p+ q) are considered equal if and only if 
(e (Ex1K))e =r. For each map a: [m] — [n], (a, ge = (oa, q). Similarly 
for a c.s.s. map f: K>L let Ex* f: Ex” K — Ex” L be the induced map 
given by f(e, q) = (fe, q). Clearly the function Ex” so defined is a covariant 
functor. 


ON C.S.s. COMPLEXES. : - 455 


For a c.s.s. complex K denote by e” K: K— Ex” K the limit mono- 
morphism 
eK e(ExK) 
K—— Ex K —:- -> Ex" K 
ie, (e® K)o= ((eK)o,1) for every simplex o€ K. Naturality of the 
function e” follows immediately from the naturality of e. 


THEOREM (4.1). The functor Ex” maps homotopic maps into khomo- 
topic maps. 


The proof is similar to that of Lemma (3. 1) (see Section 9), using 
Ex” and e” instead of Ex and e. 


An important property of the functor Ex“ is: 


THEOREM (4.2). Ex” K€ p for all objects KE d, i.e, Ex? is a 
functor E” : à — dr. 


This follows immediately from Lemma (3.2) and the definition of Ex”. 
Another useful property of the functor Ex” is that it preserves fibre 
maps. 


THEOREM (4.3). Let f: K—L be a fibre map and let pEL be a 
O-simplez. Then Ex” f: Ex” K— Ex” L is a fibre map and Ex” (Fif,$)) 
— F(Ex° f, (e° L)¢). 


This follows immediately from Lemma (3.4). 
We shall now relate the homology groups of K and Ex” K and, if E € Sz, 
their homotopy types. 


THEOREM (4.4). Let KE. Then the map e° K: K> Ex“ K induces 
isomorphisms of the homology groups, ù. e., (e° K).: H,(K) = H,(Ex° K). 


This follows immediately from Lemma (3.6). 
Similarly, Lemma (3.7) implies. 


THEOREM (4.5). Let KE dx. Then the map eK: K Ex” K is a 
homotopy equivalence. 


Let K be a c.s.s. complex which does not satisfy the extension condition. 
Then the homotopy type of Ex* K cannot be related to the homotopy type 
of K because the latter has (not yet) been defined. However the hornotopy 
type of Ex” K may be related to K as follows: 


t 
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THEOREM (4.6). Let KE and let f: Ex” K—> Ex” K be a c.s.s. 
map such that commutativity holds in the diagram 


Ex? K 
e”K 
. K f 
e”K 
Exe K 


Then f ts a homotopy equivalence. 


The proof will be given in Section 14. 


. 5. Homotopy notions ane, on 3. 


Definition (5.1). A pair (Q,q) where Q: Far: is a covariant 
functor and q: E—>Q a natural transformation (Æ denotes the identity 
functor FE: 3» 3), is called an H-pair if the following conditions are 
satisfied. 


(a) The functor Q:  —> dr maps homotopic maps into homotopic maps 
(b} Let KE dx. Then the map qK : K — QK is a homotopy equivalence 


(c) Let KE 3 and let f: QK—>QK be a c.s.s. map such that com- 
mutativity holds in the diagram 


QK 
Eo 
K f 
qK 
QK 


Then f is a homotopy equivalence. 


Example (5.2). The pair (Ex®,e*) is an H-pair; this follows directly 
from Theorems (4.1), (4:5) and (4.6). 

A more exact formulation of the statements, about H-pairs made iu 
the introduction will be given in Theorems (5.4), (5.5) and (5.8). 


Definition (5.8). By a homotopy notion on the category 3 (resp. dr) 
with values in a category we mean a functor N: 8 > 3 (resp. N: dz >) 
such that for two maps f, g € A (resp. dz) f= g implies Nf = Ng. 
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THsoREM (5.4). Let N: 35% be a homotopy notion on dx and 
let (Q,g) be an H-pair. Then the composite functor 


is a homotopy notion on d. 


This is an immediate consequence of condition (5. 1a). 
Let J: dz ð be the inclusion functor and let N: d5>% be a homo- 
topy notion on dr. We then want to compare the composite functor 


Q 


dp— 3 — 32 — 7 


i.e., the restriction to dr of the homotopy notion on 3 induced by the 
functor Q, with the original homotopy notion N on dr. The following 
theorem then asserts that these functors differ only by a natural equivalence. 


THEOREM (5.5). Let N: n—>9 be a homotopy notion on ðn and 
let (Q,q) be an H-pair. Then the function Nq: N>NQJ is a natural 
equivalence. 


This follows immediately from condition (5.1b). 


In order to prove the uniqueness of the homotopy notions on 3 induced 
by an H-pair (Q,q) we need the following lemma 


Lemma (5.6). Let (Q,q) and (R,r) be H-pairs and let KE 3. Then 
the maps QrK : QK — QRK and RqK: RK — RQK are homotopy equivalences. 

The proof will be given in Section 15; use will be made of condition 
(5.1c). 

Let (Q,q) and (R,r) be H-pairs and consider the following commu- 
tative diagram 


qQK 
QE ————> 00K 
rQK QrQK QgK 


qRQK 
(5.7) RQK ———— QRQK QK 







RqK QRqK 


gRK > 
RE —————> ORK 
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It follows from Lemma (5.6) and condition (5.1b) that all maps involved 
in diagram (5.7) are homotopy equivalences; application of a homotopy 
notion N: dz—> to this diagram thus yields a diagram in 9 consisting 
only of equivalences. If we put Q =R and q=r then it follows from the 
commutativity of diagram (5.7) that 


(NQqK)*°NqQK = (NqQK)* 0 NQgK 0 (NQqK)* o NqQK = ivox. 
Consequently 
(NRqKY 10 NrQK = (NqRKY™ o NQrK o(NQqK)7 ° NqQK | 
= (NgRKE)*oNOrkK. 
Hence the following uniqueness theorem holds. 


THEOREM (5.8). Let N: dn>% be a homotopy notion on dx and 
let (Q,q) and (R,r) be H-pairs. Then the function h: NQ NR given by 


hK = (NRK o NrQK = (NgRK)" o NQrK 


is a natural equivalence. 


6. The simplicial singular complex of the geometrical realization. We 
shall now use the results of Section 5 in order to compare the simplicial 
singular complex of the geometrical realization of a c.s.s. complex K with 
Ex” K. | | 

Let @ be the category of topological spaces and continuous maps and 
let ||: 3—Q be the geometrical realization functor which assigns to a 
e.8.5. complex K its geometrical realization | K | in the sense of J. Milnor 
(see [8]); | K| is a CW-complex of which the n-cells are in one-to-one 
correspondence with the non-degenerate n-simplices of K. 

Let S: > dx be the simplicial singular functor which assigns to a 
topological space X its simplicial singular complex SX (see [2]); an n- 
simplex of SX is any continuous map o:|A[n]|— X and for every map 
a:[m]— [n] the n-simplex oa is the composite map 


All >| Ae} or 


The functor S maps homotopic maps into homotopic maps. 


For every e.s.s. complex K let jK: K>S|K| be the natural mono- 
morphism which assigns to an n-simplex «€ K the simplex | ¢c|:| A[n]]| 
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—>|K]| of S| K|, where pa: A[n]—> K is the unique c.s.s. map such that 
poa = oa for all a€ A[n]. | 
The following results are due to J. Milnor ([8]). 


THEOREM (6.1). The functor | |: à —>@ maps homotopic maps into 
homotopic maps. 


CoROLLARY (6.2). The functor S| |: 8 — 8s maps homotopic maps 
into homotopic maps. 


Tuzorem (6.3). Let KE dx. Then the map jK: K>S|K| is a 
homotopy equivalence. 


It is also readily verified that ` 


THEOREM (6.4). Let KE 3 and let f: S|K|—S|K|beac.s.s. map 
such that commutativity holds in the diagram 


S|K] 


K f 
S|K| 


Then f is « homotopy equivalence. 


It follows from Corollary (6.2) and Theorems (6.3) and (6.4) that 
the pair (S| |,7) is an H-pair. Application of Lemma (5.6) and Theorem . 
(5.8) now yields 


Lemma (6.5). Let Ke 3. Then the maps 

S|\jK|:S|K|>S8|S|K], SlerK|: S| K|>S| Ex XK, 

Ex” jK: Ex” K Ex” S|K|, Ex e*K: Ex” K— Ex” Ex” K 
are homotopy equivalences. 


Tuuorem (6.6). Let N: d2> 3 be a homotopy notion on Br. Then 
the function h: NEx"—NS| | given by 


hK = (NS | e” K|) 0 N} Ex” K—(Ne®S|K]|)1oNEx° jK 
is a natural equivalence. 


Theorem (6.6) asserts that the homotopy notions on induced by the 
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functor Ex” are equivalent with these induced by the functor S| |. ‘In 
particular we have 


COROLLARY (6.7). Let Ked. Then Ex° K and S| K| have the 
same homotopy type. - : 


7. Extension and subdivision. The subdivision of a c.s.s. complex K 
is a c.s.s. complex Sd K defined as follows. Let Æ denote the c.s.s. com- 
_ plex of which the g-simplices are pairs (0,£) such that o€ K, &e A’[dime] 
and dim é= gq, while for a map y:[p]—[g] the p-simplex (o;,£)y is given 
by (c,é)y= (o,&y). Define a relation on K by calling two simplices 
(o, £), (r,p) € K equivalent if there exists a map «:[dim7]—> [dime] such 
that roa and £—A’a(p) and let ~ denote the resulting equivalence 
-relation. Then Sd K is the collapsed complex Sd K =K/(~). 

A e.s.s. map. f: K— L clearly induces a c.s.s. map f: K>L (given 
by f(o,é) = (fo,&)) which is compatible with the relation ~. The sub- 
division of f then is defined as the collapsed map Sdf: Sd K—> SdL. Clearly 
the function Sd: d3— 3 so defined is a covariant functor. By Sd”: 3 9 
we shall mean the functor Sd applied n times. 

The functors Ex and Sd are closely related. With a c.s.s map f: 
SdK— L we may associate a c.s.s. map Bf: K>ExL as follows. Let 
o€ K be an n-simplex and let c: £>SdK be the collapsing map. Then 
(Bf) is the n-simplex of Ex L, i.e., the c.s.s. map (8f)c: A’[n] > L, given 
by ((Bf)o)£— (foc) (o,&). The function B is natural, i.e., for every two 
maps a: K’—K and b: LoL’ 


B(bofoSda) =Exboßfoa. 
An important property of the function £ is 


Lemma (7.1). Let K,L€ 3. Then the function B establishes a one- 
to-one correspondence between the c.s.s. maps SAK — L and the c.s.s. maps 
K> Ex ZL. : 


Lemma (7.1) is an immediate consequence of the results of [7]. It 
can also be verified by a straightforward computation 
For every c.s.s. complex K define an epimorphism dK: K>K as 
follows. Let 4K: R>K be the map given by 
AK (s, £) = (ġo °8[dimo] )é, 


where ġo: A[dimo]—K.is the (unique) map such that dsa—o@ for all 
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«€ A[dimwo]. Then 4K maps equivalent simplices of K into the same 
simplex of K and dK: Sd K — K is defined as the map obtained by collapsing 
ak. By d"K: Sdi"K>K we shall mean the composite epimorphism 
d(Sd" K) | dK 
Sd" K —— Sd" K >: - -> Sd K — K 

It is readily verified that the function d is a natural transformation d: 84 —> E. 

The natural transformations e: FE — Ex and d: Sd—> F are also closely 
related. In fact a simple computation yields 


Lemma (7.2). Let KE 3. Then B(4K) —ek. 


Remark (7.3). Lemma (7.1) states that, in the terminology of [6], 
the functor Sd is a left adjoint of the functor Ex. 


Remark (t.4). The ordered sets [n] and the maps a: [m] > [n] 
form a category which will be denoted by UY. The subdivided standard 
simplices A’[n] and the maps A’a: A’[m]— A'[n] now may be considered 
as the images of the objects [n] and maps «:[m]— [n] of the category V 
under a covariant functor A’: Y—> 3. It then may be verified that the 
functors Sd and Ex may be obtained by the general method of [7], Section 3 
by putting 3 = 8 and 3—d’. 


Let KE d. A g-simplex of Ex” K is a pair (o,n) where o € Ex" K isa 
g-Simplex. As Ex” K = Ex" (Ex K ) it follows that the pair (o,n—1) is a 
g-simplex of Ex” (ExK). It is readily verified that this correspondence 
yields an isomorphism 1: Ex” K— Ex” (ExK) such that commutativity 
holds in the diagram 


en K 
K —— Er K 
(7.3) |x 
e” (Ex K) ; 
Ex K— > Br” (Ex K) 


In view of Lemma (6.5) the maps S |e” K| and S|e”(ExK)| are homo- 
topy equivalences. Consequently the maps |e” K| and |e” (ExK)]| are 
homotopy equivalences and it follows from the commutativity in diagram 
(7.3) that 


Lemma (7.4). Let KE 4. Then the continuous map |eK |: |K| 
—>|ExK| is a homotopy equivalence. 


The following can be shown using standard methods. 
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Lemma (7.5). Let K€ 8. Then the continuous map | ak |: | Sax x | | 
>|K| isa ee equivalence. 


8. C.s.s. approximation theorems. We shall now give an exact for- 
mulation of the c.s.s. approximation theorems mentioned in the introduction. 


THEOREM (8.1). Let K €s and let ME dr. Then for every con- 
tinuous map f: | K|—>|M| there exists a c.s.s. map h: K>M such that 
[Al =f. 

Let Led and let M = Ex”. L. Then Theorem (8.1% implies 

COROLLARY (8.2). Let K,LE 3. Then for every continuous map 


f:|E|>]|L| there exists a c.s.s. map h:K>Ex*L such that the 
diagram 


|E |——— |Z| 
è [iez 
| Ex” L | 
is commutative up to homotopy, 1.e., |h| =][|e°L]|of. 
Proof of Theorem (8.1). Let 3M: S|M|— M be a homotopy inverse 
of the map jM: M>S|M|. Consider the diagram 
| 7K | 


| K I— | 8 | K ||- | K | 


I jst , [ui 
à | jM | | jM | 


=s M à 
where h: K— M is the composite map 

K o Sf jM 

K ——— 8S | K | ——-> 8 | M | —— H. 
Clearly commutativity holds in the rectangle at the left and the definition 
of h implies that the rectangle at the right is commutative up to homotopy. 
It follows from Lemma (6.6) that the maps S|jK | and S| 7M | and there- 
fore the maps |jK | and | jM | are homotopy equivalences. Hence |A | =f. 
A c.s.s. complex K is called finite if it has only a finite number of 

non-degenerate simplices. 
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THEOREM (8.3). Let K,LE £ and let K be finite. Then for every 
continuous map f:|K|—>|L| there exists an integer n>0 and a c.s.s. 
map h: K>Ex"L such that the diagram 


'f 
|K | ——— L| 
h | | le" | 
| Bx" L | 
is commutative up to homotopy, i.e. |h| =| e"L | of. 


Proof. Application of Corollary (8.2) yields a c.s.s. map W: K 
— Ex” L such that | |=]Je”L|of. As K is finite only a finite number 
of non-degenerate simplices of Ex” L are in the image of K under h’. Hence 
there exists an integer n such that the map h’: K— Ex” L may be factorized 


h 
K— Ext L-— Ex? L 


where b is the embedding map which assigns to a simplex «€ Ex" L the 
simplex (o,n) € Ex” L. By an argument similar to that used in the proof 
of Lemma (7.4) it follows that |b| is a homotopy equivalence. The 
theorem now follows from the fact that the map e” L: L> Ex” L may be 
factorized 


eL b 
L—> Ext L— Ex° L. 


In order to obtain the dual theorem, involving the functor Sd instead 
of Ex, we need the following lemma 


Lemma (8.4). Let K,Led. Then for every c.s.s. map h: K— Ex L 
the diagram 


| Sd K |————> |L| 
is commutative up to homotopy, i.e., |eL|o| pth |~|hlo| dK |. 


The proof will be given in Section 16. 
Applying Lemma (8.4) n times to Theorem (8.3) we get 


464 DANIEL M. KAN. 


THuorem (8.5). Let K,Led and let K be finite. Then for every 
continuous map f: | K|—>|L| there exists an integer n > 0 and a c.s.s. map 
g: aK — L such that the diagram 


is commutative up to homotopy, i.e., E |= foldk |. 


Chapter II. Proofs. 


9. Proof of Lemma (3.1). Let fo,fi: K— LE & be maps such that 
fo=f.. Using the terminology of [4] this means that there exists a c.s.s. 
map fi: IX K>L such that frock =f, (e=0,1). It is readily verified 
that the functor Ex commutes with the cartesian product, i.e., that for every 
two c.s.s. complexes A and B 


Ex(4 XB) = (Ex A)X(ExB). 


Straightforward computation shows that a holds in the diagram | 


«(Ex K) 
ExK —— IX(ExK) 
[x el X inxx 
t 
Ex (I X K) ————>> (ExI) X (Ex KE) 


where 7 is the identity. Hence 
(Ex fr) Le) (el x ipx x) © «Ex kK) = (Ex fi) o (Ex(eK)) = Ex(fr o eK) == Ex fe 
ie, (Exfr) ° (el X tux x): Ex fy = Ex fi. 


10. Proof of Lemma (3.2). We shall first investigate the structure 
of ExK. 

A map «:[m]—>[n] was defined as a monotone function. By a 
function £:[m]— [n] we shall mean merely a function which thus need 
not be monotone. A permutation r:[m]— [m] is a function which is one- 
to-one onto. 
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Let r:[m]— [m] be a permutation. Then r induces an automorphism 
x’; &’[m]—> A’[m] as follows. For each map o: [g] — [m] let o7: [qg] > [m] 
be a map and let ġ:[q]— [q] be a permutation such that commutasivity 
holds in the diagram 
| o 
[g] ——= [m] 


oT 


Ben] 

Clearly such a map o and permutation & exist. It is easily seen that 

(a) of is unique; 

(b) if o is a monomorphism, then so is o”; 

(c) if o lies on 7, then o” lies on 77. 
We now define the automorphism =’: A’[m]— A’[m] by 

m (To * *; 04) = (007, ` ‘;og"). 

Let ¢:[m]— [n] be a function. Then £ induces a c.s.s. map 6’: 

A’[m]— A’[n] as follows. There clearly exists a permutation =: [m] — [m] 


and a unique map «:[m]—> [n] such that commutativity holds in the 
diagram 
[m] 
7 é 


a 
[m] —— [n] 


The c.s.s. map : A’[m]— A’[n] is now defined as the composite map 


T œ 
A [m] ———> Am) —— An]. 
It is readily verified that 


(a) the c.s.s. map £ is independent of the choice of the permutation +; 


(b) if € is a permutation, then this definition of ¢’ coincides with the 
above one; 


(e) if ¿isa map, then  —A’f; 
(d) if 2:[I]— [m] is a function, then (£8)’ is the composite map; 
7 7 


ATI — A’[m] — A’[n]. 
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Ex K is a c.s.s. complex. This means that for every n-simplex o € Bx K 
and every map a: [m] — [n] there is given an m-simplex oa € Ex K such that 


(i) coen =o where en: [n]— [n] is the identity; 
(ii) if 8:[7]> [m] is a map, then (oa)B—o(«B). 
Now let «€ Ex K be an n-simplex and let £:[m]—[n] be a function. 


Then the composite map 
7 


Lex 
A’[m] — A’[n] — K 
is an m-simplex of Ex K which will be denoted by of. If &: [7] [m] is 
also a function, then clearly (of)$=o(£#). Thus ExK has more structure 
than a c.s.s. complex. It is this additional structure which will be used 
in the proof of Lemma (3.2). 

Proof of Lemma (3.2). Let A CA[n] be the subcomplex generated 
by the non-degenerate (n—1)-simplices e°,: - <, et, e&t, ++ ,e and let 
A: A>ExK be the c.s.s. map such that Ac&é=-7;. Then we must define a 
c.s.s. map p: A’[n] > ExK such that for each i>£k commutativity holds 
in the diagram 


(10.1) Sfn—1] Ex K 


For each simplex (oo,: - -,04) € A’[n] define a function £(00,- * *,04): 
[al [n] by 
Eloo: © <, 0q) (i) = oi(dimai), oË or € 


Eloo: © +, 09) (i) =k, ope OT en. 


Then there exists a permutation ¢: [q] —> [q] and a unique mapo: [q] > [r] 
such that commutativity holds in the diagram 


[9] 
> AC E ",09) 


PS pa) 
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It is easily seen that o€ A. We now define p(oo,- - <, 04) = (Ac). It may 
be verified by direct computation that this definition is independent of the 
choice of the permutation ¢. 

We now show that the function p: A’[n] > ExK so defined is a e.s.s. 
map. Let 8:[»]>[g] be a map. Then there exists a permutation y: 
[p]— [p] and a unique map y:[p]— [q] such that commutativity holds 
in the diagram 


[2] ———— [4] 


y $ Elon: ' 04) 


Y a 
[pl —— [9] — fr] 


The function {((oo,- - *,0g)8) is the composite function 


E(o0," © ",09) 


i= i] 


and consequently p((o0,* ` ' 04) 8) = (A(cy))y. As commutativity also 
holds in the diagram 


A’ 
A’[p] ———> 4[q] 
y p 
Ay Ac 


Alp) ————> 4'[q] ———K 
it follows that 


A(oy) P= àwo Ayo y — 10 0 AB ((Ao)m)f 
i.e, the function p: A [n] > Exk is ace. s.s. map. 


It thus remains to show that commutativity holds in diagram (10.1). 
Let (to` *,7¢) € A’[n—1]. Then 


Net, x "yTa) = (dir, 2 sra). 


If i&k, then clearly etr; z4 and e'r; Ae, for all j and it follows from the 
definitions of the maps p and 8[n] that 


(po At) (To © +, Ta) = (AO 8[n] o At) (rot + +, 7g). 
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Application of Lemma (2.2) now yields 
(po A’) (ro, i ista) = (A0 Act 0 8[%— 1]) (ro; * "Tg: 


This completes the proof. 


11. Proof of Lemma (8.4). Let k be an integer with 0S k&n, let 


To" Ten Tks’ ‘ ° Tn € Ex K be n (n—1)-simplices such that re’ == 7,4 
for i< j and iz&£kj and let p€ Ex L be an n-simplex such that (Ex f)ri 
== pe for i= 0, - - k,- --,n. Then in order to prove the first part of 


Lemma (3.4) we must show that there exists a c.s.s. map r: A’[n] > K 
such that for each integer 154% commutativity holds in the diagram 


Ti 
ETES | k 


(11.1) tet 


p 
A’[n] — L 


For each simplex (oo' ' *,04) € A’[n] for which there exists an integer 
tk and a simplex (a0',- ` -,oq') € A’[m—1] such that A'ei{oui,: + +, 04!) 
= (o` ` ',0g) define 

t(o0,° * 209) =m h00 * +, 04"). 


This definition is independent of the choice of 7 If 7 is another such 


integer and t <j then there exists a simplex (oo, `, oq) € A’[n—2?] 
such that A’ef*(aot/,- + pogi) = (oo',: sog) and Melt, - -, og!) 
= (rof, ,0g'). 
Hence 
miloi sog) = ri (Ai (aot > og) ) = rt (aot, - + oË) 
Sreto yog) ee): 


It is readily verified that the function r so defined on all simplices of A’[n] 
-which are in the image of A’[n—1] under a map A’e* with 4k, (i.e., those 
simplices (co, * *,04) € A’[n] for which o,<e or &), commutes with all 
operators 8:[p]— [q] and is such that commutativity holds in the upper 
left triangle of diagram (11.1). 

` It thus remains to show that r can be extended over all of A’[n] (i.e. 
over the simplices (oo, ` *,o4) € A’[n] for which o,—e, or &) to a c.s.s. 
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map in such a manner that commutativity also holds in the lower right 
triangle of diagram (11.1). For each non-degenerate simplex (00, : -,o¢) 
with og==«, let Too, ` ',0g) denote the triple (l, m,q) where 1 is the 
smallest integer such that o,(i) =k for some i and m=dimo, Order these 
triples lexicographically. It is readily verified that 


(i) if Too: + +,0¢) = (1,m,q) and dm. < m—1 or l=0,m >O, 
then there exists a simplex (av/,: © * ,ogs”) € A’[n] such that (00, © oqu) 
== (00° ` ‘,04) and Too, * +, o¢u') = (,m—1,9+1) <(l,m,g). 


(ii) if Too + -,¢¢)==(1,m,q) and dmen=m—lLi<g or 
I m0, then (a) T'((00,- ` *,og)et) < (l,m,g) for iAl,q, (b) 01€ 
and hence +r((ov,' * ‘,og)e?) has already been defined, (c) T'((o0,: * +, oq)e') 
> (l,m,g) and (d) if Too," © +, oq) S (l,m, q), then (so + +, 0q)e! is not 
a face of (00’,: +, 04’). 


(ii) if T(oo,---+,¢¢)=(g,7,qg) and dimoy:—#—1, then (a) 
Too‘ *»og)et) < (gn, q) for i d, (b) ogi = and (c) if T(ov,:: 04) 
S (g,n,q), then (oo, ‘ zog) is not a face of (ov,° * ',0Yy)- 


We now extend 7 as follows. Let (l,m,g) be a triple and suppose that 
r has already been extended over all non-degenerate simplices (00,* © ‘, Cga; €n) 
and their faces for which Too, + ",og-1,%) < (l,m,g) and over some non- 
degenerate simplices (oo,' - ‘,og-1;en) and their faces for which T (eot :, 
Tg- €n) = (l,m, q) in such a manner that r commutes with all face operators 
and that commutativity holds in the lower right triangle of diagram (11.1). 
Let (o0,° * +, 9-1, €n) be a non-degenerate simplex such that T'(oo,- © * , 7-1) €n) 
== (1,m,q) and on which r has not yet been defined. It then follows from 
(i) that dim or: = m—1 or l= m = 0 and from (ii) or (iii) that r already 
has been defined on all faces of (09° ` +, o¢-1,€n) except (o0,° * +, gas Endel 
Because f is a fibre map there exists a g-simplex y € K such that 


P (To x ",0g-1, €n) =fy, T((o0;° ` `, Oq-1 €n) €*) = ý (izk). 


Now define 
T (To; ' i `, Tg-a Eà) =y, T( (c0: : 041, €n)e*) = yel. 


It is readily verified that the function r so extended commutes with all face 
operators and is such that commutativity holds in the lower right triangle 
of diagram (11.1). Thus using induction on the triples (1,m,q) r may be 
extended over all non-degenerate simplices (oo * `, og- €n) € A’[n] and their 
faces. As every non-degenerate simplex (oo: ` +, og- #) € A’[n] is a face 
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of a non-degenerate simplex (o0,' - -,0¢-2,€",€,) it follows that r may be 
extended over all non-degenerate simplices of A’[n] in such a manner that + 
commutes with all face operators and that commutativity holds in diagram 
(11.1). Extensions of + over the degenerate simplices of A’[n] (which is 
always possible in a unique way) now yields the desired c.s.s. map r: 
A[n]>K. 

The second part of Lemma (3.4) is obvious. 


12. Proof of Lemma (3.6). We shall use the theory of acyclic models 
of Eilenberg-MacLane (see [1]). The models will be the complexes A[n] 
and A’[n]. Let Ca: 8 —6$ be the augmented chain functor. As the map 
eK: K>ExK induces a one-to-one correspondence between the 0-simplices 
of K and those of Ex K it is sufficient to prove that | 


(a) the functor Ca: 3d — 48 is representable in dimension > 0, 
Ex A 
(b) the composite functor d—— 3 ——->@% is representable in 
dimension > 0, and 


(e) for every integer n= 0, 
H,(A[n]) —H,(ExA[n])=0, Hy (A’[n]) =H, (Exa’[n]) —0. 


Let Ke 3, for every n-simplex o € K let ġo: A[n] > K be the unique 
c.s.s. map such that bot — ox ior all «€ A[n] and let en’ be the generator 
of C,A[n] corresponding to the identity map en: [n]— [n], i.e., the only 
non-degenerate n-simplex of A[n]. Then it is easily seen that the function 
o~>(a,én’) yields a representation of the functor Ca. 

Let Ke d, let +: A’[n]—>K be an n-simplex of ExK and let 4,’ be 
the generator of O,ExA’[n] corresponding with the identity map 1,:A’[n] 
— A’[n]. Then it is easily seen that the function r— (r,t) yields a repre- 
sentation of the functor C, Ex. 

For every integer nÆ 0 the (unique) map Afn]— A[0] is a homotopy. 
equivalence in 3. Combining this with Lemma (3.1) and the fact that 
A[0] = ExA[0] and H,(A[0]) —0 we get H,.(A[n]) =H,(ExA[n]) =0. 
If for each integer n=0 the map 8[n]: A’[n]—>A[n] is a homotopy 
equivalence, then H,,(A’[n]) = H,,(A[n]) —0, and Lemma (3.1) implies 
H,„(ExA’[n]) =H, (Ex A[n]) —0. It thus remains to show that 8[n] is 
a homotopy equivalence. 

For each integer t with OSi<n let 8i: [i] — [n] be the map given 
by Bi(j) =j, 0<j<i Define a function #[n]: A[n]—>A’[n] by a[n]o 
== (Boto © “> Bot); dimo =g. As for every map a: [pP] [q]; | 
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© (8 [n]o) a= (Bot: ` `, Boina = (Boato * ` * Boa) = 8 [n] (or); 
it follows that 8’[n] is a c.s.s. map. The composite map 


8 [n] ö[n] 
Aln] —— A’[n] ——Aln] 


is the identity because for g € Afn] and 0<i< dime 
(8[n]8’Ln]o) (i) = Bow (e (i) ) =o (i). 
It thus remains to prove that the composite map 


s[n] 8’ [n] 
A’[n] —— A[n] —— A’[n] 
is homotopic with the identity n: A’[n]— A’[n]. 
For each simplex o€ A[n], let F= Boçaimo). Define a function h: 
A[1] X A’[n] > A’[n] by 


h(n? - Sigh, (00, ` *,0a)) = (Sos: i ',99), 
h(en?- eg (To; 7 *,0q)) = (00, ° ù "3 Tq), 
Bean = pq = (ro a) = (out on) 


A straightforward computation shows that the function so defined is a 
c.s.s. map. It is now easily verified that À is the required homotopy. 


13. Proof of Lemma (3.7). Use will be made of the following c.s. s. 
analogues of two theorems of J. H. C. Whitehead ([10]). 


THEOREM (13.1). Let K,LE dp be connected and let pEK be a 
0-simplex. Then ac.s.s. map f: K>L is a homotopy equivalence if and 
only if f induces isomorphisms of all homotopy groups, i.e., fa: m(K 3) 
Zm(Lifh), n=l. l 


THEOREM (13.2). Let K,LeE n be simply connected. Then a c.s.s. 
map f: K>L is a homotopy equivalence if and only if f induces tsomor- 
phisms of all homology groups, i.e., fy: H,(K) = H,,(L).. 


We also need the following lemma 


Lemma (13.3). Let KE r and let SEK be a O-simplex. Then 
(eK): m(K;9) Zm (ExK; (eK)$). 


Proof of Lemma (3.7). In this proof we shall freely use the results 
© of [9] Clearly K may be supposed to be minimal. Let r =m (K). Then 
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there exists a fibre map p: K—K(x,1) with simply connected fibre F. 
Let q: F>K be the inclusion map, then it follows from the naturality of e 
that commutativity holds in the diagram 


q 
F —— K 





p 
> K(r,1) 


| er | ex e(K(r,1)) 
Ex ¢ Exp 


Ex F ———> Ex K —— Ex K (x, 1) 


By Lemma (3.4) Exp is a fibre map with ExF as a fibre. Hence in order 
to prove that eK is a homotopy equivalence it is, in view of the exactness 
of the homotopy sequence of a fibre map, the “five lemma” and Theorem 
(13.1), sufficient to prove that eF and e(K(,1)) are homotopy equivalences. 

As F is simply connected, so is ExF (Lemma (13.3)). Hence it 
follows from Lemma (3.6) and Theorem (13.2) that eF is a homotopy 
equivalence. _ 

There exists a fibre map t: W(K(r,0)) —K(r,1) with K(x, 0) as fibre 
and, as above, in order to prove that e(K(7,1)) is a homotopy equivalence 
it suffices to prove that e(W (K (r, 0))) and e(K(r,0)) are so. As W(K (,0)) 
is contractible and a fortiori simply connected the argument applied to F 
yields that e(W(K(z,0))) is a homotopy equivalence. It is also readily 
verified that e(Æ(x,0)) is an isomorphism. Hence e(K(x,1)) is a homotopy 
equivalence. 


This completes the proof of Lemma (3.7). 


Proof of Lemma (13.3). For a definition of the fundamental group 
see [9]. 

Let c€ A[n] be a non-degenerate g-simplex, i.e., the map o: [9] [n] 
is a monomorphism. Then ø is completely determined by the set (c(0),- : :, 
.o(q)), the image of [q] under o. We shall often write (o(0),: : -,o(q¢)) 
instead of c. 

We first prove that (eK),:m(K;p)—m(ExK;(eK)p) is a mono-. 
morphism. Let a&mı(K;$) be such that (eK),a—1 and let r€a. Then 
there exists a 2-simplex p€ ExK such that pe—= (eK)r and pe = pë 
—(eK)pn°. Iterated application of the extension condition yields 4 3- 
simplices 11,73, 72, 74 € K such that 


ne = ra), (0, 1), (0, 1, 2)) 3 né er); G, 2), (0, 1, 2)) 3; ne = ony? 
rene; 72 = p((2), (1,2), (0,1,2)); ra = f°? l 
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ra = re; Ta — p((2), (0, 2), (0, 1, 2)) 3 Ta — $n? 
. mere; Tye m p((0), (0, 1), (0,1, 2)) nd p((0), (0, 2), (0, 1, 8)). 
Then ; 


3 


TEEL == Te 


Tee == race — n° 


Tage = 746°? == p((0), (0,1)) =o 
tebe? == 7567? — p((0), (0, 2)) mas, n°. 


Consequently a = 1. 

We now show that (ek).:m(K;#)>m(ExK;(eK)®) is an epi- 
morphism. Let y€ b€ (Ex K;(eK)¢). Define a c.s.s. map p:A'[2]—K 
by p((0), (0, 1)) er ¥((0), (0, D); er), (0, 1)) a va), (0, 1)), 


: p((1), a 2); (0, 1,2)) = p((2), (0, 2), (0, 1, 2)) = p((2), (1, 2), (0, 1, 2)) = hnn’, 


. and extend p over ((0), (0,1), (0,1,2)), ((0), (0,2), (0,1,2)) and ((1), (0,1), 
(0,1,2)) by iterated application-of the extension condition. Then 


pe = (eK) pn’, pe = (eK) p((0), (0, 2)), pè =T 


Consequently there exists an element a€ m,ı(K, p) such that p((0), (0,2))€a 
and (eK),a =b. 


14. Proof of Theorem (4.6). Clearly K may suppose to be connected. 
Let p€ Ex" K be a 0-simplex, then in view of Theorem (13.1) it suffices 
to prove that fy: m (Ex* K;6) Zm,(Ex° K;fd) for all m2=1. We shall 
only give a proof for n—1. The proof for n > 1 is similar although more 
complicated. 

Let &€r,(Ex° K;¢) and let r be a representant of a. Suppose there 
exists a 2-simplex p€ Ex” K such that 


1 


(14. 1) pe’ = T°, pe =T, pe = fr. 


. Then clearly f,a—a. Hence it suffices to show that for every 1-simplex 
7€ Ex” K there exists a 2-simplex p€ Ex” K satisfying condition (14.1). _ 
Let r€ Ex” K be a 1-simplex and let n be the smallest integer n= 0 
such that r= (y,n) (by t= (#,0) we mean r= (e*K)y). If n—0, then 
by hypothesis p == rn! is the desired 2-simplex. Now suppose it has already 
been proved that if n < m, then there exists a 2-simplex p satisfying (14. 1a). 
Then we must show that this is also the case if n= m. 
Define, using the notation of Section 13, a 2-simplex #¢€ Ex"K as 
follows. # 
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d((0), (0, 1), (0, 1, 2)) = 3((0), (0, 2), (0, 1, 2)) = #((0), (0, 1)}nt 
(C1), (0, 1), (0, 1, 2)) = 6((1), (1, 2), (0, 1, 2)) TS ¥((1), (0, 1))n* 
3((2), (0, 2), (0, 1, 2)) = 92), (4, 2), (0, 1, 2)) = ¥((0, 1))y°y?. 
Then it is readily verified that 
Be? = (e(Hix"* K))y((1), (0,1)), De (e(Ex"* K))y((0), (0,1)), De = yp. 
By the induction hypothesis there exist 2-simplices po, pı € Ex” K such that 
poe? = (y (0, 1) n° n—1), poe = (de, n), po? =f (de, n) 
pıe = (#((0, 1) )m°,n—1), pret = (dt n), pie? =f (Be, n). 


Application of the extension condition then yields 3-simplices «,A € Ex” K 
such that 


ke = pr, K=p, K= f (0, n), 
Deo == (Oe, n), At = (n), AC =ke. 
It then follows by direct computation that À is the desired 2-simplex, i.e., 


ASEL = rem, Aer, Ar. 


15. Proof of Lemma (5.7). Consider the commutative diagram 


K 


Q 
Fe j QrK 
rQK qK 
RQK K QRK 
RoK | rK | 
gRK 
RK 


It follows from Definition (5.1b) that the maps rQK and qRK are homotopy 
equivalences. Let aK (resp. BK) be a homotopy inverse of rQK (resp. gRK). . 
_ Then the following diagram is commutative up to homotopy 


QK 
QrK 
K 


RQK 


K ae 
ORK 
BE : & 
RK 
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i.e, qK ~aKoRgKorK and rK =ßKoQrKogK. Consequently 


qk = («KoRgK) o (BK oQrK) o qK, 
= (BKo QrK)o (aKoRgK) ork. 


Application of the homotopy extension theorem (which holds for objects of 
Bz; see [9]) yields e.s.s. maps s: QK — QK, t: RK —> RK such that 


s= (ak oRgK)o(pKoQrK), t=(BKoQrK)o(aKoRgK) 
and 
s(qK)o= (gK)o, t(rK)o = (rK)o 


for every simplex s € K. It then follows from condition (5. 1c) that s and t 
are homotopy equivalences. Thus «KoRqK and BKoQrK are homotopy 
equivalences and because «K and BK are also honov? equivalences, so are 
RqK and Qrk. 


16. Proof of Lemma (8.4). Let ir: L— Ex L be the identity map 
and let ul —fB"hpxr. Consider the diagram 





Iz] = | sa | 
| Saal 
sam te | saz] | eh | 
ie ew 
a re 


In view of the naturality of d commutativity holds in the upper left triangle 
and the trapezium and because of the naturality of @ and the fact that 
(Lemma (7.2)) dL=ß"(eL), commutativity also holds in both triangles 
which have | aL | as lower edge. It follows from Lemma (7.4) and (7.5) 
that the maps |dZ|, |eL| and |dExLZ| are homotopy equivalences. The 
commutativity in the trapezium and the smallest triangle involving | pL | 


476 DANIEL M. KAN. 


therefore implies that the maps | SdeL | and | uL | are also homotopy equiva- 
lences. Consequently the lower triangle is commutative up to homotopy and 


|h |0| 4K |=| dExL|o|Säh| =| eL] o| uL |o] Sah] =| e2 |0| 8h]. 
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TOPOLOGICAL ABELIAN GROUPS.* : 


By FreD B. WRIGHT. 


1. Introduction. The principal purpose of this note is to establish the 
existence, in any topological abelian group, of a closed subgroup which has 
special importance for the structure theory of the group. This subgroup 
possesses characteristics which are analogous to those of the radical of a ring. 
It is perhaps appropriate to call this subgroup the radical of the group. 

The radical is a well-known subgroup in certain cases. For example, 
in a discrete abelian group the radical is the torsion subgroup. More 
generally, in any locally compact abelian group the radical is the union of 
all compact subgroups. For the additive group of a real linear topological 
space Æ, the radical is the set of all elements of Æ which are annihilated 
by any continuous linear functional on Z. 

It is possible to employ the concept of the radical to furnish novel proofs 
of some theorems which are usually proved by quite different methods. In 
particular, it is interesting to observe just how much of the structure theory 
for locally compact abelian groups can be obtained by such methods. In the 
final section of this paper, it is shown that almost all of this theory can be 
established intrinsically. That is to say, most of the structure theory can 
be developed without the use of such “external” constructions es the 
character group, the Z.-algebra, or the Z.-space of the group. 


2. Preliminary considerations. Since this paper will be concerned only 
with abelian groups, it is convenient to use an additive notation for the 
group operation. In a topological group, it will always be assumed that 
addition is jointly continuous, that inversion is continuous, and that the 
Hausdorff separation axiom is satisfied. With some care, the preliminary 
theory can be developed under weaker restrictions. (A subsequent note will 
deal with an extension to non-abelian groups.) : 

This is a convenient place to establish some conventions of notation which 
will be observed throughout this paper. Let @ be a topological abelian group, 


* Received February 27, 1956; revised January 7, 1957. 
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and let A be any subset of G. Then À denotes the closure of A, 4° denotes 
the interior of A, and — À denotes the set {-a:a€ A}. A set A is said 
to be symmetric if A=-—-A. If k is any positive integer, the set kA is 
defined to be the set {ai +: --+-a,:a,€ A}, and (—k)A=k(—A). The 
complement of A is denoted by ~ A, so that ~A=={c€G:a¢A}. The 
symbol O denotes the empty subset of G.- 

If B is another subset of G, then AUB and ANB denote, respec- 
tively, the set-theoretic union and intersection of A and B. The set 
{a+ 6:a€A,b€ B} is denoted by A+B. The set A is a aamiehposnoed 
of BO if BCA. 

For x€ G, the symbol + denotes ambiguously the element v and the set 
consisting of the single element x. In particular, 0 denotes either the 
identity element of G or the subgroup consisting of this element only. 

. A topological isomorphism between two topological groups is an iso- 
morphism between the groups which is also a homeomorphism. Two groups 
G, H are said to be topologically isomorphic if there is a topological iso- 
morphism between them, and this is denoted by G=H. The group G is 
said to be continuously isomorphic to the group H if there is an ea 
of G onto H which is continuous. 

If & and H are two topological abelian groups, their direct sum G @ H 
is the algebraic direct sum endowed with the cartesian product topology. 


DEFINITION 2.1. If A is any nonvoid subset of a topological abelian 
group G, let s(A) = {we G:x+AC A}. 

Since s(A) always contains 0, s(A) is nonvoid. 

DEFINITION 2.2. A nonvoid subset S of a topological abelian group G 
is said to be a semigroup in G if 8 C s(8). 


It is clear that $ is a semigroup if and only if 28 C 8, which is in 
accord with the usual definition. It is obvious that for any nonvoid set A 
the set s(4) is a semigroup in G. 


DEFINITION 2.3. A subset A of a topological abelian group G ws said 
to be a regular open set if A is the interior of its closure; that is, if A = (A)°. 
A subset A of G is said to be an angular? subset of G if A is open and 
if 0€ À. 

If S is a semigroup in G, then $ is also a semigroup in G, and if 
S D, then S° is also a semigroup in G. If a family of semigroups has 


? This terminology is due to Hille [4: Definition 7. 6.1]. 
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a nonvoid intersection, that intersection is a semigroup. The union of a 


`- chain of semigroups is a semigroup. A subset A of G is open (closed, regular, 


angular) if and only if —A is open (closed, regular, angular) ; A is a semi- 
group if and only if —A is a semigroup. l 

A necessary and sufficient condition that a subset A of G be a subgroup 
of G is that À be a symmetric semigroup. Another important class of semi- 
groups are those which are completely asymmetric. | 


l DEFINITION 2.4. A semigroup S in a topological abelian group G is 
said to be 0-proper if S does not contain the identity element 0 of G. 


Clearly, 8 is a 0-proper semigroup in G if and only if S N —8 = 0. 
I£ 8 is not 0-proper, then the set H—SM—S is a subgroup of G, and is 
obviously the largest subgroup of G which is contained in S. Then 8 is a 
union of cosets of H. If 0 is an interior point of the semigroup &, then 
H=SM-—S is an open subgroup of G, so that 9 is an open set. It 
follows that in a connected abelian group @ an open semigroup is a 0-proper 
semigroup in G if and only if it is a proper subset of G. 

‘Semigroups of the form s(A), where A is a nonvoid subset of G, have 
useful properties. It will be observed that s(— A) =—s(4). Then the 
set s(4)N s(— À) is.a symmetric semigroup, and hence a subgroup, in G. 


DEFINITION 2.5. For any nonvoid subset A of G, define b(A) to be 
the subset s(A)N s(— 4). : 


LEMMA 2.1. For any nonvoid subset A of G, if &Eb(A) then 
z+A=A. Da 

Proof. If zEb(A), then at ACA and —x+4 CA. Thus «+ A 
CACzx+A, and hence A=r-+A4. 


THorem 2.2. If À is a nonvoid regular open set, then s(4) —s(4), 
s(A) is closed, and therefore b(A) is a closed subgroup of G. i 


Proof. By definition, s(4) —N{(4—x):x€ A}, and hence s{A) is 
closed. Furthermore, s(A)C s(4), by the continuity of addition. On the 
other hand, if z&s(A), then s-+A CA, so that (x-5)? C(A)®. Since 
A is a regular open set, it follows that + 4 CA. Thus N Cc NAR 
and the proof is complete. 2 


COROLLARY.? If 8 is a regular open semigroup in G, then S4+53C 8. 


3 Compare with [4: Theorem T. 6.3]. 
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Lemma 2.3. If & is an angular semigroup in G, then S is a regular 
open set. 


This is proved in [4: Theorem 7.6.2]. The existence of angular 
semigroups is sometimes implied by other hypotheses. For example, see 
[4: Theorem 7.7. 1.] . 

The results of this section are valid for non-commutative groups, pro- 
vided s(4) is defined to be {te G:(&+ A)U(4A+zx)C A}. 


3. Maximal 0-proper open semigroups. Suppose @ is a topological 
abelian group which contains 0-proper open semigroups. Then Zorn’s lemma 
furnishes semigroups which are maximal with respect to these properties. 
This section is devoted to the properties of maximal 0-proper open’ semi- 
groups. The problem of existence is deferred to later sections, and the 
presence or absence of such semigroups has a direct bearing on the structure 
of a group. 

It will be observed that M is a maximal 0-proper open semigroup in 
G if and only if — M is such a semigroup. 


THEOREM 3.1. If M is a maximal 0-proper open semigroup in a 
topological abelian group, then M is a regular open set. 


Proof. If OEM, then M is angular, and hence regular, by Lemma. 2.3. ` 


Otherwise M is a 0-proper semigroup, and hence (if)° is an open 0-proper 
semigroup containing M. Since M is maximal, M = (# )°. 


LEMMA 8.2. Let M be a maximal O-proper open semigroup in a 


topological abelian group G, and let n be any positive integer. If x is such 
that nee M, then ze M. 


Proof. Define a function f on G by f(x) —nx; then f is continuous. 
If Nf, then N is obviously a 0-proper open semigroup containing M. 
Hence M —fM. 


THEOREM 3.3. If M is a maximal 0-proper open semigroup in G, then 
the set ~(M U — M) is identical with the closed subgroup b(M). 


Proof. Set B =~(M U — M). Since s(M)N— M= D, then s(M) 
CBUM. Since M is a semigroup, then M Cs(M). If ~e B, then the 


set W = U (ke + M) is an open semigroup containing M. If 0€W, then 
k=0 


there is a positive integer n such that — ne M, and by Lemma 3.2, it 
‘follows that — EM. This contradicts the choice of ve B. Thus 0¢ W, 


Be 
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and hence W=NM. In particular, v+ M C M, so that we s(M). Thus 
BCs(M), and therefore MUB—s(M). Applying this result to —M, 
it follows that — M U B—s(—M). Thus B=s(M)Ns(—M). 

iy This result shows that G can bə written as the disjoint union 
G=MUb(M)U — M, where M and — M are maximal 0-proper open semi- 
groups in G and b(M) is a closed subgroup of G. This fact plays a vital 
role in all that follows. 
' ‘The following three results are useful, and are immediate. Their proofs 
offer no difficulty. | 


THEOREM 8.4. If M is a maximal 0-proper open semigroup in G, 
then G=M— M; that is, G is generated by M. 


The last two theorems in this section complete the circle of ideas 
centering around the notions of maximality, angularity, and regularity of 
semigroups, and should be compared with Theorem 3.1. 


THEOREM 8.5. Let M be a maximal 0-proper open semigroup in G. 
Then the following three statements are equivalent: (1) M is not angular, 
(2) M is closed, (3) b(M) is open. | 


THEOREM 3.6, Let M be a maximal 0-proper open semigroup in G. 
Then the following are equivalent statements: (1) M is angular, (2) 
M — M U b(M), (8) b(M) is the topological boundary of M. 


The repeated use of subgroups of the form b(M) in the sequel makes 
it advisable to have a convenient name for them. Theorem 3.3 suggests 
the following. | 


DEFINITION 8.1. A closed subgroup B of a topological abelian group 
G will be called a residual subgroup of G if there exists & maximal 0-proper 
open semigroup M of G such that B=b{M); in this case, B is called the 
residual subgroup belonging to M. 


Every residual subgroup belongs to at least two maximal 0-proper open 
semigroups in G, and may belong to more. 

4, The radical of a topological abelian group. It is now time to iniro- 
duce the principal definition of this paper. 


DEFINITION 4.1. Let G be any topological abelian group. Denote by 
T the intersection of all the residual subgroups of G, with the convention 
that T=G if there are no residual subgroups. The closed subgroup T is 


3 
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called the radical of G. If GT, G is said to be a radical group, while if 
T =0, G is said to be a radical-free group.* 


THEOREM 4.1. If G is a discrete abelian group, then the radical T 
of G is the torsion subgroup of G. | i 

Proof. For each xE G, the set {kr: k = 1} is an open semigroup in G. 
By definition, æ€ T if and only if every open semigroup containing x also 
contains 0. Thus v€ T if and only if x has finite order. 

Clearly the radical will always contain the torsion subgroup. It need 
not, however, be the closure of the torsion subgroup. 

A topological abelian group G is a radical group if and only if there 
are no 0-proper open semigroups. It follows at once that if G is a radical 
group and if H is a closed subgroup of G, then G/H is a radical group. 
Thus, if G is a radical group and if S is an open semigroup in G, then 
S N— K is an open subgroup H of G (Section 2). Then G/H is a discrete 
radical group, and by Theorem 4.1, is a torsion group. Then the image of 
Sin G/H is in fact a group, and, again by Section 2, 9 is itself a group. 
This establishes 


THEOREM 4.2. A topological abelian group G is a radical group if 
and only if every open semigroup in G is an open subgroup of G. 

A non-discrete example of a radical group is therefore furnished by any 
compact abelian group [15]. Since there are compact groups with no non- 
zero elements of finite order, this shows that the radical need not be the 
closure of the torsion subgroup. 

If G is a topological abelian group, any subgroup H of G is a topological 
group in its induced (subspace) topology. Hence H has its own radical, 
which may be denoted by Ty. It is obvious that Ty C T N H, where T is 
the radical of G. Whether or not equality holds in general is an open 
question, except in special cases. It will be seen below that equality of 
these two groups does hold for locally compact abelian groups. 


DEFINITION 4.2. Let G be a topological abelian group, and let H be 
any subgroup of G. Then H is said to be a radical subgroup of G if H is 
a radical group when H is considered to be a topological group in its induced 
topology. 

Then H is a radical subgroup of G if and only it H—Ty. In such 
a case, H CT. 


` < Although the terminology “ radical ” should cause no confusion, it seems advisable 
to use “ radical-free ” instead of “semisimple.” 


FT 
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. Lemma 4.3. Let G be a topological abelian group. (1) If H is a 
radical subgroup of G, then H is a radical subgroup of G. (2) The set- 
theoretic union of a chain of radical subgroups is a radical subgroup of G. 
(3) The subgroup generated by two radical subgroups of G is also a radical 
subgroup of G. 


Proof. The proof of (3), for example, will illustrate the proofs of the 
others. Let H, and H, be two radical subgroups of G, and let H = H, + H. 
If M is a maximal 0-proper (relatively) open semigroup in H, then M N Hı 
=MN H, = D, and hence both H, and H, are contained in bx(M), the 
residual subgroup in H belonging to M. Thus H C bx(M), and hence no 
such JM can exist. 

This yields at once the following result. 


THEOREM 4. 4. If G is any topological abelian group, then there exists 
in G a unique maximal radical subgroup H which is closed nes is contained 
in the radical T of G. 


The question naturally arises: is the radical itself a radical subgroup? 
In general, this is an open question. For locally compact groups, the answer 
_is affirmative. Another affirmative answer is provided by the next theorem. 


THEOREM 4.5. Let G be a topological abelian group with radical T. 
If TAG, the following are equivalent. (1) There exists a residual sub- 
group of G which is open. (2) Every residual subgroup of G is open. (8) 
The radical T of G is open. If any one of these is true then the radical T 
is the unique residual subgroup of G, and T is a radical subgroup of G. 


Proof. It is clear that (3) implies (2) and that (2) implies (1). 
Finally, assume the residual subgroup b(M) is open, and let $ be a 0-proper 
open semigroup in b(M). Since b(M)+M—M, it follows that SUM 
is a 0-proper open semigroup in G, violating the maximality of M. Hence 
b(M) is a radical group, and hence b(H)C T, by Theorem 4.4. Since 
T Cb(M) in every case, then T —b(M) in this case. This also establishes 
the last statement of the theorem. a 

Direct calculation establishes the following behavior of 0- -proper open 
semigroups under certain homomorphisms. 


LEMMA 4.6. Det G be a topological abelian group with radical T, and 
let H be a closed subgroup of G, such that HCT. Let G* denote the 
quotient group G/H, and let x denote the natural homomorphism of G 
onto G*. If M and M* are 0-proper open semigroups in G and G* respec- 
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tively, then mu and m"'M* are O-proper open semigroups in G* and G 
respectively. If M and M* are maximal, then mM and x *M* are maximal. 
In particular, if M is a maximal 0-proper open semigroup in G, then 
M = 7 rl. 


An immediate corollary of this result is the following useful fact. 


THEOREM 4.7. If G is a topological abelian group with radical T, and 
if H is a closed subgroup of G such that H CT, then the radical of G/H 
is T/H. In particular, G/T is radical-free. 


The next result characterizes the radical as the minimal subgroup of G 
satisfying the last statement of the preceding theorem. 


THEOREM 4.8. Let G be a topological abelian group with radical T. 
Let H be any closed subgroup of G such that G/H is radical-free. Then 
TCH. 


Proof. Let G* = G/H, and let m: G— G* be the canonical homomor- 
phism. If M* is a maximal 0-proper open semigroup in G*, then there is | 
a maximal 0-proper open semigroup M in @ such that x ?M* C M. Then 
a*b(M*)>D b(M), where the calculations of residual subgroups are made in : 
the proper groups. Then ()rb(M)C Mb(M*), where the right-hand inter- 
section is taken over all residual subgroups in @* and the left-hand inter- 
section is taken over some residual subgroups in G. The same inclusion is 
valid if the left-hand intersection is taken over all residual subgroups of G, 
obviously. Hence 


T ==) D(A) C Nr tr (M) =r 1) eb (M) C rt N b(M*) = 710 =H, 
since @* is radical-free. | 


The following manifestly true remarks will be employed from time to 
time. {1) Any subgroup of a radical-free group is radical-free. (2) A 
radical-free group remains radical-free if the topology is strengthened. 
(3) A radical group remains a radical group if the topology is weakened. 
The last two statements are most useful when translated into terms of con- 
‘tinous isomorphisms, and (3) is in fact a special case of a remark following 
Theorem 4.1 above. ot 


.. à. Maximally radical-free groups. Certain radical-free groups are of 
special interest because. of their significance in structure theory. 
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DEFINITION 5.1. A topological abelian group G is said to be maximally 
radical-free if the subgroup 0 is a residual subgroup of G. 


Thus G is maximally radical-free if and only if there exists a maximal 
0-proper open semigroup M in @ with b(Jf) =0. The class of such groups 
coincides precisely with the class of linearly ordered abelian groups. For, 
let A be an abelian group (no topology!) which is linearly ordered by the 
relation =. Let P denote the set of all elements v in A satisfying «> 0. 
Then P is a 0-proper semigroup in A, and every element of A different from 
0 is either in P or in — P. If, conversely, P is a 0-proper semigroup in G 
such that ~(P U — P) =0, then there is a linear order in A such that 
P=={ve€A:e>0}. The set P is called the positive cone of A. 

A linearly ordered abelian group A has an intrinsic topology defined on 
it by the order. A base for the neighborhoods of 0 is given by the family 
of intervals (—a,a) = {te A: —a<x<a}, for all a€ P. This topology 
will be called the interval topology in A. It is easily seen that A is a 
topological abelian group in the interval topology, and that the positive cone 
P of A is open. 

The interval topology is thus essentially determined by the positive cone 
P. One minor relation between the algebraic structure of P and the topology 
in A is worth recording. It is easily seen that either P—2P or else 
PM~(2P) consists of a single element. In the latter case, the group A 
is discrete in the interval topology, while if P—2P the group A is dense- 
in-itself. 

Further details about linearly ordered abelian groups may be found in 
[1]. The remarks above form the skeleton of the very important result 
contained in the following theorem. 


THEOREM 5.1. Let G be a maximally radical-free topological abelian 
group. Then G can be made a linearly ordered abelian group, and the 
interval topology on G is coarser than the original topology. Conversely, if 
A is a linearly ordered abelian group, then A is a maximally radical-free 
group in its interval topology. 


This yields an interesting new proof of a classic theorem concerning 
abelian groups: Any abelian group, all of whose elements have infinite order, 
can be linearly ordered to be a linearly ordered group [8]. For, if the group 
is given the discrete topology, it is therefore radical-free (Theorem 4.1). 
Since the radical is open, it is the unique residual subgroup in the group 
(Theorem 4.5). Hence the group is maximally radical-free (Definition 5.1). 
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Thus the group can be made a linearly ordered group (Theorem 5.1). It is 
interesting to uncover the almost completely hidden use of the axiom of 
choice, which is usually cited explicitly in proofs of this theorem. 


THEOREM 5.2. A connected maximally radical-free topological abelian 
group is continuously isomorphic to the additive group of real numbers. If 
the group is either locally compact or locally connected, then the isomorphism 
is also a homeomorphism. 


Proof. Such a group has the property that the space obtained by 
deleting the element 0 is disconnected, by virtue of Theorem 3.3. The con- 
clusion of the theorem follows from-[2: page 16, no. 4]. (See also [5] for 
@ precise statement of the theorem, cited.) 


COROLLARY - 1. Let G be a maximally radical-free group, and let K be 
the component of 0 in G. Then either K —0 or K is continuously iso- 
MILD to the additive group of real numbers. 


In the structure theorems which follow, it will be necessary to establish 
the fact that a continuous isomorphism is in fact a topological isomorphism. 
This will. be done by citing an appropriate one of the following three 
references: [14: page 20], [14: page 95], [10: Theorem 6]. The first such 
structure. theorem, which follows from the second of these references, is now 
at hand. 


COROLLARY 2. Let G be a maximally radical-free group, with K the 
component of Oin G. If G/K is discrete, then G is topologically un 
to KẸ (G/E i 


Now let @ be maximally radical-free and let K be the oleae of 0 
in G. Then K has the property that for any v€ K, with s > 0, if 0 <y<x 
then y€ K ; that is, K is an “isolated subgroup” [12] or a “convex subgroup” 
[i] of G. To see this, let H be the set of all elements y€ G such that 
—x<y<zx for all c>0 in K. It is easily seen that H+-K is the 
smallest convex subgroup containing K. But if y€ M is different from 0, 
the interval (—y,y) is an open set in @ containing 0. But (—y,y)NK 
is a neighborhod of 0 in K, and (—y,y)NK=0. Hence either K=0 or 
H —0. In either case K is a convex subgroup, as desired. 

Since this is true, the quotient group G/K has an induced linear order’ 
[12: Chapter 1, Lemma 2]. Then @/K is maximally radical-free in the 
interval topology given by this order. It is easy to see that the quotient 
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topology on G/K, where @ is considered in its original topology, is finer 
than the interval topology on G/K. This yields the following result. 


THEOREM 5.3. If G is a maximally radical-free topological abelian 
group, and if K is the component of 0 in G, then either G=K or else the 
quotient ‘group G/K is maximally radical-free. 


Maximally radical-free groups occur in structure theory in the form of 
certain quotient groups. 


THEOREM 5.4. If G is a topological abelian group and if b(M) is a 
residual subgroup of G, then G/b(M) is maximally radical-free. 


6. Real linear topological spaces. This section is something of a di- 
gression from the prinicipal theme of this paper. It is interpolated here for 
two reasons. In the first place, the additive group of an infinite dimensional 
real linear topological space is the most accessible example of a topolcgical 
abelian group which is not locally compact, but which has almost any other 
pleasant algebraic or topological property. It is therefore of some interest 
to see what the radical is for such a group. Of perhaps equal interest is the 
fact that real linear topological spaces are the natural vehicles for repre- 
sentations of certain abelian groups, as is shown in the next section. 


LEMMA 6.1. Let E be a real linear topological space, and let M be a 
maximal O-proper open semigroup in E. Then M is convex. 


Proof. Since M is open, it suffices to show that M is midpoint-convex: 
Since M is a semigroup, this will follow if it is shown that v€ M implies 
that 4x € M. But this follows at once from Lemma 8.2. 

This result is sufficient to establish the precise description of a maximal 


0-proper open semigroup and its residual subgroup; one needs only to appeal 
to [7: Theorem 8.10] to obtain the answer. 


THEOREM 6.2. If M is a maximal 0-proper open semigroup in a real 
linear topological space E, then there exists a continuous linear functional 
fon E such that M = {xe E: f(z) > 0}, —M = {z€ E: f(x) <0}, and 
b(M) = {re E: f(x) —0). 


COROLLARY 1. The set of residual subgroups of a real linear topological 
space E is in one-to-one correspondence with the set of continuous hyperplanes 
through 0 in E. The radical of E consists of all those elements of E which 
are annihilated by every continuous linear functional on BE, - 
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COROLLARY 2.5 In any real linear topological space E, if 8 is an open 
semigroup in E, then either S=E or S is a subset of a half-space of E. 


It should be noted that the proof of Lemma 6.1 does not depend on 
either the joint continuity of addition or on the Hausdorff separation axiom. 
Since [7: Theorem 8.10] also makes no use of these restrictions, this entire . 
section may be extended to such spaces. Theorem 6.2, in particular, shows 
that the residual subgroups are closed linear subapces. Thus- the concept of 
the radical is applicable to this wider class of linear spaces, and Corollary 1 
asserts that a real linear topological space is radical-free if and only if it is 
a locally convex Hausdorff linear topological space. 


7. Representation of connected groups. Throughout this section, let 
G denote a connected abelian group. If b(M) is a residual subgroup of G, 
then G/b(JZ) is continuously isomorphic to the additive group of real 
numbers. Conversely, if ¢ is a continuous homomorphism of G onto the 
reals, it is obvious that the kernel #-10 of ¢ is the residual subgroup belonging 
to the pre-image of the open right-half line under ¢. An easily established 
necessary and sufficient condition that two continuous homomorphisms &ı 
and z of G onto the real line have the same kernel is that there exist a real 
number « such that ¢ı (£) —a:p(x) for all ze G. 

If Æ denotes the set of all continuous homomorphisms of G into the 
real line, then À is a vector space over the reals under pcintwise operations. 
Furthermore, E can be endowed with a topology making it a linear topological 
space. The most natural, though by no means the only, such. topology is 
the weak topology induced by G. Since @ is assumed to be Hausdorff, the 
space # will also be a Hausdorff space, and it is clearly locally convex in this 
topology. i 

Now let E* denote the dual space of Æ, and let E* be given its weak” 
topology; that is, the topology induced on E* by E. For each s€ G, define 
Rre E* by setting Rx($) = p(x}, for each BEE. It is clear that R is a 
homomorphism of G into #*. Furthermore, Ra = 0 if and only if (x) =0 
for all $E€E. As shown above, this holds if and only if æ belongs to the 
radical T of G. The continuity of R follows at once from the definition 
of the topology in E*. 

Finally, if € # is such that (x) — 0 for all ve G, then 6=0. This 
shows that the range of R in E* generates a linear subspace which is dense 
in E* in the weak* topology. These results are summarized as follows. 


5 Compare with [4: Theorem 7. 6. 8]. 
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Tasorem 7.1. Let G be a connected abelian group with radical T. 
Then there exists a locally convex real linear topological space E with dual 
space E*, and a continuous homomorphism R of @ into E* such that the 
kernel of Ris T. The range of R generates a weak* dense linear subspace 
of E*, 


This result is a generalization of part of the structure theorem for 
locally compact abelian groups. Furthermore, if @ is a normed linear space, 
the mapping À is the usual injection of G into its second dual space, and 
the last statement of Theorem 7.1 is Helley’s theorem. 

If the hypothesis of connectivity is replaced by an algebraic condition, 
analogous results can be established. The algebraic condition is a generaliza- 
tion of Archimedean order. This topic will be dealt with in a subsequent 
note. 


8. Locally compact abelian groups. This final section is conzerned 
with the application of the methods and results of the preceding sections to 
the study of locally compact abelian groups. The structure of such groups 
is well-known [11, 18, 14]. The purpose of this section is to establish as 
much of this structure theory as possible by means of topological and algebraic 
methods alone, and within the group itself. This means that the proofs to 
follow will make no use of measure-theoretic concepts, and that no external 
constructions will be used. In particular, the character group will not be 
used. (In the proofs of Theorems 8.3 and 8.4, the concept of a covering 
group [8] is used. This violates the promise not to use non-intrinsic objects. 
The fact is that these two results can be given intrinsic proofs which amount 
to proving the one fact about covering groups which is needed. It has seemed 
simpler to make this concession to the demands of brevity.) 

It must be noted that the full structure theorem has not as yet vielded 
to these methods. Theorem 8.5, Theorem 8.7 and the Corollary to Theorem 
8.9 constitute that part which can be so proved. The missing result is pre- 
cisely this: the radical of a locally compact connected abelian group is a 
topological and algebraic direct summand of the group. (One can easily 
reduce the problem to the case in which the radical is divisible, in which 
case the radical is algebraically a direct summand.) 

To begin, ib will be recalled that a compact group is a radical group 
[15]. It follows that every compact subgroup of a locally compact abelian 
group is contained in the radical. Hence a radical-free group contains no 
compact subgroups other than 0. 
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LEMMA 8.1. Let G be a totally disconnected radical- m ee locally: com- 
pact abelian group. Then G is discrete. 


Proof. Since:@ is totally disconnected, there exists a compact open sub- 
group H. Since @ is radical-free, H —0, so that G is discrete. 


Lemma 8.2. Let G be a radical-free locally compact abelian group. 
Then there exists a finite set of residual subgroups b(M): - -,b(X,) of G 


such that the subgroup B = N b(M;) is discrete. 
gal 


Proof. Let U be a compact neighborhood of 0, and let W be the boundary - 
of U. When W is compact, and 0¢ W. Since G is radical-free, the open sets 
(MU — M), for all maximal 0-proper open semigroups M in G, cover the 
compact set W. If (MU —M;),: : -, (Mn U — Ma) give a covering of W, 


consider the closed subgroup B = N b(M,). It follows that B N U.=B N U”. 
j=1 


If Bx is the component of 0 in B, then Bg N U is a nonvoid open and closed 
subset of Bx. Hence Bx N U — Br, and since Bx is radical-free, then Bg = 0. 
Thus B is totally disconnected and therefore, being radical-free itself, it is 
discrete. = 

In what follows, the additive group of a real linear topologieal space 
is called a vector group, and the linear dimension of the verter space is 
called the dimension of the vector group. : 


| THBOREN 8.8. Tf 6 is a T radical-free locally compact abelian 
group, ihen G is topologically isomorphic to a vector group of (unique) 
finite dimension. 


Proof. Choose the least positive integer such that there exists a collection 
of n residual subgroups b(M), - :,b(M,) with discrete intersection B. 
It is apparent that there is a one-to-one continuous isomorphism of G/B 
into the direct sum of the groups G/b(M:;), and the minimality of n shows 
that the mapping is in fact onto this direct sum. Thus G/B is continuously 
isomorphic to Er, where Æ” is the Euclidean vector group of dimension n. 
It follows from [9] or [10: Theorem 6] that this mapping is open, and 
therefore a homeomorphism. 

Since G is connected and B is discrete, it follows that G is a covering 
group for Er. The uniqueness of the covering group for Er implies that 
B—0, and the proof is complete. | | 


TOPOLOGICAL ABELIAN GROUPS. 491 


THEOREM 8.4. If G is a connected locally compact abelian gr gu, then 
the radical T of G is connected. | 


‘Proof. Let H be a subgroup of T which is relatively open in T. By 
Theorem 4.7 the group G/H has the discrete group T/H as its radical. 
Thus G/H is a covering group of (G/H)/(T/H)=G/T=#" Hence 
T/H = 0, and thus H =T. 

A complete description of radical-free locally compact abelian groups 
is now at hand.. 


THROREM 8.5. Let G be a radical-free locally compact abelian group, 
and let K be the component of 0 in G. Then K is topologically isomorphic 
to a Buclidean vector group E", G/K is discrete, and G is topologically 
isomorphic to (G/K)@K. 


Proof (in outline). Suppose first that G is maximally radical-free. 
Then G/K is totally disconnected, and is maximally radical-free (Theorem 
5.3). Thus, by Lemma 8.1, @/K is discrete, and therefore G = K @(G/K), 
by Corollary 2 to Theorem 5. 2. 

Theorem 4.5 shows that consideration may be restricted to the case in 
which @/b(M) is not discrete for any residual subgroup b(M) of G. Since 
G/b(M) is maximally radical-free, then G/b(M)=—2°@D, where D is 
discrete, for each M. Now choose the least integer n such that there exists 
a family b(M:;), i—1,: --,n, of residual subgroups of @ having discrete 
intersection B. Then G/B is topologically isomorphic to E” @ Ay, where A, 
is discrete. Let m: G—> G/B be the canonical homomorphism, and let 
A=g!A,. Then G/A = Er, and it is easily seen that K= E”. It follows 
that there is a continuous homomorphism of G onto K leaving K element- 
wise fixed. By [14: page 20], G—K @(G/K). Then the totally discon-. 
nected group G/K must be radical-free (being essentially a subgroup of @), 
and is therefore discrete. 


. COROLLARY. If G is a totally disconnected locally compact abelian 
group, then the radical T of G is open. 


In particular, in the totally disconnected case the radical is the unique 
residual subgroup and also the maximal radical subgroup of G. This 
comment will be extended to the general case later. 

The next result is the crucial lemma in the study of radical groups. 
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Lemma 8.6. Let G be a locally compact abelian group, and let K be 
the component of 0 in G. If K is not compact, then G is not a radical group. 


Proof. Let U be a symmetric open neighborhood of 0 whose closure is 
compact. Set U, =U and define U,ı=U„+U. Then Un is open and 
has compact closure. Since K is not compact, neither is G, and therefore 
(U»)- AG. On the other hand, if U,—(U,)-, then U, is both open and 
closed, and since it contains 0 it contains K. This, however, implies that 
K is compact. Hence U,54(Un)~. The proof can now be completed by 
copying the proof of Lemma 2, page 153, of [11]. There it is shown that 
there exists an element d in the boundary of U such that nd is in the 


boundary of U,. This being true, it follows that the set U (nd+U,) isa 
nel 


O-proper open semigroup in @. 
A more natural way of expressing this result is as follows. 


' Pareormat 8.7. I f @ is a radical locally compact abelian group, then 
the component of 0 in @ is compact. 


COROLLARY. A necessary and sufficient condition that a connected 
locally compact abelian group be a radical group is that G be compact. 


It is now necessary to prove directly a piece of the structure theorem. 
In the usual order of things, this follows as an easy consequence of the 
theorem. The proof given of this result here is a mild adaptation of the 
standard construction of a one-parameter subgroup in G. 


Leama 8.8. Let G be a locally compact abelian group, and let H be 
a closed subgroup of G such that H is topologically isomorphic to a vector 
group E", and such that G/H is topologically isomorphic to a vector group 
E”. Then @ is topologically isomorphic to Entm, 


Proof. These hypotheses imply that G is connected [3: page 36]. The 
proof is an induction on m. The case m = 0 being trivial, suppose G/H = Et, 
For each integer k = 1 and for each x € G, the equation 2*y = æ has a unique 
solution y. (That G is algebraically isomorphic to Er" follows at once 
from [6: Theorem 2], for example.) Thus the mappings fw, defined on G 
for each positive integer k by f(a) = 2*x, are continuous isomorphisms of G 
onto itself. Since @ is connected and locally compact, [10: Theorem 6] 
applies, and hence fy is open. 
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Let U be any compact, neighborhood of 0 in G, and let U,=j,1U. 
Then each U, is a compact neighborhood of 0 in G, and Uz D Upu for each k. 
Then, given any such U and any s€ G such that «€ H, let 2-4x denote the 
unique solution of the equation ?#y—x. If X is the set of all 2-2, 
k—1,2,:-:, then X CU, and since U is compact, X is compact and is 
contained in U. Thus the set X has at least one limit point a€ U. It will 
now be shown that necessarily a — 0. 

If 2"2%—-a, as i>w, it is obvious that for each i, 2%ae€ U. One of 
three cases can occur: (1) a0, (2) a0 has finite order, (3) U contains 
an infinite number of non-zero elements in the cyclic subgroup spanned by a. 
Case (2) is ruled out at once, since G has no such elements. If (3) holds 
for a in G, it also holds for the image of a in G/H =H. This contradiction 
implies that a€ H, and hence (3) holds in H == E”. This is also impossible. 
Therefore 2-*c->0 and ko. 

A copy of the reals may now be constructed in @. The group generated 
by X is disjoint from H, and is a continuously isomorphic copy of the dyadic 
rationals. Then this isomorphism can be extended to a continuous isomor- 
phism of the reals Æ> into G. The isomorphism is necessarily a homeo- 
morphism (onto its image), and it readily follows that G = E” @ Etæ Er", 
An easy induction establishes the general result. 

- It is now possible to establish the important fact that the radical of 
any. locally compact abelian group is a radical subgroup. 


Tuxorem 8.9. The radical T of a locally compact abelian group G is 
the maximal radical subgroup of G. 


Proof. If T is not a radical group, then there is a closed subgroup 
H CT such that H is a residual subgroup of T. Then G/H has T/H as 
its radical. This reduces the problem to showing that the radical cannot be 
maximally radical-free. A similar reduction enables one to consider separately 
the possibility that T is either the additive group of reals or is a discrete 
torsion-free group. 

Suppose first that Tæ Et Then T C K, where K is the component of 
Qin G Then G/K = (G/T)/(K/T). Since K is connected, it follows 
that K/T =E” for some integer n. By Lemma 8.8, K=H#™: But 
G/T = E” © A, for integer m and a discrete group A. Then G/K = En GA. 
Since G/K is totally disconnected, m — n = 0, so that G/K is discrete. Since 
K is divisible, G=K®(@G/K). But then @ has radical 0, contrary to 
assumption. 
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This leaves the possibility that the radical 7 is a discrete torsion-free 
group. As before, G/T =E” ®A. If K is the component of 0, then 
ENT is a closed discrete subgroup of K containing the radical of K. 
Since the radical of K is connected, K is radical-free, and hence K = Er for 
some integer: n = 0. On the other hand, the group K/(K MT) is mapped 
continuously and isomorphically into the component Er of G/T. Thus 
K/(K MT) contains no elements of finite order. But if K N T0, 
K/(K OT) contains a non-trivial torus, and thus has elements of finite 
order. Hence KN T=0. 

Let H=(K+T)-. Since H/T C G/T = ; Em © ‘A, then H/T = p D A, 
where A, is discrete and km. In the projection of H onto H/T, K is 
mapped continuously and isomorphically into the component E* of H/T. 
Since G/H = (G/T)/(H/T), it follows that G/H = Er @ Z? @ Az, where 
Zs denotes a torus of dimension s, where A, is discrete, and where r+s 
=m—k. But the left-hand side is totally disconnected, so that r+ s=0, 
and hence m =k. Thus H/T =E" A; Let m denote the projection of 
H onto H/T. Since x is continuous and since H = (K +T)-, then Er @ A, 
=H/T=#H=r(K+T) C(r(K+T)) = (rK) CE". Thus A,—0 
and H/T =H". Then ~ yields a continuous isomorphism of K = Er oùto a 
dense subset of Er. By virtue of [2: Chapter VII, 82, no. 1], K is closed, 
so that H/T=E"=K. It follows at once from [14: page 20] that 
H =K @ A;, where A, is discrete and topologically isomorphic to H/K: 

Since G/H is discrete, H is open in G, and since H/K is discrete, K is 
open in H. Hence K is open in G, so that @/K is discrete. By [14: page 95], 
G =K @ A; where A, = G/K. Since Agis discrete, its radical is its torsion 
subgroup,. which is contained in 7. But T is torsion-free, and hence @ has 
radical 0, contrary to assumption. This completes the proof. 


COROLLARY. If G is a connected locally compact abelian group, then 
the radical T of G is a connected compact subgroup having the property 
that G/T is topologically isomorphic to a vector group of (unique) ne 
dimension. 


THEOREM 8.10. Let G be a locally compact abelian group. Then ‘the 
following sets in G are identical: (1) the radical T of G, (2) the maximal 
radical subgroup of G, (3) the set of all elements x in G such that the adu 
subgroup of G generated by æ has compact closure. 


Proof. The equality of (1).and (2) was established in Theorem 8.8. 


TOPOLOGICAL ABELIAN GROUPS. 495 


Clearly set (3) is contained in set (1). Conversely, let ze T, and let K be 
the component of 0 in T. Then K is compact, and the cyclic grou (x) 
has compact closure if ce K. If sé K, let x* be the image of æ in the 
radical group T*—T/K. If +: T—T* is the canonical projection, then 
a(x)” C (ae) = (2*)-, so that (£) C w4(a*)-. Tf (2*)- is known to be 
compact, then r1(x*)- is also compact, since K is compact. This reduces 
the question to the totally disconnected case. 

If T is totally disconnected, let v€ T and let H be a compact open 
subgroup of T. Then T/H is a discrete radical group, and hence a torsion 
group. Then there is some positive integer k such that kse H. Thus 


k . 
(x) C U (ix + H), and hence (x)- is compact. 
q=1 


COROLLARY. If G is a locally compact abelian group with radical T, 
and if H is a closed subgroup of G, then the radical of H is HOT. 


It should be remarked that a more natural order of theorems would be 
to have Theorem 8.10 follow immediately after Theorem 8.5. In this order, 
Theorem 8.9 could be eliminated, and Theorem 8.7 could be estaklished 
with considerable ease (modifying the argument for the result on pege 97 
of [14]). A direct proof of Theorem 8.10 would, however, be quite similar 
to the proof of Lemma 8. 8. 
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ON CURVES OF MINIMAL LENGTH WITH A CONSTRAINT ON 
AVERAGE CURVATURE, AND WITH PRESCRIBED INITIAL 
AND TERMINAL POSITIONS AND TANGENTS.* 1 


By L. E. Dugixs. 


1. Introduction and summary. Let a particle pursue a continuously 
differentiable path from an initial point u to a terminal point v. Suppose 
that its speed is unity and suppose that its velocity vectors at u and v are 
U and V respectively. We are interested in a path of minimal length for 
the particle. It is easy to see that there exist u, U, v and V for which no 
path of minimal length exists. We need some further reasonable restriction. 
At first, it seems natural to require that the path possess a curvature every- 
where, and to prescribe that its radius of curvature be everywhere greater 
than or equal to a fixed number R. But again there exist (u, U, v, V,R) for 
which no path of minimal length exists (Proposition 14). The difficulty is 
that we have imposed too severe a restriction. In order to arrive at the 
correct restriction to impose, we observe that if X is a curve in real n-dimen- 
sional Euclidean space, parameterized by arc length, for which X”(s). exists 
everywhere, then the curvature, | X” (s) |, is less than or equal to R every- 
where, if and only if, 


(1) |Æ (s1) — Z (s2) || S B7 | sı — sz 





2 


for all s, and s» in the interval of definition of X. By the average curvature 
of X in the interval [s:,s,] we mean the left side of (1) divided by | — se |. 
We say that a curve X in real Euclidean i-space parameterized by arc length 
has average curvature always less than or equal to R> provided that its first 
derivative X” exists everywhere and satisfies the Lipschitz condition (1). We 
inquire, for fixed vectors u, U, v, V in real n-dimensional Euclidean space, Fn, 
and a fixed positive number R, as to the existence and nature of a path of 
minimal length among the curves in Æ,, of average curvature everywhere 
less than or equal to R. Now we find that paths of minimal length neces- 
sarily exist. We call such a path an R-geodesic. The purpose of this paper 





* Received April 28, 1956; revised January 3, 1957. 
1 This research was supported in part by the United States Air Force through the 
Air Force Office of Scientific Research of the Air Research and Development Command. 
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is to prove Theorem 1, which implies that for n—2, an R-geodesie is 
necessarily a continuously differentiable curve which consists of not more than 
three pieces, each of which is either a straight line segment or an arc of a 
circle of radius R. Furthermore, the corollary to Theorem 1 implies that 
three is the least integer for which this is true. The nature of R-geodesics 
for n = 8 is open. 


2. Existence of R-geodesics. Let u, v; U and V be vectors in real 
n-dimensional Euclidean space, En. Let || U ||| V || =—1 and let R> 0. 
Let C==C(n,u,U,v,V,R) be the collection of all curves X defined on a 
closed interval [0,Z], where D=-L(X) varies with X, such that X (s) € En 
for OSs S£ L; | X’(s) || ==1; the average curvature of X is everywhere less - 
than or equal to R; X(0) =u, X’(0) =U, X(L) =v and X’(L) =F. 


Proposition 1. For any n, u, U, v, V, and R, there exists an X in 
C=((n,uU,v,V,R) of minimal length. 


Proof. We omit the verification that O is non empty. Let #,€ C. Let 
d, be the length of X, and let d be the infimum of lengths of all curves in C. 
Clearly dSd,. There exists a sequence X,€C such that the length da of 
Xn is monotonely decreasing to d. Since | X, (s)| ==1, it follows that the 
X, are a uniformly bounded family of functions. Since | Xn’ (81) — Zn (82) | 
S R> |sı— s: | for all s, and s, in the interval [0,4], it follows that the 
X,’ also form an equicontinuous family on [0,4]. Therefore by Ascoli’s 
theorem, [1], there is a subsequence of the X, whose derivatives converge 
uniformly on [0,d] to a function Y. For convenience, we assume that 
X, is itself such a sequence. It is easy to see that Y(0)=U and 
IF) —Y¥ (se) |S R+*|s,—s.| for all s and s in [0,4]. Since 


¥,(s) =X, (0) + f'rat-u+ ecto 


it follows that for OSs, © 


BAOE ROTE INL!) —Xw (Lat Sa sup |Z () SCT 


where the sup is taken over ¢ in [0,d]. Therefore X, converges uniformly 
in [0,d] to a function X. ‘Since Xx converges uniformly to Y and X, 
converges to X it follows that X’ = (lim Y,)’=limXY,’—Y. It is elemen- 
tary to complete the proof of the theorem by showing that X(d) —v and 
X’(d)=V. Namely, : | 
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| X (4) —o | S£ | X (4) — Ea (4) + I X. (4) —v | 
=| X (4) — Xa (0) + 1 Xa (4) — Ea (dn) || S | X (4) — Xn (d) | + di —d 
| which converges to zero as n approaches infinity. Also, 
|Z) — F | S| (4) — Xx (4) + IE (d) — VI 
= [X (4) — Xx (A) + | Zx (4) An (du) fl S 1 Z (4) — Xx (4) | 
+R] dd; 


which also converges to zero as n approaches œ. Thus ¥ (d) =v, X’(d) =F, 
and therefore X € C, and X is of minimal length. 


3. Some preliminary propositions. The purpose of this section is to 
prove Proposition 6. We begin by borrowing ideas from E. Schmidt’s proof, 
[2], of A. Schur’s Lemma and thereby prove: 


Proposirion 2. Det X be a curve of average curvature everywhere less 
than or equal to R> and Let Z be a semicircle of radius R. Then 


(2) Æ) Lr OSZ) — z C) |, 
and 
(3) (X"(s), X’(t)) > (Z (8), 2’(#)) 


for all s and tin [0,rR]. Furthermore, for any fixed s and t, s < t, equality 
holds in (2) if and only if equality holds in (3), and equality holds in 
(3) if and only if X(r) is an arc of a circle of radius R for sSrSt. 


Proof. Condition (1) implies that ¥”(s) exists almost everywhere 
and is a measurable function of s bounded by R. Therefore 


t 
| f 12") ar] SR sé]. 
8 


Since X’ is absolutely continuous, we see that the arc length of the curve 
X’(r) for sSrSt is less than or equal to R*|s—t|. Sines X’(r) is a 
curve on the surface, 8,, of the unit sphere in Fa it follows that the length 
of a geodesic on this surface which connects X’(s) and X’(t) is certainly 
less than or equal to R= | s—t|. That is, the great circle on S, containing 
both X’(s) and X’(t) is divided into two ares by X’(s) and X’(t). The 
length of the smaller of these is SR*|s—t|. It is well known that if 
two great circular arcs on the unit sphere in 7, are each of length less than 
or equal to ~, then the length of the chord subtended by the smaller are is 
less than or equal to the length of the chord subtended by the larger arc. 
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Therefore, for R*|s—t|S-, | X’(s) —X’(t)|| is less than or equal to 
the length of the chord subtended by a great circular are of length.R+ | t—s |. 
It is easy to see that for | ¿—s| S rR, | Z'(s)—Z'(t)|| is the length of 
such a chord. Therefore | X’(s) — Z'O S | Z’(s) — Z0 for | s—t | S Rr. | 
This completes the proof of the first part of the proposition. | 

It ‘is trivial that if X(r) is an arc of a circle of radius R for ssr St, 
then || X’(s) —X’(t)] = || Z’(s) —Z(¢) |]. Assume, therefore, for some s 
and, OSs < tak, that | X’(s) —X’(t) | = | Z’(s) —Z/(#)|. It follows 
that the length of the smaller great circular arc between X’(s) and X’(t) 
equals R+|s—t|. Therefore the arc length of the curve X, for s Sri, 
is = R+|s—t|. Since it was previously shown to be = R=] s—t |, we con- 
clude that it equals R-*|s—t|. Therefore X’ is a geodesic on $, connecting 
X’(s) with X(t). Therefore X’(r) is an arc of a unit circle of length 
R+|s—t| for sSrSt. It now easily follows that X(r) is an are of a 
circle of radius R for srt. The remainder of the proof of the proposi- 
tion is trivial. 


PROPOSITION 3. Let X be a curve of average curvature everywhere less 
than or equal to R-1 and let Z be a semicircle of radius R. Let y be the 
vector of length R determined by the condition that Z(0) + y is the center 
of the semicircle Z. Let À be any vector of length R orthogonal to X’(0). 
Then 


ay (Z (s), Y) = (X (8),A) 

for OS s& rR. Furthermore equality holds for some s in this interval if 
and only if X (r) is an arc of a circle of radius R for 0S r&s, and À is the 
vector of length R determined by the condition that X (0) +A is the center 
of the circle determined by X. 


Proof. It is easy to see that Z’(s) is a linear combination: of the two 
unit orthogonal vectors Z’(0) and y/R. Therefore 


(2) 1= (Z (s), Z (s)) = (Z (s), Z (0))? + (7/(s),7/R)°. 


By Proposition 2, we have, 


(3) (X (s), X (0)) = (Z (s), Z (0)). 
Since (Z (s), Z (0)) Z0 for OSs TR, we see that (3) implies 
(4) (X (s), ¥"(0))* È (Z (s), Z’ (0))?. 


Combining (2) and (4) we get 
(5) 1S (X (s), X"(0))? + (Z (s), y/RY. 
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Since A/F and X’(0) are unit orthogonal vectors, it follows that 

(6) L=(X"(s),¥"(8)) = (Z (8), Z (0))? + (X"(s), A/R)? 
From (5) and (6) we immediately obtain 

(7) (Z (8), y/R)? = (X (s), A/R)”. 

Since (Z (s), y/R) Z0 for 0SsS4aR, we conclude from (7) that 
(8) (Z (s), y) = (X (s),à) 

for 0&s& frk. This proves the first part of the proposition. 


Assume now, for some s, 0=SsS4rR, that equality holds in (8). It 
is easy to see that, therefore, equality must hold in (7). This implies that 
equality must hold in both (5) and (6) for this particular s. From the 
equality in (5) we obtain equality in (4) and hence, equality in (8). 
Therefore, by Proposition 2, X(r) is an are of a circle of radius R for 
0Zr£&s. Equality in (6) implies that X’(s) is spanned by X’(0) and 
A/R. Since A is orthogonal to ¥’(0) it is either the vector determined by 
the condition that X (0) + À is the center of the semicircle X or the negative 
of this vector. For 0 < sS $rẹR, it is not the negative of this vector since 
0 < (ZN) = (X"(s),2)- 


PROPOSITION 4 Let X be a curve with average everywhere less than 
or equal to R> and let À be any vector of length R orthogonal to X’(0). 
Then 

(X(s) —X(0) —A, 4’(s)) 20 

for OSsSi4eR. Furthermore, equality holds for some s in this interval 
if and only if X(r) is an arc of a circle of radius R for 0Srs and A is 
the vector of length R determined by the condition that X(0) +A is the 
center of the circle determined by X. 

Proof. . It is easy to see that 
(9) (X(s) —X(0) —A, X’(s)) -Í (X(t), X (s) ) dé — (à, X (s) ), 
for | 


(X) —X (0) —2,2"(8)) = (¥(s) —X (0), X(s)) — AF") 
(10) =( f" Ford) 20) 


= ao, a 02"). 
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Let Z(s) and y be as in the hypothesis of Proposition 8. Then Propositions 
2 and 8 imply that (10) is greater than or equal to 


(11) SJ (2), 2) at 20). 
It is easy to see that (11) is equal to 
(12) (Z(s) —2(0) —y, Z (s)) 


for the argument is the same as the one which established equality in (9). 
We now observe that (12) equals one half of 


(13) d(Z(s)—2Z(0) —y,Z(s) —Z(0) —y)/ds, 
which in turn is equal to 
(14) d || Z(s) —Z(0) —y |?/ds = dR?/ds = 0. 


We now prove the second part of the theorem. Assume that for some s, 
0<sS4rk, 

(15) (X (s) — X (0) —A, X’(s)) — 0. 

Thus the imequalities from (9) through (14) become equalities. In.particular, 


(10) equals (11). But in virtue of Propositions.2 and 3, equality in (10) 
and (11) imply: 


(16) f ©. 2) dt J" (2H, 28) ats 
and ` 
an) 829) = (2). 


Thus if (15) holds, (17) necessarily also holds. We now invoke the second 
part of Proposition 3 to complete the proof of the non-trivial part of the 
present theorem. 

Our previous propositions are valid for curves X in any Euclidean space. 
However, our next two propositions deal only with planar curves. At each 
point of a differentiable planar curve X there are two tangent circles of 
radius À. The curve X induces on each of these circles an orientation, so 
that one of these circles is oriented clockwise, the other counterclockwise. 
Let Z, and Y, be, respectively, the counterclockwise and clockwise oriented 
circles of radius R, tangent to the curve X at the point X(s). 


Proposirion 5. Let X be a planar curve with average curvature every- 
where less than or equal R. Let D(s) be the distance between the center 
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of the circle Y, and the center of the circle Zo Then D(s) is a monotone 
non-decreasing function of s for 0=Ss=4rR. Furthermore, D(s) =D (0) 
for some s in this interval if and only if X (r) is a continuously differentiable 
curve in [0,s] such that, for some r, in the closed interval [0,s], X (r) is a 
counterclockwise oriented arc of a circle of radius R for 0SrSr, and 
X(r) is a clockwise oriented arc of a circle of radius R for ro Sr £s. 


Proof. Let f(s) equal D?(s). We show that f is non-decreasing. Let 
T be a rotation through an angle of $r in the counterclockwise direction. 
Clearly 


(18) D(s) = || X (s) —RT(X"(s)) —X(0) —RT(X"(0))|. 


Since both X and X’ are absolutely continuous and the product o? two 
absolutely continuous functions is likewise absolutely continuous, it follows 
that f(s) is absolutely continuous. Furthermore 


(19) F(s) = 2(X(8) — RT(X"(s)) —X(0) — RT(X(0)), X(s) — RTX” (s)), 
Since T(X’(s)) is orthogonal to both X’(s) and T(X”(s)), it follows that 
(20) F(s) =2(X(s) —X (0) —RTX’ (0), X’ (s)— RTX” (s)) 

for all s for which X” (s) exists. Furthermore, — T (¥” (s) ) is some scalar 
multiple of X’(s), say, —T(X”(s)) =k(s)X’(s). Therefore 

(21) Ps) =2(X (8) —X (0) — RTX’ (0), X (s) + Bl (s)X'(s)) 

or equivalently, 

(22) F (s) = (1 + Bk (s) ) (X (s) —X (0) — RTZ’ (0), X’(s)) 

for all s such that &(s) exists. Furthermore, since | X” (s)| S R>, 

(23) 1+ Rk(s) =0. 


_ We easily conclude from (22), (23) and Proposition 4 that f’(s) 20 
almost everywhere. Since we already showed that f(s) is absolutely con- 
tinuous it follows that f(s) is montone non-decreasing. Hence, so is D(s). 

' This completes the proof of the first part of the theorem. Now assume 
that D(s) — D(0) for some s with O0<sX4rk. Since D is monotone it 
follows that D(r) =D(0) for all r with Ors. Therefore, f(r) —D*(r) 
is constant and consequently f(r) =0 for Ors. It follows from (22) 
that for every r for which k(r) exists, either 


(24) 1+ Rk(r) =0 or (25) (X(r) —X(0) —RTX’(0), ¥"(r)}) —0. 
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Let r, be the least. upper bound of the set of r in [0,s] for which (25) holds. 
By continuity of X and X”, it is easy to show that (25) also holds for r= #0. l 
By the second part of Proposition 4, we conclude that X (r) is an arc of a 
circle of radius R for O&S r&r. Again by (25), we conclude that this 
arc is counterclockwise oriented. - Suppose 7) < s. Then for all r'in the half- 
closed interval (r0, s] for which k(r) exists, (24) holds. Thus k(r) = — R> 
for all r in (ro s] for which k(r) exists. Since X’ is absolutely continuous, 
it is easy to prove, therefore, that X (r) is an are of a circle of radius . R. 
for (r,8]. Since k(r) is negative this arc is clockwise oriented. Since X 
and X’ are continuous at r= r, the proposition is proven. | 

As an immediate corollary to Proposition 5 we obtain the main result 
of this section : 


Proposition 6. Let X be a planar curve with average curvature every- 
where less than or equal to R-* and let s be any point in the closed interval 
[0,4Rr]. Then the circle Y, is either disjoint from, or tangent to, the circle 
Zo. Furthermore Y, is tangent to Z, if and only if X(r) is a continuously 
differentiable curve for 0S r&s such that, for some r, in the closed interval 
[0,s], X(r) is a counterclockwise oriented arc of a circle of radius R for 
0SrSm, and X(r) is a clockwise oriented arc of a circle of radius R for 
ETS S. 


It is of course obvious that there is a proposition similar to Proposition 6 
which is concerned with the circles Z, and Yo, rather than Z, and Fs. We 
do not state this theorem but will also refer to it as Proposition 6 in the sequel. 


4. Certain curves are R-geodesics. The purpose of this section is to 
prove Proposition 9 which states that certain curves, composed of arcs of 
circles of radius R and straight line segments, are R-geodesics. 

Let X(s) be a convex are defined for a Ss=b. Let m be the line 
determined by the two points X(a) and X(b) and let T be the perpendicular 
projection onto the line m. We will say that a point p is above the curve X 
provided the line segment whose end points are p and T(p) contains a point 
of the are X(s). And we will say that a curve Y(s) defined for c<s<d 
lies above the curve X(s) provided that the image under T of all point of Y 
which lie above the curve X is the segment whose end points are X (a) 
and X (b). . ; 

We state without proof the following proposition which is geometrically 
obvious. | 


Proposition 7. Let X and Y be planar curves defined on the intervals 
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[a,b] and [c,d] respectively. Suppose that X is a conver arc ana that 
X (a) =Y¥(c) and X(b)—Y(d). Then if Y lies above X the arc length 
of Y is not less than the are length of X, and equality holds if and only 
if Y is a one-one parameterization of the range of X. 


As an immediate corollary we have: 


` PROPOSITION 8. (See fig. 1.) Let d be the length of the smaller are 
of a circle Z determined by two points A and B on Z. Let m be the half 





Figure 1. 


ray perpendicular to Z at B which does not meet the interior of Z. Suppose 
Y (s) is a continuous curve parameterized by arc length for OSsSL which 
has no point in the interior of Z. Suppose that Y (0) =A and Y\L) is 
on m. Then L2d and equality holds if and only if Y(s) is a 1-1 para- 
meterization of the smaller arc AB. 


We will say that a continuously differentiable curve F, with are length s 
as parameter, defined for a S s S d, is of type ALA (Are, Line, Are) pro- 
vided there exist b and c with abcd such that Y restricted to [a,b] 
is a 1-1 parameterization of an arc of a circle of radius Æ of length less than 
or equal to 4x, and such that Y restricted to [b,c] is a line segment, and 
such that Y restricted to [c,d] is also an arc of a circle of radius R of length 
less than or equal to 4Rr. 


Proposition 9. Let u, v, U, and V be vectors in Euclidean 2 space 
with | U || = || V || ==1 and let R be a positive real number. Suppose Y is 
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of type ALA defined for 0<sSd, and suppose Y(0)—u, Y’(0) =U, 
Y(d) =v and Y’(d) =V. Then Y is the unique R-geodesic in the collection 
C—C(R,u, U, v, V, R). 


Proof. Suppose that 0S d, = dı + d- S d and that F restricted to [0, d,] 
is an arc of a circle, Z,, of radius R and length < 4Rr, and that F restricted 
to [d dı + d2] is a line segment, and Y restricted to [dı + da, d] is an arc 
of a circle, Z,, of radius R and length less than or equal to 4Rr. Let m, 
be the line passing through Y(d,) and perpendicular to ¥ at Y(d,) and 
let m, be the line parallel to m, which passes through Y(d,+d,). The 
plane is divided by m, and m, into three strips. Now let X be any curve 
in O. By a connectedness argument, it is easy to see that there is a least 
positive number s, such that X (sı) is on m,. We claim s,=d,. For either, 
for all s, 0& s&s, X(s) is not in the interior of the circle Z,, or, for 
some So < Sı, X (so) is in the interior of Z,. In the first case, the preceding 
proposition implies that s,=d,. In the second case, Projosition 6 implies 
that so > 4rR. Since s >s > rh = d,, it follows that s, >d. Again 
by a connectedness argument, there is a smallest number s such that X (s.) 
is on Me. Since M, and m. are a distance d, apart, it follows that 2 s, + da. 
Suppose L is any number such that X (L) — Y(d). An argument similar to 
the one which showed s, = d, will prove that L—s, = d— (dı + da). There- 
fore L=d. Thus we’ve shown that F is an R-geodesie in ©. Furthermore 
the conditions for equality in the preceding proposition imply that Y is the 
unique #-geodesic in C. This completes the proof. 


5. Another preliminary proposition. It is the purpose of this section 
to prove Proposition 13 which states that an R-geodesic consists of pieces, 
each of which is either a straight line segment or an arc of a circle of radius 
R. But first we need a few preliminary definitions and propositions. 

Let L(s) be a parameterized straight line segment for a S s £ b, where 
sis arc length for L. We will say that the line segment leaves a curve X (s) 
at the point X(s.), provided that L(a)=X (so) and L/(a) =X’ (so). 
Similarly, we say that the parameterized line segment arrives at the curve 
X(s) at the point X (so), provided that L(b) =Z (so) and L/(b) =X’ (so). 

We state without proof the following obvious geometric fact. 


Proposrrion 10. If C(s) and B(s) are any two distinct similarly 
oriented parameterized circles of radius R in a plane, then there exists a 
unique parameterized straight line segment which leaves C(s) and arrives 
at B(s). Furthermore if C(s) and B(s) are oppositely oriented then there 
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exists a parameterized straight line segment which leaves C(s) and arrives 
at B(s) if and only if no point of B(s) is in the interior of C(s). If such 
‘a segment exists, then it is unique. 


PROPOSITION 11. Let X be a planar curve with average curvature svery- 
where less than or equal to R> defined for OSsSdSrk/8. Then the 
collection C=O(2,X(0),X’(0),X(d),X’(d),R) contains a curve W of 
type ALA. i 


Proof. It is convenient to assume that the plane m which contains the 
curve X is the collection of all ordered couples of real numbers. It is clearly 
no loss of generality to assume that X(0) = (0,0) and that Y’(0) = (1,0). 
We consider the four circles Zo, Za, Yo Ya. Clearly Z and Y, are the 
circles of radius R with centers respectively at (0,R) and (0,—). It is 
an easy consequence of Proposition 6 that if X(d) is on Y, or Zo, then X 
is an arc of F, or Z, respectively. In this event, X is itself of type ALA. 
Therefore we can assume that X(d) is on neither Z, nor Yo. An application 
of the techniques of Section 3 shows that the first coordinates of the centers 
of Za and Ya are strictly positive. There are only three cases to consider: 
(1) every point on Z4 has a non-negative second coordinate; (2) every point 
on Yq has a non-positive second coordinate; (3) some, but not all, points 
on Za have negative second coordinates, and some, but not all, points on Ya 
have positive second coordinates. We first consider case (1). Proposition 10 
assures the existence of a unique parameterized line segment m which leaves 
Zo and arrives at Za. There are now two subcases: (a), the slope of m is less 
than or equal to the slope of X’ (d); and (b), the slope of m is greater than 
the slope of X’(d). Suppose (a) holds. Let A, be the smaller are of Zo 
whose end points are (0,0) and the point of tangency of m with Zo. Let A; 
be the smaller are of Za whose end points are ¥ (d) and the point of tangency 
of m with Za. Then one sees that the curve, W, which consists of 4, 
followed by m, followed by A., satisfies the conclusion of the propcsition. 
Suppose now that subcase (b) holds. Proposition 6 implies that Z, and Ya 
do not intersect. Therefore Proposition 10 assures the existence of a unique 
parameterized line segment n which leaves Z, and arrives at Ya. This time 
we let A, be the smaller arc of Z, whose end points are (0,0) and the point 
of tangency of n with Zp. Similarly, we let A, be the smaller arc of Y4 
whose end points are X(d) and the point of tangency of n with Ya. This 
time one sees that the curve, W, which consists of 4,, followed by n, 
followed by A», satisfies the conclusion of the theorem. 
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Case (2) is treated similarly. We proceed to case (3). It is clear that 
the first coordinates of the centers of Z, and Y, are unequal. We suppose 
the first coordinate of the center of Za to be less than that of Ya. The 
other case can be treated similarly. Propositions 6 and 10 assure the 
existence of a unique directed line segment m which leaves Y, and arrives 
at Zz. Let A, be the smaller arc of Yẹ whose end points are (0,0) and the 
point of tangency of m with Yo. Let A, be the smaller arc of Za whose end 
points are X(d) and the point of tangency of m with Za. Then one sees 
that the curve, W, which consists of A,, followed by m, followed by Ag, satisfies 
the conclusion of the proposition. This completes the proof. 

As an immediate corollary to Propositions 9 and 11 we have: 


Proposition 12. Let X be a planar curve of length less than or equal 
to mR/8. Then X is an R-geodesic if and only if X is of type ALA. 


We can now easily establish the main result.of this section. 


Proposition 13. Let X be a planar curve defined on a closed finite 
interval [0,d] parameterized by arc length. Then if X is an R-geodesic, 
it is a continuously differentiable curve which consists of a finite number of 
pieces, each of which is either a straight line segment, or an arc of a circle 
of radius R. : 


Proof. Since X’ satisfies a Lipschitz condition, X is continuously differ- 
entiable. The interval [0, d] can be partitioned into a finite number of sub- 
intervals each of length less than or equal to mR/8. Clearly, X restricted to 
any of these subintervals is also an R-geodesic. Therefore by the preceding 
proposition, X, so restricted, is of type ALA. This completes the proof. 


6. Principal result. We wish to show that a planar R-geodesie is 
necessarily a very special curve, i.e. a continuously differentiable curve which _ 
consists of at most three pieces, each of which is either a straight line seg- 
ment or an are of a circle of radius R. Errett Bishop pointed out to the 
author that in view of Proposition 13 it is sufficient to show that no curve 
which consists of four such pieces can be an R-geodesic. | 

Let us designate a continuously differentiable curve by CCCC, provided 
that it consists of precisely four arcs of circles of radius R. Similarly let us 
designate by CLCL a continuously differentiable curve which consists of | 
precisely four pieces, the first of which is an are of a circle of radius R, 
the second a line segment, the third an arc of a circle of radius R, and the 
last a line segment. Similarly any differentiable curve which consists of 
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precisely n arcs of circles of radius R and line segments can be represented 
by an n-tuple of symbols, each of which is either a C or an L. 

We already know that.there exist planar R-geodesics of type CLC. We 
will show that there exist planar R-geodesics of type CCC. It is easy to 
see that any subpath of an R-geodesic is an R-geodesic. We will show that 


* every R-geodesic is necessarily a subpath of a path of type CLC or of 
type CCC. 


In order to prove that every R-geodesic is necessarily a subpath of a path 
consisting of three arcs and line segments, it is sufficient to show that no 
path consisting of four ares and line segments can be an R-geodesie. There’ 
are eight paths of this type, namely CCCC, CCCL, CCLC, CLCC, CLCL, 
LCCC, LCCL and LOLO. Ifa curve is an R-geodesic, then so is the curve 
obtained by traversing the path in the opposite direction. Therefore, if we 
can show that no curve of type CCLC is an R-geodesic, we will also have 
shown that no curve of type CLCC is an R-geodesic. Thus we wish to show 
that no curves of type CCCC, CCCL, COLO, CLOL and LCCL, are R-geodesic. 
Also, if a curve is an R-geodesic, then so is every subpath of the curve. Thus 
if we can show that no curve of type CCL is an R-geodesic it will follow that 
neither are curves of type CCCL, CCLC and LCCL. Likewise, if we can show 
that no curve of type LCL is an R-geodesic, it will follow that neither is one 
of type CLCL. Thus in order to show * it is sufficient to show that none of 
the following three types of curves is an R-geodesic: COCCO, CCL, LCL. We 
begin with a proof that no curve of type LCL is an R-geodesic. The proof 
that no curve of type CCL is an R-geodesic is rather similar, and is there- 
fore omitted. We then show that no curve of type CCCC is an R-geodesic. 


Lemma 1. If X is a curve of type LCL defined for 0 Ss d, then it is 
not an R-geodesic. 


Proof. Let P,P,P,P, be a curve of type LCL where: (1) P,P, is a line 
segment, (2) PPs is an arc of circle of radius R, (3) P3P, is a line segment, 
(4) P,P, is tangent to PaP, at P, and (5) PP, is tangent to PaP, at Pa. 

It is obvious that we may assume PP; counterclockwise oriented and we 
do so. We now consider two cases. | 


Case 1. (See fig. 2.) The length of the arc P,P, is greater than zero 
but not greater than +R. It is easy to see, by considering subpaths, that we 
may assume that P,P, and P,P, have the same length. Let S, be the 
counterclockwise oriented circle of radius R, tangent to PaP, at Pi, which is 
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on the same side of P,P, as is the are P,P,. Similarly, let S, be the 
counterclockwise oriented circle of radius À, tangent to P,P, at P, which is 
on the same side of PP, as is the are PaPa. There exists a unique line 
segment @,Q. which leaves S, and arrives at Sa. Since the arc length of 





Figure 3. 


P.P, does not exceed rR, the curve P,Q,02P, is of type ALA, and hence, 
by Proposition 9, it is the unique R-geodesic with initial and final positions 
X(0) and X(d) respectively, and initial and final tangent vectors A’(0) 
and X’{d) respectively. 

Case 2. (See fig. 3.) The length of the are PPs is strictly between 


wR and rR. It is clear that by considering subpaths we may assume that 
the segments P,P, and P P, do not intersect. Let S, be the clockwise 
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oriented circle of radius R tangent to P,P, at Pı which is on the opposite 
side of P,P, as is the arc PPa Let S, be the counterclockwise oriented 
- circle of radius R which is tangent to S, and to PPa. Let P.’ and P be 
the points of tangency of S, with S, and P,P, respectively. We will complete 
our proof by showing that the path P PXPP, has length strictly less than 
the length of X, where: (a) P,P.’ is the shorter are of S, with end points 
P, and P,’; and (b) PyP,’ is the longer arc of 8a with end points P,’ 
and P,’; and (c) PP, is the line segment with end points P; and Py. It is 
sufficient to show that P P/P, is shorter than P,P,P,P;’, where P,P, and | 
P.P, were as defined above and where P,P,’ is the line segment with end points 
P, and P;’. There should be no ambiguity in the remainder of this proof if 
we use the symbol P,P; to represent the length of the are P,P, as well as 
the arc itself, similarly for other ares and line segments. Thus we will- 
complete our proof by showing 


(1) P,P + PYP} < P Pa + PaPa + PaP. 


Let u, and u,’ be defined by Ru: — P,P, and Ru’=P;’Py. Let 1,’ be the 
angle between the tangent vectors to S, at P, and P.’. It is easy to see that 
(1) is equivalent to 


(2) P,P of + Ru < PP: + Rue + PP. 
Furthermore, since % = u.’ — u,’ we see that (2) is equivalent to 
(3) P P? + Ruy’ < PiP2 + PsP’. 


For i= 1 and 2, let Q; be the center of Si PP, is an are of a circle whose 
center we designate by Q3. Let Q,0: be the arc of the circle of radius 2R 
with center Q,, which is concentric with the are P,P.’. Clearly, the are Q.Q. 
has a length equal to the left side of (3), whereas the segments Q.Q, and 
Q:Q2 have lengths equal respectively to P,P, and P,P,’. Thus (3) is equiva- 
lent to 


(4) 9422 < QQ + OsQ2. 


Since the arc Q4Q3@2 lies above the convex are Q,Q2, Proposition 7 implies 
(4). This proves the lemma. 

We are indebted to Errett Bishop for the main ideas in the proof of 
the following lemma. We also wish to thank Horace Moore for pointing out 
an error in an eariler vérsion. 


Lemma 2. No path of type CCCC ts an R-geodesic. 
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Proof. (See fig. 4.) Assume otherwise and let X be a path of type 
CCCC which is an R-geodesic. Let P, and P, be the initial and terminal 
points of X. X consists of four arcs of circles. Let the first are of X be an 
are of the circle 8, with center Q, and let the last arc of X be an arc. of 
the circle S, with center Q,. It is no loss of generality to assume that R =1, 
i.e. the radius of S, is 1. Let 2d be the distance between Q, and Qa 
Clearly 0S 2d & 6. It is no loss of generality to assume that S, is oriented 
clockwise. We may also assume that the plane has rectangular coordinates 
with the origin at Q,. We may further assume that Q, has coordinates 





Figure 4. 


(24,0). Let Ro be the point (0,1). Ro is on Sı Let R, be the point 
(Rd, —1). R, is on 84 Now let W be the collection of all paths Y of the 
type CCCC with initial point P, and terminal point P, and where the first 
are of Y is a clockwise oriented arc of the circle S, and where the last arc 
of Y is a counterclockwise oriented arc of the circle 84 -Y = PoPiP.PsP, 
where P;.P; is an oriented are with length L; of an oriented circle S; with 
center Q; for i=1,2,3,4 and where S; is tangent to Sm at the point P; for 
i—=1,2,3. Here Sı, Sa Po and P, are fixed -whereas S2, 83, Pi, Po, Ps, In, 
La, Ls and L, vary with Y. Let u, be the arc length of the clockwise oriented 
are RP, of the circle Sı Let u, and us be defined by u -+ us== L; and 
Ua + Us = La. Clearly 


L = Li + Le + Li + Li : ` 
= (Liu + ta) + (ui + te) + (ur +s) + (ts + Lau) 
== Dy — us + 2 (ty + Ua $ Us) + Li — Us. 


t 


CURVES OF MINIMAL LENGTH. 513 


Furthermore, L,— u, and L,— u, are constants independent of Y in W. 
Hence, a necessary and sufficient condition for L(Y) to attain its minimum 
at X is that u, -+ Us -+ u, attain its minimum at X. Clearly (ti, ve, us) is an 
admissible triad if and only if it satisfies the two constraints: 


(1) sinu,-+sinu.,+sinug=-d and (2) cosu,;—cos te + cos Uy = 0. 


. There are now two possibilities for any point, (ti, Us ts), at which a minimum 
of w,+u.+ us, subject to the two constraints, occurs: Hither the cross 
product of the two gradient vectors 


W, = (COS Ui, COS Us, COS Ua) and We == (— sin ty, SiN Ur, — sin Us) 
is the zero vector or w, X w.5£0. Clearly 
Wi X We = (—sin(% + Us), SiN (ig — U1), Sin (u + Ue) ). 


Suppose first that w, X w: — 0. Then sin (ui +u) =0. Then w + tts is a 
multiple of m. That is, Lo, the arc length of P,P;, is a multiple of m. Since 
X is assumed to be an R-geodesic of type CCCC, it is easy to see that Ls 
is neither the zero multiple of = nor can La be as large as 27. Hence 
Ls==7. Then part of X, namely PoP:P2P; is a curve of type CCC, where 
the middle are is of length m. But we have the following 


SUBLEMMA. No curve of type CCC, where the middle arc. is of length 
greater than zero but not greater than rR, can be an R-geodesic.. 


We omit the proof of this sublemma for it is quite similar to the proof of 
Case 1 of Lemma 1. This sublemma implies that PoP,P.P; is not an R- 
geodesic. Hence X = P)PiP:P3P, could not be an R-geodesic. Therefore, 
we need only consider the case w, X w.340. Hence, we may assume that the 
two constraints (1) and (2) determine a curve in the neighborhood of. the 
point (u,,w,u;) at which the minimum of u, + Us- ù is attained, and 
that w, X w, is tangent to the curve. Let m = minimum of u,+ Us -F Us 
subject to the constraints. Then the plane u, -} tto + Us =m is tangent 
to the constraint curve at the point at which the minimum is -attained. 
That is, this plane contains the tangent vector wı X we: at this point. 
Equivalently, the vector (1,1,1) is orthogonal to w, X w: Hence 


— sin (ue us) + sin (us — ts) + sin (uy + ue) == 0. 


It is not difficult to show that if sin(A + B) — sin À + sin B, then either 
À or B or A+B is a multiple of 27. Thus, either w + u, or us — u, OF 
% +u is a multiple of 2m. But t + u= La, the arc length of P,P.. 
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Hence 0 <u, Hu: < 22. Therefore u, + u, is not a multiple of 27. Simi- 
` larly & + us is not. Hence Us — Uy is a multiple of 27. Thus at the critical 
point, w, X we = (sin(v,+v,),0,sin(ve-+21)). Since w: X we 0, the first 
component of the tangent w, X we is unequal to zero. Therefore, the con- 
` straint curve can be parametrized by w,. at least in a neighborhood of the 
critical point. In the sequel, all differentiations will be with respect to u, 
in a neighborhood of the critical point. Differentiating the two constraints 
we get: 


Ur’ COS Us 4 Us" COS Uy + Us” COS Us = 0, — uy’ sin Ur + Ue’ sin Us — Us” BİN Us = Q 


Furthermore, at the critical point, u,-+-w.-+us is a minimum, and hence 
uy’ + tie’ + us == 0. These three equations imply that at a critical point 
us sin (u, +u) =0., Since sin(u,+ uu.) <0, we conclude that u.’—0. 
Hence u; =— u; ==—1. We next observe that a necessary condition for. 
u + Uz + Us to have a minimum at a regular point of the constraint curve 
is that the inner product of r= (1,1,1) with the curvature vector be non- 
negative. Let Z(s) = (ui(s),us(s),Us(s)) be a parametrization of the 
constraint curve in a neighborhood of the critical point, where s is arc 
length for the curve. Clearly dz/ds is the tangent vector. We may assume 
that w, X w(t) =b(s)dz/ds, where b(s) > 0 and where s=s(w) is a 
function of u, Hence (w, X w.)’ =b (s) (d?2/ds?)s’ + (db/ds) s’ (dz/ds). 
At the critical point, dz/ds is perpendicular to r. Hence (r, (wi wy) 
b(s)s’(1, d?z/ds?). Since b(s) > 0, we conclude that a necessary condition 
for u, -uz + u; to have a minimum is that s/(r, (wi X wz)’) 20. Clearly 





(w, X We ) 4 
== (— COS( Us + Ua) (Ux + Us’), COS(Ua — U1 (U — Uy’), cos(u; + Uo) (U + ur’). 
But at the critical point, U: = ta, Uy = 0, W = 1, u? =— 1. Hence 


(w, X wa)’ = (cos (us + tty), — 2, cos (u, + Uz) ). 


Therefore (7, (wi X wWe)") = 2 cós (u, + we) —1. Hence, a necessary condition 
for a minimum is that 2s’(cos(u; + u2) —1) 20. Hence, a necessary con- 
dition for a minimum is either s’ < 0 or u, +u, a multiple of 27. Now we 
observe that the first component of w, X wz equals the first component of 
b(s)dz/ds. Hence — sin (us + us) =b(s)du,/ds. Since b(s) > 0, we have 
sin (uz + us) = 0 if and only if du,/ds= 0. Furthermore, since w, X w2740 
at a regular point, sin (us -+ u) 0 there. Hence 


sin (us + Us) >0 <> du,/dsS0 <> ds/du,—s <0. 
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We again recall that us =u, at a critical point. Hence, a necessary con- 
dition for a minimum of u, + u. + us subject to the two constraints is that 
OSU HS r. Now Z—P,P,P,P:P,, where L, the are length of P,P., 
is u + us. By the sublemma, PoP PP; is not an R-geodesic. Hence, nzither 
is X. This completes the proof of the lemma. 

We have now established our main result: 


THEOREMm I. Every planar R-geodesic is necessarily a continuously 
differentiable curve which is either (1) an are of a circle of radius R, 
followed by a line segment, followed by an arc of a circle of radius R; 
or (2) a sequence of three arcs of circles of radius R; or (8) a subpath of 
a path of type (1) or (2). 


COROLLARY. There exists an R-geodesic of type CCC. 


Proof. Consider the problem of making a U-turn. That is let X be an 
R-geodesic whose initial and terminal positions are the same, and whose 
terminal tangent vector is the negative of its initial tangent vector. Let P 
be the finite set which consists of the paths of types (1), (2), and (3) 
referred to in Theorem 1 with the prescribed boundary conditions. In P 
there are two paths of type CCC. It is at most an elementary calculation 
to show that no path in P has a length less than either of these. Hence, by 
Theorem 1, these two paths are R-geodesics. This completes the proof of 
the corollary. 


7. Non-existence of paths of minimal length. Let u, v, U and V be 
vectors in real n-dimensional Euclidean space, Fn. Let | U || =| V || =1 
and let R>0. Let C* =C*(n,u,U,v, V, R) be the collection of all curves 
X defined on a closed interval [0,2], where L= L(X) varies with X such 
that: X(s) € E, for OSs S L; |X(s)|=1; X”(s) exists everywhere and 
{4’(s)| S R> for OSsSL; X(0)—u, X'(0) =U, X(L) =v, and 
X'(L) =V. 


Proposition 14. There exist u, U, v, V and R such that the infimum 
of the length of the curves X in C*¥ = C* (2,u, U, v, V, R) is not attained. 


Proof. Let u= (0,0), U = (0,1), v= (5,0), V = (0,— 1) and R—1. 
It is easy to see that there exists a curve Y of type ALA of length r+ 3 
such that F € C =C (2,u, U, v, V, R). Proposition 9 implies that Y is the 
unique curve of minimal length in C. It is clear that C* is a subset of © ' 
and that F is not an element of C*. To complete the proof of the proposition 


516 L. E. DUBINS. 


it is sufficient to show that for any e> 0, there exists X € C* of length less 

than +r+3-+4e. We will define X uniquely on an interval [0,L.] by 

specifying Le X(0), X’(0) and the oriented curvature kis) for 0 Ss 3S Le 

Let X(0) =u, X’(0) =U, and k(s)=1 for OSsS4dr—ec. Let k(s) 

be linear for s between 4r—e and re, and let k(dr+e)=0. Now let 
d be the first coordinate of the point X (4r +6). We can now continue to 
define k. Let k(s)=0 for dr-teSsS5-+4r-+e—2d. Let k(s) be 
linear for s between 5+dr-+e—2d and 5+4r+3e— 24. Lastly, let 
k(s) =1 for 5 + 407+ 38e—2d S Leo where Le = 5 -+r -+ 2e—32d. Thus X 
is uniquely defined. Since both the curvature k and its antiderivative can 
easily be integrated by elementary means, it is at most an elementary 
calculation to establish that X indeed is in C*, and that the length Le of X 
is indeed less than r +3 -+4e. We omit the details, The intuitive idea 

is that X was constructed so as to be a twice differentiable curve which approxi- 
mates Y in an appropriate sense. This completes the proof. 

‚In the course of the proof, we showed that the particular H-geodesic Y 
in 0(2,u,U,v,V,R) had the property that given any « > 0, there exists an 
X in C*(2,u, U,v, V,R) whose length differs from the length of Y by a 
quantity f(e) which goes to zero with e. It might be conjectured that 
every R-geodesic has this property. The following is a counterexample to 
this conjecture. Let Y be a continuously differentiable curve which consists 
of an arc of length ir of a counterclockwise oriented circle of radius 1, 
followed by an are of length ir of a clockwise oriented circle of radius 1. 
We omit the proof that such a Y is indeed a counterexample. | 
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RELATIVE CHARACTERISTIC CLASSES.* 


By MICHEL A. KERvAIRE. 


1. Introduction. The main purpose of this paper * is to prove a lemma 
(Lemma (1.2) below) conjectured in [8]. 

In the proof, we shall make use of a not quite classical form of 
Whitney duality, involving Stiefel-Whitney characteristic classes which have 
to be considered as relative cohomology classes. Since these slightly gener- 
alized characteristic classes may have some interest for themselves, the present 
paper is divided into two parts as follows. 


In Part I, an attempt is made to give a systematic treatment of re_ative 
characteristic classes. Beside Stiefel-Whitney classes, relative Chern and 
Pontryagin characteristic classes will also be considered. It will be seen that 
most of the properties of the usual characteristic classes may be adapted to 
hold for the relative classes. In particular, the relative classes satisfy a 
generalized Whitney duality theorem and Wu’s theorem [16] remains true 
if suitably stated. The fact that Wu’s theorem may be extended to the case 
of a manifold with boundary was communicated to me by R. Thom and 
was the starting point of the proof of Lemma (1.2). According to R. Thom, 
this extension of Wu’s theorem was first known to H. Cartan, who proved 
it using (®)-cohomology (unpublished). For our purpose, it will be suffi- 
cient to reduce (by Lemma (6.1)) the extended Wu’s theorem to the ordinary 
one, thus avoiding (®)-cohomology. The proof of the. generalized Whitney 
duality will be based on the interpretation of the relative characteristic 
classes as symmetric functions. The original author’s proof was very cum- 
bersome and will be omitted. The proof given here is due to A. Borel and 
is reproduced. with his permission. k 

Part II will be concerned with the following situation considered in [8]: 
Let Ma be a differentiable closed manifold imbedded? into some euclidean 


* Received January 4, 1957. 

? The paper has been completed as the author was under National Science Founda- 
tion research contract. The author is also grateful to the Research Commission of 
Berne University (Switzerland) and to the Swiss Federal School of Technology for 
grants made available during the preparation of this paper. 

? All manifolds considered are of class C”, Imbedding will mean regular imbedding 
(and similarly for immersion). 
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space Fam, and assume that there exists a continuous field F, of n-frames 
(n mutually orthogonal unit vectors) normal to Ma in Fam. To such a pair 
(Ma;F,) we attach 


(a) a map w: Ma> Vann of Ma into the Stiefel manifold of n-frames 
with base point at the origin in Fan: the map w is defined by 


o(s) = {v (z), dx), > *,v,(c)}, 


where v,(%),- - -,w(x), are the vectors based at the origin in Bam and 
- parallel to the vectors of F, at x; and we also attach 


(b) a map f: San Sn of the. (d+ n)-dimensional sphere into the n- 
sphere defined as follows: Take a tubular neighborhood U of Ma in Ha... Any 
point u€ U lies in a uniquely determined n-plane N, normal to Ma at a 
(uniquely defined) point ze Ma. Using the coordinate system in N, which is 
defined by the mutually orthogonal unit vectors of F, at 2, we attach coordi- 
nates ¥:,° * *, Yn to the point u. It may be assumed that > (yı)? —1, if and 

i 


only if u lies on the boundary of U. The definition of f will involve the 
mapping 
r: (Ba, 0Bx) > (Sn, 9*) 


of the n-ball B, onto the n-sphere 8, given (for instance) by the formula 


(1.1) r(ya,° ` `>Yn) 
= (1— 3’, 2y,(1—y?)4, 2y (1—4?) - +, 2yn(1—y*)4), 
where y? = > (yz)? and g* € S, is the point with coordinates (— 1,0, - -,0). 
k . 


Identifying now Sam With Ean +, the desired mapping f: San Sn is 
given by 
flu) =r (Y °°, yn) for we U, f(x) = q* for ce S—U. 

The homotopy class of the map w (defined under (a) above) is deter- 
mined è by the generalized curvatura integra c which represents the homology 
class of the cycle w(M3) in Ha(Vainn3Z). The number c is an integer for 
d even or n—1 and a remainder mod? for d odd (n>1). Define y by 
y= c—y*(Ma), where x*(MHa), the semi-characteristic of Ma, is equal to 


8-1 
3x (Ma) for d even and to 2 (—1)*p;(Ma) for d odd, p:(Ma) being then 
the rank of H;(Ma;Z2), and 2s—d-+1. 
8 Recall that the Stiefel manifold of n-frames in (d + n)-space is (d— 1) -connected 


and its d-dimensional integer homology group is infinite cyclic, or cyclic of order 2, 
depending on whether d is even or n = 1, or d is odd and > 1 respectively. 
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It has been proved in [8] (Théorème II) that if a manifold Mg with 
normal n-frame field F,’ in Ean leads (by procedure (b)) to a map 
F; San Sa homotopic to f, then yy’, i.e, c—y*(Ma) =c—x*iM/), 
this formula being valid only mod? for d odd. 

Actually each homotopy class in #4:(8,) contains maps f: Sa. #8, 
obtained by the procedure described under (b) and y is a homomorphism of 
mam(Sn) into Z or Z, according as d is even or odd. It has been proved 
in [8] (Théoréme IV) that, for d even, y is always zero. 

Another homotopy invariant associated to f which will play a role in 
the present paper is Hopf’s invariant as generalized by Steenrod [11]: 
Consider the cell complex K—S,U égns1 obtained by attaching the cell 
Cainer to Sn by the given map f, then Steenrod’s generalization of Hopf’s ` 
invariant, which will be denoted by h(f), is the remainder mod 2 defined by 


Sq (u) =h (f) v, 


where u and v are the generators of H”(K;Z,) and H"***(K;Z,) respec- 

tively and 8q% is the Steenrod square which raises the degree by d +1. 
Each of the invariants A(f) and y(f) has the following properties 

which can be verified easily (see [8]) for y(f) and were proved by Steenrod 


([11], §18) for h(f): 


(1) It is a homomorphism of 7a,,(S,) into Z, defined for every d= 1 
and ni. : 

(2) It vanishes for d even. 

(3) It takes the same value on a homotopy class and on its Freudenthal 
suspension. . 

(4) It is zero for every composition map gof: 8,-8,,° where 
f: Sa So 9:89 Sr, provided that p>g>r 

(5) If 8, is parallelizable, it takes the value 1 on the standard Hopf’s 
map $: Sza Sg. with Hopfs invariant 1. 


It is not unlikely that properties (1)-(5) should characterize completely 
h(f). This proves to be true for d & 7, even with property (4) omitted.® 
I have no proof of this conjecture for general d. However, using the explicit 
definitions of A(f) and y(f), we shall prove below the following lemma, 
which was conjectured in [8]: 


Lemma (1.2). Using the above notations, y(f) —h(f). 





4 This fact has not been proved for y in [8] but is easily seen. 
5 See [8], page 242. 
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The use which can be made of relative characteristic classes to prove 
this lemma will become apparent during the proof in Section 8. 

I ara indebted and wish to express my gratitude to A. Borel and R. Thom 
for many fruitful discussions during the preparation of the present paper. 


PART I. Relative characteristic classes. 


2. Definition. We shall treat first Stiefel-Whitney classes. The relative 
Chern and Pontryagin classes may be obtained similarly and will be dis- 
cussed briefly in an Appendix (§11). The coefficients will be the remainder 
mod 2, except in $11 (and §6). | 

Let B—(B,p,K,$,:,O(n)) be a sphere-bundle over the simplicial 
complex K with the orthogonal group of n variables O(r) as structural 
group. Denote by B2 = (Ba, 97, K, Ving O(n)) the bundle associated to B 
with fibre the Stiefel manifold Vyng of (n—g)-fraraes (based at a fixed 
point) in euclidean n-space. 


Let L be a subcomplex of K and assume that a cross-section 6” over L 
is given in the associated bundle Br. This section induces (by the projection 
B* > B4) cross-sections 6% over L in the associated bundle Ba for gr. 
Roughly speaking, 6" defines an (n—r)-vectorfield Fp, over L, and 6% is 
given by the (2 —g)-vectorfield consisting of the first (n—q) vectors of 
For. 

Let W2** be the (g -+ 1)-dimensional Stiefel-Whitney class of the bundle 
B. Suppose gr. A representative wt of Wt may be obtained by the 
usual stepwise extension process over K°U L, KU L, KUL, --,KIUL 
of the cross-section 67 in 82 induced by 6” over L. The requirement that the 
cross-section over K4 in 4 should coincide over L with the given section 69 
leads to a representative wt? of Wet which takes the value zero on every 
(q + 1)-simplex of L. The cocycle w% is thus a representative of a relative 
cohomology class Wzrte Ht(K,L;Z,) defined for gr, which will be 
called the (g-+1)-dimensional relative characteristic Stiefel-Whitney class 
mod L corresponding to 6°. 

Wgt does not depend on the choice of the extension of 07 over the 
0-,1-,+ + +, g-simplexes of K-L (see [12], 33.5). It does, however, depend, 
in general, on the choice of the given cross-section over L. Let 6° and @ be 
two cross-sections over L in B" and let 6%, 674 be their projections in 82 
(g=r). The stepwise attempt to make the cross-sections 9°4 and 92 coincide 
meets with an obstruction in dimension g on L. Let bee H2(L) be the 
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obstruction cohomology class. It is easily seen, that 8b? is the difference of 
the (q+1)-dimensional Stiefel-Whitney classes corresponding to 8° dnd 67, 
where § is the coboundary operator of the cohomology sequence: 


Le H (K) «He (K, L) À Ha(L) Hi(E) e- + 


8. Naturality. Suppose we are given two principal O(n)-bundles B 
and %’ over simplicial complexes K, K’ respectively, such that ® is induced 
-from 8’ by a map f: K— K’ which we assume to be simplicial. 

Let L and L’ be subeomplexes of K and K’ respectively, such that f(Z) 
is a subcomplex of L’. Suppose that cross-sections 6” and 87 over L and L’ 
are given in the associated bundles Br and 9 with fibre V,,., such that 
ho" (x) = 6'f (x) for every ve L (h is the bundle map covering f). 

Then, for g=7, the relative characteristic Stiefel-Whitney classes Wa?" 
and WW’, of the two bundles are both defined. | 


. Lemma (3.1). We have Watt = f*(W’'nt"), where f* is the dual homo- 
morphism f*: H(K’, L’;Z,) > H(K,L;2Z:) induced by f: (K, L) > (K’,L). 
(See [12], 32.7). 


Choose an extension over K’¢U L’ of the cross-section #2 in B’« given over L’. 
Define W’:%* using this extension. Define 6% over KIU L as the reverse 
image by k of the cross-section 84 By assumption, this definition is con- 
sistent with the given cross-section over L in 82 and the extended 67 may 
be used to define Wp. Let s be a (g+1)-simplex of K. If f(s) —0, 
| f(s)| is a subset of the g-dimensional skeleton of K’, thus 67 may be defined 
over sand wt (s) =— wt (fs) —0. If f(s) 0, the restriction of f on s is 
a homeomorphism, and w% (s) = w’t"(fs) follows from h67| $= 0f | 8, 
together with the fact that h induces the identity hy: Z> Z, (identifying 
Heal V nna; 22) with Z,). Thus, for the cohomology classes of wt! and w’#, 
Wp = f* (m pet) . 


4. The Whitney duality. Let B: be two principal O(n,)-bundles 
(=1,2) over the same simplicial complex K, and suppose that eross- 
sections 6,7: and 6," over subcomplexes L,, La of K are given in the corres- 
ponding associated bundles $,%, Bar: | 

Let B =%, O Bz be the Whitney sum of B, and ®,. The bundle B 
is an O(n, + n2)-bundle. The cross-sections 6,7, 6." induce over L= L, N Lz 
(where they are both defined) a cross-section 8" in the associated bundle Br 
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with fibre Vins (n == n, F nr). We shall refer to 6” as the sum 
of the given cross-sections 6, and dar: 


Using the sum cross-section 6" over L, we define the relative Stiefel- 
Whitney classes Wp of BmodZ for gar. Denote by Xe! and Yp!” 
the relative Stiefel-Whitney classes of 8, and B, corresponding to the cross- 
sections 6,", 6... They are defined for kZr, and LÆ ra respectively. 

In the Theorem (4.1) below, expressing Whitney duality for relative 
classes, the classes Y,*t!, Y 21 which are relative classes mod L, and mod L, 
respectively are regarded as relative classes mod L. Precisely, we write X. 
meaning the image of Xx**" by the homomorphism H*(K, Lı) —>H*(K, L) 
induced by the inclusion (K, L) — (K, Lı), and similarly for Ya’. 


THEOREM (4.1). The Whitney duality holds for relative characteristic 
Stiefel-Whitney classes in the following form: For qZ r, we have 


Wer pees X pt + Art ; yı + japos + Xp -Yarı + 
+ Xn. Ypo! -+ E + Fr. 


Notice that some absolute (usual) characteristic classes occur in the 
right hand side of the above formula. However, in each cup-product X°. Y°? 
with a+b—1—=g2r+r:, either a—12r, or b—12r, (or both), 
because a & r, and br, would implyatb=Sr,-+r. Therefore, in each 
product X®-Y®, at least one of the classes X° or Y°? is a relative class and 
so is every product in the right hand side of (4.1). 

The proof of the above theorem will be carried out by showing that the 
relative characteristic classes may be equivalently defined as symmetric func- 
tions (Theorem (5.1)). This alternative definition in turn implies imme- 
diately the above duality theorem. 


5. Relative characteristic classes as symmetric functions. Proof of 
Whitney duality. Let us recall Borel’s definition of the (usual) characteristic 
classes [4]. Let B= (E,p,K,O(n)) be a principal O(n)-bundle over K. 
Let Q(n) denote the subgroup of O(n) consisting of the diagonal matrices 
(ey), with es—-+1 or —1. The space # is also the bundle space of a 
fibre bundle with fibre Q(n)—O(1)XO(1)X:--XO(1) (n factors), 
which is a covering space since Q(n) is discrete. The base space K == £/Q (n) 
of this bundle is called the space of flags over K. The space K is the bundle 
space of a bundle with fibre Fin) —O(n)/@(n) and base space K. Let 
p: K>K be the projection. 
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The bundle €= (H,7,K,Q(n)) is the Whitney sum of n bundles 
E=—€ OE O---@E*, where Et is a principal bundle over X with struc- 
tural group O(1) =Z., thus a two-fold covering. Let x,€ H'(K;Z:) be 
the 1-dimensional (only non-zero positive dimensional) Stiefel-Whitney 
classes of G+, 1==1,2,---,n, defined, for instance, as obstruction to the 
construction of a cross-section in Œt over the 1-dimensional skeleton of K. 
We have the 


THEOREM (A. Borel). The dual homomorphism p*: H*(K) — H* (XK) 
is a monomorphism and the p*-image of H*(K) contains the symmetric 
functions of the variables Tti, o, > * , Zp. 


It is then legitimate to define the characteristic class W@ of the bundle 
8 by the formula p*(W2) = 8@(2,,---,%,), where S%(2,,: --+,2,) denotes 
the elementary symmetric function of degree g in the variables æ,,- > -, 2. 

A. Borel has proved in [4] (Théorème 5.1) that the class W@ defined 
in this way coincides with the characteristic class defined as obstruction. 

We come back to relative classes: Suppose a cross-section 6” is given in 
the bundle B == (Er, K, Vins, O(n)) associated to B over a subcornplex 
L of K. Consider the space of flags K=E/Q(n) over K. The section 8" 
determines a subspace Z of K as follows: Regarding 8 as induced by a map 
f: K> Bow), f(x), vE K, is a non-oriented n-plane in euclidean space of 
large dimension. A point of # consists of a point s€ K, together with an 
n-frame Vi, Va,’ + *,Un in f(x) (see [12],10.2). Thus a point of X may 
be represented by {23d1,do,- + `, dn}, where x € K and di, 2, * *,d, is an 
ordered set of mutually orthogonal straight lines in f(æ). The set Z consists 
of those points {#;d1,- > -,d,} of Æ such that ze L and du,‘ + *,d, carry 
the (n—r) vectors of 6”. 

Let t < -ta € H1(K;Z.) be, as before, the 1-dimensional charac- 
teristic classes of the two-fold coverings €’, €*,- - +, €" over K, the Whitney 
sum of which is the bundle (#,7,K,Q(n)). Because œr,- : -, ©” admit 
cross-sections over Z given by 6", the (n—r) last a, ~=r+1,r+2,---,n, 
may be defined as relative characteristics classes mod Z (obstruction to 
extending over the 1-dimensional skeleton of Æ the cross-section in €+, 
r-+-1 issn, already given over L). Because in any product of (¢+1) 
distinct factors from #,,---+,2, with g2r, at least one of the last n—r 
must occur, it follows that, for qÆ r, the elementary symmetric function 
Sa, + -,æ,) may be (and will be) defined as a relative’ cohomology 
class, which we shall denote by Sr(21,--+-,@:), using the relative 
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THEOREM (5.1). (a). The homomorphism pr*: H* (£, L) > H*(K, L) 
is a monomorphism and (b) pr*(Wr®*) = SR (21, **,2n) for g=r, 
where W,% is the relative characteristic class mod L Co apan oy to the 
cross-section 6". 


The proof of this theorem which will be given below is due to A. Borel. 
In the first formulation of this paper, the point (b) was proved using an 
inductive argument (on n) and the special case of relative Whitney duality 
in which one of the bundles involved in the Whitney sum is a two-fold 
covering. This special case of Whitney duality was proved directly using 
the definition of characteristic classes as obstruction, which is rather cumber- 
some. Futhermore, the point (a) of Theorem (5.1) could not be obtained 
by this method. The Lemma (5.2) below is also due to A. Borel and was 
unknown to the author. : 

The Whitney duality formula (4.1) is an immediate consequence of 
Theorem (5.1) and of the identity | 

KRT (a, "ttm Yn Un) = a S*(21,° +, Em) S (Ya: . “> Un); 

a+b=q+1 = 

where each product in the right hand sum is a relative class (at least one 
factor in each product is a relative class if the left hand side is). 


Before we proceed to the proof of Theorem (5.1), we give a ree 
of the relative Stiefel-Whitney classes, which will be needed for this proof. 

Let L be a subcomplex of Botn) and 6 a cross-section over L in the 
associated bundle with fibre V,,n--- The cross-section 9” induces cross-sections 
6° over L in every associated bundle with fibre V,,,, for gr. The bundle 
space of the associated bundle with fibre Va.n-r is classifying space for O (q) 
and will consequently be denoted by Bot). The projection map Bora) > Boim 
is the Borel map p(O(q), O(n)) corresponding to the inclusion O (q) — O(n). 
We write pgn, meaning p(O(q),O(n)), for notational convenience. 


Lemma (5.2). The relative Stiefel-Whitney characteristic class Wp 
is the only non-zero element in H™ (Bony, L; Z2) belonging to the kernel 
of pan*: H* (Bom, L) > H*(Bo(y, 0L). 


We first prove that Wr” belongs to the kernel of p,,*: The map 
Pan: Bogy—> Bon) induces over Bon as base space an O(g)-bundle with 
fibre Vyn4 and the induced cross-section over 64L may be trivially extended 
all over Bocq). By naturality the Stiefel-Whitney class corresponding to 
this cross-section is pon*(Wn®*). Since the cross-section may be extended, 
Pan" (War) = 0. 


RELATIVE CHARACTERISTIC CLASSES. 525 


In order to prove that Wp% is the only non-zero element of dimension 
q+1 in the kernel of pan”, let us consider ‘the following diagram, where 
the rows are the cohomology sequences of the pairs (Bot, 0L) and 
(Bow, L) respectively: 


3” 8 | 
-—> Hi(Boig) — H'(#L) —> H”! (Bon, PL) — H (Bow) >: : : 
p* | 6* Pan” p” 
4* 8 a* 


‘> H(Bom)—— HL) — HA (Bom, L) —> H™ (Bot) >: 


(coefficients in Z). One has H*(Botn 3 Z2) = Z2[ W1, W?,- - - Wr], 
H* (Boia 3 Z2) = Za[ W, W?,: > -, Wa] and the W* for i<q correspond to 
each other by p*. Thus, for i & q, the homomorphism p* is an isomorphism. 

By the Five Lemma, it follows that for iq, the homomorphism pg,n* 
is also an isomorphism (6* is an isomorphism in every dimension). 

Let v be an element of the kernel of pg,* in H% (Bom, L). By 
commutativity in the above diagram, a*x is an element of the kernel of p*. 
Therefore, by [4], Lemma 5.1, a'z=c- Wet with c=0 or 1. Thus 
y =v + c: Wg belongs to the kernels of both pon* and a*. By exactness, 
there exist elements z and ¢ in H2(Z) and H@(Boiq)) respectively, such that 
èz =y and j*t=-6*z. Since p* is an epimorphism in every dimension, 
there exists a class w€ H9(Boiny), such that p*w=t. It follows that 
y = dt*w = 0, by exactness. 

This completes the proof of Lemma (5. 2). 

Notice that Lemma (5.2) suggests a new (more general) definition 
of the relative Stiefel-Whitney classes: Let A be a closed subset of Boia 
and suppose a cross-section 6” over A is given in the bundle with fibre Fn, n-r 
associated to the universal bundle over Bon. The (g+-1)-dimension uni- 
versal relative Stiefel-Whitney class mod A corresponding to # (r= q), may 
be defined as being the only non-zero. element in the kernel of pgn*: 
H* (Bow, 4) > H” (Boia, 924). The proof of uniqueness runs as in Lemma 
(5.2), replacing Z by A. To complete the definition, one has to show the 
existence of an element in kernel pgn“, the image of which by a* is the 
ordinary universal Stiefel-Whitney class and which is thus different from 
zero. Extension of this definition to the characteristic classes of a principal 
O(n)-bundle over any compact finite dimensional space X is immediate. 
However, the naturality is less easy to prove in this general case. We omit 
the details here and shall treat relative Chern classes by this method (see 
Appendix). 
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Proof of Theorem (5.1). Proof of (a). This part is not concerned 
with characteristic classes. Let X be the base space (assumed to be a 
compact finite dimensional topological space) of an O(n)-bundle induced by 
some map X— Bon) and let À be the space of flags over X (denote by 
px: À — X the projection). According to [4], Théorème 5.1, the fibre 
F(n) =O(n)/Q(n) is totally non-homologous to zero in X and thus 
px": H*(X) > H* (X) is a monomorphism. 

Let A be a closed subspace of Y and suppose that a cross-section 6” 
over A is given in the associated bundle over X with fibre Van». Let A be 
the subset of X the points of which are the sets {a;d:,: © `, dn}, such that 
ac A, and dmi’ --+,d, carry the (n—r) vectors given over A by 6. 
Notice that A is homeomorphic to the space of the bundle (A, pa, E (r), O(r)) 
defined as follows: E being the space of the O(n)-bundle over X, consider 
the fibering (E/Q (r), px, E/O (r), E (r), O(r)), where Q(r) C O(r) C O(n). 
The bundle (4,p4,A,F(r),O(r)) is induced by the cross-section 6": A 
—>E/O(r). Therefore, by Borel’s theorem, p4* is also a monomorphism. 

Consider the following commutative diagram in which the rows are the 
cohomclogy sequences of (X,A) and (X,A) respectively: 


J” 8 ge ? 
eee HX) <— H*(X, Ad) —— H* (4) — Age: -: 
(5. 3) px* pr* pa* px* 

: É 8 ga 


HA) HUE, A) — H(A) Hude: 


We have to prove that pr* is a monomorphism. Let a€ H*(X,A) be a 
cohomology class, such that pr*a—0. Since j*pr*a—=px*j*a—0 and pr" 
is a monomorphism, it follows that j*a—0. Thus by exactness, there exists 
a class b€ H**(A), such that ôb =a. Because 8p1*b = pr*8b = pr*a = 0, 
there exists (by exactness) an element we H*"(X), such that i*w = p4*b. 
The desired conclusion a==0 would be granted if we knew the existence of 
an element z€ H**(X), such that t*v =b. Indeed, from the existence of v 
follows, by exactness, a = db = div = 0. 
It remains to prove the 


Lemma. Let bEH*(A) and we H*(X) be cohomology classes, such 
that pa*b =i*w, then there exists a cohomology class ve H*(X), such that 
i“¥v =b (Notations as in diagram (5.3)). 


Proof. Let 2,,- + -,€ denote, as before, the 1-dimensional charac- 
teristic classes of the two-fold coverings €1, €2,- - -, ©” over X. By definition 
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of A, we have = Ya for a= 1,2,---+,7r and 12,45 = 0 for b=1,---,n—1, 
where %ı,° * ',Yr denote the characteristic classes of the restriction over À 
of the two-fold coverings ©, @?,---,€. The map i:4—>¥ restricted 
on a fibre (we denote this restriction again by 7) induces the inclusion 
F(r) > F(n) corresponding to the inclusion (O (r), Q(r)) > (O(n), Q(n)). 
According to the results of A. Borel in [4] (Théoréme 11.1), one has 


H*(F(n) ; Z) = Zola © ,@u]/(8* (au + +; tn)) 


and similarly for H*(F(r);Z.), where (S*t(a1,-- -,%n)) denotes the ideal 
(in Z.[2,,- - -,æ,]) generated by the symmetric functions of positive degrees 
in the variables æ,,° * -, £n. 

It is easily seen that there exists a basis h:,h2,: © °, he of H*(F(n)) 
over Z., with the following properties: 


(1) hy==1, the h; are monomials in the &,,° + -,2%n3 
(2) i*hy,t*ho,- - +, "h form a basis of H*(F(r);22); 
(8) hsa == thas = =). 


Such a basis may be obtained by writing down in some order, beginning 


with 1, all monomials in the variables x,,---,«, the degree of which does 
not exceed dim F (r), followed by the other monomials in 2,---+,2. By 


omitting in this list the monomials which are linearly dependent (modulo 
the ideal generated by S*(x,,- ` -,2,)) of preceding ones, one obtains the 
desired basis hi, 2, © +, he. 


By Borel’s results, the spectral sequence of the fibering px: Y+X is 
trivial (E = Ea). Furthermore, since we have a coefficient field, Z,, the 
term Ea is additively isomorphic to H*(X). Therefore, 

H* (2) = H*(X) @ H*(F(n)) 
is a module over px*H*(X) with the basis hy, ho, © +, he. Similarly, H*(A) 
is a module over pa*H*(A) with the basis i*h,,i*h,, + -,7*hy. 


Any element w € H*(X) admits a unique decomposition in the form 


w= $, px* (vc) h., Where ve H* (X). 
t 


1508 
We have t*w == S| i*px* (vo) “1h, because 1“, —0 for a=s +1, -,t. 
If *w == pa¥b, as we have assumed in the lemma we are proving, then 


path = > pa*t* (va) tha. 
15038 
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This is (by uniqueness of the representation) only possible if i*v, == i*v, 
= ; -=i = 0. Thus p4*b = pa*i* (v) (hı —=1). Therefore, b= i*v,, 
since p4* is a monomorphism. This completes the proof of the lemma. 


Proof of (b). By naturality, it is sufficient to prove that the relation 
pr (Wr) = Spt (21, © +, 02), gr, holds for the bundle 


(Berm, p(Q(n), O(n) ), Bom, F(m),O(n)), 


where pr is written for pr(Q@(n), O(n)). This is easily seen using the fact 
that the map f: K —> Boin) inducing the given O(n)-bundle over K may be 
approached by a simplicial injective map g as soon as dim Bom) = 2: dim K 
+1 (for the existence of g, see Theorem 5 in S. Eilenberg, On spherical 
cycles, Bulletin of the American Mathematical Society, vol. 47 (1941), pp. 
432-434). 

Let (Bows prins Bon), Vnan- O(n)) be the bundle associated to the 
classifying bundle for O(n), with fibre Van- The bundle space of this 
bundle is classifying space for O(r) and is consequently denoted by Boq). 
The projection prn is the Borel map p(O(r),O(n)). 

Consider the following commutative diagram 


17 
Ban — Boin) 


(5.4) p 
Pren 


Bory — Bown) 


and let A be a closed subset of Bom), such that a cross-section 6” over A is 
given in the bundle (Bow, Prrs Bown, Yan» O(n)): Let À be defined as 
at the beginning of this section. As noticed previously, À is homeomorphie 
to a subset At of Bow and (4) =A. We have to prove that the element 
y = pr? (Wri) — BR (T1, © +, 8n) € H* (Boin, À) is zero. 

Let us consider the following commutative diagram 


OO 8 
d > HU Boin) — H(A!) — H”! (Bain, 4!) — H (Boin) >: foe 


ne a pa” ur” o [ež 
ee 8 ar 


> HU Bainy) —> HUA) — HE (Bon), À) — H0(Bew) >: Ke 


in which the rows are the cohomology sequences of the pairs (Bow, À) 
and (Bom) £) respectively. 
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In order to prove y= 0, it is sufficient to prove pe*(y)=0 and 
a*(y) =0. Indeed, if these two equalities hold, there exist elements z € H1(4) 
and tE H2(Bgiry), such that 1*t— pa*z and 8z =y. Now, | 


H* (Bom 522) = 2222 > +, tn], H* (Boin 5 Z2) =Zelyı, > tyr] 


and p*a,—y, for i= 1,2, 5,7, ut; =0 for j= 1,: <: ,n—r. Thus, 
„* is an epimorphism in every dimension. Therefore, there exists an element 
we Hr(Bom), such that p*w =t. It follows that y= 87 = pa i" pw 
= di*w — 0. 

It remains to prove that ur*y = 0 and ařy =Q. 


Proof of a*y=0. This is obvious with regard to the corresponding 
result of Borel on absolute characteristic classes: 


aky a ar" Wr Ne a* Spot (x, sey Zn) — pë wae — gar (a, res, Ln) = 0 


Proof of pr*y =0. We prove separately that ur*pr* Wp =0 and 
pr” BR! (a, u) =0. | 

The first assertion follows from ` pr*prR* W ptt = m” prn*W pI (see 
diagram (5.4)), and prn* Wp = 0 proved in Lemma (5.2). 

The second assertion, pr* nt (T1, © `, n) = 0 follows from p*£mj;= 0 
for j=1,2,---,n—r (and thus ur*æ:;—0, since a*: H*( Bair, £+) 
—> H (Bor) ) is a monomorphism, A being assumed to be non-void) and the 
fact that for q =r, each product of (q+ 1) distinct factors from 2,,: : ', 8n 
must contain at least one 2,,; with 1 Sj S n—r. Thus each product in 
Sri," * °, 2n) is mapped into zero by pr*. 

This completes the proof of Theorem (5.1). 


6. A lemma on Lefschetz-Poincaré duality. Let G:, Ca G be coefli- 
ficient’ groups (abelian) with a pairing G, X G.—>G of the two first groups 
to the third. 

Let (X,A) be an admissible pair for cohomology theory. Assume X 
to be connected and A to be a neighborhood retract in X (hence the excision 
e: (X,A)— (Y,X’) induces an isomorphism H*(Y,X’) > H*(X,A)). 

Let Y be the space obtained by matching together two copies of X 
along the copies of A (Le, Y = X + X’, with A and A’ pointwise identified). 

Let n be some positive integer. Denote by 1H, .H, H cohomology groups 
with coefficients in G:, G, G respectively. 


Lemma (6.1). Assume H"(X) =0, then the pairings of .H1(X) with 
2H" 4(X,A) to H"(X,A) and of ,H9(X,A) with .H"4(X) to H*(X, A) 


6 
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given by the cup-product are completely orthogonal if and only if the 
pairing of ,H9(Y) with .Hw4(Y) to Hr(Y) is completely orthogonal (q,n 
fixed, OS qn). 


Recall that a pairing is said to be completely orthogonal if either of the 
first two groups involved is the group of all homomorphisms of the other 
into the third. 


Proof. Consider for a= 1, 2 the cohomology sequence of the pair (FY, X) 
h* i* 


8 
- -> H(X) — HUY,X) —> HAUT) —> ,H(X) >- 


Since (by excision) the inclusion map e: (X’,A’)—> (Y,X) induces iso- 
morphisms e*: «He(Y, X) — «H(X, A’), we may substitute «He(X”, A’) for 
ol?(Y,X) in the above sequence. Specifically, we consider the exact 
sequence 

ine gie 


ÿ 
cos Hr) — H(X’, A’) — HAUT) —> HX) >: > -, 
where 8 == e*8 and "= h*e*"., 


Let k: YX be the map defined by k(t) =x, k(x’) =x, where + 
corresponds to z in the copy X’ of X. One has ki—id., and therefore 
1*k*— id. Thus i* is an epimorphism, 4* a monomorphism and & is trivial. 
The sequence 


J” ya 
0> H(X, A’) — ,HUY) — H(X) —> 0 
is exact. 
Moreover, „A°(Y) is the direct sum 
(6.2) aHA(F) =} (oH 4(X", A’)) +e (H(X) ) 


(we drop the stars by j’* and &* for notational convenience), or alternatively, 
interchanging X and X’: 


(6.3) Hy) =k gH" 9(X")) ICH (RK, 4)). 


Let us denote by V: .H2(Y) — H(X’, A’), respectively 1: .H¢(Y) 
— H(X, A) the homomorphisms, such that V? == id., and Y==id.. 

We have, for every u.€,H%(Y) and zE, H(X, A), 
(6. 4) j (iur: ©) == Uy: je, 


which may be proved using 3.4 of [11]. Setting u, = ka and z= ly, one . 
obtains 
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(6.5) l(ka-y) =a: ly. 
Similarly, 
(6.5) . V(b kz) =b: x. 


1. Assume the pairings of ,H9(X) with .H#a(X, A) to H"(X,A) and 
of AHG(X, A) with .Hwa(X) to Hr(X,A) to be completely orthogonal. 


(la) Let k:.Hnw4(Y)— H®%(Y) be a homomorphism. Define the 
homomorphisms g: 2H%2,(X,A)->H"(X, A) and g’: ,H™-4(X’) > Hn(X, A’) 
by g(x) =Ihjx and g’(2’) =Vhk'a’ respectively. By assumption, there exist 
elements a€,H7(X) and a’€,H1(X’,A’), such that g(xz)—ax and 
g(a’) =a’ -x for every ze H(X, A) and 2 € .H"™ 4X"). Set b= ka + j'a 
(thus ib — a, Vb =a’). We have h(y) =b-y for every y€.H" (VY). In- 
deed, each y admits a decomposition y==k’a’ + jx and Ihje g(a) =a g, 
lher = g (8) =a’ x. 


Therefore, h(y) = hj + hk’ =j (a-s) +7 (ax). Notice that 
V(b- kx) =Vb- 2! =- a’ 
(by (6.5’)). We obtain 
h(y) =} (ib £) +977 (b- kg) =b- jz +b ka =b. (jz +k) =d-y 


(FY = id. in dimension n follows from H"(X) —0, because then V: H”(Y) 
— H"(X', 4’) is an isomorphism). 


(1b) Suppose that b- y = 0 for some b € ,H4(Y) and every y € ,H"4(Y). 
We have to prove b—0. By (6.2), 6 admits a decomposition b = j'a’ + ka. 
We have j(a-:x) —3j(ib-x) —b:jx—0, furthermore, a’:æ—#l’(b:k'z) 
= 7’ (0) —0 for every ze ,Hw4(X,A) and a’€.H"™9(X’). By assumption, 
it follows that a—a’==0. Thus, b—0. 

(1a) and (1b) prove that the pairing of ,H7(Y) with .H"4(F) to 
H"(Y) is completely orthogonal. i 

2. Assume now the pairing of ,H1(Y) with .H™4(Y) to H"(Y) to be 
completely orthogonal. : 

(2a) Take a homomorphism h: ,.H"-9(X,A)—>H"(X,A). By (6.3), 
each y€ ."-9(Y) may be written uniquely in the form y = k'a’ + jz. The 
map g:2H%4(Y)—H%(Y) defined by g(y)=jh(z) is a homomorphism 
and thus, by assumption, there exists an element w.€ .A“(Y), such that 
wy = h(a) for every y= kx + 7e€,H*9(Y). One has (with u = iun), 
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j(u- x) = j(in 2) = u: jæ = jh(æ). Since j is a monomorphism, ug = h(x) 
for every ze H(X, A). 


(2b) Let a-xæ—0 for some a€,H1(X) and every xe.Hwa(X,A). 
Then a=0. Indeed, consider ka—be;Ht(F). We have b-y—0 for 
every y€ H™1(Y), because 1(b-y) =I(ka-y) —a-ly—0. In dimension 
n, l is a monomorphism, because H"(XY) —0. The pairing of ,H1(Y) with 
2H%4(Y) to H"(Y) being assumed to be completely orthogonal, it follows 
that b=0. Thus, a = ika = ib =0. 

The proofs of (2a’): every homomorphism .H*4(X) > H"(X,A) may 
be “realized” by eup-product with an element of ,H#9(X,A) and of (2b’): 
if a:æ—0 for some «€ ,H7(X,A) and every v€ .H#4(X), then a=0, are 
mechanical and similar to (2a) and (2b) and will be omitted. 


Remark. The assumption H*(Y) =0 is actually needed in the proofs 
of both (1) and (2) as is shown by the following examples. 


(1) Let X=P, be the 5-dimensional real projective space and A 
a point of Ps, Let G,—G,.—G—=2Z, and take n—5, g—2 Then 
A(X) = .H3(X,A) = H5(X,A) =Z, and the pairing of .H?(X) with 
2H? (X,A) to H’(X,A) by cup-product is completely orthogonal. Similarly, 
the pairing of ,H?(X,A) with ,.H°(X,A) is also completely orthogonal. 

Now Y =P; V P; and „H? (Y) =H! (Y) =A*(Y) = Z, 4+- Z. How- 
ever, Hom (Z: + Zz, Zo + Z2) = Za + Z: 4+- Z2+ Zo. One has HS(X) = Z. 


(2) Let X—A—S, Then Y =X =§,. Take n—1, q==0 and 
G=G=6G=Z. The pairing of ,H°(Y)=Z with .H'(Y)=—Z to 
H (Y) = Z is completely orthogonal, but since ,H* (X, A) = 0, H*(X, A) —0, 
the pairing of ,H°(X) =Z with H(X, A) to H'(X,A) is not. One has 
H(X) =Z. 


7. The relative Wu classes. We come back to coefficients in the 
field Zp. 

. Let À be a complex of dimension n and L a non-void subeomplex of K. 
Suppose that relative Lefschetz-Poincaré duality holds in K mod L. In other 
words, for every g==0,1,---,7, the pairing of HK ; Za) with H"-*(K, L; Z) 
to H"(K,L;Z.) is completely orthogonal. Then we may define Wu classes 
Use He(K;Z,) by the requirement that for every relative class 
Xp te Hwa(K,E) 

(7.1) Sq (Xr) = UTX pra 
should hold. 
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Because L is non-empty, H° (K, L) —0, and thus, by duality, H"(H) — 0. 
Consequently, according to Lemma (6.1), absolute Poincaré duality holds in 
M == K+ K (L and I’ identified). Let 82 be the g-dimensional Wu class 
of M (in the ordinary sense, see [16]), ie. 


(7.2) Sga(Xra) = Sa. Xa 
for every class X*-9¢ Hn-a(M). 


Lemma (7.3). Let i: K— M be the inclusion map and i* the dual 
homomorphism induced by i, then UY = 84, 


Proof. Let j*: H*(K, L) > H*(M) be as in (6.3). We have, using (6. 4), 
ERS X ph) = 80: GX QO = SUP X) = (SUN). Since j* is 
a monomorphism and the class U is determined uniquely by (7.1), it follows 
that Ua = i*§¥, 

Suppose now a sphere-bundle is given over M such that its Stiefel-Whitney 
characteristic classes Wa? be connected to the Wu classes by the relation 
(7.4) Wu $, Sqrr(S?), 

0=p=9 
which we may write more conveniently as Wa: = Sq(S), denoting by Wx 
and S the “total” classes, i.e., 


Wa = 1+ Wa +: o + Wa, S=1+S'+---+8" 


and where the operator Sq stands for Sg=Sq°+Sq¢+---+Sq*+- 

According to a theorem of Wu in [16], the situation described by 
formula (7.4) arises in particular if M is a closed differentiable manifold 
and the sphere-bundle considered is its tangent bundle. From the relative 
Lefschetz-Poincaré duality for manifolds with regular boundary ([11],7), 
it follows that (7.4) holds in particular with M =K + K’ if K is a manifold 
with regular boundary L. 

Since the characteristic classes of the restricted bundle over K are the 
1*-images of the characteristic classes of the bundle over M (by naturality), 
we have W == Sq(U), where W denotes the total Stiefel- do class of 
the bundle over K. 

Suppose now that 


(7.5) a cross-section over the subcomplex L is given in the associated 
principal bundle. 


Then, for every q, W% admits a representative cocycle which vanishes on L 
and thus defines a relative class Wa. 
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Since A°(K,L)—0, the algebra H*(K,L) has no unit element. 
It is convenient to consider, rather than H*(K,L), the direct sum 
H,* == Z + H*(K,L). In other words, we introduce formally a unit into 
the algebra H*(K,L). The requirement l1:æ=—x 1—# for every ze H,* 
gives to H,* a ring structure. We shall furthermore allow the Steenrod 
squares to operate (as homomorphisms again) in H,* by setting Sq°(1) = 1, 
Sqi(1) =0 for i> 0. 

We may then use the classes Wp? to define a total relative class by 
Wr==1-+ Wr: -+ We H,*. Since the endomorphism Sq: H,* > H,* 
defined for each X € H, by Sq(X) —=S8q?(X) +Sq (X) +: - - is a mono- 
morphism and therefore maps H,*, as a finite dimensional vector space, onto 
itself, we may define relative Wu classes Up? by 


(7.6) Wr=Sq(Up), 
Ur being the total class Up==1+U2r'+Ur’+--:-€ H.*. 


Notice furthermore, that according to the above conventions, we have 
Sq(1) —1, and therefore the product formula of H. Cartan 


(7.7) Sq(X-¥) =Sq(X) -Sq(¥) 
holds also in H,*. 


We state now some properties of the relative Wu class Ur. 


Lemma (7.8). Let h: (K,0)— (K,L) be the inclusion map and h* 
the induced homomorphism, then UI —=h*Up! for every q > 0. 


The proof is immediate: Apply h* to both sides of the equation (7.6) 
Wr==#8q(Ur), with the convention h*(1) —1. We obtain W = Sq (h*Upg). 
Since the class U is uniquely determined by W—Sq(U), Sq being an 
automorphism of H*(K), it. follows that U —h*Up. 


Lemma (7.9). For every relative class Xr"te H™1(K, L), we have 
Sg (Ze?) = Url: Kr. 


This is again obvious, according to the preceding lemma. 

The following is a discrepancy between properties of absolute and relative 
Wu classes: Absolute classes the dimension of which exceed $n vanish 
(if q > łn, then g>n—g; thus, in formula (7.1), the square is zero for 
every Xg" and, by duality U7, must be zero, too). This need not be the 
case for relative Wu classes. 
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We shall be mainly interested in the sequel in the case n even. We 
state some lemmas in this case: 


LEMMA (7.10). Letn be even, n—%?s. Under assumptions (7.4) and 
(7. 5), we have Wr" = Ur . Urs + Upg”. 


Proof. 

Wr" FE SUR) + SUR) + ee + Sp (U r*+) + ES + Ur” 
mowed UR 5 Ur + Upg . Urt + ee + Op? . U pst? + woe + Ur” 
un, Ur 3 Ur + SUR!) + ka a + So*i(Ur -i) + Sia Là + Up’ 
= Ur Ur + Ug”. 


Lemma (7.11). Suppose K has even dimension n—2s. Let r be the 
rank of the bilinear form f(X,Y) over Z, defined for X,Y € H*(K, L; Za) 
by X-Y=f(X,Y)A, where A denotes the generator of H"(K,L). Then, 
under assumptions (7.4) and (7.5) r: A= Un: Ur. 


Proof. Introduce in H*(K,L) a basis Z,,- + +, Zr Zu‘ © ty Zp, such 
that Zi Zj= yA for 1S4,jSrand Z,-2;—0 if r<iorr<j, 


With respect to such a basis, Ug’ must have the form 
Ur Zi + Za He + Zi + dr + cop, 
Indeed, let Ur = © GZ, with se Z, and let X = 3 22; be any class in 
1SiSp 1S4$p . 
H:(K,L). One has 
8q°(X) =X La Hate. + en tkt. +2 (mod2), 


U X == 640, + Cote + Cm 


Thus, for any choice of 2,,- --,2,, Lemma (7.9) implies 
Lı F veer +. Cy, + Cote + HT. 
This is only possible if c, == C =: : = QG = 1. 


Now from Ur = Z, + Za +: +4 Crna +: 4 Cpp, it follows 
that U Ur = Z Zi Za Zate e e -HZ Z= rA, and the proof of (7.11) 
is complete. 

We consider now the dual classes Wy and Uz which are defined by 


(7. 12) Wr Wr—1, Ur Ur=1 


respectively. Wp and Up are uniquely defined (as relative classes) because 
the cup-product with a total class Ug or Wr defines an isomorphism H,*— H,* 
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of H,* onto itself. Of course, W==h*Wp and similarly with U substituted 
for W. 
We have 


(7.18) Wa 8q(Ün). 


Proof. Denoting Sq(Ür) by Wr=—Sq(Ür), we have 
We: We—Sq(Un)-Sq(On) ~Sq(Un- On) = 8q(1) =1. 
Since Wg- Wg== 1 determines Wr uniquely, We= Ke 


Lemma (7.14). We have (with n= 2s and under assumptions (7.4), 
(7.5)) rA” = Wet. WE 4 We: Wp? +--+ Wi Wp", where Wa == h* Wet 
as in (7.8); r and A” were defined in (7.11). 


Proof. We prove first Wr" = Up", as follows: 
Wat = Sq? (Tx) +50 (Ont) +--+ 89 (Un) 
= Og" + Ur Un? +--+ + Un: Or! 
= Ug“! Ups? +s > Up"? 073 + Ur" (by (7.12)) 
= 8g (Unt?) +: HS) + Unt = Ug". 
From Wr" + Wet- Writ: +--+ We: We"? + We" —0, we obtain 
Wr" = Wat Wr +--+ We- Wet + Ux". 
Comparing this formula with (7.10) and (7.11), we see that 
rA? = Wr"? Wet: -+ We: We", 


hence rA” == Wr. Wr ++ W- mw"! This completes the proof of 
Lemma (7.14). 


PART II. Proof and Consequences of Lemma (1.2). 


8. The proof. All homology and cohomology groups occurring in this 
section will be based on remainders mod 2 as coefficients (we shall therefore 
omit to mention the coefficient field explicitly). 

Consider the situation described in Section 1: a C*-d-manifold Ma 
regularly imbedded in euclidean (4+n)-space Han with a continuous field 
of normal n-frames F,. In order to prove the Lemma (1.2), i.e, y= h, it is 
sufficient to consider the special case n—d +1. Indeed, if y(f) —h(f) has 
been proved for every f € mou (Sa), the general assertion follows from the 
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fact that y and h are both “stable” by suspension (Section 1, property (3)): 
If f € ran (5), With nS d+ 1, then y(f) = y (Ef) =h (Ef) = K(f). 
Tf fE wan(Sn), with n= d+ 1, then there exists by Freudenthal’s theorems 
a map g€ weei(Sa.), such that Zeeitg—f, and for the same reason 
y) =y(g) =A(g) =h (f). 

In the sequel n=d-4 1. Let f: Seu. San be the sphere map corres- 
ponding to the given manifold Ma in Boa, together with the n-field F, 
(n=d+1) of mutually orthogonal unit vectors V, V», * -,v, normal to 
` Ma in Ean (see Section 1,(b)). It is easily seen from the definition of f 
(see (1.1)) that Ma == f= (q), where q is the point of S, with the coordinates 
q= (1,0, --,0). Furthermore, the manifold M'a, which is the locus of 
the endpoint of the vector ev, (x) as x runs over Ma (e fixed, a small positive 
real number) is also the reverse image J/’g—f*(q’) of some point 
g E Sn (precisely, q’ is the point = (1— 2e, 2e(1 —*)4,0,- - -,0), if the 
mapping r: B,—8, is indeed chosen as in (1.1)). 

By the original definition of Hopf’s invariant, one has 


(8.1) L(Ma M'a) =h(f) mod2, 


where L( , ) denotes the looping coefficient in Eeg. 

Considering Hanı (== Esa) as the linear subspace of Han defined by 
You = 0, Y Yz * ‘y Yon. being coordinates in M21, we show first that there 
exists in Fə» an immersed (not necessarily orientable) manifold Xn, the 
regular boundary (mod?) of which is the given manifold Ma imbedded 
m Fonai | 

The existence of an abstract C®-manifold V, with regular boundary 
(mod?) diffeomorphic to Ma follows, by a theorem of R. Thom (see [14], 
Théorème IV.10), from the fact that all Stiefel-Whitney numbers of Ma 
vanish mod 2 (this because the normal bundle over Ma is trivial). We want 
to prove the existence of an immersion t: Vy— Mon, such that i|0V, ke the 
given imbedding f: Ma Bona. 

By Theorem 1 in Whitney’s paper [15], there exists an analytic manifold 
A, in euclidean .(2n + 1)-space F, which is C?-homeomorphic to Va. Map 
A, into Esm by Fy defined as follows: F,|0A, is the given imbedding f of 
M = 0A, into Fan- Consider a neighborhood N © ôA, XI of 04, in An 
and represent points we N by pairs (x,t), where zE 9A, and 0SiSl. 
Define Fy(u) = (fx, t) = the point of Esn with (2n—1) first coordinates 
coinciding with those of fz and the 2n-th coordinate of which is # Extend 
F, over Án, such that F(A—N)C {yen > 1}. Let N, be the subset of N 
characterized by 0St=4. Extending again F, over E now, we use Weier- 
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strass” approximation theorem to get a ©? map Fy: An—> Hoy, such that 
Fı(4—N:) NEma=0. Let w be a real valued C? function on An, such 
that w°=—1 in A—N, o=] in N for tÈ}, OSo°S1 for 4StS 3, 
w? =0 for ?=4. Take, for instance, w°(x, t) =+(1-+- cos(8rt))? for (x,t) 
in N with 4StS3%. Forwe N, F(u) has the form Fu) =F,(u) + é(u). 
Define F:A,—> Esn by F|A—N=F,|A—N and F(u) = Fo(u) + w(u)é(u). 
Then F is C? and its restriction over 0A, is f. Moreover, F|N,—F|N;, 
and thus F is completely regular in N, since F, is. | 

Now, by a theorem of H. Whitney (see [15], Theorem 2, assertions (a) 
and (b)), we can approximate F, together with its first derivatives by a 
completely regular immersion j: A„>E,„. Let N, be the subset of N, 
defined by 0=St=14 and define the C? real-valued function w over A, by 
o (z) —1 for ze A— N, w(u) = 1 for 2 StS 4, ou) —4-(1+ cos(9rt))? 
for StS % and ot(u) —0 for we N;. Substitute for j the immersion 
i: A,—> Bon defined by i| A—N,=—j|A—N,. In N, j takes the form 
j(u) =F (u) 4-n(u). Define i(w) by i(u) —F(u) +u!(u)n(u). Since 
we may take y(u) together with its first derivatives arbitrarily small and 
the derivatives of w(u) are all zero except the derivative with respect to t 
which is 20, it follows that, for suitably chosen j, the map + will 
be completely regular (FIN; —ÆF,|N; is completely regular). Moreover, 
il N: =F |N 2, and therefore the normal vector to Ma and tangent to i(A,) 
is the constant vector vo, normal to Ean- in Fan. Finally, we can obviously 
manage that 4(4— 894) has no common point with Esn- Denote i(A,) 
by Xn. : 

We replace now the given field F, of n-frames v, (v), - *,v, (x) normal 
to Ma in Eam- by the (n+1)-feld Fun of (n +1)-frames v(x), v(x), 

* + U(x) consisting of the (constant) vector v(x) tangent to X, and 
normal to Ma at ve Ma, followed by the vectors of the field Fy. 

The homotopy class of the map w”: Ma— Venn. induced by the (n-+1)- 
field F,,, is represented by the same remainder mod 2, i.e., c, as the homotopy 
class of the map w: Ma—> Vanain induced by the given field F, (we have 
assumed d odd, which is no loss of generality in view of y=h=0 for d 
even by [8], Théorème IV. Thus n—d +1 is even, n==2s). 

On the other hand, using certain vectors of Fas as a cross-section over 
MaC Xn, we can define relative characteristic Stiefel-Whitney classes as 
follows: the n last vectors of Fa, provide a cross-section over My.in the 
pıineipal normal bundle over Y, and lead in every positive dimension to a 
` class Wrimod Ma (lSisin). The vector field va leads to the charac- 
teristic class Wa" of the tangent bundle to X,. Using finally the vectors 
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of Fanı altogether, we can define the relative n-dimensional class Sg” of the 
Whitney sum: tangent © normal bundles over X,. According to Whitney 
duality for relative characteristic classes (Theorem (4.1)), we have® 


(8. 2) s Sp" Een, Wr" + Wert. Wr + PEN + W:- Wp + Wr. 


The remaining part of the proof of Lemma (1.2) consists in inter- 
preting the several terms occurring in formula (8.2). 

First, 
(8.3) Ir" =c An", 


where Ar" denotes the generator of Hr(X,M;Z,). The class Sg” is indeed 
the obstruction class to the extension of F,,,, over X, under the only condition 
that it keeps being an (n -+ 1)-framefield in #.,. The formula (8.3) follows 
then from the fact that Vanna is (Rn — 2)-connected. 

Since Wp" is the obstruction cohomology class to the extension of the 
vector vo(x) as a tangent vector field over X, we have by [2] (Satz I, page 
549) 


(8.4) Wa = y(X) - An". 
It has been proved in Lemma (7.14) that 
(8.5) l rAgt =W». Wr +: z + WW, 


Let us prove now that 
(8. 6) Wr =h(f)Ar*. 


Indeed, Wr” is the obstruction class to the extension over X, of the vector 
vw (x) of the field Fa as a unit vector field normal to X, in Een. The 
extension is possible over the (n—1)-skeleton (a triangulation of X is taken, 
such that M is a subeomplex). Suppose this extension has been constructed. 
Extend then #&,(x) in the interior of the n-simplexes of X, as a normal 


e Notice that we could prove (8.2) as follows: The restriction over M of the normal 
` principal bundle N over X is trivial. Let K = X U C be obtained by attaching to X 
the cone over M. Then 9 can be extended over K (i. e., the map N: X > BSO inducing 
N can be extended to a map K -> Bsow). K being realized in Han, define 7: K -> Bsow 
by T(æ) = n-plane orthogonal to N(#) for every w €K. This defines a bundle X over 
K. Let w be the total Stiefel-Whitney class of Y, © the total class of N. By excision, 
one has H*(K) œ H*(K,C) = H+(X,M), where H* is the ring consisting of the 
elements of positive dimensions in the cohomology ring. It is not difficult to see that 
these isomorphisms send w” into S” -+ Wp" and wt, @ for 1<i<n, Isj=n, into 
Wat, Wy’ respectively. Ordinary Whitney duality w. © = 0 goes thus over into 
formula (8.2) in particular. However, this raisonning does not apply in the more 
general situation considered in Part I. | 
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vector of length <1. This is always possible if we allow v,(x) to have 
length 0 in some interior points of some n-simplexes of X,. Consider the 
locus X’ of the endpoint of the vector ev.(x) so extended (where e > 0 is 
smaller than the radius of a tubular neighborhood of X, in En; see [14], 
page 27). Denote by V =X + £ the closed manifold obtained by adding 
to X its mirror image X with respect to the hyperplane Hoy. in Hon. We — 
may choose the extension v,(z), sE Xn, such that X’ and V are in general 
position in Fen, so that we may determine the intersection coefficient mod 2 
of V and X’ by simply counting the intersection points. We assume ‚all 
intersection points to be simple. We have then two kinds of intersection 
points of X’ with V: Those arising from the impossibility of extending v, (x) 
in the interior of an n-simplex of X, as a normal unit vector (let their 
number be I), and those which arise from self-intersection points of X. It is 
clear that intersection points of the last category can occur only in pairs, 
thus their number is 2N, where N is some integer. 

By definition of Wr", we have Wr"—IApr®modulo?. Furthermore, 
[==[+2N = S(V, YX’) =L’(V,M’) modulo2, where Z’( , ) denotes the 
looping coefficient in Fan and MM’, as before, the locus of the endpoint of 
ev, (x) as x runs over M,(0X” == M’mod2). Since VM Bon. = Ma, we have 
L(V, AM’) == L(M, M’), where L( , ) is again the looping coefficient in Poy... 
Therefore, I = L(M, M) —h(f) mod2. In other words, Wr" ==h(f) Ar". 

‘Using the formulae (8.3), (8.4), (8.5) and (8.6), the formula (8.2) 
translates into 


(8.7) c—x(X)+r+n(f) mode. 
It has been proved in [8], that 
(8.8) x) =x(X) +p mod?, 


where p is the rank of the bilinear form S(x,y) defined by the intersection 
coefficient in H,(Xn;52.), n==2s (ie. S(x,y} is the intersection coefficient 
of the classes v, y € H;(X,;Z2)). It is not difficult to see that p—7r. We 
prove, however, 


(8.9) x* (M) =x(X) +r mod? 


more simply by considering the exact cohomology sequence of the pair (X, M), 
i.e, 
u 8 
(X) <— Hs(X,M) — HM) <: - -— H°%M) 
ge h® 


<— HX) <— HX, M) <0. 
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Using the completely orthogonal pairing of H*(X) with H*(X, M) to 
Hr(X,M), it follows from h*C-Z=C-Z, C,ZE H*(X,M) that the kernel 
of h* in H*(X, M) consists exactly of those elements C for which C-Z=0 
for every ZEH°(X,M). Thus, we have r= (rank of H°(X,M)) — (rank 
kernel h*). Using the exactness of the above sequence, we obtain 


T = pe (X, M) — poa(M) + psa (X) — psa (X, M) +: > 
+ (—1)*po(M) + (—1) p(X) + (—1)'p (X, M), 
where p(X, M), pa(M), pa(X) denote the ranks of He(X,M), HM), 
Ha(X) respectively. 
Replacing in this formula p(X, M) by pr4(X) according to relative 
Lefschetz-Poincaré duality in X mod M, we obtain 


r= (DHM + DE (CDH E (E). 


In other words, 
(8.10) A= E DRD E (— Yay} +)», 


from which formula (8.9) follows by reduction modulo 2. 
Now, since by definition y(f) =c—x*(M), formulae (8.7) and (8.9) 
complete the proof of the Lemma (1.2): y(f) —h(f). 


9. Consequences of the Lemma (1.2). Using the Lemma (1.2) we 
may improve the generalized Curvatura Integra theorem. We obtain first 
from h(f) ==0 if n& d (because then Sg*t(u") —0) the 


THEOREM (9.1). Let the closed differentiable manifold Ma be regularly 
imbedded in Ean with a field of normal n-frames F, and n = d, then the 
corresponding curvatura integra c does not depend on the imbedding nor on 
the n-field and is given by c=y* (Ma). 


Indeed, c—x* (M) =y{f), where f is a map Sau > 8, as constructed 
in Section 1, (b). Since y(f) =A(f) —0 because n& d, the theorem 
follows. 

Suppose that the integer d is such that every element in rogin(Sas) has 
even (or zero) Hopf’s invariant. Then every element in wain(Sn) with 
arbitrary n has zero generalized Hopf’s invariant h. In this case we may 
therefore omit the restriction on n in the above theorem and obtain the 


TuEoreM (9.2). Let the closed differentiable manifold Ma be regu- 
larly imbedded in any euclidean space Eam with a field of normal n-frames 
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F, ; if dis such that there is no element of odd Hopf’s invariant in mza (San), 
then the curvatura integra c corresponding to the imbedding and to F, 
depends in fact only on Ma and is given by c= x* (Ma). 


We may replace in this theorem the assumption of an imbedding of Ma 
by the weaker one of an immersion (with self-intersections allowed). Indeed, 
if Ma is immersed in Ba. with a field of normal n-frames F, defining a 
curvatura integra c, we may imbed Fan as a linear subspace in Lay (nN), 
with a field of normal N-frames Fy which consists of the n vectors of F, 
followed by (N—vn) constant mutually orthogonal unit vectors normal to 
Ha» in Lay. The curvatura integra corresponding to the new field Fy is 
again c and if N has been chosen sufficiently large (€-+1N), a slight 
deformation in Fay of the immersion Ma— Eux will provide an imbedding 
of Ma into Eux with a field of normal N-frames obtained by continuous 
deformation from Fy (apply Theorem 2, case (c) of H. Whitney’s paper [15] 
to obtain the imbedding and the covering homotopy theorem to obtain the 
desired field). The curvatura integra c still belongs to the new situation to 
which now Theorem (9.2) applies (d has not been changed). Thus we 
obtain the | 


Trrorem (9.2*). The thorem (9.2) is still valid replacing the 
assumption of an “imbedding” of Ma by the assumption of an “immersion.” 


Of special interest may be the case n = 1, originally considered by Hopf 
for d even. If d is odd and the manifold Ma assumed to be imbedded in 
Eau, then the curvatura integra c (the degree of the Gauss mapping Ma Su, 
in this case) is modulo 2 equal to x*(M,). This was proved in [8] and 
also by J. Milnor, using a simpler method especially adapted to this special 
case, in [9]. As a corollary to Theorem (9.2*), we obtain the following 
improvement: | 


COROLLARY. Let d be an integer such that there is no element of 
Ted (Sax) with odd Hopf’s invariant. Let Ma be a closed orientable hyper- 
surface‘in Ean with self-intersections allowed, and let c be the degree of the 
Gauss mapping Ma— Sa Then c= x*(M) modulo 2. 


Let us remark that the condition on d in the Theorem (9.2) (no map 
with odd Hopf’s invariant in ram (Sa,1)) is known to be satisfied at least for 
d= 2¢—1, according to J. Adem [1] (explicit proofs in H. Cartan [7]).* 


* Added in proof: The details of Adem’s proof have been recently published in 
Algebraic Geometry and Topology, Princeton University Press, 1957. 
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According to H. Toda it is satisfied for d — 15 too (As is well known, H. Hopf 
has proved that the condition is not satisfied for d=-1,3 and 7). 

Along the same lines, we obtain an extension of a part of N. Steenrod- 
J. H. C. Whitehead’s theorem [13] according to which the d-sphere Sa 
cannot be parallelizable if d342*—1. 


THEOREM (9.3). Any manifold Ma with odd semi-characteristic y* (M) 
is not parallelizable if dA2*—1, (in fact, if d is such that every element 
m "ya (San) has even Hopf’s invariant). 


Proof. Suppose Ma is parallelizable. It is known that any regular 
imbedding of Ma in Eaa.ı admits in this case a field of normal (d + 1)-frames 
Fan, the corresponding curvatura integra c being zero (see [8], Section 8). 
Therefore, the semi-characteristic being odd, the corresponding value of y is 
y==c—y* (A1) =1. Since by Lemma (1.2), y is the Hopf’s invariant 
mod? of some map So —> San, the dimension d must be of the form 
d= 2¢—1]. 

I do not know if there are examples of manifolds Ma with odd semi- 
characteristic, carrying 2* fields of mutually orthogonal unit vectors (% being 
defined by d+ 1=—2*(2r+1)). 

It was proved in [8] (Corollaire au théoréme VIII, §8), that the real 
projective space Pa may be immersed into a euclidean space Eam (n = d +1) 
with a field of normal n-frames if and only if it is parallelizable. The 
Lemma (1.2) provides a similar (perhaps weaker) statement for a larger 
class of manifolds: 


THEOREM (9.4). Suppose that the manifold Ma admits a 2m-fold 
covering manifold Ma with odd semi-characteristic: y* (M4) — 1 mod 2. 
Then the manifold Ma cannot be immersed into any euclidean space Hays 
with a field of normal n-frames unless there is in m24:1(Sas1) some element 
of odd Hopf’s invariant. 


‘Proof. From an immersion g: Ma— Fan of Ma into some euclidean 
(d+n)-space Fam with a field F, of normal n-frames, we obtain by com- 
position with the covering map p: Ma— Ma a regular immersion 9: Ma— Eam 
with a field of normal n-frames F,. Let us call & the curvatura integra of Ma 
corresponding to Fna. Because ĝ( iz) is homologous to 2m-g(Ma) in Vann Ÿ 
denoting the composition g gop, we have © —?m:c—0 (mod 2). 

Therefore, &—x*(Ma)-7£0, and because of Theorem (9.2*), maam (San) 
must contain some element of odd Hopf’s invariant. This completes the 
proof of Theorem (9.4). | | 
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It is known that if Sa is parallelizable, then any manifold Ma which may 
be immersed in some euclidean space Fam with a normal n-frame is also 
parallelizable (see [8], Théorème VIII). In [9], J. Milnor formulates the 
conjectures that if a parallelizable manifold Ma may be immersed in Ean in 
such a way that the Gauss degree be 1, then Sa should be parallelizable. 


From Lemma (1.2) follows the 


THEOREM (9.5). If a parallelizable manifold Bf; may be immersed in 
some euclidean space Ean with a field of normal n-frames inducing an odd 
curvatura integra, then there is in mean (Sa) some element of odd Hopf’s 
invariant. 


Proof. Assuming n= d + 1, and using the covering homotopy theorem, 
we may construct on Ma a field Gn of normal n-frames in Fan, such that 
the induced curvatura integra is zero (see [8], §8). Thus the given field 
and Gn induce different curvatura integra. By Theorem (9.2*), this implies 
the existence in 724:1(S41) of an element of odd Hopfs invariant (the 
question whether this is possible without Sa being parallelizable is unsolved 
as is well known). 


10. Remark. It should be noticed that if one is not interested in the 
value of the curvatura integra c but only in the fact that c does not depend 
‘on the imbedding nor on the normal field (as in Theorem 9.5), then a 
simpler proof may be given in the case d odd. Let us sketch a “direct” 
proof of the following weaker form of Theorem (9.2) in this case: 


THEOREM (10.1). If the odd integer d is such that each element of 
Tan (Sau) has even Hopf’s invariant, then the curvatura integra of any 
closed differentiable manifold Ma regularly immersed into Ban with a field 
of normal n-frames depends only on Ma. 


Proof. Let Magt==T*(Mz), i=1,2 be two regular immersions of the 
given manifold Ma of dimension d into euclidean spaces Fam, Let, Fin, be 
two fields (i=—= 1,2) of normal n,-frames on Mat respectively, inducing maps 
t: Ma-> Van, the classes of which are represented. by ci. In order to 
prove ct==c?, let Ma? = T° (Ma) be an arbitrary regular imbedding of Me 
into Hea, (euclidean (2d -+ 1)-space). Consider Fan Hoan, Ham, as linear 
subspaces of the euclidean space Hy = Eam X Ezis X Ham, Consider on 
Ms‘ the fields Féy.¢ of (N—d)-frames normal to Ma’, consisting of the 
vectors of Fi,, followed by N— d— n; constant unit vectors (mutually 
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orthogonal) normal to Fam, in Hy. Each immersion Tè (Me), t= 1,2, is 
isotopic in Ey with T°(Mz). By the covering homotopy theorem, we obtain 
on M,° two fields of normal (N —d)-frames in Ey, which we denote again 
by Fiy_.. The curvatura integra corresponding to the mapping Ma— Vy,y-a 
induced by the new field Fix; on MP is ci. 

It is easily seen that Fiy 4 may be continuously deformed (keeping the 
(N —d)-frames of Fi,_, normal to Ma? during the deformation), in such a 
way that the first (d-+1) vectors become vectors in Fan and the last 
N— (2d-+-1) be constant and normal to Fea... In other words, we have 
obtained two fields Fia, i= 1,2, of (d + 1)-frames normal to M in Frs. 
Moreover, the curvatura integra corresponding to the map Mi Voauan 
induced by Fian (as field over Ma? in Esam) is equal to the given ct which 
we started from. | 

Recall that T’(M,) — M4 has been assumed to be an imbeddding into 
Eau According to Section 1(b), it thus corresponds to F1,, and Fg, 
sphere maps ft, f? of Szans into San. By assumption, these maps have the 
same Hopfs invariant mod2: h(f!) =A(f?) mod2. It is not difficult to 
see, that we may change one of the fields, F1,,, say, without changing c* 
(which is only defined mod 2 because d has been assumed to be odd) in such 
a way that h(ft) =h(f*) as integers. Assume that such a change has been 
achieved. The Hopf’s invariant of ft is the looping coefficient in Eza of Ma? 
with the locus, Vat say, of the endpoint of the first vector of the field Fi. 
These looping coefficients being equal, it is possible using again the covering 
homotopy theorem, to deform Fia and F?,,, continuously (keeping their unit 
vectors mutually orthogonal and normal to Ma’) in such a way that after 
the deformation their first vectors coincide. Such a deformation does not 
change ct or c. 

Let us denote by {v, 01%, wi, - -,vgt} the vectors of Fia (after de- 
formation) and by 6°: Ma—Voai,ae. the induced mappings, the classes of 
which are represented by ci (i=—1,2). 

In order to prove c= c?, let us first assume that Ma is a parallelizable 
manifold and let £,,f2,- - -,& be a d-field of (mutually orthogonal unit) tan- 
gent vectors on Ma’. Then each 6t is homotopic to the map 0: Me— Vatnar 
defined by 6(%) = {v(x),t,(z),t.(v),- + -,ta(x)}. The desired homotopy 
is given by j 


(2) = {v (2), v? (x)cos (rs) + t (x)sin($rs),: © `; 


vai(z)cos(4rs) + tasin (4x8) }, 
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where 0Æs<1. Therefore, if Ma is parallelizable, 9° and 6? are homotopic 
and c'— c?. 

In general, Ma will not be parallelizable. However, if ct and c? were 
different, then one of them would be zero (it follows from d being odd, that 
ct and c? are remainders mod2). If ci —0, i=1 or 2, the corresponding 
map 9° is homotopic to zero. By a reasoning of [7] (§8), it follows that 
Wa would be parallelizable. 

This completes the “direct” proof of Theorem (10.1). 


Appendix. 
11. Relative Chern and Pontryagin characteristic classes. 


11.a. Relative Chern classes. 

In this section the coefficients are the integers. 

Let 6 = (Bum, P, Buin), U (n) ) be the classifying bundle for the unitary 
group of n variables U (n). Suppose that a cross-section 6” over a closed 
subset À of Buyin) is given in the associated bundle B” with fibre Wa,n-r (the 
complex Stiefel manifold of #—1 complex vectors in Cn). 

For qÆ r, the relative Chern class One Ha (Buin, A; Z) corres- 
ponding to the cross-section 6” will be defined by the properties 


(11.1) a*Cpt? = C1, the ordinary (absolute) Chern class, a* being the 
homomorphism H*(By(n),A,Z) > H*(Buw,Z) induced by the 
inclusion a: (Buyin), 0) > (Bum, À), 

(11.2) p*qnOr"!=0, where p*gn: H* (Bum, 4) > H* (Buio, 9A) is in- 
duced by the Borel map p(U(g),U(n)). 


-We consider the diagram 


3 a 
+ > HU By iq) > H04) — H (Bu, 04) —> HE (Bu) > > : 
a = 8 pa P*a ñ 3 a Bd 
ae 
: -— H%Bya) > H(A) — Ht (Bum, À) — HA (Bum) > ares 


where Buqa) is the space of the bundle B1 (Buta) is a classifying space for 
U(q); thus the notation) and 6% is the cross-section over A in 84 induced 
bye gar). 

By considerations similar to those made for the orthogonal group, it is 
easily seen that «* is an epimorphism in every dimension and a monomor- 
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phism in dimensions not exceeding q. It follows, using exactness and 
commutativity in the diagram, that if p*,.z—0 and a*z—0 for some 
z€ H* (Bump A) then z must be zero. 

The existence of at least one cohomology class with properties (11.1) and 
(11.2) is seen as follows: The restriction of CT! to A is zero because of the 
assumed existence of a cross-section over A in Br. Let C1! =— a*s. Because 
0 == a* 0 ai" nr, we have p*gnt—=560*1y for some y€ H(A). 
The class «—8y has the properties (11.1) and 11.2). 

This proves that properties (11.1) and (11.2) indeed define the relative 
Chern classes uniquely for the classifying U(n)-bundle. 

We consider now the more general situation of a U(n)-bundle over 
some compact finite dimensional space X induced by some map g: X — Buin). 
Let (8°, "m, X, Wan) be the associated bundle with fibre W, and assume 
a cross-section 6": À —> Er to be given over the closed subset A of X. We 
may assume dim Bye arbitrarily high. Take dim Bym) Z= 2 dim X +1 and 
let f: X— Bum be an injective map homotopic to g. The bundle induced 
by f is equivalent to the one induced by g; let us denote it again by 
(Er, T3 X, Wan-r) . 

Let $ be a closed subset of Byçn containing f(A) and such that there 
exists a cross-section y: S— Bue) in W", with the property y(a) = j6(a) 
for every a€ A (f: Er> Bu is the bundle map covering f: X>Bym)- 
Let cr be the (q-+1)-dimensional relative Chern class of the classifying 
bundle mod $ obtained using the cross-section y(q =r). We shall prove the 


Lemma (11.8). f*ert depends only on the homotopy class of the 
map g inducing the gwen bundle and on the cross-section 0" over A. 


Definition. fort" = Cpt € H(X, A;Z) is the relative Chern class 
(of dimension 2(q -+ 1), defined for gr) mod A of the bundle (E, r, X), 
corresponding to the cross-section Hr. 


In order to prove Lemma (11.3), we first notice that f*crt** does not 
depend on 8. Indeed, let t“: H* (Buy, S) > H* (Buin), f(A)) be the homo- 
morphism dual to the inclusions: (Bym f(A)) > (Bum;S). We prove 
that icp? is the relative Chern class mod f(A) corresponding to the restric- 
tion wa of y over f(A). Consider the diagram | 


ge 


HG (By, fA) — BPO (Bun, y8) 


Ia 
P*rn p a rn 
ze 


a © 
H*@)(By (ny) —— HO (By; yfA) — HO (Bu, 8). 
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By commutativity, the relations p*,..(¢*ert?) =0 and a*(i*epi) == (at 
(showing, by properties (11.1) and (11.2), that ¢*c,** is indeed the relative 
Chern class mod fA corresponding to ya) follow from the corresponding rela- 
tions pc 0 and a’*cpt* == ct for cpt (where a’* == ai”). Since 
t*ep™* is independent of S, so is f*cr2, since f* — f’#*, where f’* is induced 
by F: (X,4) — (Bum, f(4))- 

It remains to be proved that fer" does not depend on the choice of 
the injective map. Let fı, fe be two injective maps X — Bum) homotopic to g. 
We may assume that fiANf,d 0. Otherwise take an injective map 
fo: X— Bony such that FX NX =0 and foX Nf2X —0 (such a map 
may be obtained taking dim Bym) = 2 dimX +8 if necessary) and: apply 
the following proof to f, and f, first and again to.f, and fz Let 9 be the 
union f,A U fd. The cross-section y over S is given by y(i) == 0fr" (a) 
for a,€ fi(4). Denoting by Cır and car the relative (universal) Chern classes 
modf.A and f,A respectively corresponding to the restriction of y over f14 
and f,4, we have to prove f,*t:r—fe"¢er. By the above remark, we have 
fi* Cir = fier, fo*cor—=f2*cr, where cr is the 2(q-+1)-dimensional class 
mod corresponding to y. The equality f,*er—f.*er due to fı = fz com- 
pletes the proof of the Lemma’ (11.3). 


Remark. Similarly to the definition of the Stiefel-Whitney classes, 
the definition of the relative Chern classes could have been introduced in 
terms of obstructions to the extension of cross-sections originally given over | 
a subcomplex of the base. The two definitions coincide on their common 
domain: U(n)-bundles 8 over a complex K modulo some subcomplex L. 
(Use 8. Hilenberg’s approximation theorem, l.e. section 5). 


Naturality property. 

Lemma (11.4). Let (E,r,X) be a U(n)-bundle and let (L’, 7’, X’) 
be the U(n)-bundle over X’ induced by some map g: X’—>X. We denote 
by O'r and Or the 2(q + 1)-dimensional relative Chern classes of the bundles 
(E’,m’,X’) and (L,«,X) respectively, modulo closed subsets A’ C X’ and 
ACX such that g(A’)C À and corresponding to cross-sections 6 and @ in 
the associated bundles with fibre Wanr (rS q), such that 90 (a) =bg (a) 
for every WE A’, Then C’p—=g* (Cr). 


Proof. Let f: X— Buyin) be an injective map inducing (F,r, X) ‘and 
F: X'— Buyum be an injective map inducing (E’,=’,X’). We may assume 
that fg(A’) and f(A’) have no commoon point. Let S be the union 
fg(A’)U f(A’) and y the cross-section over § in the associated bundle with 
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fibre Wan-r defined by uf’ (a) =F (a) and yfg(a) —feg(a’). Denoting 
` again by cr the 2 (q + 1)-dimensional (universal) relative Chern class modulo 
S corresponding to y, we have C’r—f*(cr) =g*f* (cr) =g* (Cr). 


Whitney duality. Let B, and 8, be two principal bundles with bundle 
groups U(n,) and U(n;) respectively, over the same base space X and let 
6,7 and 9," be cross-sections over closed subsets A, and A, (of X) in the 
associated bundles 6," and Bor: with fibres Wn,m-r, and Wnsnera respectively. 
6,7 and 4," determine a cross-section 6 (*==1,-+ 12) over A = A, N 4, in 
the bundle 9”, with fibre Win+ (n= n, +n) associated to the Whitney 
sum $=, O Bo. 

Denote by Cirt! the relative Chern class of B, i= 1,2, defined for 
qZ rů, and let Cr! be the relative Chern class of B defined for g=r. 

For the relative Chern classes, the Whitney duality takes the form 


(11. 5) Cr = Ci, + Ci 2 Co! + he + Capt. 


In (11.5) some absolute Chern classes occur, however, again, since each 
product contains at least one relative class, it is itself a relative class. 

The proof of formula (11.5) will be based on a theorem similar to 
Theorem (5.1) stated below (Theorem (11.6) ). 


Relative Chern classes as symmetric functions. Let (E, p, X,U (n)) be 
a principal U(n)-bundles over a compact finite dimensional space X. Con- 
sider the subgroup Q (n) =U (1)X U(1)X:::XU(1), n factors, of U (n) 
and the “space of flags” X=E/Q(n) over X. We have a fibering 
p: X->X induced by the projection p: E—> X and the cross-section 4" over 
A C X may be used to construct a subset À C X as follows. Let E" = E/U(r) 
be the space of the bundle with fibre Wn,n-r associated to (E, p, X, U(n)). 
We have the diagram 


g w 
A— Er X 


|. Te 


A— Er X 
6 p 
where #* is the space of flags over Er (i.e. F/Q (r) — 5") and pr: Er>.Er 
is induced by Q(r)C U(r). The bundle (A, pa, A4, F (r), U(r)) is induced 
by 6: A—> E". The principal bundle € = (F,r, À, Q(n)) is the Whitney 
sum Œ— €' @ © G- - -OE7 of n principal bundles E* with group U (1). 
Let € H’(X;Z) be the 2-dimensional (only non-zero positive dimensional) 


J 
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Chern class of &. For r+1<i<n, the relative Chern class mod À of G 
may be defined (using the cross-section over À in €* induced by 6”). Let 
Trais Urea,’ © ‘En mean the relative classes. Then the elementary symmetric 
function S%*(2,,- + -, 2a) is a relative class for gr (each product of q +1 
distinct factors from the 2,,- * +,2, must contain at least one of the variables 
Tr © Tn). Let us denote by Sr%*(2,,: : -,2,) this relative class. We 
have the theorem 


THEOREM (11.6). Let pr“: H*(X,A;Z) > H*(X,4;Z) be the homo- 
morphism induced by pr: (X,4)— (X,A). Then, 


(a) pr* is a monomorphism, 
(b) pr'Ortt= Spt (21, °, 2n) for gar. 


The proof is very similar to the proof of Theorem (5.1). We are not 
going to enter into the details again. Along the same lines as for the proof 
of (5.1), we need the result. 


H*(F(n);Z) = Ze: > -,tn]/(8*(tu- m), 


with F(n) =U(n)/Q(n), where (S*(x,: - -,,)) denotes the ideal genc- 
rated in Z[a,,--+,a,] by the symmetric functions of positive degree (see 
[3], Proposition 31.1). The only points where the method of proof of 
(5.1) breaks down now are those where use was made of the fact that the 
coefficient ring for Stiefel-Whitney classes was a field (Z). 

The assertion that the term F. in the spectral sequence of p: £>X 
reduces to H*(X)@H*(F(n)) is, however, still true because F(n) 
=U (n)/Q (n) has no torsion. 

The only non-trivial change is that it is no longer obvious that H*(X;Z) 
should be (at least additively) isomorphic to We. ‘This proves, however, tc 
hold, as will be seen from the following argument I learned from A. Borel, 
similar to an argument by J. P. Serre ([10], Chap. III, 7, Prop. 9). 


LEMMA (11.7). Leto: H*(F) > H* (2) be a right-inverse (additive) 
homomorphism to i*: HF(E)—>H“"(F), where E is the space of a bundle 
(E,r, B,F) with fibre F and i the inclusion i: F>E. Assume that either 
B or F has no torsion. Then H*(E) is isomorphic to H*(B)®H*(F). 
Moreover, the isomorphism preserves the product if o does. (In this lemma 
the domain of coefficients is any commutative ring with unit). 


Proof. Let w: H*(B) @H*(F) — H*(E) be the linear map defined 
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by o(£ 8f) =x* (s) -a (f). We are going to prove that w is an isomorphism 
which preserves products if o does. 


We first notice that œ preserves the filtration: H*(B)@H*(F) being 
filtered by the ideals 4A1— > Hi(B) @H*(F) and H*(E) by the ideals 
izq 


Ji 7*( X Hi(B))-H* (E). We have for every ,u(A?) C J?, Therefore, 
129 


w induces an additive homomorphism © of the corresponding graded rings 
> 41/41% into > J2/J%, where X, denotes the direct sum. It is well known 
and easily seen that w is an isomorphism if 5 is. 

By triviality of the spectral sequence of the fibering p: P>B (because 
i*: H*(2) = H*(F) which admits a right inverse, is an epimorphism), 
it follows that #,—H*(B,H*(F)) is isomorphic to the graded ring Fe 
associated to H*(H), ie. SJ%/Ju. Let k be this isomorphism (42, with 
the notations of [8], §1). 

Since either B or F has no torsion by assumption, Fe = H* (B) @ H* (F); 
identifying $ A%/A% with H*(B) @H*(F) in the natural manner, the 
lemma will be proved by showing that o:.H*(B) @ H*(F) — Ee is identical’ ` 
to the map k: H*(B) 8 H*(F)>E.. 

Let z@fe H*(B) @H*(F), where ze HP(B), fe Ha(F). We have 
(Of) =r" (x) -o(f) € Fée SAB) -H1(H), and w(z@f) is the 
image of w(æ@®f) in Jra/Jrrta-+ TE pa, By definition of the product in 
Ex, we obviously have &(x@f) —5(r®@1)-&#(1@7f). Since & has also this 
property, it is sufficient to verify =k on the elements of the form 281 
and 1@f. 

w(@@1) =r" (x) € J”? (JP44— 0). We have k(t 1) =x" (x). See 
[3], $4, (b). i 

3(1@f) =a(f), where o(f) represents the image of o(f)€J™1 in 
J°1/Jue4, By [8], §4(c), we have k*(o(f)) =1@ito(f) =1@f since 
o is a right inverse to 4*. Thus, again o(1@f) =k(18f). 

If o preserves the product, then ; 


olf): (r @f')] (—1)wo(er @ ff’) = (— 1) 7% (a) olf f) 
= (—1)P 7% (x) (a) -o(f) el) = 2* (a) hf) rl) ll) 
=u(2®f)-0(2 Of). 
In the situation of Theorem (11.6), the existence of the homomorphism 


o is obvious (one has HZ*(F(n);Z)=Z[u,' : -,u,]/(S*(u:,: © :,n;)), 
where wir; let hi—1,h,: : ‚hr be a basis for the vector space 
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t 


H*(F(n);Z), the h; being represented by polynomials P;(u.,: - -,u,) in 
Ur’ ‘ ‘y Un, and define o(k;) as the polynomial in 4, * -,æ, obtained from 
P; by the substitution w,—>2,; extend then o by linearity). This completes 
the proof of Theorem (11.6) part (a). | 

The proof of part (b) is similar to the proof of (b) in Theorem (5.1). 
Use has to be made of the results of [6] (in particular Prop. 4.1) rather 
than from [4]. A slight change occurs at the end of the proof: we 
have to show that pr*Spt(21,---,¢,)—=0, where pr*: H* (Bom, À) 
— H* (Boy, A). The argument used for Stiefel-Whitney classes does not 
work now, because deg s; = 2 and a*: H?(Boiy, A*) > H? (Boi) need not 
be a roonomorphism. However, pr*t.;==0 for j=1,: + ,n—r may be 
seen as follows. Consider for some j (1 Sj} S n— r) the U(1)-bundle €* 
over Ban) ; it admits over A the section 6; The map a: Beir) > Boin) induces 
over Bair) a U(1)-bundle (“counter-image of E*7”) and explicit construction 
shows that the induced cross-section y over A* (defined by y(u) = (u, bja (u) ) 
can. be extended all over Bow. Thus, by naturality, pr*2,.;—0 (from this 
R Spt (a1,- + *,%) = 0 follows because of g=7). 


11.b. Relative Pontryagin classes. 


From now on, the coefficients are integers mod p, where p is prime and 
>2. The following definition and naturality property would be valid with- 
out alteration with integer coefficients, but Whitney duality is not. 

Let B= (F, p, X, SO (n)) be a principal SO(n)-bundle induced by a 
map'r: X —>Bsom: Let o: Bsom > Bum) be the mapping corresponding 
to the inclusion SO(n) ->U(n). Then vor induces over X a principal 
U(n)-bundle Bo = (Eo, r, X, U (n)). 

Let 6” be a cross-section over the closed subset A of X in the bundle 
Br associated to B with fibre Va nora For k 27, we have a cross-section 
6* over A in B* (with fibre Vera) induced by 6". These cross-sections 
provide cross-sections Ëo% over A in the corresponding “complex” bundles 
Bo” ‚associated to Be with fibre Wu) as follows. Let 7, & be the maps 
of the total space covering r, « respectively. (7 is not a bundle map),. and 
let % be the bundle map covering cor. Then h is injective (actually a 
homeomorphism) on each fibre Wan- and 09 may be defined by 


(11.8) nb (a) =a, bo" (a) = hrr (a) 
Definition. The 4k-dimensional relative Pontryagin class 


Pree H*(X,X:Z,) mod À 
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corresponding to the cross-section 6", defined for kr, is given by 
(11. 9) Pr = (—1)*0 pR, 
where Cy is the relative Chern class mod A of Bo corresponding to O¢*. 


Naturality. Let B, B be two SO(n)-bundles over X and X’ respec- 
tively, such that 8 is induced from Y by a map f: X>X”. Let B*¥ = (E%, X), 
B's — (E’% X”) be the associated bundles with fibre Vyw-oxm1 and assume that 
cross-sections 6", 9” in 87, B” are given over closed subsets A C X, A’ C X’ 
respectively, such that f(A) C A’ and 6’f(a) = f0 (a), (F: E*— E’* cover f) 
for every a € À. 

Let P* and P’* be the relative Pontryagin classes (k=r) of B and W ` 
corresponding to 8 and @ respectively. Then 


(11.10) Pr — f* (P). 


Proof. The above formula follows from the naturality property of 
relative Chern classes, provided we prove that fodc(a) =#cf(a), where 
fo: E—> Be" covers f (Remark that (Pc, X) is induced from (B'o, X’) 
by f: X— 2X’). We have 


hO’ of (a) = 050" f(a) = 70 (a) = hfcôc(a) 
and, since À is homeomorphic on the fibres, 
O'cf (a) = f ola) for every a € A. 


We are thus in position to apply the naturality property of relative Chern 
classes and (11.10) follows. 


. Whitney duality for Pontryagin classes will follow from Whitney duality 
for relative Chern classes reduced mod p. Because of the naturality prop- 
erty, we may restrict attention to the case of a classifying SO(n) bundle 
B = (Eso), p: Bso(ny, SO(R)) assuming a cross-section to be given over A 
(closed subset of Bsotm) in the associated bundle #8" with fibre Fanm 
Let Bo be the U(n)-bundle over Bsoim) induced by o: Bsom > Bumn, and let 
dc” be the cross-section over À induced by # in the bundle Bo” associated 
to Be with fibre Wa, n-or- 


Lemma (11.11). The (4¢-+-2)-dimensional relative Chern classes of 
Bemod A corresponding to 6" are zero mod p: Og“ =0, Zr. 
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Proof. Consider the diagram 

u * 8 
HH) — Ht (6A) — Ht? 0A) —— H*(ER) 
(11. 12) ; 
w* 9° oR” w“ 


ie 8 s 


: a* 
HE (Bsom) — H4) —> H**(Bsom, A) —> H**(Bsom). 
Since a* (Op?) = C?#4, we have (by [5], Proposition 25.4) a*Cr?#1—0 
(coefficients mod p). Therefore Cpt? 5x, ve H(A; Zp), and since 6* 
is an isomorphism, there exists a class u € Ht (01A), with d*u—x We have 


Su = 50-12 = wp da = el. 


The last equality follows from consideration of the diagram 


o* 
HA? (Bi, 0A) e Hr ( Bo, dA) 


wR” a 


o” 
H**? (Bso, A) <— HE (Bum, À). 
Indeed, wn*Cn?!*? onto opt it (by (11.4)). 


By exactness of the rows in diagram (11.12), there exists an element 
z€ H+! (Eż) such that i*z=u. The assertion Cr**t=-0 follows from the 
fact that o* is an epimorphism in every dimension (By [5], Theorem 23.2, 
H* (Bso2m-) 32») =Z,[Pi, ++, Pa] and 


H* (Bso (2m) ; Zp) = Z,[P;, sty Puna, Wom. 
Notice that Ft is classifying space for SO(2i—1).). 


Remark.. Using the fact that «* is still an epimorphism if integer 
coefficients are used (see a forthcoming paper by A. Borel and F. Hirzebruch), 
the same method would give 2C,”*** = 0, where Cp? is the integer relative 
Chern class of a U(n)-bundle obtained from an SO(n)-bundle. 

Whitney duality for relative Pontryagin classes is an immediate conse- 
quence of the same property for relative Chern classes with coefficients mod p, 
making use of Lemma (11.11). 

Let 8; be two SO(n,)-bundles (i—1,2) over X and Jet 6; be 
cross-sections over (closed subsets) A;C X in the associated bundles 
Brie (Er, pis X, Vaneervr)- 
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Let B—#, 9%, be the Whitney sum and 8 the cross-section over 
A=A,ıNnA4, in 8 (with fibre Famn- Where n == n -+ na r=?,-+ re) 
obtained using 6,7 and 62". | 

Pré, the relative Pontryagin class of dimension 4% of corresponding to 
6 is defined for k =r. Similarly, P*g*, P?p* are defined for k =r, and k = rz 


respectively. 
One has in H*(X,A;Z,): 
(11.13) P yk = Pip +: se + Ptyn  P2per Le . + P2 pk | (kZr). 


Although some absolute classes might appear in the above formula, each cup- 
product contains at least one relative class. The sum on the right consists 
only of relative classes. 


Pontryagin classes as symmetric functions. Consider again a principal 
SO (n)-bundle B= (H,p,X,SO(n)) and define the subgroup Q(n) of 
SO(n) by Q(n)—SO(2)X SO(2)*-+-xXSO(2) or Q(n) =SOA(2) 
X SO(2)X: + +x SO(2)* SO(1) according as n—?m or n—2%m+1 
(m factors SO(2) in both cases). Consider the quotient space #/Qin). 
The principal fibre bundle (E, m, #/Q(n),Q(n)) is the Whitney sum of m 
principal SO(2)-bundles ©, @?,- - -,€". Let 2,4 ,° - `, Em be their Chern 
classes (SO(2) being identified with U(1)). | 
` Assuming a cross-section # over À C X (closed subset) to be given in 
Br == (Er,p, X, Van-ern) We obtain cross-sections in Œ* for 7,7 +1,:--,m 
over À C Bom) as follows: Er is the base space of a principal SO(2r—1)- 
bundle (#,#r,SO(2r—1)). Let Er be the space of flags over Er, i.e. 
Et == H/Q(2r—1), where Q(2r—1) is the subgroup of SO(n) consisting 
of the matrices of the type 


D, 


“De 


0 1 . |, where Di | cos (Zrt) ne f 


— sin (2rzi) Cos(2rx:) 
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Or 
or 
lor) 


We have the diagram 


w 
E — Žž 
(11. 14) pr | | px 
0 ? 


A Er X 

The map w: Er>X is induced by the identity E —> E(Q(?èr—1)C Q(n)). 
Let À be the space of the bundle (À, pa, A, F(?r—1),SO(?r—1)) induced 
by 6. Notations: F(2r—1) = SO(2r—1)/Q(2r—1), 8: Ä>Er is the 
bundle map covering 9. The maps pô and uf are injective and we may con- 
sider À as a subset of X. Geometrically, a point of À C X consists of a 
point a of A together with a sequence of m oriented 2-planes mi, 22,° * "mm 
such that ~, contains the first, mr:1 the second and the third,-:-, mm the 
(n—2r)-th and the (7—2r-+1)-st vectors of (a), assuming n== 2m, 
If n=2m -4 1, my contains the first and second, etc., mm the (n— ?r)-th 
and the (n—?r + 1)-st vectors of 8(a). In both cases (n — 2m or 2m +1), 
since +, is oriented, €” admits a cross-section over À and so do €r#1,- - -,Em. 
We define Sr Ums * *,%m (the characteristic classes of G*,---,€™) as 
relative classes corresponding to the cross-sections given by 6 over A. The 
elementary symmetric functions S*(2,?,--+,@,?) are then relative classes 
mod À (of dimension 4k) for kÆ r and will, consequently, be denoted by 
Ke (21, + +, Em?) One has the 

THEOREM (11.15). Let pr*: H*(X,A;Z,) > H*(XZ,4;Z,) be the 
homomorphism induced by pr: (X,A)— (X,A). Then (a) pr* is a mono- 
morphism, and (b) pr*Pr* = Sr (T, ` +, 0m?) for bkr. 

Proof of (a). Consider the diagram 


je s a* 
H*1(¥) — H**(4) — > H**(X, A) — H**(X) 


px” pa” pr” px* 
v & a* 

H(X) — H41(A)—> H(X, A) —> H*(X) 
(coefficients — remainders mod p, p= prime > 2), where px“ and p4* are 
monomorphisms in every dimension (see [5], Theorem 23.2) and 4, ï are 
the inclusions = p9, 1 — of. . 

The situation is entirely similar to the one in the proof of Theorem 
(5.1). A straightforward exactness argument shows that (a) follows from 
the Lemma: If bE H*(A) and we H*(X) are such that pa*b=i*w, then 
there exists a class ve H*(X), such that i*v ==b. 
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The proof of the lemma is entirely similar to the one given in the 
proof of Theorem (5.1). 


Proof of (b). By naturality, it is sufficient to prove the formula 
pr Pré == Sp*(a,,- -p Em?) for the bundle B = (Bon), pn, Bsotn), F(n), SO(n)) 
obtained from the classifying bundle (Ben) is the space of flags over Bsocny). 
The diagram (11.14) reads in this case. 


6 B 
A — Bso(2r-1) — Bein) 


| PA P2r-ı Pn 
6 p 
À —> Borri) —>Bsom 


and there is a similar diagram with % substituted for r for every & such that 
rSkSt(n+1). Considering À as a subset of Boir) and Bam by the 
injections 4 and uğ, we have the following diagram 


ğ* 8 a* 
HE (Boca) — HA) — H” (Qr), 4) —> H™ (Bo cex-1)) 
p” = ur" u 
0* ô a* 


HE (Bo) — HA) — HA (Bo(n), À) — H*(Bawm)- 


From the relation p*(P#) = S*(x1?,- * +, 8m?) for the absolute Pontryagin 
classes, (see [6], Proposition 5.1), we have a*y—0, setting y== pr*Pr* 
— Spk(ay?,- - -, m2). Indeed, a*Pp*— Pk is immediately seen from the 
definition and the corresponding equality for Chern classes. 

By an exactness argument used several times in this paper, (b) follows 
from pr*y=-0. The proof of ur*Sr*(e.?,- + +, Um?) —0 is similar to the 
one given for Chern classes. The equality pr*pr*Pr* —0 follows from con- 
sideration of the diagram 


_ eR“ 3 
H* (Bauri 4) 4 H* (Bom À) 


kp” 4 pr” 
pe 
H** (Bso(2x-1), À) <— H= (Bso), À). 
One has pr*pr*Prt = xr*p*Pp Now, p*(Pr*) =0 because 


Ppt = (—1)*o* (On*) 
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and of the diagram 


se 


oo 


H“ (Bso(2x-1), 4) U (Bora, cA) 


p* x? 
o* 


H*(Bsom, 4) <—H**(Bywn), A) 


pe (Pr) = (—1)*p*o* (Or) = (—1)*o* a ae = 0, by definition of the 
en Chern classes. 
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This completes the proof of Theorem (11.15). 
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ON ARITHMETICAL SUMMATION PROCESSES.* 


By AUREL WINTNER. 


Part I. 
On the Eratosthenian summation process. 


Let (C,p), (A), (L) and (E) refer to the summability of Sa, (where 
n==1,2,---) in the sense of Cesäro, Abel, Lambert and Eratosthenes 
respectively, the (E)-summability of Sa, being defined by the existence of 
lim F,, where 


(1) By, —E,(a) = 3 {n/k}a, (or By = 3 {n/k}ax), 
k=1 k=l 


if {x} an abbreviation for [æ]/x and [x] denotes the greatest integer not 
exceeding x (so that the coefficient, [n/k]k/n, of a, in (1) does not exceed 1, 


and is positive if 1SkSn). If a,a.,--- is replaced by b, =b, (a), 
ba = bo(a@),- + -, where 
(2) | bn = 3 au/d, 

din 
then it is readily seen that, for every n, 
(3) M,(b) =E, (a), 
where 
(4) Mn = Ma (b) =n X By. 

k=1 
An arbitrary assignment of a,@2,: >> is equivalent to an arbitrary assign- 
ment of D:,b2,° - -, since the linear substitution (2) has a unique inverse; 
the explicit form of the latter is ` 
(5) An = u(n/d)ba/n, 
din 


where w(k) is Möbius’ factor. According to (3) and (4), a series 3a, is 
(E)-summable if and only if 


(6) ‘M(b) — im (bi + +-+ ba) /n 


* Received December 14, 1956. 
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exists, that is, if and only if the series 
n=l 


(7) $ Ab,, where Aby == bu, (0), 


is (C,1)-summable. 


The replacement of a,as,' ° © by 21,H2,- * >, occurring in particular 
cases, 4n =x(n)/n, in the Disquisitiones Arithmeticae (and, as a matter of 


fact, in Eulers writings; for further references, cf. [4], pp. 9-10), was — 


propounded in [4] as a general summation method. First, the following 
facts were proved in [4], pp. 11-18: 


(i) The convergence of Xa, is neither necessary nor sufficient for the 
(E)-siummability of Xa, (but the sum and the (E)-sum of Sa, must have 
the same value when both exist). 


The first of the assertions of (i) can be formulated by saying that the 
(£)-method is not a regular summation method (in the sense of Toeplitz’ 
criteria). In view of the first and second assertions of (i), there arose the 
question after appropriate Tauberian restrictions. In this regard, the fol- 
lowing criteria were proved in [4], p. 21: 


(ii) The convergence of Za, is equivalent to the (B)-summability of 
Xan if any one of the following three conditions is satisfied: 


(I) Jnal<oconst.; (II) @,20; (II) a, is lacunary 


(by (III) is meant that a, —0 unless n is in a sequence mM, Ma * * satis- 
fying Mauı/mr > const. for some const. > 1). 


The prime number theorem follows from that assertion of (ii) which 
assures that (I) and the (E)-summability of Sa, together are sufficient for 
the convergence of Sa, In order to see this, it is sufficient to choose 
a, = p(n)/n and to observe that the (E)-summability of Za(n)/n is trivial 
(in fact, the case a, =u(n)/n of (5) belongs to 6,1, b: = b; = > += 0; 
so that the numerator of (5) is independent of #, and so the limit (6) 
certainly exists). 

In a subsequent paper, in which [4] is overlooked, Ingham [3] proved 
a result which refines those assertions of (ii) in which the convergence of 
Xa, is the conclusion. In fact, any one of the three conditions (I), (II), 
(III) is sufficient in order that the (C,1)-simmability, or just the (A)- 
summability, of Xa, be equivalent to the convergence of Sa, (Hardy, Little- 
wood, Hardy and Littlewood), whereas Ingham’s relevant result is as follows: 


I» 
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(ii) The (E)-summability of Sa, is sufficient for the (C,1)-summa- 
bility of Sa, (to the same sum). 


Actually, Ingham also shows that the (C,1) in (iii) can be improved 
to (Ce) ife>0 (in view of (i), this is not true for e—0). Incidentally, 
Theorem (IX,) in [4], p. 20, is nothing but Theorem 2 in [8], p. 175, since, 
according to Landau’s extension of Hardy’s (C,1)-lemma, the (C,1)-summa- 
bility and the convergence of 3a, are equivalent if a + "+ a, > — const. 

` For reasons explained in [4], I referred to the replacement of the 
evaluation of Sa, by means of the sequence #,,#2,: - : as an Eratosthenian 
summation method. But in the same way as [3], an Appendix to Hardy’s, 
posthumous book [1], pp. 376-380, overlooks [4] and renames the (E)-process 
Ingham’s summation process. The oversight is the more curious as Hardy 
himself wrote the review of [4] in Nature, vol. 152 (1943), p. 708. 
If 


(8) Mf (n) =3 »(k), 


then what is involved in the proof of (ii) in [4] as well as in the proof of 
(iii) in [8] or [1] is something like 


(9) M(n)=O(n/log’n), 


an estimate which assures the boundedness of the relevant “Lebesgue con- 
stants.” This is more than the prime number theorem, which is just 


(10) j M(n)=o(n). 


But the distinetion is less substantial than it was at that time, since, after 
Selberg, (9) is just as “elementary” as (10). In [3] or [1], the estimate 
(9) is used directly, and in [4] indirectly, via the theorem of Hardy and 
Littlewood according to which the (Z)-summability of a series is always 
sufficient for its (A)-summability; cf. [1], pp. 373-374. In fact, something 
like (9), rather than just (10), is needed in the Hardy-Littlewood proof of 
(£) > (A). The way in which [4] used (Z) > (A) in the proof of (ii) 
was the following: 

The connection (2) between @,@2,: ° + and bba’, a connection 
which, through (3), leads to the formulation (6) of the (E)-summability of. 
Zan, is formally equivalent to 


(11) 3 bnt” — 3 Ma, (TP rt). 
ual 


n=1 
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It is also clear that the convergence of either of the series (11) for O Sr < ro 
implies the convergence of the other series (to the same sum) for 0 <r < To 
provided that O<r,=$1 (this proviso is satisfied, with r.—1, in all the 
cases considered above). But (11) can be written in the form 


(12) 3 (Ab) = (L—r) $ nayr/(1—r"), 
n=l nat 


where Ab == b,—b,.. (with Ab, =b), and (12) shows that a series Ya, is 
(L)-summable if and only if the corresponding series (7) is (A)-summable 
(to the same sum). 

In what follows, (iii) will be verified, again with the aid of (9), along 
the lines followed in the proof of (i), that is, by showing that Toeplitz’s 
conditions for a regular process are satisfied by the linear transformation, 
say 
(13) Sn = À amBas 
where the coefficients anm are absolute constants and the sequences F, Ba, -- 
S1,82,- + +, belonging to an arbitrary series Xan, are defined by (1) and 


2 


(14) (n-+1)S,— % 3 ax 


m=1 KL 
respectively. The assertion of (iii) is equivalent to 
n 
(15) lim sup 3 | aum | <. 
no mal ` 


In fact, the remaining two of three Toeplitz conditions are 


(16) lim & anm =1 
n> co mal 
and 
(17) | lim aum—0 for n—1,2,:::, 
mo © 


and both (16) and (17) are trivially satisfied in the present case (cf. below) | 


First, from (1) where {x} —[x]/x, 

g n . n [n/m] 
nE, = 2 [n/k]ka,; hence nE, = 3 kar 
k=1 


ml k=l 


n 
or, if Tn== 3 Kay, 
ki 


n oo 
ni, = X T inym] =: T inym) 
m=1 m=i 


Fisa EG 


x 


a 


->J 
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(T,= 0), and so, by Mobius’ inversion, 
T,= 220) [R/7]E mn = 2.6) [n/j]E tnn. 
j= j= 


n k 
But it follows from (4) that S, = 3 T,/(k + k?), since T,—= 3 man. Con- 
k=1 m=1 


sequently 
n k 
a= 3 (k +°) 3 u) [8/1 Ba 
= IF 


If the last relation is thought of as written in the form (13), then it 
is seen that 
(18) mm X (kpk) 3 0 uU). 
k=1 k/(m+4)<jSk/m 
Here the interior sum is M([k/m]) —M([k/(m +1)]), by (8). It follows 
therefore from (k + k?) < k- that (15) is true if 


S 12 3 m | M([k/m]) —M([k/(m + 1)])| < Const. 


k=1 mel 
holds for every n and for some constant. But the existence of such a constant 
is a straightforward consequence of (9) (if, according to Dirichlet’s classical 
device, the sum is broken into two parts, those contributed by the summation 
ranges between 1 and [n3] and between [ni] +1 and n). | 
The four summation processes, mentioned before (1), are “comparable” 
(in the sense of Hausdorff) ; their relative position is as follows: 


(19) (E) > (0,1) > (L) > (A). 
In fact, (E) > (C,1) is equivalent to (15)-(17), that is, to Ingham’s result 
(ii), and (L) > (A) is the corresponding result of Hardy and Littlewood 


({1], Theorem 260), finally (C,1) > (Z) is an elementary Abelian lemma 
of Hardy. The only thing that is peculiar about (E) is that, according to (i), 


(20) both (K) > (E) and (E) > (K) are false, 
where (K) denotes convergence. 


None of the arrows occurring in (19) can be inverted. First, -since 
(K) (0,1), it is clear from (20) that (C,1) > (E) is false. Next, in 
order to obtain a series 3a, which disproves (L) > (C,1), it is sufficient 
to choose a,— (-—1)*"n, since the corresponding function X dz”, where 
|z| <1, remains regular at z=1 but a,50(n). Finally, the irreversi- 
bility of the third arrow in (19) was proved by Hardy and Littlewood [2]. 
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IE (E) > (L) is concluded from (19), then there becomes involved the. 
prime number theorem, since the latter is involved in (E) > (C,1). Actually, 
the part (E) > (L) of (19) is nothing but Frobenius’ (C,1)-variant of 
Abel’s continuity theorem, to be applied to (7). In fact, (3), (4) and (12) 
show that the (C,1)-summability and the (A)-summability of (7) are 
equivalent, respectively, to the (E)-summability and the (Z)-summability of 
Xa, The latter equivalences, when combined with that theorem of Hardy 
and Littlewood for which Karamata gave a simple proof, also yield the 
following Tauberian theorem (which does not involve the prime number 
theorem) : 


(t) Ther (E)-summability of a (real) series Sa, follows from its 
(L)-summability if liminf 3 ag > —oo. 
nora din 
In fact, the numbers (2) are the partial sums of (7). 
Whereas the corollary (E) > (Z) of (19) is straightforward, the weakest 
corollary, (E) > (A), of the whole of (19), cannot be proved without the 
prime number theorem. For it is readily seen from (1) that if an = p(n) /n, 
then E,=1/n; hence lim E„=0, and so the (E)-summability of Sa, is 
now trivial. But if (E) > (A) is granted, then, since | na, | < const., the 
convergence of Zu(n)/n follows from Littlewood’s (A)-Tauberian theorem. 
It is clear from the proof of (15) that the first of the three implications 
(19) can be refined as follows: 


(I) There exists a universal constant a for which ose S,<aosc En 
holds whenever lim sup |En | <0. 


Here San and Ep are defined, in terms of an arbitrary $an, by (14) 
and (1) respectively, and osc B, denotes the upper limit of |B,—B,| as 
nomo. 

The corresponding refinement of the third of the three implications 
(19) is equivalent to the following lemma: 


(II) There exists a universal constant B for which 


(21) osc(1—r) 3 ( 3 ar) r” S B ose(1—r) 3 ( 3 ax)r" 


n=1 k=1 n=l kin 


holds whenever lim sup |(1—r) 3 ( 3 ax)r® | < oo, with 3 la|r <a for 
n=. klin n=l 
0 <r< i. . 
It is understood that oscf(r) denotes the upper limit of | f(r) —f(s)| 
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as l1>r>s->1. Hence an inspection of the Hardy-Littlewood proof of 
(L)> (A) shows that, under the restrictions mentioned after (21), 


(22) osc 3 yt” S R ose(1— r) 3 na," / (1 — 172) 
n=l n=l 
holds for a certain universal 8 (the theorem of Hardy and Littlewood itself 
results if the ose on the right of (22) is assumed to be 0). But since the 
expression on the left of (21) is identical with the left of (22), it is seen 
from (2) and (11) that (21) is equivalent to the striking assertion of (II). 
What is involved in (I) and (II) is (10), and more. I do not know 
whether (IT) could be obtained as an “Abelian” consequence of (I) (some- 
what along the lines of Tauber’s own theorem, according to which (K) is 
equivalent to (A) and T,—o(n) together, where T, is defined as in the 
proof of (15) above). Correspondingly, it would be worthwhile to deter- 
mine the best values of the universal constants a,@ occurring in (I), (IT), 
and to decide whether a < £. 


There is a corresponding question concerning an absolute constant which 
belongs to (E) > (L) in the same way as a and 8 belong to (E) > (C,1) 
and (L) (A) respectively. Actually, the relevant analogue of (I) and 
(II) is straightforward. It is true that if (E) => (L) is concluded from 
(19), then (iii) becomes involved. But this is unnecessary. In fact, it 
turns out that what corresponds to (I) and (II) is 


(23) ose (1 — r) x Na" /(1— 1") S ose En 

f n=1 
(if lim sup | n| <c), and that the refinement (23) of (E) >(L) can be 
reduced to the O-version of Frobenius’ Abelian implication (C,1) > (4). 
This refinement of (C,1) > (A), a refinement the truth of which is clear 
from the proof of (C,1) > (A), states that 


(24) ose 3 art S osc 8, 

nA 
(if lim sup | Sa |<). But if the series 3 an, to which (24) refers, is replaced 
by the series (7), defined by (2), then it is seen from (3), (4) and (12) 
that (24) can be written in the form (23). 

Since (C,1) > (E) and (4) > (L) are false, what corresponds to (I) 
and (II) in the reverse direction is the order of infinity of the “Lebesgue 
constants.” In [4], p. 12, the order of infinity was shown to be logarithmic 
for the transformation leading from (K) to (E). 
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Part IL 
On Axerian theorems. 


A related (but more elementary) arithmetical summation problem which 
is dealt with in Hardy’s posthumous Appendix [1], referred to above, 
centers about Axer’s lemma (cf., e.g., [5], p. 202). In what follows, both 
types of Axerian facts, presented in [1] (Theorem 267, p. 378) in a form 
communicated by Ingham, will be improved. 


Let Sı, Sa : - be a sequence of numbers satisfying 
(25) 3 8, —0o(x) and s,—O(1), 


and let f(x), where 1S 4% <0, be a function which is of bounded variation 
on every finite interval, 


(26) f igw if 1<a<o. 


By an Axerian condition (*) will be meant a restriction, to be imposed on f 
alone, to the following effect: Whenever conditions (26) and (*) are satisfied 
by f, the relation 


(27) 3 f(2/n) 8, = 0(2) 
holds for every sequence sı, Sa, * - satisfying (25). 


Such an Axerian condition (*) is contained in Landaws writings on 
the “equivalence” questions in the theory of primes (the most delicate of 
these questions is the deduction of 


(28) 3 p(n)/n—0(1) from y(2) ~s, 


that is, from a(x)~@/logs). What Landau actually proves is that the 
existence of a 0 satisfying 


(29) f(x) = O(a’), where 0 — const. < 1, 


is a (*)-condition (in other words, that (27) follows from (25) whenever 
(26) and (29) are satisfied by f). In order to obtain (28), it is sufficient 
to apply (29), with 0 = 4, to the f(x) which represents Dirichlet’s remainder 
term in the divisor problem. Cf. the references in [6], p. 121, and the 
reproduction of Landau’s arguments in [1], pp. 378-380. 
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In what follows, it will be shown that the Landau’s (*)-criterion (29) 
can be replaced by 


(80) f(z) =O(¢(2)), 


where (x) is any non-negative function satisfying the following conditions: 


(31) (x) is monotone (¢ 20) 
and 
(32) f ads <a 


1 


(hence (31) means that (x) is non-increasing). In other words, the 
following Axerian lemma will be proved: 


(*) If f(x) is any function satisfying (26) and (30), where d(x) is 
some function subject to (31) and (32), then (27) is a consequence of (25). 

Remark. In view of (**)) below, it is worth mentioning that the 
conditions imposed on f(z), 1S <œ, by (*) can simply be formulated as 
follows: If g(x) = (1/2), then 


1 


(Df Lub. 9(u)|de<eo, am f |dg(u)| <e, 


1 
where O<xS1 (so that f | dg(£)| =œ and limsup|g(æ)| —o are 
go> 10 
+0 


allowed). 


Needless to say, (31) and (32) are satisfied by p(x) = if 0 £ 8 <1, 
that is, when (30) becomes (29). The simplest case in which (29) fails 
to apply, but the italicized lemma is applicable, results if (30) holds for 
px) —2*/logz. In particular, it follows from (8) and (9) that the 
following fact is a corollary: If f(x) = 3 a(n), then (27) holds for any 


nás 


sequence 81,8, © © satisfying (25).* 


* There is a corresponding deduction from Mertens’ hypothesis, that is, from 


(a) 3 a(n) =0O(Ve), 
- nse 

as follows: The series 

H 
(b} I Sna(n) Pn 

n=l 
is convergent for every sequence si, %,° * * satisfying 
(e) 8, 2S =: -- and lims,=0 


if (and only if) Mertens’ hypothesis is true. 
In fact, (c) and the boundedness of the partial sums of a series Zr, imply the 
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_The nature of the restrictions imposed on $(z) by (31) and (32) is of 
particular interest, since (31) and (32) are precisely the conditions under- 
lying a theorem of Landau (Satz 3 in [6], pp. 123-124), a theorem which 
applies in a direction just the opposite to the direction of an Axerian 
implication (and assumes, therefore, the prime number theorem; in this 
regard, cf. Ingham’s Theorems 1 and 3 in [3]). 

The proof of the italicized criterion (*) will depend on the following 
elementary lemma: If h(t) is any function which is monotone on the open 
half-line 0<t<o and is integrable on its closure (in the sense that both 


1/€ 


(37) im fac and Im LICE 
£30 

exist), then, as a—>oo, 

(32’) 3 h(n/2) ~ Cx, where C= if h(t) dt 


(the convergence of the series (32°) for any fixed «> 0 is part of the state- 
ment). The fact that the monotony of h(t) on 0 <t<w and the finiteness 
of both integrals (31’) imply (32°), is just a restatement of no. 30 in chap. 
IT of [7]. 

Starting with a function ¢(x) on the closed half-line LS a<o and 
assuming (31). and (82), define on the open half-line 0<t<o a.function 
h(t) by placing A(t) =¢ẹ(1/t) if 0 <i<1 and A(t) —0 if l<t<ow. 
Then it is clear that the conditions required of h in (82’), the convergence 
of both integrals (31’) and the monotony of h, are satisfied. Hence it is 
also clear that the same conditions remain satisfied if any positive e< 1 is 
chosen and if the preceding h(t) is replaced by the function he(t) which is 


convergence of the series Zr,s, (Abel-Dedekind). Hence, if the latter series is identified 
with (b), the convergence of (b) follows from the assumptions (c) if 
(d) 3 u(n)/V/n = O(1) 

ne 24 
is true, But while a partial summation leads from (d) to (a), it is clear that (a) 
in itself fails to imply (d). It was however shown in [8] that, for function-thecretical 
Tauberian reasons, (d) must be true if (a) is true. Accordingly, (a) would be dis- 
proved if one could construct a single sequence s,,8,° - ` satisfying the conditions (c) 
and rendering the series (b) divergent. 

Conversely, if there does not exist such a sequence, then (d), hence (a), is true. 
For, according to Hadamard’s converse of the elementary lemma used above (Abel- 
Dedekind), the partial sums of a series Zr, must be bounded if the series Zr,s, is con- 
vergent for every sequence S, Sa’ * > satisfying (c). 
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identical with the preceding h(t) for O<tSe and is 0 for e<i<mw. 
Accordingly, (32’) is valid if A(t) is replaced by he(£). But then, since 


S he(n/) = 3 he(n/t) = 3 o(2/n), 


n= 


(32°) reduces to 3 (z/n) ~z f he(t)dt, where e is fixed (0 <e< 1) and 


+0 
too. But 


fica f eo f wrslu)du 

+0 +0 1/e 
(where u—1/t), and the last integral tends to 0 as e—>0, since (32) is 
assumed (and = 0). Consequently 
(33) lim lim a? 2 $(2/n) =0, 

i 690 go nSr 
where the existence of the interior lim (for fixed e) and of the repeated 
limit are parts of the conclusion. 

- If the interior lim is replaced by lim sup, then it is clear from (30), 
where ¢=0, that + can be replaced by |f| in (33). It follows therefore 
from the second of the two assumptions (25) that 
(34) lim lim æ1| 3 f(æ/n)s, | —0. 


e>0 gow 


Note that neither (26) nor the first of the two assumptions (25) was used 
thus far. | 

The relation (34) turns out to be the main point in the proof of the 
assertion, (27), of (*). In fact, owing to (34), the balance of the proof 
of (27) becomes the same as it is under Landau’s assumption (29). In fact, 
(35) takes the place of the third formula line in [1], p. 379, and the balance 
of the proof (p. 379, lines 1-10, in [1], where the delta is the present epsilon) 
can be repeated verbatim. Suffice it to say that the partial summation and 
its estimate, carried out in [1] on the second half of p. 379, involve nothing 
like (29) or (80) above, but merely (26) and (25). The proof of (*) is 
therefore complete. 

Axer’s own result (for references, cf. [6], p. 121) weakens the second of 
the two assumptions (25) so as to replace (25) by 


(35) 3 sa—0(x) and 3 |[s,| —O(x), 


. 
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and it states that (35) is sufficient for the truth of (27) if f(x) is chosen 
as follows: 
(36) f(æ)—=2— [x] for 1Sa<o. 


In Ingham’s approach to the Axerian lemmas (Theorem 267 in [1]), the 
assumptions (25) and (35) are treated simultaneously (by a partial sum-' 
mation) and, correspondingly, it is proved that (27) can be concluded from 
(35) when (36) is generalized to any bounded function f(x) satisfying (26). 

It turns out however that, precisely under the assumption (35), the 
method of partial summations, which involves (26), is quite misleading. In 
fact, the true generalization of (36) (in the case (35)) has nothing to do 
. with the assumption (26) of (*), since the true condition on f(x), where 
12 <o, is simply the following: If g(x) is defined by 


(37) g(x) =f(1/e) if 0 <z£1 and g(x) —g(0) if x—0 
then 
(38) g(x) is R-integrable on 0<z<1. 


In contrast, what Ingham’s result (quoted in the preceding section) requires 
is that g(x) be bounded * on 0 < z2 1 and of bounded variation on e271 
if 0<e<1. Actually, that (38) alone is enough is clear from 4, p. 2, where 
a very short proof is given for Axer’s own case, (36). In fact, a glance 
at that proof shows that only (38) is needed: 


(**) If f(x), where 1a <0, is any function corresponding to which 
the condition (38) is satisfied by the function g(x) defined for OSzs1. 
by (37), then (27) is a consequence of (35). 


It is seen from (37) that (27) can be written in the form 
(39) 3 g(n/x) =0(2) 


. (the value g(0), assigned in (37) in order to render (38) meaningful, is 
immaterial). On the other hand, if z is replaced by ax and bx in the first 
of the assumptions (37), it follows, by subtraction, that 


(40) 2 8, —0(x) 


a<zE} 


* This is implied by (38). Originally (in Riemann’s own paper and, until com- 
paratively recently, in all books) the boundedness was an explicit additional condition 
of R-integrability. Actually the redundancy of this proviso, usually attributed to 
Landau’s Einführung in die Differentialrechnung und Integralrechnung (1934), was 
recognized already by Hélder, on p. 3 of his Beiträge gur Potentialtheorie (Tübingen 
dissertation, Stuttgart, 1882). 
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whenever 0Sa<6S1. But (40) means that (39) is true for the function 
g(z) which is 1 or 0 according as v is or is not on the subinterval a < rb 
of O21. Thus, for reasons of distributivity, (39) is true whenever 
g(x) is a step-function (with a finite number of jumps) on 0Æz=1. 
Hence it is seen from the second of the assumptions (35), which was not 
used thus far, that (39) is true whenever g(x) has the following property: 
There belongs to every e> 0 a pair of step-functions ge(x), g'(x) in such 
a way that, on the one hand, gS gg‘ for 0<æx<1 and, on the other 
hand, the integral of gf—g. (over OS s1) is less than e. Since the 
existence of such a pair ge gë (for every «> 0) is equivalent to (38), the 
proof of (**) is complete. 


Appendix. 


Let Xan, where n—1,2,- : -, be a series satisfying lim sup | a, |Y"<1. 
This means that the power series f(x) == 3a,e"*, where f(co) =a,—0, 
converges for & > 0, and f(z) —O(e*) as >, where f/—df/dx. Let 
the additional hypotheses requiring the convergence (at «—-+0) of the 
integrals 


fred, Sir@las, f (eds, where $(@) Lun]? 


%0 æ 


and, in all three cases, = ) be referred to by À, A 3 A || respec- 
p 
0 +0 


tively. Thus A means the (A)-summability (Abel), and | À | the absolute 
(A)-summability (J. M. Whittaker), of Sa», and | À | requires more than 
|A|- Suffice it to say that, while | À | is compatible with lim sup z | f’ (s)| 
=œ, where 2—>0, it follows from || A | that sf (x) > 0, since the monotony. 
and the integrability (at = +0) of (=) imply that sọ (x) — 0. 

A theorem of Ananda-Rau [9] states that the | A |-summability of 3 a, 
implies the (L)-summability of San. For this theorem of Ananda-Rau, 
whose proof is quite involved, Hardy and Littlewood [2], p. 259, gave a 
_ shorter proof which, however, a note in Hardy’s book [1], p. 376, recognizes 
to be fallacious. By claiming a generalization of Ananda Raws theorem, 
I committed a corresponding blunder in [10], p. 686, assertion (ß,). Since 
the sufficiency of | A |-summability for L-summability is just stated, but not 
proved, in Hardy’s book [1], p. 376 (Theorem 263), the only correct proof 


572 AUREL WINTNER. 


available in the literature appears to be Ananda-Rau’s complicated approach 
[9]. 

It turns out, however, that Ananda-Rau’s theorem follows in an almost 
trivial fashion if recourse is had to the simple device used at the beginning 
of the proof of (*) above. In order to see this, the following lemma (§), 
which has nothing to do with questions of summability, will first be isolated. 


(§) Let F(x), where 0<a<o, be a function which is R-integrable 
on every interval ASS p, where OS A< p<, and suppose that there 
exists a monotone function p(x) satisfying | F(x)| (2) and having a 
finite (improper) integral over Oo <z<w. Then 


riro) f F(x)dx as k— +0 (f=) 


(and SF (ah) is absolutely convergent for every h > 0). 


nel 
First, if P is monotone throughout (so that either F or —F can be 
chosen to be ¢), then the assertion of ($) becomes the straightforward fact 
referred to at the beginning of the proof of (*) above ([7], chap. IT, no. 30). 
Next, if F satisfies only the assumptions made in (§), then, by the proof of 
(*) above, 
lim limsup|h 3 F(nh)| =0, 
A720 100 HEAR 
since #(x) is a montone and integrable majorant of | F(x)| near s= +0. 
But if à — +0 is replaced by =», then the same argument shows that 
lim limsup|k 3 F(nh)| —0. 
k>% hood nuh 
Finally, since F(x) is supposed to be R-integrable on every interval AS ap, 
where 0 CA < p<, it is clear that, when A(>0) and a (>A) are fixed, 


7 


h 3 F(nh)— | F(z)de as h— 0. 
Nicn<ph ei 


Clearly, the assertion of ($) follows from the last three formula lines (by 
adding three epsilons). 

In order to obtain Ananda-Rau’s theorem as a corollary of (§), suppose 
that 3a, is | A ||-summable. By definition, this means that the assumptions 
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of (§) are satisfied by F(x) =f (£), where f(x) =Z ane” and f = df/de. 
Hence, if h is lg by x in the assertion of (§), 


lim z 3 (nz) — ff Peano) tto =r o) 


(the last integral is [absolutely] convergent, since | A ||-summability clearly 
implies [absolute (A)-summability, hence] (A)-summability, that is, the 
existence of f(+ 0), whereas f(co) —0 is obvious from P(z)=0O(e”) as 
<>»). On the other hand, it is clear that, if 0 <x <%, 


3 F (nz) =— g(a), where g(x) = 3 na,e-** / (1 —e**) 
n=l n=1 


(simply because f(x) = a,e"*, hence (x) ——XSnae "*). But the last 
two formula lines show that — vg (s) —f(+0) as &— +0, which, in 
view of the definition of g(x), proves that Xan is (Z)-summable (to the same 
sum, f(+ 0), as under (4)-summability). 

Clearly, the -assumption imposed on F(x) in ($) plays the part of a 
Tauberian restriction. There are other such restrictions which are sufficient 
for the truth of the assertion of ($). For the sake of simplicity, such a 
criterion will now be formulated for 0 <æÆ1 (rather than, as in (§), for 
0<a<oo), as follows: 


(88) If F(x), where, O<zS1, is a real-valued function which 
has a continuous derivative I’ (a) satisfying the Tauberian restriction 
lim inf z? (x) > — o, 


z>0 
then 


1 
[2/R] 
h 3 F(nh) > f F(x)dx as h—0 
n=1 


+0 
whenever the improper integral of F(x) exists (it need not converge absolutely). 


In fact, if the preceding reduction of Ananda-Rau’s theorem to (§) is 
compared with the proof of that criterion of Hardy and Littlewood on (L)- 
summability which is Theorem 262 in [1], then it becomes clear that the 
proof of (§§) is contained between the lines of [1], pp. 375-376. In the 
particular case of Hardy and Littlewood, the F(x) of (§§) becomes the first 
derivative of f(x) = Z ae”? (so that the Tauberian restriction of ($$) leads 
to f”). 
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Needless to say, the existence of continuous F(s) is used in the proof 
of (88) only in the immediate vicinity of æ—+0 (for eS#<1, where 
0<e<1, the R-integrability of F(x) is more than sufficient). In addition, 
the continuity of the derivative can readily be dispensed with. 


Tue JOHNS HOPKINS UNIVERSITY. 
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POSITIVITÄTSBEREICHE IM R*.* 


Von Max Korcxer. 


1. Einleitung. In der vorliegenden Untersuchung werden gewisse Kegel- 
bereiche des n-dimensionalen reellen Zahlenraumes—Positivitätsbereiche 
genannt—durch drei einfache Eigenschaften definiert und diese Bereiche dann 
systematisch untersucht. Aus den relativ schwachen Forderungen, die an 
diese Bereiche gestellt werden, können eine Reihe von teilweise überraschenden 
Eigenschaften abgeleitet werden, die bisher nur in Spezialfällen bekannt 
waren. Es soll dies hier an einem Beispiel erläutert werden. 

Das einfachste nicht-triviale Beispiel von Positivitätsbereichen geben 
diejenigen symmetrischen Matrizen, die als Matrix einer positiv definiten 
quadratischen Form fester Variablenzahl aufgefasst werden können. Pro- 
zesse wie z. B. die Bildung der Determinante oder der inversen Matrix und 
die Konstruktion einer beim Übergang zu äquivalenten Matrizen invarianten 
Massbestimmung lassen sich auch in den allgemeinen Positivitätsbereichen 
durchführen. Damit ergeben sich Beispiele von Bereichen, die ähnlich ein- 
fache Eigenschaften wie die quadratischen Formen besitzen. 

Es zeigt sich, dass für Positivitätsbereiche eine gemeinsame Zahlentheorie 
(in Analogie zu der der quadratischen Formen) entwickelt werden kann. 
Darüber soll jedoch an anderer Stelle berichtet werden. 

In der Darstellung des Stoffes wurde so vorgegangen, dass zuerst im 
Abschnitt 2 Positivitätsbereiche in topologischen Vektorräumen mit Norm 
definiert werden und für diese eine Reihe von einfachsten Eigenschaften ab- 
geleitet werden. Ab Abschnitt 3 tritt jedoch eine Beschränkung auf den n- 
dimensionalen Zahlenraum ein. An manchen Stellen mögliche Verallge- 
meinerungen wurden dabei ausser acht gelassen. Bei der Lektüre isi zu 
empfehlen, sich an den Beispielen in 11 zu orientieren. 


2. Positivitätsbereiche in topologischen Vektorräumen. Es sei R der 
mit der natürlichen Topologie versehene Körper der reellen Zahlen und X 
ein Vektorraum über R. Wir setzen voraus, dass X eine Norm zulässt, d.h. es 
existiert eine Abbildung —>]|x| von X in Æ* mit den folgenden Eigen- 
schaften: 


* Received March 9, 1957. 
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|s| =0 ist äquivalent mit æ—0, 
[às] = |à |- |z| für alle À aus R und x aus X, 
|e+y|S|e|+|y| für alle v und y aus X. 


Diese Norm definiert auf X eine Topologie und in dieser Topologie wird X 
zu einem topologischen Vektorraum über R. 

Eine Abbildung L(a,b) von XXX in À nennen wir zur Abkürzung 
eine Bilinearform von X, wenn gilt: 


(B.1) L(a,b)=L(b,«) für alle a und b aus X, 
(B.2) L(a,x) ist bei festem a in v linear und stetig. 


Für eine solche Bilinearform Z bezeichnen wir mit X(Z) die Menge der ` 
a aus X mit L(a,x) —0 für alle v aus X. Wegen L(0,2)=0, z aus X, 
ist X(Z) sicher nicht leer. Man sieht ausserdem sofort, dass X(L) ein in X 
enthaltener topologischer Vektorraum über Æ ist. Eine Bilinearform Z von 
X heisse ausgeartet, wenn X(L) nicht nur aus der Null besteht. 

Ist L eine Bilinearform von X, dann nennen wir eine Teilmenge Y 
von X einen Positivitätsbereich von X mit L als Charakteristik, wenn gilt: 


(P.0) Y ist offen und nicht leer. 
(P.1) Für alle a und b aus F gilt L(a,b) >0. 


(P.2) Liegt x nicht in FY, dann gibt es ein a aus Ÿ, welches en zu 
X(L). gehört, mit L(a,x) S07 


Man wird später an Beispielen sehen, dass L keineswegs durch die Punkt- 
menge Y eindeutig bestimmt ist. Eine Punktmenge Y von X heist ein 
Positivitätsbereich von X schlechthin, wenn es eine Bilinearform L von X 
derart gibt, dass Y ein Positivitätsbereich von X mit L als Charakteristik 
wird. (P.1) zeigt sofort, dass jede Charakteristik eines Positivitätsbereiches 
nicht identisch Null ist. 

Offenbar sind die Axiome (P.1) baw. (P.2) von den Axiomen (P.0), 
(P.2) bzw. (P.0), (P.1) unabhängig. Dass aber.auch (P.0) von (P.1), 
(P.2) unabhängig ist, zeigt das einfache Beispiel 


A= BY, Y= (y: y-(? 2) y= 0,9? > 0}, 
wenn man als Bilinearform das Skalarprodukt zweier Vektoren nimmt. 


1 Wie üblich wird fiir Teilmengen A von X mit À die abgeschlossene Hülle und mit 
À der offene Kern von A bezeichnet und Rd(A) = À — À gesetzt. 
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Satz 1. Für jeden Positivitätsbereich Y von X gilt: 

a) Für jede Charakteristik L von Y und jedes a aus Y, welches nicht 
in X(L) liegt, ist L(a,y) > 0 für alle y aus F. 

b) Mit a und b liegt auch a+b in F. 

c) Mit a liegt auch Aa in Y, falls A> 02 

d) Liegt x nicht in Y, dann gibt es a aus Y mit L(a,2) <0. 

e) Liegen a und —a in Y, dann gehört a für jede Charakteristik L 
zu X(L). 

Beweis: a) Wegen (P.1) kann man annehmen, dass a ein Punkt von 
Rd(Y) ist. Man hat dann L(a,y) 20 für alle y aus Y. Nehmen wir 
jetzt an, dass L(a,y) —0 für ein y aus Y erfüllt wäre. Da Y offen ist, 
gibt es zu jedem x aus X ein A> 0, für das y--Ax in Y liegt. Jetzt hat 
man 
0SL(a,y +2) = L(a,y) +AL (a, x) —AL(a,x), 

d.h. L(a,æ) 20 für alle ¢ aus X. Da mit z auch — x zu X gehört, folgt 
L(a,x) =0, d.h. a liegt in X(L). 
_b) Würde für a und b aus Y der Punkt a 4-b nicht in Y liegen, dann 
gibt es nach (P.2) ein c aus Ÿ mit 
0=L(c,a-+b) == L(¢,@) + Z(c,b) 
und ¢ nicht aus X(L). Das ist aber ein Widerspruch, denn nach a) gilt 
L(c,a) >0 und L(c,b) > 0. 

c) Die Behauptung kann analog zu b) erschlossen werden. 

d) Wir nehmen an, dass fiir ein x, welches nicht in Ÿ liegt, die 
Behauptung falsch ist, d.h. es gilt L(a,x) =0 für alle a aus Y. Da das 
Komplement von Ÿ sicher offen ist, können wir zu gegebenen c aus Ÿ ein 
A>0 so bestimmen, dass auch g- Ac nicht in F liegt. Jetzt folgt für alle 
a aus Y nach (P.1) 

L(a,æ+ Ace) 2aAL(a,c) > 0 
oder 
L(a,z+ Ac) 20 für alle a aus FY. 
Andererseits gibt es nach (P.2) ein a aus Ÿ, welches nicht in X(L) liegt, 
mit L(a,¢-+ Ac) =0, d.h. 
0= L(a,e+Ac) =L(a,2) + AL(a,c). 


2 Kleine griechische Buchstaben bezeichnen stets reelle Zahlen. 
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Da aber L(a,v) und L(a,c) nicht negativ sind, folgt L(a,c) —0 im Wider- 
` spruch zu a). 


e) Nach (P.1) hat man sofort l.(a,y) Z0 und L(—a,y) 20 für 
alle y aus FY, d.h. L(a,y)=0. Zu jedem z aus X bestimmen wir nun 
wieder A>0 derart, dass y + Az in Y liegt und erhalten 


O— L(a,y + x) =L(a,y) +ALL (a, £) =AL (a, ©). 


© ist. also Punkt von X(Z) und der Satz ist vollständig bewiesen. 

Als einfache Folge dieses Satzes ergibt sich, dass X(L) für jede Charak- 
teristik L von Y eine Teilmenge von Rd(Y) ist. Denn ein Punkt a von 
X(L) gehört wegen (P.1) nicht zu F und wegen Satz 1d sicher zu Ÿ. 

Die Positivitätsbereiche von topologischen Vektorräumen sind maximal, . 
man überlegt sich nämlich sofort, dass für zwei Positivitätsbereiche Y und Ÿ 
von X mit gleicher Charakteristik aus Y CY stets Y = Ë folgt. 

Ein Positivitätsbereich Y möge ausgeartet genannt werden, wenn Y eine 
ausgeartete Charakteristik besitzt.- | 


SATZ 2. Ser Y ein Positivitätsbereich von X. 


a) Ist X direkte Summe zweier Vektorräume X und Xo, À =% Z, 
und gilt gleichzeitig eine Zerlegung Y — Ÿ © X., dann ist jede Charakteristik 
von Y ausgeartet. 


“b) Ist Y ausgeartet, dann gibt es eine Zerlegung X =% @xX, von 
X -in zwei topologische Vektorräume, hierbei ist ausserdem Y =Ë © X: 
und Ÿ ist Positivitätsbereich von X. 


Beweis: a) Sei L eine Charakteristik von Y und «= + x die direkte 
Zerlegung des allgemeinen Punktes von X. Sind a und y jetzt zwei Punkte 
von Y in der gleichen Zerlegung, dann folgt nach (P.1) 


0 <L(a,y)—L(4,5) +L Gyo) +L (ao ÿ) + L (do, Y0). 
Für a—0 und 7—0 hat man o 
| L(a, yo) 20 für alle & aus Ë und yo aus Xp, 
und @—>0, ÿ— 0 liefert entsprechend 
L(ao Yo) Z0 für alle a und yo aus Xo. 
Zusammen ist also L(a, Yo) 20, d.h. 


L(a, yo) =0 für alle a aus Y und y aus Xp. 
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Wie im Beweis zu Satz le folgt hieraus, dass dies sogar für alle u aus X 
richtig ist, d.h. X, ist Teilmenge von Y(Z) und L ist sicher ausgeartet. 


b) Wir zeigen zuerst, dass X in eine direkte Summe zerlegt werden 
kann. Wir wählen dazu ein c mit |ce|=1 aus X(L), setzen X, = {Ac} 
und definieren für v, aus X, 


M (x) =A, falls x = àc. 


M(x) ist dann eine auf X, definierte stetige Linearform, die nach dem Satz 
von Hahn-Banach auf ganz X als stetige Linearform fortgesetzt werden 
kann. Für v aus X setzt man 


== e— M(x) +, t= M(æ)c 


Die Zerlegung 2—%@% ist dann direkt und es gilt M(x)=0. Man 
erhält also eine Zerlegung von X in eine direkte Summe zweier Vektorräume 
X und X,. Da X, von c aufgespannt wird, ist stets 


L(a,2) =L(a,%) =L (4,2). 


Wir setzen jetzt Ý =F N X und zeigen, dass Y Positivitätsbereich von X 
mit L(a,b) als Charakteristik ist. Zum Beweis dieser Behauptung ist zuerst 
(P.0) trivial. Für (P.1) seien & und 5 Punkte aus Ÿ, dann gehören sie 
auch zu Y und man hat L(&,b) >0. Ist andererseits & nicht aus Y, dann 
liegt @ auch nicht m Y. Nach (P.2) gibt es a aus Ÿ, welches nicht in 
X(L) liegt, mit 0Z L(a,&) =L(&,%) und & ist natürlich in Y enthalten. 
Damit ist aber auch (P.2) für Y nachgewiesen. Zum vollständigen Beweis 
der Behauptung fehlt noch der Nachweis von Y =Y@X,. Wie vorher 
überlegt man sich sofort, dass Ÿ @ X, ein Positivitätsbereich mit L als 
Charakteristik ist und Y D Ë OX, gilt. Wegen der Maximalität der Positi- 
vitätsbereiche folgt daraus die Gleichheit. 

` Nach diesem Satz kann man die Positivitätsbereiche in einfacher Weise | 
auf nicht ausgeartete Positivitätsbereiche zurückführen und man übersieht 
alle Positivitätsbereiche, wenn man die nicht ausgearteten kennt. 

Ist Y ein nicht ausgearteter Positivitätsbereich von X, dann kann man 

für die Punkte von X eine Relation “=” (bzw. “ >”) durch 


© = y ist äquivalent mit s— y€ Ë 
(bzw. z >y ist äquivalent mit v—y € Y) 


definieren. Diese Relation induziert dann in X eine Halbordnung, die mit R. 
verträglich ist, d.h. es gilt: 
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Aus cZ y und y Zz folgt 72. 

Aus v= y und yZ «v folgt cy. 

Aus t= y folgt a +2 2a +9. 

Aus vÆ y und O<AER folgt Away. 


Wir werden in Zukunft bei nicht ausgearteten Positivitätsbereichen fiir deren 
Punkte y auch y > 0 schreiben. Für a und b aus X und y aus Y hat man . 
L(a,y) >L(b,y) wenn a> b, d.h. die Bilinearform ist monoton. 


3. Positivitätsbereiche im R”. Von nun an werden wir nur. endlich- 
dimensionale Vektorräume zu betrachten haben und können uns daher auf 
den Fall #— R” beschränken. Die Punkte x des R” schreiben wir als 
Spalten 

gt 
g? 


T= f D (at, a?,- > +, a") 


gn 

und benützen konsequent den Matrizenkalkül. Als Norm des 2” nehmen wir 
|æ|l—(#æx)# Eine Bilinearform L(a,b) des R" hat dann die Form 
L(a,b) =g Kb = b’Sa mit einer geeigneten reellen symmetrischen #-reihigen 
. Matrix 8. Wir wollen jetzt auch $ eine Charakteristik von Y nennen, wenn 
dies für L(a,b) der Fall ist. L(a,b) ist genau dann ausgeartet, wenn 
[S|—0. Aus Satz 2 folgt, dass such jeder ausgeartete Positivitätsbereich 
Y in der Form Y =F @ Re (0<q<n) schreiben lässt, wobei Ý ein ge- 
eigneter Positivitätsbereich des R*-@ ist. Man erkennt hieraus, dass durch Y 
der Rang der Charakteristik S eindeutig bestimmt ist. 

Für reelle Matrix W von n Zeilen und Spalten und Punktmenge A des 
R” möge mit WA die Menge der Bildpunkte von A bei der Abbildung y—> Wy 
bezeichnet werden. Es ist dann sofort zu sehen, dass mit Y auch WY, 
| W |40, ein Positivitätsbereich ist. Ist hier 8 eine Charakteristik von Y, 
dann ist W’8W eine Charakteristik von WY. 

Ist Y ein Positivitätsbereich des R”, S eine Charakteristik von Y, dann 
kann man als Ergänzung zu Satz 1 zeigen, dass zu jedem a aus Rd(Y) ein b 
aus Rd(Y) mit Sb340 und a’Sb—0 existiert. Sei dazu a, eine gegen a 
konvergente Folge, deren Glieder nicht aus Ÿ gewählt sind. Nach Satz 1d 
gibt es dann b, aus Y mit «,Sb,<0. Man kann hier noch ohne Bin- 
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schränkung | Sb,|=-1 annehmen. Wir wählen nun eine Teilfolge der a, 
derart, dass die zugehörigen b, gegen einen Punkt b von F konvergieren. 
Man hat dann a@’SbS0, | Sb|]—1. Nach (P.1) ist aber nur a’Si=—0 
möglich. 


4. Nicht ausgeartete Positivitätsbereiche des R”. Da man sich nach 
den Überlegungen in 2 und 3 bei den weiteren Untersuchungen auf nicht 
ausgeartete Positivitätsbereieche beschränken kann, wollen wir von nun an 
stets annehmen, dass Y ein nicht ausgearteter Positivitätsbereich des R” ist. - 
S bezeichne immer eine Charakteristik von F, nach Satz 2 ist dann | S| von 
Null verschieden. 





Lemma 1. Zu jedem Kompaktum K von ¥ gibi es ein p(K) = p(K; S)> 0 
mit 
a’Sy = p(K)|y| 


für alle a aus K und alle y aus Ÿ. 


Beweis: Mann kann ohne Einschränkung y 40 voraussetzen und wegen 
der Homogenität beider Seiten der Behauptung genügt es, wenn das Lemma 
für alle a aus K und y aus Ÿ mit |y|=1 bewiesen wird. Da dies eine 
kompakte Punktmenge in F X Y darstellt, nimmt «’Sy als stetige Funktion 
ihr Minimum «,Sy, in einem Punkte (do, Yo) an. Nach Satz la ist dieses 
Minimum aber positiv. 

Wendet man Lemma 1 auf K = {a}, a aus Y, an, dann erhält man 


eSyZp(a)|y| für alle y aus Ÿ 
und wir wollen—um die Bezeichnung eindeutig zu fixieren—stets 
pla) =inf{a’Sy:y aus Ÿ,|yl—1} 
setzen. 
In 2 hatten wir zu jedem Positivitätsbereich eine Halbordnung definiert. 


Wir können jetzt zeigen, dass im vorliegenden Falle diese Halbordnung 
archimedisch ist. 


LEMMA 2. Zu jedem a >0 und x aus R» gibt es X>0 mit Aa>a. 


Beweis: Es genügt, wenn die Existenz eines À mit Aa = x gezeigt wird, 
denn dann ist (A+1)a>x. Wäre diese Behauptung aber falsch, d.h. gibt 
es a aus Y und x aus R» mit Aa—xé Ÿ für alle A>0, dann gibt es zu 
jedem À ein c, mit 


CAS (aa— x) <0, |e |—1, a aus F. 
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Jetzt ist mit Lemma 1 
0 <p(a) SchSapr < 08x S | Sx |/r 


und das ist fiir ÀA—c ein Widerspruch. 

Man kann im Anschluss an Lemma 2 leicht zeigen, dass sich jedes x in 
der Form +—a—b mit a, b aus Y schreiben lässt. Man-hat zu gegebenen 
a > 0 und z nur A so zu bestimmen, dass b=Aa— x in Y liegt. Die nicht 
ausgearteten Positivitätsbereiche des R» sind also auch Positivitätsbereiche 
‚Im Sinne von N. Bourbaki. 

Lemma 1 hat aber noch weitere Konsequenzen. Z.B. ist sofort zu 
sehen, dass die y aus Ÿ mit ay (4>0) eine beschränkte Punktmenge 
bilden. Ist weiter y, eine Folge aus Y, für die bei geeigneten a > 0 die Folge 
«Sy, konvergiert, dann ist y, von selbst beschränkt. Für beliebiges a ist 
dies natürlich keineswegs richtig. 

Geometrisch kann man p(a) so interpretieren, dass p(a) ein Mass für. 
den Abstand des Punktes a von Rd(Y). angibt. Um dies hinreichend allge- 
mein formulieren zu können, sagen wir, dass eine Folge a, uneigentlich nach 
Unendlich konvergiert (a, —), wenn |a,| über alle Grenzen wächst, und 
nennen ausserdem a, (uneigentlich) gegen.einen Randpunkt von Y kon- 
vergent (a,—>Rd(Y)), wenn ay—>œ und |a,|a, gegen einen Randpunkt 
konvergiert. Jetzt kann man zeigen, dass eine (eigentlich oder uneigentlich) 
konvergente Folge a, aus Y mit p(a,) — 0 stets gegen einen Randpunkt kon- 
vergiert. Ist nämlich a, —a-£o und p(@,)—0 und wäre a kein Rand- 
punkt, dann ist p(a) >0. Andererseits gibt es aber eine Folge y, aus Ÿ 


mit p(a,) =U Yv, |y,|=1, und man kann y,—y annehmen. Es folgt 
ev) > a’Sy = p(a) und das ist ein Widerspruch. Im Falle 4,20 ist 
b,—|a,|"'a, eigentlich konvergent. Wegen 


p(B») = | a» |%p(ay) > 0 


folgt die Behauptung aber aus dem bereits bewiesenem Teil. Für eigentlich 
konvergente Folgen kann man diese Aussage umkehren. 


5. Automorphismengruppe und Norm eines Positivitatsbereiches. 
Für nicht ausgeartete Positivitätsbereiche Y bezeichnen wir mit S(Y) die 
multiplikative Gruppe der umkehrbaren reellen #-reihigen Matrizen W mit 
WY=} und nennen 3(Y) die (lineare) Automorphismengruppe von Y. 
Sie ist offenbar unabhängig von der Auswahl der Charakteristik S von Y. 

Für W aus 3(Y) und Charakteristik 8 von Y setzen wir W* = SWS 
und erhalten 
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Lemma 8. Mit W gehört auch W* zu X(Y). 


Beweis: Wir zeigen zuerst W*Y CY für alle W aus 3(Y). Ware das 
nicht richtig, dann gibt es ein y aus Y, für das W*y nicht in Ÿ liegt. Nach 
Satz 1d gibt es dann a aus Y mit 0 > dSW*y—= (Wa)’Sy. Da aber Wa 
in Y liegt, ist das ein Widerspruch zu (P.1). Ersetzt man in der bareits 
bewiesenen Behauptung aber W durch W-, dann folgt schon W*F = Y, 
d. h. W* liegt in X(Y). 

Eine auf Y definierte Funktion f(y) möge nun eine Norm von Y 
heissen, wenn die folgenden Axiome erfiillt sind: 


(N.1) f(y) ist auf F stetig, 
(N.2) f(y) >0 für alle y aus Y, 
(N.3) f(Wy) = || Wf(y) für alle W aus X(Y). 


Dabei bedeutet || W | den absoluten Betrag der Determinante | W | von W. 
Die Existenz wenigstens einer Norm für jedes Y wird sich später zeigen. 
Da für À > 0 und Einheitsmatrix Æ die Matrix AZ zu X(Y) gehört, zeigt 
(N.3), dass jede Norm eine homogene Funktion von Grade n ist. Ebenfalls 
wegen (N.3) ergibt sich trivial, dass 


dv = dy/f (y),  dy— II dy* 
k=1 


ein bei den Abbildungen y—> Wy, W aus 3(Y'), invariantes Volumenelement . 
darstellt. Es ist leicht zu sehen, dass umgekehrt Y sicher dann eine Norm 
besitzt, wenn es ein in diesem Sinne invariantes Volumenelement besitzt. 

Wir wollen nun zeigen, dass jedes Y wenigstens eine Norm zulässt und 
definieren dazu für y aus Y 


N(y)=v/M(y),  M(y) -Í est di 


mit einer positiven Konstanten w, die wir erst später festlegen wollen. Da 
es zu jedem Kompaktum K von Y nach Lemma 1 ein p(K)>0 mit 
y’St = p(K)|t| für alle y aus K und ¢ aus Ÿ gibt, ist die Konvergenz des 
Integrals M(y) sichergestellt und N(y) ist in Y sogar reell-analylisch. 
(N.1) und (N.2) für N(y) sind dann trivial. Ist nun W aus 3(Ÿ) 
gegeben, dann substituiert man in M(Wy) 


t= We, dt =| Wide. 


Wegen Lemma 3 erhält man als Integrationsgebiet wieder Y und hat daher 
auch (N.3) nachgewiesen. 
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Die Norm N(y) ist also reell-analytisch und ausserdem noch monoton, 
denn wir hatten schon gesehen, dass aus a> b > 0 immer a’St > b’St folgt 
und das liefert N (a) >N(b). 

Zum Schluss wollen wir noch einige Eigenschaften von un zusammen- 
stellen. Es wird sich dabei zeigen, dass diejenige Untergruppen von 3(Y), 
deren Elemente W der Bedingung | W || —1 genügen, abgeschlossen ist. 


LEMMA 4. Es sei W, eine Folge von Matrizen aus S(Y). 


a) Ist W,>W konvergent, dann liegt W für |W|£0 in 3(Y), 
im Falle |W|=0 gilt WY CRd(Y) und es ist W=0 falls Wa—0 für 
ein a aus F. 


b) Ist W,a für ein a aus Y beschränkt, dann ist auch W, beschränkt. 


Beweis: a) Man hat nach Definition W,Ÿ —Ÿ und W,"Y=}/Y. Da 
aber wegen | W |40 auch die Folge W," konvergiert, folgt WY CY und 
PAPE: 

Im Falle | W | = 0 gilt eicher WY CY. Wäre jetzt WY keine Teilmenge 
von Rd(Y), dann gibt es a aus Y mit Wa € Y. Wegen (N.1,3) folgt dann 


0<N(Wa) =lim N (W,a) = lim || W, | V(a) =0, 
van v>% 
also ein Widerspruch. 


Für die letzte Aussage von a) zeigen wir zuerst, dass auch W*a—0. 
Wäre nämlich W*a 0, dann ist nach Satz la 


0 <a SW*a— (Wa)’Sa—0. 


Ist nun y beliebig aus Y gewählt, dann liegt Wy in Y. Wäre W y 0, dann 
wieder nach Satz la 
0 <a SWy= (W*a)’Sy = 0. 


Es ist also Wy—0 für alle y aus F, d.h. W=0. 
b) Für alle y aus Y mit | Sy] S1 folgt nach Lemma 1 
SW a > p(a)| Wy |. 


Andererseits sind die Elemente von W,a beschränkt, d.h. | W,a | Sy, und 


man hat? 2 | 
[y | £ | 8y | | Wa |/o(a) Sv 


341, Ya usw. bezeichnen positive von » unabhängige Zahlen. - 
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oder y/W*’,W*,y Sys. Jetzt ergibt sich aber leicht, dass dann die Elemente 
von W*, und daher auch von W, beschrinkt sind. 

In ähnlicher Weise kann man noch zeigen, dass für jedes æ aus F die 
Gruppe der W aus &(7) mit Wa=a kompakt ist. 


6. Ein invariantes Linienelement von Y. Es sei von nun an stets 
N (y) die spezielle reell-analytische Norm von Y nach 5. Ein positiv definites 
Linienelement 


ds? = $, gu (y) dy*dy' 
kl 


möge bei S(Y) invariant heissen, wenn die durch ds definierte Massbe- 
stimmung von Y bei den Bewegungen „> Wy, W aus S(Y), invariant ist. 
Bekanntlich ist dies dann und nur dann der Fall, wenn 


W’-G(Wy) -W=G(y), Gly) = (guly)) 
für jedes W aus 3(Y) erfüllt ist. 
Sarz 3. Das Linienelement 
ds? = Yhrıly)ägeay',  ha(y) = — 0° log N (y) /dy*dy' 
ki 
ist positiv definit und bei S(Y) invariant. 


Beweis: Die Invarianz dieses Linienelementes folgt trivial aus (N.3). 
Es muss lediglich gezeigt werden, dass H (y) = (hu(y)) in jedem Punkt 
y von Ÿ als Matrix einer quadratischen Form positiv definit ist. Setzt man 
dazu z = St und 


My = 0M (y) /ôg =— f etzak di, 
Y 
My 0M(y)/0y*dy! = f ev'ekzt dt, 
Y 
dann folgt für x aus Br 
2. M (y) PH (y)e =2 X ake! (M Mu — Mr Mi) 
kyl 
= > vat (M $ My + M. Mix — IMM) 
kl 
= D 22! f dt, f di, eve) (zzi! + oka! 22.52) 
Kl Y Y 
= f dt, f dte (ates) [ (0z)? + (22a)? — 2 (2/21) (8z) ] 
Y Y 
= f dt, f dt, eV "9 [28 (t, —ts) ? 
Y Y 
und daher ist vH (y)e >0 für s0, d.h. H(y) positiv definit. 
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Aus einem invarianten Linienelement kann man bekanntlich eine invari- 
ante Metrik konstruieren. Sei dazu C eine ganz in Y liegende Kurve mit 
der Parameterdarstellung y = y(r), «Sr, bei der die Komponenten von 
y(r) stückweise stetig differenzierbare Funktionen der (reellen) Variablen r 
sind. Wie üblich definiert man dann die Länge von C in der durch das 
Linienelement nach Satz 3 gegebenen Massbestimmung durch 


a0) =| f° À YHn. 


Da ds bei X(Y) invariant ist, folgt sofort A(WC) —A(C) für jedes W aus 
3(Y). Setzt man ausserdem für a und b aus Y 


A(a,b) = inf{x(C) : y(a) —a,y(8) =b, C F}. 


dann überlegt man sich sofort, dass A(a,b) eine bei 3(Y) invariante Metrik 
von Y darstellt, d.h. den folgenden Forderungen genügt: 


j 


(M.1) A(a,b) =A(b, a) Z0, A(a,b) —0 nur bei a=b, 

(M.2) A(a,b) SA(a,c) +A(c,b) für a, b und c aus Y, 

(M.3) Es gibt zu jedem Kompaktum K von Y zwei Konstanten y > 0 und 
y >0 mit yla—b|Æ<A(a,b) Sy |a—b]| für alle a und b aus 
K, d.h. die durch A(«,b) in F induzierte Topologie ist mit der 
natürlichen Topologie des A" äquivalent, 

(M.4) Für jedes W aus 3(Y) ist A(Wa, Wb) =A(a, b). 

Zwei Probleme drängen sich in diesem Zusammenhang auf: 


(A) Ist es richtig, dass für Positivitätsbereiche die geodätischen Linien 
der hier angegebenen Massbestimmung eindeutig bestimmt sind? 


(B) Ist die Metrik A(a,b) vollständig, d.h. strebt für jede Folge a, 
auf Y, die gegen einen Randpunkt von Y konvergiert, der Abstand A(a,«,), 
a aus Y, gegen Unendlich? 


Eine Klärung dieser beiden Fragen wäre von grossem Interesse. ` 


7. Positivitätsbereiche mit Involution. Wie bisher sei $ eine Charak- 
teristik von Y und W*—$""W’S. Wir hatten schon gesehen, dass mit W 
auch W* in $(F) liegt. 

| Eine Abbildung y—y* von Y auf sich soll eine Involution von Y 
genannt werden, wenn fiir alle y aus Y gilt: 
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(1) (y*)*¥=y, 

(1.2) N(y)N(y*) =const., 

(1.3) (Wy)*—W*"y* für alle W aus 3(Y). 

In diesem Abschnitt wollen wir zeigen, dass jeder nicht ausgearteter Posi- 
tivitätsbereich wenigstens eine Involution zulässt. 


Für eine auf Y definierte und dort einmal partiell differenzierbare Funk- 
tion f(y) setzt man wie üblich 


of (y)/0y° 
grad, f(y) — 
af (y) /3y" 


Zu jedem y aus Y definieren wir jetzt ein y* durch 


y* = S> grad, log N (y). 
Man sieht sofort, dass sich die Euler’sche Differentialgleichung fiir die 


homogene Funktion N(y) in der Form y’Sy*—=n schreiben lassen. Sei 
weiter für alle y aus Y 


H (y) =— (Plog N(y)/dy*dy’), E (y) = — (dy**/oy’). 


dann erkennt man sofort die Richtigkeit von H (y) == SE (y) und daher ist 
stets | K(y)| 540, denn H (y) war nach Satz 3 positiv definit. Man kann 
also auch y als Funktion der Komponenten von y* auffassen und erhält 
dann leicht K(y)K(y*) =H. Man beachte hier aber, dass bis jetzt keines- 
wegs bewiesen ist, dass y* auch zu Y gehört. Durch Differentiation von 
y’Sy* =n erhält man schliesslich noch y* = K (y)y für alle y aus F. 


Sartz 4. Die Abbildung y —>y* ist eine Involution von Y. Man rann 
N (y) so normieren, dass es ein c aus Y mit N(c)N(c*) =1 gibt. 


Nach dieser Normierung hat man an Stelle von (I.2) N(y)N(y*) =1 für 
alle y aus F. 


Beweis: Wir teilen den Beweis in mehrere Schritte auf: 


1) Beweis von (1.3): Sei W aus 3(Y), Wy=z, dann folgt nach 
Definition 
(Wy)* == 8- grad, log N (2) = S~ grad, log N (y) 
= SW- grady log N (y) == SW" Sy* 


und das ist die Behauptung. 
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2) Zu jedem a aus Y gibt es ein b aus Y mit a—b*. Man fragt 
dazu für gegebenes a aus Y nach dem Minimum der Linearform a’Sy unter 
den Nebenbedingungen N(y)=n („>0) und y aus F. Dieses Minimum 
wird in einem Punkt b von Ÿ angenommen und nach der Methode von 
Lagrange erhält man als Bestimmungsgleichungen für b 


a—=ab*,  N(b) =n. 


Nach der ersten Gleichung liegt also entweder b* oder —-b* in Y. Wegen 
b’Sb*—= n kann aber nur b* ein Punkt von Y sein. Wegen 1) kann man 
jetzt aber a— (1/Ab)* schreiben und das ist die Behauptung 


3) Fir alle a und y aus Y ist @Sy*=0. N(y) war nach 5 reell- 
analytisch, d.h. log N(y+ Aa) ist in eine nn Potenzreiche nach 
Potenzen von À entwickelbar: 


log (y+ Aa) =log N (y) + aa’8y* + - >, 


d.h. log{N (y + Aa) /N (y) } == Aa’Sy* +--+. Nach 5 war N(y) ausserdem 
monoton, d.h. für A>0 gilt N(y-+ Aa) > N(y). Für A>0 folgt dann 
aber schon die behauptete Ungleichung. | 


4) y—>y* ist Abbildung von Y auf sich. Nach 2) erhält man als 
Bild von Y bei dieser Abbildung eine Punktmenge, die Y umfasst. Da diese 
Abbildung stetig ist, genügt es offenbar, wenn wir noch zeigen, dass die 
Bildmenge in Y enthalten ist. Würde jetzt aber für ein y aus Y das zuge- 
hörige y” nicht in F liegen, dann gibt es nach Satz 1d ein a aus Y mit 
a’Sy* <0. Nach 3) ist dies aber ein Widerspruch. 


5) Beweis von (1.1,2): Nach den bereits bewiesenen Rechenregeln 
hat man 


GE) =K (y*) K (y) y =y. 
Zum Beweis von (1.2) setzen wir f(y) —N(y)N(y*) und erhalten 
grad, log f(y) — grad, log N (y) — K’(y) grady. log N (y*) 
we U BEG) FIN 
denn SK(y) war symmetrisch. 


6) Normierung von N(y): Man gibt sich ein a aus Y vor und setzt 
in der Bezeichnung von 5 


AM (a) — 2", M(a*)=ß", a>0, B>0. 
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Bei c= Va/f a folgt M(c)—M(c*). Die Konstate w in der Definition 
von N (y) fixieren wir jetzt durch w— M (c) — M(c*) und erhalten die noch 
fehlende Behauptung. 

Die hier definierten Matrizen K(y) sind über die bisherigen Zusammen- 
hange hinaus deswegen von besonderem Interesse, weil in allen bekannten 
Beispielen die folgende Frage positiv beantwortet werden kann: 


(C) Gehört für jedes y aus Y die Matrix K(y) zu S(Y)? 


Eine allgemeine Lösung dieses Problems würde für Positivitätsbereiche einen 
Einblick in die Automorphismengruppe ermöglichen. In Richtung auf (C) 
kann man jedoch vorläufig nur beweisen, dass die folgenden drei Aussagen 
gleichbedeutend sind: 


(1) Für jedes y aus Y gehört K(y) zu X(F). 
(2) Für als a und y aus Y und hinreichend kleines À > 0 silt 
y* = (y+Aa)*. 
(3) Für alle an b aus Y mit a> b gilt stets b* > af. 
Der Beweis dieser Äquivalenz soll übergangen werden. 


Ausser den bisher erwähnten Eigenschaften der Involution y— y* ist 
noch bemerkenswert, dass diese Involution mit der Metrik A(a,b) verträg- 
lich ist, d.h. es gilt A(a*,b*) =-A(a,b) für je zwei Punkte a und b von Y. 
Diese Invarianz ist leicht nachzuweisen, wenn man beachtet, dass für eine 
Parameterdarstellung y(r) einer Kurve O von Y das Bild C* von C bei der 
Abbildung y—y* die Parameterdarstellung y*(r) hat. Ohne Schwierig- 
keiten zeigt man damit A(C)—X(C*) und der Übergang zum Infimum 
liefert die obige Behauptung. 


8. Homogene Positivitätsbereiche. Einen nicht ausgearteten Positivi- 
tätsbereich Y nennen wir homogen, wenn es zu je zwei Punkten a und b 
aus Y ein W aus 3(Y) mit a= Wb gibt. Es soll von jetzt immer voraus- 
gesetzt werden, dass Y ein homogener Positivitätsbereich ist. Wegen (N.3) 
in 5 ist eine Norm von Y dann bis auf einen konstanten Faktor eindeutig 
bestimmt. 

Das Verhalten von N(y) auf dem Rand von Y kann man vollständig 
übersehen, denn es gilt: 


Lemma 5. Ista,— a, a aus Rd(Y), eine (eigentlich) konvergente Folge 
aus Y, dann konvergiert N(a,) gegen Null. 
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Beweis: Wir wählen einen Punkt c von Y und bestimmen W, aus 3(F) 
mit 4,= W,c. Da die a, beschränkt sind, sind nach Lemma 4b die Matrizen 
W, beschränkt und wir können ohne Einschränkung annehmen, dass W, 
gegen eine Matrix W konvergiert. Wäre hier | W|-£0, dann liegt W nach 
Lemma 4a in X(Y) und a könnte kein Randpunkt sein. Es ist also | W|—0 
und wegen N (a,) = || W, | N(c) folgt die Behauptung. 

Nach diesem Lemma ist also N(y) stetig auf F fortsetzbar und wir ` 
bezeichnen diese Fortsetzung wieder mit N (y). 

Man könnte in Analogie zu diesem Lemma vermuten, dass für jede gegen 
Unendlich konvergierende Folge auch die Norm nach Unendlich konvergiert. 
Dies ist jedoch nicht allgemein richtig, es gilt vielmehr nur 


Lamma 6. Für jede Folge a, =a > 0, die gegen Unendlich konvergiert, 
strebt auch N (ap) gegen Unendlich. 


Beweis: Mit geeigneten W, aus 2(Y) kann man «,—= W,a schreiben, 
d.h. es ist «> Wy, a, und die Vektoren W,-t4 sind beschränkt. Wegen 
Lemma 4b sind dann wieder die Matrizen W," beschränkt und man kann 
ohne Einschränkung W,-1— W annehmen. Wäre hier aber | W | £0, dann 
würde auch die Folge W, konvergieren. Da dies der Voraussetzung wider- 
spricht, ist | W|—0 und das ist die Behauptung. 

Wir kommen nun zu zwei wichtigen Eindeutigkeitssätzen. Es zeigt sich 
nämlich, dass ein Positivitätsbereich, wenn er homogen ist, durch seine Norm 
eindentig bestimmt ist. 





Sarz 5. Sind Y, und Y. zwei homogene Positivitätsbereiche mit den 
Normen N;(y) und N:(y) und gilt 


F N FØ, N,(y)=N;(y) für alle y aus YınY,, 
dann ist Y, = Y.. u 
Beweis: Es genügt, wenn wir 
Rd(Y:) N Y, = Rd(Y2) N Y, =Ø 


nachweisen, denn da Y, und F, offene konvexe Mengen sind, folgt hieraus 
der Satz. Zum Beweis dieser Behauptung setzen wir für y aus Y, U F. 


N (y) =N, (y), falls y aus ¥,, N(y)=N.(y), falls y aus Yo. 


Nach Voraussetzung ist diese Definition eindeutig. Würde es nun einen 
Punkt a aus Rd(Y,) N Y. geben, dann wählt man eine Folge a, aus Y1 Yo, 
die gegen « konvergiert. Jetzt folgt aber 


0 < N, (a) = lim N: (as) = lim N, (ay) =0 
y © poe 
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unter Verwendung von Lemma 5. Dieser Widerspruch löst sich nur, wenn 
die obige Behauptung richtig ist. : 

Nach diesem Eindeutigkeitssatz ist es jetzt möglich, die Automorphismen- 
gruppe 3(Y) auf eine neue Art zu charakterisieren. Es zeigt sich nämlich, 
dass S(Y) genau aus den “ Einheiten” der Funktion N (y) besteht. 


Sarz 6. Bine reelle nicht ausgeartete Matrix W gehört dann und nur 
dann zu X(Y), wenn WY NY Ø und | W1- N(W>y)=N(y) für alle 
y aus WY NY. 


Beweis: Dass die W aus X(Y) den angeführten Bedingugen genügen, 
ist sicher richtig. Sei also umgekehrt W eine reelle.umkehrbare Matrix mit 
den angegebenen Eigenschaften. Wegen der Homogenität von N (y) können 
wir ohne Einschänkung || W || ==1 annehmen. Bei Ÿ — WY hat man nach 
Voraussetzung 


rnfz0, N(W+y) =N (y) für alle y aus YNË. 


Y ist wieder homogener Positivitätsbereich und wir können als Norm 
N(y)—=N(W-y), y aus Y, nehmen. Nach Voraussetzung ist dann aber 
N(y)—N(y) für alle y aus YM Ë und Satz 5 ergibt Y—Y,.d.h. W ist 
ein Element von &(Y), 

In 5 hatte man gesehen, dass das Volumenelement dv = (dy)/N (y) 
bei den Abbildungen y— Wy, W aus 3(Y), invariant ist. Da man anderer- 
seits ein Volumenelement der durch H(y) (vergl. 6) definierten Massbe- 
stimmung in der Form Y|H(y)|dy erhält und dies für homogene Posi- 
tivitätsbereiche bis auf einen konstanten Faktor eindeutig bestimmt ist, folgt 
N*(y)-|H(y)|—«. Nach den Überlegungen von 7 hat man jetzt 


1 


u DS REES Es ee. 
PGS ET en er 


Urstetzt man in dieser Gleichung y durch y*, so folgt «= | $ || und man hat 


dv*—dv, |H(y)| =| 5 |/N*(y) 
nachgewiesen. 


9. Die Fläche N(y) =1. Ist Y wieder ein homogener Positivitäts- | 
bereich, dann wollen wir unter der Normfläche von Y die Menge der y aus 
Y mit N(y) —1 verstehen. Wegen der Homogenität von N(y) ist diese 
Normfliche zusammenhängend. | 

Wir werden zeigen, dass sich die Normfläche für y—>c überall an den 
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Rand von Y anschmiegt. Nach den Überlegung von 4 genügt es, wenn man 
p(y) ->0 ftir y—c unter der Nebenbedingung N (y) —1 nachweist. 

Man überlegt sich dazu zuerst, dass für N (yp) — 1 die beiden Aussagen 
Yr o und y*,—co gleichbedeutend sind. Ist nämlich zum Beispiel y, — co 
und würde es eine beschränkte konvergente Teilfolge der y*, geben, dann 
können wir ohne Einschränkung y*,— «a annehmen und a ist dann sicher 
ein Randpunkt von Y. Nach Lemma 5 strebt N(y*,) gegen Null und 
N (yv) N (y*,) =1 ergibt einen Widerspruch. 

Wendet man Lemma 1 auf die in 7 bewiesene Gleichung YSy—n an, 
so folgt p(y)|y*|n für alle y aus F, d.h. p(y) >0 falls y*>o. Wir 
hatten ober oben schon gesehen, dass für y—>co, N(y)=]1, auch yo 
gilt, so dass also 

p(y) — 0 falls y—o,N(y) —1 
richtig ist. 


10. Die Gamma-Funktion eines Positivitätsbereiches. Wie bisher sei 
Y ein homogener Positivitätsbereich. In Verallgemeinerung der Euler’schen 
Definition der T-Funktion definieren wir für eine komplexe Variable s mit 
Res>1 und a aus Y die Gamma-Funktion von Y durch | 


P(¥,8)—=[W(a)]}* fern la. 


‘Zum Nachweis der Konvergenz dieses Integrals überlegt man sich, dass 
N(y) Sp]|y|* mit geeignetem p> 0 für alle y aus Y gilt. Lemma 1 zeigt 
dann, dass T(Y,s) für Res>1 absolut konvergiert und dort eine holomorphe 
Funktion von s darstellt. Wegen der Homogenität von Y ist sofort zu sehen, 
dass die rechte Seite nicht von der Wahl des Punktes a abhängt. 

Eine genauere Untersuchung dieser Gamma-Funktion wäre von Interesse, 
denn man kann T(Y,s) als einfachste analytische Invariante von Y auffassen. 
Es ist zu vermuten, dass T'(Y,s) sich bis auf elementare Faktoren als Produkt 
von Funktionen der Form T{as+ß) schreiben lässt. Für eine einfache 
Klasse von Bereichen wurde dies von S. Bochner bewiesen. 

Wir wollen jetzt eine wichtige Klasse von Integralen über Y berechnen, 
d.h. auf T(Y,s) zurückführen. 


Lemma 7. Ist f(x) für positive x stückweise stetig und existiert für 
Res>1 das Integral | ` 


I(f;s) = f Faja de 
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absolut, dann gilt für diese s 


, RS I(:s)T(Y,s) 
J resni] dy e iN aT 5 
Beweis: Es sei do(s) das durch dy auf der Hyperfliche | y |= indu- 
zierte Flächenelement, d.h. dw(xz) =%#1dw, wobei dann dw das Flächen- 
element für [y|—1ist. Jetzt hat man für das zu bestimmende Integral 





f “de | dor f(e aS) UN (ay) jet 
0 [yl=1 


— f Fon da Sil (y) ]**(a’Sy)-"* do =I (f;s) -I(a), 


wobei also das zweite Integral mit I(a) bezeichnet ist. Zur Bestimmung 
I(a) setzt man f(a) =e? und erhält | 


[N (a) "r(Y, s) =T (ns) -I (a) 


also die Behauptung. 
Eine weitere Integralbezichung geben wir ohne Beweis an: Es gilt für 
Res=1 
Í, dy © T(Y,s) 
[Na +3)" [W(a)]* T(F,s+1) 
und das linke Integral konvergiert absolut. Dabei bedeutet » die zur Nor- 
mierung von N(y) in 5 benutzte Konstante. 


11. Beispiele von Positivitätsbereichen. 


a) Der triviale Bereich. Es sei Y” die Menge der Vektoren des Jè» 
mit positiven Komponenten und S eine beliebige symmetrische Permutations- 
matrix von n Zeilen, d.h. eine symmetrische Matrix, bei der in jeder Zeile 
und jeder Spalte genau eine 1 und sonst Nullen stehen. Offenbar ist F” 
ein nicht ausgearteter Positivitätsbereich mit S als Charakteristik, den wir 
auch den trivialen Bereich des R” nennen wollen. Schon an diesem einfachen 
Beispiel sieht man, dass die Charakteristik S keineswegs immer positiv definit 
ist, unter den symmetrischen Permutationsmatrizen kommen vielmehr alle 
möglichen Signaturen vor. 

Nach 5 berechnet man die Norm bis auf einen konstanten Faktor zu 


N (y) =I y" und ds? = X, (dy*/y Y. 
k k 


Für die Involution nach 7 findet man y* == 8-*(1/y', 1/y?,- - -,1/y"). Ohne 
Schwierigkeiten zeigt man ferner, dass die Automorphismengruppe %(Y") 


10 
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genau aus den Produkten PD einer Permutationsmatrix P und emer Diagonal- 
matrix D mit positiven Diagonalelementen besteht. Die Gamma-Funktion 
von F” erhält man in der Form T(F”, s) = [T(s)]*. 

_ b) Positive quadratische Formen. Sei m eine natürliche Zahl und 
n—=m(m-+1)/2. Für jede symmmetrische m-reihige reelle Matrix Y = (ym) 
setzen wir 

f(D) = (Yu Ya’ © "> Ymm Jar Yiz "> Ym-1,m)"- 


Die Abbildung 9 — (9) ist dann eine eineindeutige Abbildung des Raumes 
aller symmetrischen reellen Matrizen von m Zeilen auf den R". Sei nun 


Ype — {y:.y —f(9), Y positiv definit} 


n— m 


dann prüft man leicht, dass für a—f(X) und y—=f (9) stets 
a’ Sy = Spur (XD) 


erfüllt ist. Offenbar ist dann Yp™ ein nicht ausgearteter Positivitätsbereich 
des R”. 

Ist R eine reelle nicht ausgeartete Matrix von m Zeilen, so liefert 
Y—>WYR eine eineindeutige Abbildung der positiv definiten Matrizen auf 
sich und in 


FRIR- WF), W=wWO— WR) 
hängt die Matrix W nur von N ab und ihre Komponenten sind homogene 
quadratische Polynome in den Elementen von X. Die Gruppe Zo der Matrizen 
W=—W(R), |#|A~0, ist eine Untergruppe von &(¥p™), es ist leicht zu 
zeigen, dass 3, mit der Automorphismengruppe übereinstimmt. Man sieht 
aber sofort, dass schon 3, auf Yp) transitiv wirkt, d.h. der Positivitäts- 
bereich homogen ist. Ohne Schwierigkeiten findet man 


N (y) =|Q m2, falls y-f(9), 
ds? — (m + 1)/2 Spur (9789989), 39 = (dyn), 
y* = (m+ 1)/2f(9*), falls y= f (9) 
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und nach C. L. Siegel ist 


TF0, s) =o TT (4 (s[m + 1] —#)), 
k=0 


c) Positive hermitesche Formen. Man setzt hier n == m? und betrachtet 
die hemiteschen Matrizen von m Zeilen und Spalten 


B=8 = (IHR YY, PE. 
Für, schiefsymmetrische Matrizen ¥ = (vm) setzen wir analag zu b) 


g(X) = (12, Lies * > Cm-s,m)’ 


und definieren in der dortigen Bezeichnung 


9) o 
D=), jejje 


Wie in b) findet man 
a' Sz = Spur(AB), a—h(X), z=h(8) 


und weisst nach, dass die Menge y = h (8), für die 3 eine hermitesch positiv 
definite Matrix ist, einen nicht ausgearteten Positivitätsbereich Y? bilden. 
Eine hermitesche Matrix 8 heisst dabei hermitesch positiv definit, wenn z'8x 
für alle komplexen Vektoren r540 positiv ausfällt. Die Norm berechnet 
man hier zu 


N(y)=18 |" falls y—h(3) 


und nach H. Braun gilt 
-1 
(Yu, 5) — (2r) "2 T] (ms + k) 
k=0 


d) Positivitätsbereiche im R?. Von einem ganz anderen Typus als die 
bisherigen Beispiele sind die Bereiche, die wir jetzt untersuchen wollen. Sei 
dazu i l 


100 
0<p<1, a—1/p(p/(1—p))"?, s—(0 1 o). 
ws 004 


Das Ziel dieses letzten Abschnittes ist es, zu zeigen, dass der Bereich 


> U . 
F(a) = {y: 1=(#),0> 00> 0101 < uy} 
w 


ein Positivitätsbereich des R? mit S als Charakteristik ist. 
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` Die Komponenten der Punkte des R? bezeichnen wir stets mit u, v und 
w. Sind jetzt y, und y: zwei Punkte aus F(p), dann hat man 


Yo SY, = Utz + VV + ww, |w;| uv 
> Ude + VV. — A (Ur)? (V102) P = Ur (V1V2/U Uz) 


mit pftt)=1-+t—ot!”. Man überlegt sich sofort, dass r= (1—p)/p 
das einzige Minimum von p(t) ist. Wegen p(r) —0 ist dann aber p(t) = 0 
für alle $220. Damit ist (P.1) nachgewiesen. Ist y, dagegen ein Punkt 
des Komplementes von Y(p), dann ist (P.2) in den Fällen u,=0 oder 
v,=0 leicht zu sehen. Sind dagegen u, und v, beide positiv, dann ist 
| w | Z uput. Wir wählen jetzt y, aus F(p) mit den Nebenbedingungen . 


ViVa /Urte =T, W= (w/| Wz |)uPv 


und erhalten 
Y SYo = Urta + VV -+ AWW 
© == Utp (1) — a (| w: | — u01) uav S 0, 
also ebenfalls (P.2). 


Die Bereiche Y(p) sind fiir 29541 bisher nicht untersucht, der Fall 
2p =1 führt auf die positiven quadratischen Formen in zwei Variablen. 
Da aber alle Y (p) gemeinsam mit den in a), b) und c) aufgeführten wich- 
tigen Beispielen als Positivitätsbereiche unter einem gemeinsamen Gesicht- 
spunkt erscheinen, wäre eine Untersuchung der F (p) von grossem Interesse. 
Es ist zu vermuten, dass die F (p), Rp 1, nicht mehr homogen sind. 

Man kann schliesslich noch ohne grosse Schwierigkeiten zeigen, dass 
die Bereiche 

Y’, Yr®und F(p) . (0<p <3) 


bis auf affine Abbildungen alle Positivitätsbereiche des R’ liefern. Eine 
Klassifizierung der Positivitätsbereiche ist auch für n — 4 noch relativ leicht 
môglich. | 
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ON A PROBLEM OF WEYL IN THE THEORY OF SINGULAR 
STURM-LIOUVILLE EQUATIONS.* ? 


By N. ARONSZAIN. 


1. In his famous paper [7] Weyl proposed the following problem: 
Consider the singular Sturm-Liouville equation 


(1.1) — (pa’)’ + (902-0, 0St<w, 
with boundary condition at the regular endpoint t= 0 
(1. 2a) sing e (0) — cosa p(0)2’(0) =Q. 


Suppose that the equation is in the limit-point case. -Is the continuous spec- 
trum preserved if the boundary condition (1.2a) is changed into another, 
(1.28) ? 

A. Wintner stated a wider problem in a more general framework, namely, 
to investigate the changes in the spectrum of a self-adjoint problem when 
it is submitted to a one-dimensional perturbation (see P. Hartman [3]). 
Apparently very few papers have been published on this subject? There is ` 
one by Putnam [5] which deals with the -problem in its original setting. 

Using a general theory of finite dimensional perturbations of spectral 
problems” the author was able to investigate the general problem of Wintner, 
showing in particular, that a one-dimensional perturbation can transform a 
pure point spectrum into a pure continuous spectrum and that for any self- 
adjoint spectral problem with simple spectrum, the part of the pure point 
spectrum contained in the limit spectrum can be made to disappear by a 
suitable one-dimensional perturbation. It was also proved that a part of the 
continuous spectrum, the absolutely continuous spectrum, is always preserved 
in finite dimensional perturbations. After these results were obtained, it 
became apparent that in the original setting of a singular Sturm-Liouville 
problem, most of these results could be achieved by using only the classical 


* Received January 21, 1957. 

1 Written under contract with the Office of Naval Research, Contract Nonr 583 (04). 

*The author’s attention was drawn to this problem in a conversation with P. 
Hartman. x 

® This theory will be presented in a paper by W. F. Donoghue and the author on 
“ Finite dimensional perturbations of spectral problems and approximation methods.” 
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background and recent results of Gelfand and Levitan [2]. This treatment 
of Weyl’s problem in its original setting is the subject of the present paper. 

In Section 2 we recall some properties of measures on the real axis and 
their relations to analytic functions in the upper half plane with positive 
imaginary part. In Section 3 we recall some essential facts from Weyl’s 
theory of singular Sturm-Liouville equations and apply the developments of 
Section 2 to obtain our basic theorem concerning the conservation of the 
absolutely continuous spectrum (Theorem 1). In Section 4 we formulate 
an essential part of the basic result of Gelfand-Levitan [2] in a slightly 
improved form due to M. Krein [4]. From this result we deduce a sufficient 
condition for a measure „ to be equivalent to the spectral measure of a Sturm- 
Liouville problem in the limit-point case, with p(t)==1 (Theorem 2). This 
sufficient condition is used in the next sections to construct counter examples 
for Weyl’s problem. In Section 5 we construct a Sturm-Liouville equation 
which for one boundary condition has a pure continuous singular spectrum 
concentrated on a closed set of Lebesgue measure 0 whereas for all other 
boundary conditions it has a pure point spectrum with all eigenvalues isolated. 
In Section 6 we give first a characterization of the point spectrum for a 
boundary condition (1.2g) in terms of the spectral measure corresponding 
to another boundary condition, (1.2) (Theorem 4). Using this charac- 
terization we construct an example of a Sturm-Liouville problem which for 
one boundary condition has a pure point spectrum dense on the whole real 
axis, whereas for all other houndary conditions the spectrum is purely 
continuous. 


_ 2. We shall consider Lebesgue-Stieltjes measures on the real axis R; 
they will be given by a nondecreasing function „(A) normalized as follows: 
#(0) =0, ul!) =$[a(X +) +e(a—)]. The letters p, v, p, cte. will stand 
for the functions as well as the corresponding measures: »(A) is the 
value of the function at A; »(S) is the measure of the set S; »{A} is the 
measure of the set {A} composed of the single point À, etc. The Lebesgue 
measure of a set S will be written | S|. 

All notions relative to a measure when written without mention of the 
measure mean relative to the Lebesgue measure; for instance: a.e. (almost 
everywhere), absolutely continuous, etc. 

A support of p is a set & such that „(R— 8) —0. We recall that p 
and v are called orthogonal if some of their supports are disjoint. ` | 

The closed support of p is the smallest among all closed sets which 
are supports of u Two equivalent measures have the same closed support; 
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the converse is not generally true. In our considerations the closed supports 
will not be the most important; we will not even require that a support be 
contained in the closed support. However, we will impose another restriction 
on supports (see (2.1) below). ; 

A support S of x is said to be minimal rel. v if for any smaller support 
8, CS of m, v(S—S,) —0. It is clear that each support S of p is minimal 
rel. » and that two measures » and y are equivalent if and only if they have 
a common support which is minimal for each one of them rel. the other. 

In accordance with our general convention we say that a support of a 
is minimal if it is minimal rel. to the Lebesgue measure. From now or we 
will assume 


(2.1) All supports of measures will be assumed minimal. 


It follows that if S is a support of a singular measure, | 8 |==0. Also 
if two absolutely continuous measures have the same support, they are 
equivalent. : l 

For a point measure (i.e. a measure with an enumerable support) we 
will consider only the smallest support (i.e. the set of all points with. 
positive measure). 

Corresponding to a decomposition of » into mutually orthogonal measures, 
"o = Nr, We will consider supports S of v, as admissible if they are 
mutually disjoint. We are especially: interested in the Lebesgue-Jordan 
(L.-J.) decompositions p = p° +- pt, pt = p 4 p”, where p? is the absolutely 
continuous part, ut the singular part, w the singular continuous part, and 
u” the point measure corresponding to a. Corresponding admissible supports 
for these decompositions can be obtained from a classical theorem of De la 
Vallée Poussin (see e.g. Saks [6]): 


Kp = [du (£)/dà exists and 0 < du(£)/dx <%], 
& 
S'p == Hi[du(é)/da exists and du(£)/d\—o], 
g 
S” p= 8” = Fla) is discontinuous at é], S8’p = Sp — 8p. 
£ 


Fox our needs it will be more convenient to replace these supports by. 
a slightly different system connected with analytic functions with positive 
imaginary part in the half-plane, Im&>0. We recall some of the funda- 
mental properties of these functions. Each such function $(£) has a canonical 
representation of the form 


eD Osor f TAT AR +da), 
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with o 220, o real, and „ a positive measure such that 


(2.3) f (+1) du <o. 


Conversely, each choice of such o, o, and y, defines by (2.2) a function $(£) 
with positive imaginary part for Im£ > 0. 

In the following properties we will use for a real é the expression 
“g— é in an angle” meaning that for some e, 0 < e< $r, £ converges to £ 
remaining inside the angle e < Arg({—£) <#w—e. The statements below 
are well known. | 


I. For é a.e. in R, $(£) converges to a finite limit when E>E in 
any angle. 
II. If dp(é)/dad exists (may be finite or infinite) Im $(A)—> w(dp(é)/da) 
when £— £ in any angle. 
III. If the upper derivative of p at & is infinite, then lim sup Im (& + in) 
, 7 No 


=o, 


Iv. For every £ (£—£{)@(£) converges to p{é}=p(é+) —n(é—) 
when £— £ in any angle. ge , 


We now define our standard supports for the parts of » in L.-J. decom- 
position as follows: We suppose that p satisfies (2.3) and with any w & 0 
and e real, we form the function H(£) by (2.2). We then put 


(2.4°) = [llimp(é) exists and is finite and limlmgp(£)> 0 when 
£ i 
¢— é in any angle]. 


(2.44) = Elmeti) o when £— é in any angle]. 
ic l 
(2.4) S'— Fi[Im 4(f) >a and (t — iele > 0 when £>£ in any angle]. 
£ ; 
- (2.4") 8” = Elim (£— £)¢(Q > 0 when £— é in any angle]. 
. È 


That these are admissible supports follows immediately from the state- 
ments above by using the supports of de la Vallée Poussin. We have here 
SD St», whereas there is no generally valid inclusion relation between S° 
and 8%. 

It is obvious that the standard supports depend only on the measure 
and not on the choice of the constants » and a. It would be easy to define 
them without assuming the restriction (2.3) on x but it is immaterial for 
us, since all the measures in which we are interested satisfy (2.3). 


u 
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All the standard supports are contained in the closed support of p but 
they are not necessarily contained in the closed supports of the corresponding 
parts of a. -It may even happen that the singular measure y! is =( with 
the support 8? nonvanishing. 


Remark. For two equivalent measures » and v the standard supports 
may be quite different. It can be proved quite easily, however, that if the 
derivative du(A)/dv is given by a function (à), continuous and positive 
on the whole real axis, and satisfying on each finite interval a Lipschitz 
condition, the standard supports for » and v are the same. 


8. In the original setting for Weyl’s treatment of equation (1.1) with 
boundary condition (1.2,), it is assumed that p(t) and q(t) are continuous 
and p(t) is positive for0<t<oo. As usual, we form the solutions ¢a(t, £) 
and Ya(t,£) of equation (1.1) determined by the initial values 


$a(0,£) =sina, du (0, £) p(0) =— cosa, 
$a (0, E) = cosa, : Ya (0, £)p(0) = sin «.* 


In the limit-point case there exists for each non-real £ a unique com- 
plex number m,(£)—the limit point—such that ¢a(t,) + Mma(£)Ya(t, €) is 
in L’(0,00). It is known that m,(£) is analytic and with positive imaginary 
part in the half-plane In&>0. It is also proved that in the canonical 
‚representation of m.(£) of type (2.2), the constant w—0. Hence 


(3. 1) 


(3.2) mnt STADT HN), | 


where the measure pa satisfies condition (2.3). 

The measure pa is the Weyl spectral measure of the problem. Intro- 
ducing the L.-J. decompositions of pa, we get the traditional spectra defined 
as follows: The closed support of pa is the spectrum of our problem; the 
support of p”« is the point spectrum; the closed support of p° -+ p'a is the 
continuous spectrum. The closed support of pa minus all its isolated points 
(which belong to the point spectrum) forms the limit spectrum (sometimes 
called the essential spectrum). We may add here the absolutely continuous 
spectrum which is the closed support of p°,, and the singular continuous 
spectrum which is the closed support of p'a" 


“The primes denote differentiation with respect to t. 

It is well known that these sets by themselves do not give an adequate repre- 
sentation of the spectral decomposition corresponding to the problem. It is rather the 
corresponding measures (or any measures equivalent to them) which should be con- 
sidered as representing the spectra. 
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The function m,(£) and mg(f) for two different boundary conditions 
satisfy the following relation, where we put y==B—a: 


mp (L) = {ma (E)eotgy—1}/{ma(t) + cotg y}. 


It will be more convenient for us to write this formula as follows: 


(3.3) [ma (£) + cotgy] [ma(£) —cotg y] = —1/sin? y." 


We may define the standard supports 8%, Sta: :, Sa, S'g,- - -, for 
the L.-J, decompositions of pa and pg by ‘using, for ¢(£), the functions 
Malt) +cotgy and mg(£) —cotgy respectively. A simple inspection of 
the definitions (2.4°) and (2.41) and formula (3.3) shows that 8°, = 8% 
and that Sta N S'g=-0. Hence our theorem: 


THEOoREM 1. For two distinct boundary conditions (1.24) and (1.2,) 
the absolutely continuous parts of the corresponding spectral measures are 
equivalent, whereas the singular parts are orthogonal. 


This gives the positive part of our answer to Weyl’s problem. The 
absolutely continuous spectrum does not change when the houndary condition 
is changed. 

In the following sections we will construct examples showing that in 
general the singular continuous spectrum is not preserved. 


Remark. In his paper, Putnam [5] proves the following statement: 
If in some open interval I, pa is absolutely continuous relative to pg for one 
Ba, then it is absolutely continuous in J relative to pg for all 9. From 
our theorem we can conclude more, namely: that under the hypothesis of 
Putnam, pa in I is absolutely continuous and equivalent to the absolutely 
continuous part of pg for all g’. 


- 4. In order to construct the examples mentioned above, we need some 
information about sufficient conditions for a measure p to be equivalent to a 
spectral measure of a singular Sturm-Liouville problem in the limit-point 


° This formula can be found in the book of Coddington and Levinson [1], Exercise 
8, page 257. 

"In the general theory of perturbations of spectral problems (developed in the 
forthcoming paper of W. F. Donoghue and the author) where the charge from one 
boundary condition to another takes the aspect of a one-dimensional perturbation, the 
two square brackets multiplied by + sin y are the determinants of the two opposite 
perturbations, and formula (3.3) is a special case of the genera] composition formula 
for the determinants of perturbations. 
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case. . For this purpose we will recall briefly some recent results of Gelfand- 
Levitan [2] in an improved form due to Krein [4]. 
For a measure „ define the function o(A) for A=0 


(4.1) | (A) =p(Aa) —2\/r, for AZ 0. 
Consider now the following conditions: 


(4.2) The closed support of p possesses a finite limit point. 


(4.3) For some 8 <2, is exp{(—A)4t}du(A) <exp(t’) for ‘sufficiently 


large positive t. 


(4. 4x) The integral f "a cos(A3t)do(A) is absolutely convergent for all 
fe à . 


OZt<c and defines a function a(t) with continuous k +3 
derivatives. 


THEOREM or GELFAND-LEVITAN. If u(A) satisfies the conditions (4.2), 
(4.3), and (4.43) for some k—0,1,2,- >- then p is the Weyl spectral mea- 
sure pa for a uniquely determined Sturm-Liouville problem — 2" + (q—£}x 
=0, &(0)—tangax(0) where Ir <a <dr, g(t) has k continuous 
derivatives and the problem is in the limit-point case. i 


Remark 1. From the relation between a(t) and q(t) (given by Gelfand 
and Levitan [2]) it follows easily that if a(#) is analytic in the real variable 
t for 0 St Lo, then so is also the function q(t). 

We can now give sufficient conditions for a measure » to be equivalent 
to a spectral measure of a singular Sturm-Liouville problem in the limit 
point case. 


THEOREM 2. Let p be a measure satisfying (4.2) and let {é}, 
l= 0,1,2,; >- -, be a strictly increasing sequence such that & —0, & Z1, 
on, p{é} =0 for 121, and p(n) —u(é)> 0 for all 1. If for some 
k= 0, the condition 


(4.5) DEBE (és — A)? <0 


Is 


is satisfied, there exists a measure p equivalent to p such that p is the spectral 
measure pa of a Sturm-Liouville problem in the limit-point case, with p(t) = 1, 
q(t) k times continuously differentiable and —$r <a <fr. In addition, 
for each bounded part of a support of p there exist constants Co and C, 
such that 0 < Co < dp/dn < 0, Ko. 
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_ Proof. We construct a measure p equivalent to u and which satifies the 
conditions in the Gelfand-Levitan theorem. Obviously, for every p equiva- 
lent to p (4.2) is satisfied. In order to fulfill condition (4.3) we proceed 


as follows. In each open interval (—n; —n + 1), for n—1,2,: - - we put 
dp (A) = exp(—A?) [u(—n +1) —p(—)]-*dp(A) unless there is no mea- 
sure in this interval, in which case we put dp(A) —0. For each n—1,2,: ::, 


for which p{—n} > 0, we put p{—n}—exp(—n?) ; if p{—n} —0, we put 
p{—n} =0. It is easy to check that p so defined on the left axis is equiva- 
lent there to p, satisfies condition (4.3), and also the last condition in the 
theorem. 

We define now the measure p on the half axis X20 by putting 
p{O} = [26,4/mp(€,) |p {0} and on each interval 


(éi; a]: dp (A) = 2a [émi — EA] [e(én) — p (é) dp (à). 


p(A) defined in this way on the positive axis is obviously equivalent to u 
and satisfies the last condition in the theorem. Also like a(A), p(A) is con- 
tinuous at the points &, 721. 

To prove condition (4.4,) consider for A= 0, o(A) = p (A) — mx. 
Since p(&o) = p(0) = 0 and plén) — plé) == dr! [Eu — &2] we have o(&) == 0 
for all 7. 

We show first that the integral defining a(¢) is absolutely convergent. 
In fact 


© & © Etn 
Se= [32 [do +E f+ | doa), 
"En Eten 
Si, Lao) Smt fan + 2a [lind — til Le Gin) — a (ENT 
"Era fur | 
x Í. Au (x) SS Amt | J ATAM + Er [ént — G4] . 


Condition (4.5) implies that there exists a constant ¢ such that Éni < Cfp 


i ` ` ft 
121. It follows that the last expression is majorated by 2(1 +-¢)w* Í VETA 
i & 


and hence 


c & $ o 
if ef, A | do(n)| +21 + mt JS, AN <o. 


Next we express a(t) as follows 


& © Ein © 
a(t) = f At cos (ABE) do (A) +2 J, A~ cos (A3t) do (A) = tty (t) + Bult). 
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To prove condition (4.4,) it is now sufficient to show that the (k-+-3)-th 
derivatives of w(t) form an absolutely and uniformly convergent series in 
every finite interval of the variable £. 

By partial integration and using the fact that o(&) —0, we get 


pi 


Css CE f Aan CO (AH) de(x)| 


—| if" Ta + 10 OF (nae) = paaie S Te (AAA. 
In the interval (é; ém] we have 


| o(A)| = | oA) —o()| 
= max {2m [A — Eh], [o() — plé) l) S rind — 4], 


hence by using nı < cé, we get the evaluation 
| an (¢) |S EE + ER (fn — é). 
Reference to (4.5) finishes the proof. 


Remark 2. It is clear from the proof that the sum in (4.5) essentially 
bounds the (%-+3)-th derivative of a(t). Again, by using the relations 
between g(t) and a(t) we obtain the following statements: if the sum is 
finite for all k, a(t) and g(t) are of class O” ; if the sums are bounced by 
CM*k!, a(t) and q(t) are analytic. | 

Condition (4.5) will be the one to be used in our examples. It is of 
interest however to replace it by a condition more directly connected with 
the structure of the measure y. 

Let (Ai3.4%) be all the component intervals of (1; co)—8 where S is 
the closed support of a. 


THEOREM 3. The existence of a sequence {é} satisfying the require- _ 
ments of Theorem 2 is equivalent to the condition | 


(4.6) DAME — As)? <o. 
a 


Proof. Necessity of (4.6). Since the intervals (À; A) cannot contain 
any of the intervals (ér; mı], each of the former must be contained in one 
of the latter or in the union of two consecutive intervals of the latter kind. 
If S denotes summation over all à such that (M; A4) C (E:3én2] we get 
for 1=1 (constant ¢ satisfying ém = cé) 
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BOARDA; — U)? ERDE, — é)? 
S R EREN Epa E) + End (Ge — Ena], 
YO) A A-1) ( Xis A)? S ES), 


By adding up these inequalities we obtain (4.6) from (4.5). 


Sufficiency of (4.6). We choose a sequence Em} satisfying all the con- 
ditions of Theorem 2 (when & is replaced by y) except perhaps the condition 
pui) —p(m)> 0. This is chviously always possible.® 


We arrange the sequence of intervals (nn; mn»1] into successive groups of 
consecutive intervals so that the total measure „ of each group be positive. 
We define these groups successively, each time choosing the smallest group 
with positive total measure. All the groups are finite (because of (4.6)) 
and hence they form consecutive intervals (ms, mial; L= 0,1,2, °°, with 
the following properties: 1°: n, are strictly. increasing integers, n0— 0, 
ml; 2°: if nu—1 >n and 1221, there exists an interval (A, ANu) 
such that anja < Ain SS Mmı < amet Nu < Mm We now put é= n, If 
nuı—1==n; then the term £8¢(£,,—é&)* is part of the sum (4.5) 
written for y» and the sum of these terms is finite. If nus —1 > m, 121, | 
then by 2°: ERD (En — é)? = nt 2[ (à — A) + nra — Miura). Since 
(4.6) implies that for some constant c, A, = ¢,A; it follows that 


EN (Ens me &)? =# CADA BOON, = A)? + Mu ED (hara Su Mniam) à 


hence the sum of these terms is again finite by (4.6) and by (4.5). written 
for m. Thus (4.5) is proved for {é} and obviously this sequence satisfies 
all the other conditions of Theorem 2. 


Remark 3. The preceding proof can be extended easily to prove that 
the sum (4.6) admits of a majoration CM*k! if and only if there exists a 
sequence é satisfying the conditions of Theorem 2 such that a similar 
majoration of the sum (4.5) is true. 


5. We construct the first example announced in Section 1. Consider 
a sequence {é} defined for all integers 7 with —N <I<o and 0ZN =. 


8 For instance for a suitable 7> (log 2)~, we can put m = rlog(t+1). For this 
choice F y% (ra — m)? is finite for all k and of order of magnitude .Cee*k! for all 
e>0 and suitable constants Ce. k 

? This evaluation is valid fer k>1. For k= 0 it is obvious how it should be 
changed. 
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We suppose that é < nı for all, & > 1, and that &—>o when l—> œ, and 
finally that 


(5.1) Èlia) <o. 


In each interval (ér; ém) take a closed set S; dense in itself, with | 8,|=0. 
We define a Sturm-Liouville problem — g” + (g—£)æ—0 with boundary 
condition (0) —tangax(0), with continuous q(t), and —jr<a< da, 
such that the spectral measure pa is a pure singular continuous measure with 
support S==U S; This problem will be such that for any other boundary 
condition with 84amodz, pg will be a pure point measure concentrated 
on isolated points in the complement of S. To this effect we first construct 
for each 8; a continuous singular measure x, with support S, such that for 
each g€ S, the upper derivative of m at £ is —co. It is well known that 
such measures exist. 

We then define x— Sip. It is clear that for support, » has the set 
S=U S, and that for each £€ 8, du(é)/dA—oo. If we now construct, as 
in Theorem 2, the measure p= pa and the corresponding Sturm-Liouville 
problem, the measure pa will be pure continuous singular with support 8 
and dpa(£)/dA—c for each £€ S. 

Consider now any 8s4amod-a and apply statement III of Section 2 to 
Malé) +-cotgy, where y„=ß—a. We see that 


lim sup Im[m,(é + ty) + cotg y] =» 
7 No 
for every £€ 8. It follows from formula (3.3) that 
lim inf | mg(é+- in) — cotg y | —0 
7 No 


for € 8. By definitions (2.4°) and (2.4) supports 8% and Stg are dis- 
joint from S. From Theorem 1 we know that S°s—0 and hence S14 is the 
whole support of the measure pg and lies in the complement of S. But on 
this complement the function m,(£) + cotgy is analytic and real with simple 
zeros, one at most in each of the components of the complement of S. Hence 
S!s is the set of all zeros of ma(¢) + cotgy in the complement of 8, This 
proves all our assertions. 


Remark. If we choose the sequence é so that > fe (nı — à)? be finite 


for some k = 1, or finite for all k=0 and zunforeted by Cif*k!,.we would 
get in our example g(t) k-times continuously differentiable, or analytic, 
respectively. 


608 N. ARONSZAJN. 


6. Before we construct the second example we prove the following 
theorem 


Tuzorem 4, Consider the Sturm-Liouville equation (1.1) and two 
boundary conditions corresponding to « Bmoda, y = B—a. In order that 
& be in the point spectrum relative to the boundary condition (1.28) it is 


necessary and sufficient that La 8 at) <c and that m,(€ + cotgy 
=0. = 


Proof. By statement IV in Section 2 we know that for the point £ to 
have a positive mass pg{é} it is necessary and sufficient that 


lim (€— €) [mg (£) — cotg y] = paf} 


when #— £ in any angle. By (3.3) this condition is equivalent to 


lim (— £)~*[ma(£) + cotg y] = [sin? ypp{f}]* < o. 


In the last equation put ¿= é-H in, nN 0. Using the expression (3.2) we 
obtain. 


Re[ (in) {cote y Hoa + TE im) AQP + 1)*}dpa(A)}] 


= f 10-98 +0 dQ). 
The last integrand is a decreasing function of » for each A and it follows 


that for 7\,0 the integral converges to f (A— &)*dp,(A). Thus we get 
N A8 pe) = [sin* yost) <>. 
It follows further that | 
lim {cotgy-+oat f [A—é— it — At 12] de (a) 
7 NO 
= cotgy-+oa+ | [A—8)*—AQ?+1)*]dpa() = 0. 


” This gives the necessity of our conditions. If the conditions are satisfied, 
then by the last equation we can write 


` ootgy+ m(t) = f LADA 91140) 
= 0—8 f aHa Alpa). 
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In view of our conditions, the quotient of this expression by (¢—-é) converges 
to f (A—&)*dpa(A) when £>E£ in any angle. Then by reversing the 


previous argument we arrive at the conclusion that pg has.a positive mass 
at the point é. 

In our next example we choose an arbitrary enumerable set $ dense on 
the whole real axis and construct a Sturm-Liouville problem such that for 
one &, pa is a pure point measure with support S, whereas for all 8 +4 a mod r, 
pe Will be a pure singular continuous measure. To this effect we will assign 
to each €€ S a positive measure „{£} in such a way that the total measure 
in any finite interval be finite, and for each real é the quotient »(Z)/| I |? > 
for at least one sequence- of intervals J containing € and converging to é. If 


this condition is satisfied then obviously for each é we have f (1 — EE dpa) 


==% and this will be true also for the equivalent measure p= pa defined in 
Theorém 2 (by virtue of the last assertion in this theorem). Therefore by 
Theorem 4, for all 8>&«mod- there cannot be any point spectrum. On the 
other hand, there cannot be any absolutely continuous spectrum since there 
is none for pa (see Theorem 1). Hence pg is a pure continuous singular 
measure. 

There remains the construction of the measure x. We define it in each 
of the intervals (1;1-+4-1]. Since the construction is completely similar in 
each interval we shall do it only for (0;1]. We consider consecutive 
subdivisions of the interval in 2* subintervals, I, = (24 (i—1);2*i], 


i= 1,2,- +--+, 2%, b==1,2,3,---. To each subinterval we assign a point 
éri E€ SO Ini in the following way. We consider the points of § as arranged 
in a simple sequence, 7,72, © °. To each of the intervals /,,; we assign the 


first element of the sequence {7,} which lies in this interval. If the &; are 
. already defined for all k < ko, we define &,; as the first element in {nu} 
which lies in /,.; and which was not assigned to any previous interval. It is 
clear that in this way we will assign points &,; to all intervals Ix; and the 
set of all $x: is exactly equal to $N(0;1]. To the points é, we assign 
the measure p{&i}=-3-". The total measure for the interval (0;1] is 


then Ÿ (2/3)*—2. 


Consider now any point é with 0 < £Æ 1 and the sequence of intervals 
Tri, containing é We have p(Ina,) > effi} 8%, |[lxn|=2# hence 
(Livi) /| Iri |? > (4/3)*—> which finishes the proof. 


Remark. Since in the above example, there are no intervals with p- 
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measure 0, the developments of Section 4 allow us to construct a corres- 
ponding Sturm-Liouville problem with an analytic function q(t). 
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CHARACTERIZATION OF POSITIVE REPRODUCING KERNELS. 
APPLICATIONS TO GREEN’S FUNCTIONS.* : 


By N. Aronszasn and K. T. SMITE. 


1. Introduction. The object of this paper is to prove a theorem which 
characterizes the proper functional Hilbert spaces whose reproducing kernels 
are positive. Since certain Green’s functions are among the most important 
examples of reproducing kernels, it is natural that the general theorem 
leads to results about the positiveness of Green’s functions. 

Not all Green’s functions are reproducing kernels; those and only those . 
are which correspond to positive definite differential problems of sufficiently 
high order. This restriction on the order is avoided by use of the notion 
` of pseudo-reproducing kernels for general Hilbert spaces. Details of the 
underlying theory of pseudo-reproducing kernels are not given, except for 
those basic definitions and properties which are necessary to make clear the 
application of the abstract theorem about positiveness. 

Roughly speaking? in the case of a self-adjoint elliptic problem, the’ 
Green’s function exists if the problem is well posed, i.e., if there exists no 
solution to the homogeneous equation satisfying the homogeneous boundary 
conditions (in other words if 0 is not an eigenvalue of the corresponding 
eigenvalue problem).? A Greens function exists and is a reproducing or 
pseudo-reproducing kernel if and only if the problem is definite positive (i.e., 
if all the eigenvalues are positive). Our abstract theorem about reproducing 
kernels gives necessary and sufficient conditions in order that a Green’s 
function corresponding to a positive definite problem be positive. We do 
not know if there exist positive Green’s functions corresponding to problems 
which are not positive definite. 

In the case of second order problems the question of which Green’s 
functions are positive is answered completely by a proof of the equivalence 
of the following statements: (i) the problem is positive definite and (ii) the 


* Received January 21, 1957. 

1 Paper written under contract with the Office of Naval Research Nonr 583 (04). 

* The additional restrictions under which the following statements can actually be 
proved are stated in Section 4. 

3 This excludes from our considerations the Neumann function for Au = 0; this 
function actually changes sign in the domain. 
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Green’s function exists and is positive. In the case of higher order problems 
there are examples showing that (ii) does not follow from (i) even in case 
of the square of the Laplacian and the boundary conditions u=du/dn == 0.4 
However, we give examples of fourth order problems where it can be proved 
by the abstract theorem that the Green’s function is positive, and where a 
simple direct proof does not seem to lie near at hand. The results are not 
restricted to problems about domains in Euclidean space. They are stated 
and proved for problems about relatively compact domains in oriented dif- 
ferentiable manifolds. 

The question of positiveness of Green’s functions is a very old one. For 
special cases like the Laplace equation with Dirichlet boundary condition, 
it goes back to the classical papers of C. Neumann and H. A. Schwarz where 
the positiveness of the Green’s function is an important tool in investigations. 
Since then the positiveness of the Green’s function was proved by many 
authors in many special cases of second order problems. Since for such 
problems with Dirichlet boundary condition the positiveness of the Green’s 
function is closely related with the maximum principle, we should mention 
here the work of E. Hopf [12] who investigated this principle for the most 
general second order equations. It would seem that the first formal recog- 
nition of the relation between the positiveness of the Green’s function and 
the positive character of the differential problem of second order with the 
Dirichlet boundary condition can be found in the thesis of Bleuler [13]. 

Our results on second order problems include as quite special cases 
some of the results of Bergman and Schiffer [6],° and can be proved, in a 
heuristic manner at least, by following the lines set forth by Bergman and 
Schiffer in the special cases. The difficulty in this approach lies in the lack 
of general information about the sets of points on which solutions to the 


differential equation are zero. Our method does not require information of 
this kind. 


2. Reproducing kernels. The main theorem of the paper, Theorem 1 
below, gives necessary and sufficient conditions in order that the reproducing 


t The problem of positiveness of the corresponding Green’s function in case of two 
variables is the famous problem of Hadamard stated in the first decade of this century 
and solved negatively less than ten years ago by Duffin [7] and Garabedian [8]. 

5 These authors consider only the differential operator — A + p, p>0, and consider 
boundary conditions slightly more special than ours; they consider explicitly only the 
case of 2 variables. However, they treat two questions related to the question treated 
here; when a Green’s function is positive, and when one Green’s function is larger than 
another, The second question is not discussed in this paper, but will be discussed from 
a similar general point of view in another paper. | 
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kernel K(z,y) of a proper functional Hilbert space be non-negative.® It is 
proved in [2] that condition (a) in the theorem below is necessary and 
sufficient in order that K(x,y) be real.’ 


THEOREM 1. In order that the reproducing kernel K(x,y) of the 
proper functional Hilbert space F be non-negative it is necessary and 
sufficient that F have the two properties . 


(a) If we F, then àe and | a —|u|. 
(b) For each real-valued u € F there exists GEF such that 
la) | u(x)| for all x and |a| Sul. 


Proof. Assuming that F has the properties (a) and (b), let ue F, 
u be real-valued and let & be such that (h) holds, and set w =4(ŭ +u) and 
u—#(ä—u). Clearly ut and w` are both non-negative, and & = w 4- w 
and u == u*-—w. By using (a) it is proved easily that the scalar product of 
real-valued functions is real. Therefore, from | @ {|< |u{| it follows that 
(w, ut) S0, and hence that (u-,w) = (w, w) — (w, w) S — | w fe By 
virtue of the result from [2] quoted above, K,(x) —=K(x,y) is real- 
valued for every y so that this inequality can be applied to u == K, to give 
0ZK (y) = (Ky, Ky) S— || Ky |’. This is possible only if Ky =—=0 so 
that Ky == K,* = 0. 

Assuming that K(x,y) 20, for each real-valued u€ F, let w and w” 
be the projections of u and of —w on the closed convex cone with vertex 0 
generated by the set {K,}. Then for every p= 0 and every v in the cone, 
| w—w’ ff S || u—w’—pv |?, from which it follows that for every v in the 
cone (w —u, v) 20. Applying this to v= Kp, we obtain w (y) Zu(y) for 
every y. Similarly, w’(y) 2—-u(y) for every y. Since K(a,y) is non- 
negative, both w and uw” are non-negative, so that if &—"’ +u”, then 
ü(z) =|u(a)| for all x. All that remains is to show that |@| Slul. 
This was done in another paper [5], but since the proof is very short it 
bears repetition. 


$ A proper functional Hilbert space is a Hilbert space whose elements are functions 
on a basic set €, such that the value of a function at any point in € is a continuous 
linear functional. To each proper functional Hilbert space § there corresponds a 
function K(#,y), called the reproducing kernel of F, defined on € x € and having the 
properties; 

(a) for each y € &, the function K,(æ) = K(az,y) belongs to €. 

(b) the reproducing property: for each we F, uly) = (u, K,). 

"If u is a complex valued function, & is its complex conjugate; i.e, &(æ) is the 
complex conjugate of u(@#). 


= 
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If ¢’, a, and ¢” are the angles between u and w’, w and w”, and u” 
and — u, respectively, then, as w—vw’ is orthogonal to w and —u—u” is 
orthogonal to w”, the inequality to be proved takes the form 

|| 22 ||? (cos? #° + cos? 6” + 2cos ¢’ cos o” cosa) Æ || u |?, 
which is easy to establish with the aid of the inequalities 0<¢’ SJ, 
oS Sg and r Ed + a+”. 


Remark 1. If condition (a). holds for a set of functions which is dense 
in #, then condition (a) holds for all function in F. If condition (b) holds 
for a set of functions which is dense in the set of all real-valued functions 
in #, then condition (b) holds for all real-valued functions in 3. l 


Remark 2. The following statement about matrices is a consequence of 
Theorem 1. Let {ay} be a real positive definite matrix. In order that every 


element in {a}? be non-negative it is necessary and sufficient that for each ` 


real vector u there exist & such that & = | u; | for all cand Y'a; SD ajuius. 


8. Pseudo-reproducing kernels. The functional spaces which are of 
use in differential problems are proper functional Hilbert spaces in problems 
of order larger than the dimension of the underlying Euclidean space. In 
problems of smaller order the spaces are more general functional Hilbert 
spaces in which the functions are not defined everywhere. 


A functional space is a normed linear class ¥ of functions on a basic . 


set €, each defined except on some exceptional set belonging to a hereditary 
o-ring W (the exceptional class of sets). It is assumed that the norm in Ẹ 
has the property that if || w,—w{|—0, then, for some subsequence {tm} 
Un, (@) u(x) except on a set in W. A complete discussion of functional 
spaces and functional completion can be found in [5]. 

Let u be a o-finite complete measure on a set €. The class of measur- 
able subsets of € of finite measure will be denoted by €’, the sets in €’ by 
a, y’, etc. A u-measurable functional Hilbert space is a functional Hilbert 
space ¥ on the basic set € such that: (a) all the exceptional sets are of 
measure 0, (b) each u€ & is integrable on every 2’€ €”, (e) if ul 40, 


then f udp0 for some € €, and (d) for every de €’, f udp is a 
a Í 2’ 


continuous linear functional of 4.5 ; 
A p-measurable functional Hilbert space F determines a proper func- 
tional Hilbert space ¥’ whose basic set is the class €. &’ consists of all 


ê The definition is valid for general incomplete spaces. In case of a complete space, 


in particular in case of a Hilbert space, (d) follows from (a), (b), (e). 
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functions wv’ to which there corresponds some u € F such that w(x’) = f udp 
a’ 


for every 2€ €. The mapping u— vw’ is one to one, and when (w’,v’) is 
defined to be (u,v), it becomes a Hilbert space isomorphism between # 
and F’. The reproducing kernel for F’ is the function K’(+’,y) = (uy, tr); 


-where u» € F is such that for every v€ F, f v du = (V, Uz’). 
a 


A pseudo-reproducing kernel for a „-measurable functional Hilbert space 
F is a function K (x,y) with the property that for every v and y’ in €”, 


K (a, y) is integrable over 2’ X y’, and K’(2’,y’) = f f K(x, y)dp(y)dp(e). 
g y’ 


It is clear that this condition determines K (x,y) a.e. on EX € 

Since K’(a’,y’) is an additive function of the rectangle # X y’, it can 
be extended to an additive set function on the ring generated by the 
rectangles, so that by the Radon-Nikodym theorem, a necessary and suff- 
cient condition in order that the u-measurable functional Hilbert space F 
have a pseudo-reproducing kernel is that the function K’(a’,y’) be an 
absolutely continuous function of the rectangle "X y. 

If a measure u and a function K(x,y) integrable over all g X y’ are 
given, then a necessary and sufficient condition in order that K(x,y) be a 
pseudo-reproducing kernel for some p»-measurable functional Hilbert space 3 


is that the function K’(a’, y’) =ù f K(z,y)da(y)da(z) be a positive | 
aly’ 


matrix on €’. If K’(a’,y’) is a positive matrix, # is constructed as follows. 
Let F, be the class of all linear combinations u = Ya, where uy, (x) 


== | K(a,y)du(y), with the norm 
yt 
(3.1) |u [= Zu" (y's, y'i). 


It can be proved that F, has a functional completion ¥, which is a p- 
measurable functional Hilbert space2° Obviously, K(x,y) is a pseudo- 
reproducing kernel for F. | 

The proper generalization of Theorem 1 to „-measurable functional 
Hilbert spaces and pseudo-reproducing kernels is clear. 


° The beginnings of the theory of measurable spaces and’ pseudo-reproducing kernels 
are in the notes [1]. These notions can be defined in an absolute way, independent of 
a measure given beforehand. The relative notions defined here are sufficient for our 
needs in the present paper and. avoid some of the difficulties inherent in the absolute 
notions. 

t° The proof is not obvious. It will be given in the development of the general 
theory of measurable spaces and pseudo-reproducing kernels. 
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If we put f= Dany, where xy, is the characteristic function of y, 
then (3.1) reads 


(3.2) If u=Ef— È Ele Dfa), then Lui | Ke). 


Thus K(z,y) is a pseudo-reproducing kernel if and only if it is the kernel 
of an integral operator which is positive in the most general sense, i.e, on 
the class of linear combinations of characteristic functions of measurable 
sets ot finite measure.! The corresponding „-measurable functional Hilbert 
space is the completion of the range of the integral operator in the norm: 
(3.2). Theorem 1 has the -following corollary about positive integral 
operators. | 


Corozrary 1. If K is a positive integral operator defined on the class 
of linear combinations of characteristic functions of sets of finite measure, 
then the kernel of K is non-negative almost everywhere if and only if it is 
real and for each real u in the range of K there exists & in the completion 
of the range such that &(x) =| u(x)| almost everywhere and | ü Islel. 
The norm in question is that defined in (3. 2). 


4, Green’s functions, The kernels in witch we are chiefly interested 
are the Green’s functions for differential systems. Let A be a linear elliptic 
self-adjoint differential operator defined in a bounded domain D, and let 
{Bi} be a normal system of boundary operators such that the system 
(A; {B:}) is self-adjoint.?. The differential system (A;{Bj}) defines a 
symmetric operator, which also will be called A, on the Hilbert space L? of 
functions which are square integrable over D. The domain of the operator 
A is the set of all sufficiently regular functions u on D which satisfy the 
boundary conditions Bau — 0. If the closure of the operator A has a bounded 
inverse defined everywhere on Z?, and if the inverse is an integral operator, 
then the kernel G(x, y) of this integral operator is called the Green’s function 


of the system (4; {Bi}). It is clear that if u = Gf, then Í, Gf (2)F(2) de 
= -f u(x)Au(x)da, so that the quadratic form in (3. 2) is non-negative if 
and only if? 


(4.1) ur f Aute)ut@)az, 


1t We treat the complex case. In the real case it must be assumed that K (x,y) 
= Kiy,æ). 7 
12 We use the terminology introduced in Aronszajn and Milgram [4]. 
13 In order to reduce the number of notations we write A instead of the closure of 
A in some of the formulas. 
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is non-negative for all u in the domain of A. Since it is assumed that the 
closure of A has a bounded inverse, if (4.1) is non-negative, there exists . 
a constant c > 0 such that | | 


luze f |u ré ra u in the domain of A; 


that is, the differential system (A;{B;}) is positive definite. 
| In classical usage the term Green’s function is restricted to kernels 
G(x,y) which are sufficiently regular: if the order of the operator A is 2m, 
if its coefficients are sufficiently differentiable, and if the boundary @D is 
sufficiently smooth, then, for fixed y € D, G(z,y), as a function of x, should 
be at least of class C?” in D— {y}. Recent advances in the theory of elliptic 
partial differential equations have made it possible to prove, in a wide variety 
of.cases, not only the existence of the Green’s function as we have defined it, 
but also the regularity required in the classical definition. The proof, 
especially the proof of regularity, is based on the property of coerciveness, 


which has to do with the relation between the quadratic form S, Au à dx and 
the standard m-norm, defined as follows 


(42) um E Mr: T: | Gu /Ba,*- + - yk |? dr. 
D 


K=0 kyt- +knzk 


The quadratie form f Auüdz is said to be coercive on the domain of A if 
D 


there exist constants ¢ == 0 and N>0 such that 
(4.3) f Au dr + cd |u|? ZN | wim? for all u in the domain of AN 
D 


If the quadratic form f Au ü dx is coercice on the domain of A, the 
D 
following statement can be proved. ` 


If the coefficients of A and the boundary of D are of class C2”, then 
the existence of the Green’s function G(x,y) in the sense given above is 
equivalent to the fact .that 0 is not an eigenvalue of the: closure of A. 
Furthermore, if G(z,y) exists, the integral operator with kernel G(s, y) 
is completely continuous in the space L°25 


24 The first coerciveness inequality was proved by Gärding [9] for the case of 
Dirichlet boundary conditions. The general notion of coerciveness was introduced and 
investigated by Aronszajn [3]. A more complete presentation of the subject will be 
given by the same author in a forthcoming paper. 

15 Actually, the above statement is true even when the coefficients and the boundary 
are only C11; however it is necessary then. to consider boundary conditions of order 
=m in a suitable generalized sense. If we assume the coefficients of A to be of suffi- 
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If the Green’s function of the system (A ; {B:}) exists and if the system 
is positive definite, then we see from the last section that the Green’s 
function is a pseudo-reproducing kernel. ‘The corresponding functional 
Hilbert space is the completion of the domain of A in the norm (4.1). If 
the norm (4.1) is coercive, it can be proved that the domain of A has a 
perfect functional completion, the functions of which have derivatives a.e. 
in the ordinary sense of orders Sm in D and of orders <m—1 on the 
~ boundary of D. This completion contains all functions of class C+) (i.e. 
functions of class CO”? with Lipschitz (m —1)-st derivatives) which satisfy 
the stable boundary conditions, that is those of order Æm-—1. Therefore, 
Theorem 1 or Corollary 1 give a necessary and sufficient condition in order 
that the Green’s function be non-negative. 

It is clear that the foregoing considerations are valid for differential 
systems considered in a relatively compact subdomain of a differentiable 
manifold. 


5. Green’s functions for differential problems of order 2. We con- 
sider a real elliptic linear differential operator A of order 2 on an oriented 
differentiable manifold M” of class C5. Such an operator (or its negative) 
is expressible in each coordinaie patch in the form 


Au=— > atiu âciz + terms of lower order 


where æti is a real symmetric contravariant tensor of rank 2 which forms a 
positive definite matrix at every point. It is assumed that the tensor at 
is of class C?, that the coefficients of the first derivatives of u (which do not 
form a tensor) are of class C4, and that the coefficient of u is continuous. 
It is assumed further that the operator A is self-adjoint with respect to 


some positive density p(x)dx*- - - dar of class C?.*6 
If {ay} denotes the matrix inverse to {at} and if a denotes the deter- 
minant of {a,;}, then gy = a™ "pa; is a Riemannian metric on M”. Hence- 


forth i" is considered as a Riemannian manifold with this metric.’ If g 


ciently high Class CŸ, it can be proved that @(#,y) exists in the classical sense. A 
proof of this fact will be published elsewhere. For special types of boundary conditions, 
` including the Dirichlet boundary conditions, a proof of the regularity was given by 
Nirenberg [10]. A sketchy proof of the statement in the text was given in [11]. 

10 This means that p(x)da'- - - da" is an exterior differential form of rank s, that 
in each coordinate patch p(æ) is positive and of class C°, and that for every pair of 
functions u and v of class C? and 0 outside a compact set, 

fAwop (a) dat - oo da” = {uAvp(a) da: + + da" 

17 We have assumed that the coefficients of A are somewhat more regular than is 
strictly necessary, in order to be able to use this metric, thereby simplifying a number 
of the formulas considerably. | 
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denotes the determinant of-g;; then gê = p, so A is expressible in any coordi- 
nate patch in the form i 


Au = — > g'É0(g'atiou /da*) /dxi + au 


where a is a continuous real valued function. 

Let D be a relatively compact domain in Jf", and let M" be a portion 
of the boundary, 8D, which is a submanifold of M” of class C?. It can be. 
` proved that the most general normal system of boundary operators at A"! 
which is self-adjoint relative to A is a system composed of a single operator, 
either the operator Bou = u or the operator Byw = du/dv + bu, where b is an | 
arbitrary continuous real valued function on NM", and where @/dy is the 
interior normal derivative in the metric gj;.1® 

It is assumed that the boundary ôD is a submanifold of J" of class 
CU), and that ðD is also the boundary of M”— Ð. It is assumed in addition 
that ôD is piecewise of class C? in the following sense: there exist a finite 
number of disjoint submanifolds M,” of Mr such that 3D — U Mi"; for 
each i, M”! is contained in a submanifold N," of Mr of class C?; and in 
the usual measure on Ni, M: — M has measure 0. 

Let B.be a boundary operator at ôD obtained by choosing for each If," 
either the operator B, or one of the operators B,, (with b continuous on #;"*) 
and consider the bilinear form 


(5.1) Q(u,v) =f atiu/ôxi 95/8. gt da +f agb do — | p(s) kut ds 
D D aD 


where & is the function on ôD which on M» is equal to 0 if the boundary 
‘operator chosen on M;"-" is By and is equal to —b if the boundary operator 
chosen on M” is B,, and where p(s) is the value of the characteristic poly- 
‘nomial of A for the unit normal to @D at the point s. If w and v are 
functions of class C? in a neighborhood of D and if Bu = Bv—0, then 


(5.2) Q(u, v) -Í Audgi de. 


The quadratic form Q(u,u) is easily proved to be coercive, even on the 
class of all functions, a fortiori on the domain of A. Therefore, if the 
differential system (A ; B) is positive definite, then the Green’s function exists 


18 The terminology used here is that introduced in Aronszajn and Milgram [4]; 
and all of the calculations used in finding the form of self-adjoint systems are based 
on the general theory of differential operators on Riemannian manifolds developed 
there. The operator B, has a particularly simple form because of the special choice 
of the Riemannian metric on Af. 
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and is a pseudo-reproducing kernel for the completion of the domain of A 
with the norm Q(u,u)4. In view of the statements in the last section about 
this functional space, the scalar product in the complete space is still given 
by (5.1). Furthermore, the class of Lipschitz functions satisfying the stable 
boundary conditions (i.e. Bou—0 whenever B= B,) forms a dense sub- 
space of the completion. For a function u of this class, |u| is clearly also 
of this class, and can be taken as the function @ in condition (b) of Theorem 

1, since Q(|ul,|u|)—Q(u,u). This leads to | 


THEOREM 2. The three statements below are equivalent. 
(i) The system (A;B) is positive definite. 
(ii) The Green’s function for the system (A; B) exists and is a pseudo- 
reproducing kernel. 
(ii) The Green’s function for the system (A;B) exists and is non- 
negative. 


Proof. The equivalence of statements (i) and (ii) and the fact that 
they imply statement (ili) are already proved. We assume therefore, that 
the system (4;B) is not positive definite, but that the Green’s function 
G(x. y) exists, and we show that G(x,y) cannot be non-negative. 

According to the part of the theorem which is proved, the Green’s 
function Gp(2,y) for the system (4-+p;B) exists and is non-negative, 
provided the number p> 0 is sufficiently large. Gp defines a completely 
continuous integral operator on L?. Let 1/p be its largest eigenvalue. By 
a well-known theorem of Jentsch, 1/p is positive and there exists a non- 
negative corresponding eigenfunction f. It is easily verified that »—p <0 
and that f— (u—p)Gf. Obviously, therefore, @ cannot be non-negative. 


6. Green’s functions for differential problems of Order 4. The 
examples of Duffin and Garabedian mentioned in the introduction show that 
there is no condition resembling the conditions (i) and (ii) of Theorem 2 
which always will ensure that the Green’s function of a problem of order 4 
is positive. In this section we do not attempt to treat the general question ; 
we only present some interesting special cases. 

We assume that M” is an oriented differentiable manifold of sufficiently 
high class, that D is a domain in M* with a sufficiently regular boundary, 
and that 4 is a second order differential operator of the type considered in 
the last section with sufficiently regular coefficients. Mr is given a Rie- 
mannian metric as before. We consider differential system of the form 
(42; Bo; B2) and (4°;B:, Bs), where 
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Bou =u, 
Bu = du/dv + bu, 
Bu = — cp (s)? du/dv + p(s) "Au, 
Bu — dp(s)*u + p(s) BA, 
in which b c, and d are sufficiently regular functions on ôD. Letting A, be 


the operator on L? corresponding to the first system, and A, be the operator 
corresponding to the second, we define 


uf | Au 2 2 f c | Ou/öv |? ds, 
D aD 
Qu) f | Au gan f d | u |? ds. 

D aD 


If u belongs to the domain of Ao, then f A'uü dr = Q (u,u) and if u 
D 


belongs to the domain of A,, then f A’uŭ dx = Qı(u,u). Furthermore, it 
D 


is not difficult to prove that Qo(u,u) is coercive on the domain of A, and 
Qı(u,u) is coercive on the domain of A. We get the following 


‘“Trxorem 8. If both systems (A;B,) and (A*;Bo,B2.) are positive 
definite and if c= 0, then the Green’s function for (A?;Bo, B2) exists and 
is non-negative. If both systems (A;B,) and (A®;B,,B:) are positive 
definite and if d=0, then the Green’s function for (A?; Bı, B3) exists and 
is non-negative. 


Proof. Only the first statement will be proved; the second is proved 
similarly. 

The domain of A, with the norm Q,(u,«)3 has a functional completion 
whose elements are the functions of the form u(x) — Gof (x), where G is the 
Green’s function for the system (A;B,) and where f is square integrable. 
Clearly 


Qo(u, u) -f Pad f c|ôu/0v |? ds. 
D aD 
Since 6,20, @G./év2=0. Hence the function &(x) — Go|f|(x) has the 
properties å (x) = |u(x)| and d@/év= |ô0u/6v|. Since also c=0 it follows 
_ that O(a, 4) S Qo(u,u). | 
Remark. Tf (A;B,) is positive definite, then, for sufficiently small c, 


(A?; Bo, Bz) is also positive definite. If c—0, the statement of the last 
theorem is trivial, since Green’s function for the system (A?;B,,1/p(s)A) is 
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f Go(2,2)Go(2,y)g? dz. A similar remark holds for the system (A; B,, Bs) 
D 


and the function d. 
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GROUPS WHICH ACT ON S" WITHOUT FIXED POINTS.* 


By Joan Mitnor.* 


We will study the question of which finite groups can act on an n-sphere 
without fixed points. The main result (Section 1) is that any element of 
order two in such a group must lie in the center. A general survey of 
the problem is given in Section 2. The special case n=3 is considered in 
Section 3. 

An equivalent formulation of the problem is the following. Which 

` groups can occur as the fundamental groups of manifolds Jf" for which the 
universal covering space Jf" is homeomorphie te 8". More generally one 
might only require that M” have the homotopy type of 8". For example, 
any 3-manifold with a finite fundamental group satisfies this more general 
condition. (Such manifolds are classified up to homotopy type by the fanda- 
mental group together with the k-invariant (see Olum [3] Theorem TV.)) 
The author is indebted to helpful discussions with A. Shapiro. 


1. Elements of order 2. A known theorem asserts that, for every 
map f: 8"—> S* of odd degree, there exists a pair of antipodal points whose 
images under f are also antipodal. (Proof. Let T denote the antipodal map, 
and suppose that f(x), f(Tx) are never antipodal. Let g(x) denote the 
midpoint of the shortest great circle arc joining f(x) to f(Tx). Since 
g(x) =g(Tx), the map g: $"— S* can be factored through n-dimensional 
projective space, and therefore has even degree. But since g is homotopic 
to f, this contradicts the assumption that f has odd degree.) 

We will need the following generalization, which will be proved by a 
similar method. 


Tueorem 1. Let M" be a manifold having the mod two homology of 
the n-sphere, and let T: mom be a map of period two without fixed 
points. Then for every map f: M”—> Mr" of odd degree there exists a point 
ze Mn such that T(x) =fT (a). . 


* Received April 2, 1957. 
1 The author holds an Alfred P. Sloan fellowship. 
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As an immediate consequence we have: 


COROLLARY 1. Suppose that the group G acts without fixed points on 
a manifold M" having the mod two homology of the n-sphere. Then any 
element of order two in G belongs to the center. 


Proof. Let TE G have order two, and let U be any other element of G. 
Then Theorem 1 implies that we can find a point « € Mr with TU(2) == UT (e). 
Since @ acts without fixed points, this implies that TU = UT, which proves 
the corollary. 


As an example we have 


COROLLARY 2. The symmetric group on three elements cannot operate 
on the n-sphere without fixed points. 


Remark. It is known that the group Z:+ Zz cannot operate on 8” 
without fixed points. (See Section 2.) Therefore Corollary 1 implies that 
the group G can have at most one element of order 2. Conversely if @ has 
only one element of order 2, then this element clearly belongs to the center. 


Proof of Theorem 1. Let A denote the set of all points (x, Tæ) in 
Mr x Mr. Let M™* M™ denote the symmetric product, and let A’ denote 
the set of points {«, Te} in M"™*M". I£ f: Mr Mr satisfies Tf(x) Tr 
for all x, then there is a commutative diagram 


Mn 


f 
Pi 


1 
M ————> Mx MA 


| ty | iz 
fe 


Mr/T —— M" « Mr — A’ 
where + and i, are the natural identification maps, and where 
LJ 
file) = (F(E), f(T2)), FETT), may) =o. 


Thus we are almost able to factor f through the “projective space” M"/T, 
except that the map i, goes in the wrong direction. 
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Lexus 1. The homomorphism 
ton? (MX MY — A) > Hy, (Al = U — A’) 
is an isomorphism for all dimensions k. 
(Singular homology with the coefficient group Z, is to be-understood.) 


Proof. It will first be shown that the projection p,: M” X M” — A —> M” 
is a locally trivial fibre map with fibre p;t(x) ÆA/— Ta. Given any 
closed n-cell © in M” with interior C, choose a homeomorphism g of TË 
onto the unit ball B in euclidean n-space. Define the map A: BK B->B 
hy 

+ > > > 
Au, w) =w +(1— | w |)», 
where B denotes the interior of B. Note that for cach fixed vector ve B the 


> > > 
correspondence w — A (v, w) defines a homeomorphism of B onto itself leaving 


> > 
the boundary fixed and carrying the center 0 into v. The required local 
produet structure 


> 
$: CX Ar — g7 (0)) > p> (C) 
is now defined by 
(zy) = (z,y) it yg TC, Hay) = (a, g*A(gTx, gy)) if y€ TC. 
It is not hard to show that ¢ is a homeomorphism. 


Thus p, is a fibre map. According to the Lefschetz duality theorem, 
the fibre M"—Tx has the homology of a point. Therefore the induced 
homomorophism 
| Pix: H,(AP X M*—A) > H, (M) 


is an isomorphism. Let A denote the diagonal in M” X M"—A and let 
A’ denote its image in J/"*iJf*"—A’. Since the diagonal map M"—A 
CM"XM"—A is a cross-section of the fibre map p, it follows that the 
group H(I” X M"—A mod A) is zero. 


Next we will show that the “relative” 2-fold covering map 
c 
(Ar X M”! — A, A) —— ("x Mr — A’, A’) 
has a Gysin cohomology sequence. The difficulty lies in the fact that this 


12 
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map is a covering only in the complement of the diagonal A. If U denotes 
any symmetric neighborhood of A, and U’ denotes its image in the collapsed 
. space, consider the diagram 


. e f f 
(Ua X M"— A — A, U —A)— (M" X Ur — A, U) (Ur & M" — A, A) 


A Ca i c 
# 


e 
(Mr + Mn — A’ — a’, U’ — a!) — (AN 1m A’, U’) e (A AIM A, A’). 


Since c, is a true 2-fold covering, it has a Gysin sequence. Since e and €” 
> | 


are excisions, the map c» also has a Gysin sequence. But since A and 
M” x M"—A are both absolute neighborhood retracts, the cohomology group 
H* (419 x Mr — A mod A) is the direct limit of the groups H*(M" X Mr — A 
mod U) as U ranges over all symmetric neighborhoods. A similar description 
holds for H*(M" + M"—A’mod A’). Since the direct limit of exact sequences 
is again an exact sequence, this gives us the required Gysin sequence 


> H*(M" x Mn— A, A) > H¥(M"® UM" — A’, A’) 


Ye 


ot 
"> H (ADH Mn — A’, A’) — HA (M X M'—A, A) >. 


| Since the left and right hand groups in this sequence are known to be 
zero, induction shows that the middle groups are also zero. Therefore the 
corresponding homology groups H,(A/" + AM" A’ mod A’) are zero. This 
implies that the inclusion homomorphism H,,(A’) > H,(Mr = M" — A’) is an 
isomorphism. It has already been shown that the inclusion homomorphism 
H(A) > H,(M" X Mr — A) is an isomorphism. Since the map i.[A: A—> A’ 
is a homeomorphism, this implies that 


isy: Hy (A X M*—A)—> HP = Mr — A’) 


is an isomorphism; which completes the proof of Lemma 1. 


Consider the diagram 
H,(1*) 
fe 
Pix 


fis 
H, (M") ————> H, (M X Mr — A) 
lis tox. 


Tex 
HOT) ——— H, (M* = M"— A’). 


AS 
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It is clear that à.—0. Since i, is an isomorphism, this implies that 
fax = 0, and hence f;—=0. This contradicts the hypothesis of Theorem 1, 
and completes the proof. š 


2. A survey of the problem. We will say that a group G has property 
I if every abelian subgroup is cyclie. 'This is equivalent to the condition 
that every p-subgroup is either cyclic or; for p= 2, a generalized quaternion 
group.” 

According to P. Smith [5], every group which acts on a homology 
sphere without fixed points has property Z. This result can be given more 
precision by noting that if Œ acts on 8" without fixed points then? the 
cohomology ring 11*(G,Z) has period n +1. According to Artin and Tate 
a group has property J if and only if it has periodic cohomology.” 

An enumeration of all groups having property Z has been given by 
Zassenhaus ([8] Theorem 7) in the solvable case, and hy M. Suzuki ([6] 
Theorem E) in the non-solvable case. 

Coroliary 1 gives a further restriction which the group G must satisfy. 
(For example the non-ahelian group of order 2p has property I and yet 
cannot act on a sphere without fixed points.) However it seems likely that 
more restrictions are still needed. 

If G is required to act orthogonally on 8”, then the problem has been 
solved by Zassenhaus. ([8] Theorems 3, 8, 11, 16. See also Vincent [7].) 
At present, every group which is known to act on S* without fixed points 
can actually act orthogonally. 

The following two results of Zassenhaus are especially striking. We 
will say that G has property II if every subgroup of order pq is cyclic. 
Here p and q range over not necessarily distinct primes. | 


(a) Every group which acts orthogonally on ©» without fixed points 
has property II. 


(b) Every solvable group with property II can act orthogonally on 
some $” without fixed points. 


Evidently the major unsolved problem is the following. Does every 
group which acts on 8" without fixed points have property 11? Smith’s 
result implies that every subgroup of order p? is cyclic, and Corollary 1 
implies that every subgroup of order 2p is cyclic. The first unsolved case 
is therefore the following. Can the non-abelian group of order 21 act on 
a sphere without fixed points? 


2 See Cartan and Eilenberg [1], Chapters XII, Section 11 and XVI, Section 9. 
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‘8. The case n —3. The main object of this section will be to sum- 
marize the gap in our knowledge concerning groups which act on the 3-sphere 
without fixed points (or concerning finite fundamental groups of closed 
8-manifolds). This will be done by enumerating those groups which satisfy 
the known restrictions, but which cannot act orthogonally on 8° without fixed 
points. (Theorem 8.) It is interesting to note that the groups in question 
are all solvable, and are all known to act on higher dimensional spheres 
without fixed points. The proofs are routine, and will be largely omitted. 

The sphere S° is itself a topological group, isomorphic to the two-fold 
covering space of the rotation group SO(3). Let k: 8° SO(3) denote the 
covering. Then each finite subgroup G of SO(3) determines a subgroup 
h+(G@) of 8? with twice as many elements. Corresponding to the dihedral 
group with 2n elements, n= 2, we obtain a subgroup Qan of S* with pre- 
sentation (2, y: £? = (xy)? =y”). (If n is a power of 2, then Qin is the 
generalized quaternion group.) Corresponding to the tetrahedral, octahedral, 
- and icosohedral groups, we obtain subgroups Pos, Pss and Piso of S* with 
presentations (x,y: £? == (zy)’=y",2°=1), where n= 3,4,5 respectively. 

The next theorem is essentially due to Hopf [2]. For a detailed study 
of the quotient manifolds see Seifert and Threlfall [4]. 


THEOREM 2. The following is a list of all finite groups which act 
orthogonally on S* without fixed points. 


1) The groups 1, Qan, Pas, and Piso. 
2) The groups Daran) with presentation 
(zy: 2" == 1, yY = 1, ay = y) where RER RE. 
3) The groups P'as with presentation 
(a, y, 2: @ = (ay)? = y zez = y, zyz = ay, 2% = 1) where k= L 


+) The direct product of any of these groups with a cyclic group of 
relatively prime order. 
(Note that the groups Qs, with n odd are isomorphic to Das. The 


group P», is isomorphic to P’,..) 


For a sketch of the proof we refer to Hopf’s paper. 


Given relatively prime positive integers 8n, k, l let Q (8n, k, 2) denote 
the group with presentation 


G yz: a? = (wy)? = y”, a = 1, wea = g, pay = rt), 
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where r=— 1 (mod k), r=+1(mod!). Thus for k =}= 1 we have the 
group Qen. Note that Q(8n,k,1) is isomorphic to Q(8n,1,%).. For n odd, 
the three integers n, k,l may be permuted without changing the group. _ 

-For any odd integer r let P”,s, denote the group extension with sub- 
group Z, and factor group Py. such that the 3-Sylow subgroup is cyclic, and 
such that P,, acts on Z, as follows. Elements in the commutator subgroup 
Pa, act trivially, while the remaining elements of P,, carry each element of 
Z, into its inverse. 


THEOREM 3. The following is a list of all finite groups which (a) have 
cohomology of period 4, (b) have at most one element of order 2, and (c) 
are not listed in Theorem 2. 


1) The groups Q(8n,k,1) with 8n,k,l pairwise relatively prime and 
either a) n odd andn>k>1Z1 orb) n even ndnz%, k>121. 


2) The groups P’ ss, with r odd, r= 8. 


3) The product of any of these groups with a cyclic group of relatively 
prime order. 


Thus the smallest group which may or may not be the fundamental 
group of a 3-manifold is Q(16,3,1) with 48 elements. 
A few of these groups can be eliminated by a different argument: 


Lemma 2. If r is not a power of 3, then Psa, cannot be the funda- 
mental group of a 8-manifold. 


Proof. Let r= 3% +s with- (s,6)=1, s25. Then P”,, contains a 
normal subgroup isomorphic to P'sur, the factor group being isomorphic 
to Dag. 

Now given a manifold M°? with 7,(M/*) = P”isr let Mı? denote the 2s- 
fold covering with fundamental group 7,(3/,°) =P"s.s:. The first homology 
group of M, is the abelianized group, which turns out to be Za. There- 
fore M,? has the mod two homology of the 3-sphere. But the group Das of 
covering transformations acts on M,’ without fixed points. Since Das has 
an element of order two which is not in the center, this contradicts Corollary 
1, and completes the proof. 

The proof of Theorem 8 consists in going over the groups listed by 
Zassenhaus and Suzuki, eliminating those which do not have cohomology 
of period four. The spectral sequence of a group extension is the main 
tool needed. 


PRINCETON UNIVERSITY. 
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ON A CLASS OF TRANSFORMATION GROUPS.* 


By Anprew M. Guzason and RICHARD S. PALAIS. 


In order to apply our rather deep understanding of the structure of Lie 
groups to the study of transformation groups it is natural to try to single 
out a class of transformation groups which are in some sense naturally Lie 
groups. In this paper we introduce such a class and commence their study. 

In Section 1 the notion of a Lie transformation group is introduced. 
Roughly, these are groups H of homeomorphisms of a space X which admit 
a Lie group topology which is strong enough to make the evaluation mapping 
(h,v) > h(x) of HX X into X continuous, yet weak enough so that H gets 
all the one-parameter subgroups it deserves by virtue of the way it acts on X 
(see the definition of admissibly weak below). Such a topology is uniquely 
determined if it exists and our efforts are in the main concerned with the 
question of when it exists and how one may effectively put one’s hands on it 
when it does. A natural candidate for this so-called Lie topology is of 
course the compact-open topology for H. ‘However, if one considers the 
example of a dense one-parameter subgroup H of the torus X acting on X 
by translation, it appears that this is not the general answer. In this example 
if we modify the compact-open topology by adding to the open sets all their 
arc components (getting in this way what we call the modified compact-cpen 
topology), we get the Lie topology of H. That this is a fairly general fact 
is one of our main results (Theorem 5.14). The latter theorem moreover 
shows that the reason that the compact-open topology was not good enough 
in the above example is connected with the fact that H was not closed in 
‘the group of all homeomorphisms of X, relative to the compact-open topology. 
Theorem 5.14 also states that for a large class of interesting cases the weak- 
ness condition for a Lie topology is redundant. | 

The remainder of the paper is concerned with developing a certain 
criterion for deciding when a topological group is a Lie group and applying 
this criterion to derive a general necessary and sufficient condition for groups 
of homeomorphisms of locally compact, locally connected finite dimensional 
metric spaces to be Lie transformation groups. The criterion is remarkable 
in that local compactness is not one of the assumptions. It states in fact 


* Received February 11, 1957. 
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that a locally arcwise connected topological group is a Lie group provided 
that its compact metrizable subspaces are of bounded dimension. 


1. Lie transformation groups. Let @ be a topological group and X 
a topological space. By an action of G on X we mean a homomorphism 
$: g— + of G into the group of homeomorphisms of X such that the map 
(9,0) — sx) of GX X into X is continuous. If H is a group of homeo- 
morphisms of X, then a topology for H will be called admissibly strong if it 
renders the map (4,x)—h(x) of H XX continuous. We note that 
we do not demand of an admissibly strong topology that it make H a 
topological group; however if H is a topological group in a given topology, 
then clearly that topology is admissibly strong if and only if it makes the 
identity map of H on itself an action of H on X. Moreover if we denote 
by À the additive group of real numbers then: 


1.1. Proposrrion. Let H be a topological group whose underlying 
group is a group of homeomorphisms of a space X. If the topology of H is 
admissibly strong, then each one-parameter subgroup of H is an action of 
R on X. 


We shall call a topology for a group H of homeomorphisms of a space 
X admissibly weak if every action of R on X whose range is in H is a 
continuous map of R into H with respect to this topology. Again we note 
that an admissibly weak topology for H is not required to make H a 
topological group. However from 1.1 and the definition of admissibly weak 
we clearly have: 


1.2. Proposrrion. Let H be a topological group whose underlying 
group is a group of homeomorphisms of a space X. If the topology for H 
is both admissibly weak and admissibly strong then the one-parameter sub- 
groups of H are exactly the actions of R on X whose ranges lie in H. 


The terminology ‘admissibly strong’ and ‘admissibly weak’ is justified 
by the following trivial observation. 


1.3. Proposition. Let H bea group of homeomorphisms of a space X. 
A topology for H which is stronger (weaker) than an admissibly strong 
(weak) topology is itself admissibly strong (weak). 


Some authors use the term admissible for topologies that we call admis- 
sibly strong. For this reason we shall not succumb to the temptation of 
calling admissible those topologies which are at once admissibly strong and 
admissibly weak. 
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1.4. Definition. Let H be a group of homeomorphisms of a space X. 
A Ine topology for H is a topology for H which is both admissiblly strong 
and admissibly weak and which furthermore makes H a Lie group. 


The following well-known fact is an immediate consequence of the exis- 
tence of canonical coordinate systems of the second kind in Lie groups. 


1.5. Lemma. Let G and H be Lie groups and h a homomorphism of 
the underlying group of G into the underlying group of H. A necessary 
and sufficient condition for h to be continuous is that hog be a one parameter 
subgroup of H whenever ¢ is a one-parameter subgroup of G. In particular, 
if G and H have the same underlying group and the same one-parameter 
subgroups, they are identical. 


The following proposition follows directly from 1,2, 1.5, and the 
definition of a Lie topology. 


1.6. PROPOSITION. A group of homeomorphisms of a topological space 
admits at most one Lie topology. 


1.7. Definition. A group of homeomorphisms of a topological space X 
will be called a Lie transformation group of X if it admits a Lie topology. 


The unique Lie topology for a Lie transformation group @ will be called 
the Lie topology for G and properties meaningful for a Lie group when 
used in reference to @ are to be interpreted relative to its Lie topology. 


2. A theorem on arcwise connected spaces. A theorem somewhat more 
general than the next lemma is proved on page 115 of [6], and a still more 
general result is indicated in exercise Ÿ, page 80 of [8]. 


2.1. Lemma. A partitioning of the unit interval into at most count- 
ably many disjoint closed sets is trivial, i.e., contains only one element. 


2.2. THEOREM. A partitioning of an arcwise connected space X into 
at most countably many disjoint closed sets is trivial. 


Proof. Let {En} be such a partitioning and let p,qg€X. We must 
show that p and q are in the same En. Let f be a continuous map of the 
unit interval into X such that f(0) = p and f(1) =q. Applying the lemma 
to the partitioning {f1(#,)} of the unit interval we see that for some n 
f+(4,) is the entire unit interval. Hence p=f(0) and g==f(1) belong 
to En. 
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3. Making a topology locally arcwise connected. Most, if not all, of 
the results of this section are known, but they belong to the realm of folk- 
theorems and are apparently not easily available in the literature. 

Let (X, J) be a topological space (i.e, X a set and F a topology for 
X) and let @ be the set of arc components of all open subspaces of (X, J). 
Suppose B, and B. are elements of @ and let B; be an arc component of 
O:€ J. Then if pe BN Ba, the are component of p in @,N G2, which 
belongs to @, is clearly a subset of B, N Ba. Thus B,N B, is a union of 
sets from 3 and hence @ is a base for a new topology M(JT) for X which 
is clearly stronger than J. 


3.1. Definition. We define an operation M on topologies as follows: 
if J is a topology for a set X then M(J) is the topology for ¥ which has 
as a base all are components of open subspaces of (X, J). 


The following theorem summarizes some of the most important prop- 
erties of the operation M. 


3.2. THEOREM. Let (X,J) be a topological space. 
(1) If J satisfies the first axiom of countability, so does IN(T). 


(2) If Z is a locally arcwise connected space and f is a function from 
Z into X continuous relative to the topology J, then f is also continuous 
relative to M(T). In particular (X, TJ) and (X,M(T)) have the same 
ares. 


(33 (X, M(F)) is locally arcwise connected, and in fact M(T) can 
be characterized as the weakest locally arcwise connected topology for X 
which is stronger than J. Hence M is idempotent. 


(4) The components of an open subset of (X, M(T)) are just its arc 
components when regarded as a subspace of (X, T). In particular the com- 
ponents of (X, M(T)) are the are components of (X, 7). 


(5) If X is a group and (X, J) a topological group, then (X,M(T)) 
is also a topological group and it has the same one-parameter subgroups as 


(X, 9). 


Proof. Given x € X and a countable base {@,} for the J-neighborhoods 
of s we get a countable base {@,’} for the M(J)-neighborhoods of = by 
taking @ to be the arc component of œ in @, (relative to the topology 
J, of course). This proves (1). 
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Let @ be the set of all are components of open subspaces of (X, J) 
so that by definition @ is a base for Mm (F). | 
Suppose f is a function from the locally arewise connected space Z into 
X which is continuous relative to J. Given Be @ we will show that 
f= (B) is open in Z which will prove (2). By definition of @ we can choose 
6€ J such that B is an are component of O. Given p€ f*(B) let W be 
the are component of p in f?(@). Then f(W) is arcwise connected, 
included in @, and meets B at f(p); hence f(W)CB. Since Z is locally 
arcwise connected and f-'(@) is open, W is open. Thus a neighborhood of 
p is included in f*(B) so f> (B) is open. i 
Next let Be B. By definition of B, B is arcwise connected when 
regarded as a subspace of (X, J). Hence by (2) B is an arcwise connected 
subspace of (X,M(J)). Thus M(J) has a base consisting of arewise 
connected sets so, by definition, M(J) is locally arewise connected. Since 
every @ € J is the union of its are components and hence belongs to M(J) 
it follows that 9n(J) is stronger than J.. Suppose J’ is a locally arewise 
. topology for X stronger than J. Then the identity mapping f of Z = (X, J’) 
into (X, J) is continuous and hence, by (2), f is a continuous map of Z 
into (X, M(T)), ie, J’ is stronger that (J). This proves (3). 
` I£ © is an open subspace of (X, M(J)) then, since M(J) is locally 
arewise connected, the components of @ are the same as the arc components 
of 6. On the other hand, by (2), the are components of @ are the same ? 
whether @ is regarded as a subspace of (X,I) or (X,M(T)). This 
| proves (4). | 
Finally, suppose that X is a group and let f be the map (x,y) > ty of 
XXX—X. If (X,F) is a topological group then f is a continuous map 
of (X, 7) (X, 7) — (E, J) and a fortiori (since I (J) is stronger than 
J) f is a continuous map of (X, N(T))X(X, M(IT))—> (XY, 7). Since 
by (8) (ZX, M(T))X(X, M(T)) is locally arewise connected, it follows 
from (2) that f is a continuous map of 


(X, IM (F)) X(X, M(F)) > (X, M(T)), 


ie, that (X,M(9)) is a topological group. It also follows from (2) that 
(X,J) and (X,M(TJ)) have the same arcs and hence the same one- 
parameter subgroups. This proves (5). 


3.3. Definition. If $ = (G, J) is a topological group, then we call. 
(G,M(T)) the associated locally arcwise connected group of 8. 
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4.. Weakening the topology of a Lie group. 


4.1. THEOREM. Let be a one-to-one representation of a locally com- 
pact group @ satisfying the second axiom of countability onto a locally y 
arcwise connecied group H. Then pi is continuous, 1. e., & is an Ehen 
of G with H. 


Proof. Let V be a compact neighborhood of eg, the identity of G. It. 
will suffice to show that ¢(V) is a neighborhood of eg, the identity of H. 
Choose an open, symmetric neighborhood U of eg such that CV. Then 
V—U is compact, so ¢(V — U) is compact and hence that complement of 
(V — U) is a neighborhood of ex. Let X be an arewise connected neighbor- 
hood of ey such that YX- does not meet ¢(V — U). 


Given g, and g. in p(X) we put g:—g2 if and only in "ED. 
Since U is a symmetric neighborhood of eg, it follows that ~ is a 
symmetric, reflexive relation on ¢7(X). If gg. and ge~g, then 
9:93 = (gige*) (gegs*) € UPC V. But $(9:99*) = #(91)#(g:)* € XX and 
since YX is disjoint from (V —U), it follows that ge UCU so 
gi—gs Hence ~ is also transitive and hence is an equivalence relation on 
(X). Let {ga} be a complete set of representatives of p> (X) under ~, 
one of which we can take to be eg. Given g€¢4(X) we can find a ga 
such that ga~g so gE Üga Thus {Ügu} is a covering of ¢7(X). If 
gE ÜQa N Ugg, then gag? € Ü = Ü and ggg*€ Ü, so gaggt€ UPC Y. But 
(gage) € XX which is disjoint from ¢(V—U) so gagp*€ UCU go | 
a gg and a=. Hence the Ug, are disjoint and therefore, since they 
have non-empty interiors and G satisfies the second axiom of countability, it 
follows that {Üg.} is a countable set. Now since ¢ is one-to-one, {X N ¢(Uga)} 
is a countable disjoint covering of X. Moreover since Ü is closed and-included 
in V it is compact. Hence each Ug, is compact, so each (Ọga) is compact, 
so each ¥ N (Ug) is closed in X. Now XN (Veg) is not empty, and 
in fact contains ey. Since X is arcwise connected it follows from (2.2). 
that YN¢(0) =X. Thus X C4(V)C 6(U?)C p(V) so (V) is a neigh- 
borhood of ey, as was to be proved. 


4.2. THEOREM. Let & be a locally arcwise connected, locally compact 
group satisfying the second axiom of countability. If the underlying group 
of & is a topological group &* in a topology weaker than the topology of $, 
then $ is the associated locally arcwise connected group of &*. In particular, 
&* is locally arcwise connected, then Y =G*. In any case the are com- 
ponents of open subspaces of &* form a base for the topology of & and both 
% and &* have the same one-parameter subgroups. _ 
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Since, by definition, the topology of §** is the weakest locally arcwise con- 
nected topology stronger than the topology of &*, it follows that the topology 
of & is stronger than the topology of 4**, i.e., the identity map ¢ is a 
representation of & on &**. It follows from (4.1) that ¢ is an isomorphism 
of & with 9, Le. $ = Yi, 


4.3. COROLLARY. If $=(G,T) is a Lie group satisfying the second 
axiom of countability, then the topology T of $ is minimal in the set of 
all locally arcwise connected group topologies for G. | 


5. The compact-open and modified compact-open topologies. Let X 
be a topological space and let X (X) denote the group of all homeomorphisms 
of X on itself. Given subsets of X Ky,---,K, and @,,---,@» with the 
K; compact and the 6, open define 


(Kı: i Ka; O1 i *, On) = {h€ A(X): h(K) GC Oii—1,: i n}. 


The compact-open topology for (X) is by definition the topology in 
which sets of the above form are a basis. If H is a subgroup of Œ(X), 
then the compact-open topology for H is the topology induced on H by the 
compact-open topology for #(X); equivalently it is the topology which has 
as a basis sets of the form 


(Kap: g Ka; 61,° b *,On)u = {hE H: k(K:)C Oii—1,: $ sn}. 


We refer the reader to [1] for details concerning the compact-open topology 
(it is called the &-topology there). We will need the following facts proved 
in [1]. 


5.1. If X is locally compact, then the compact-open topology for a 
group of homeomorphisms of X is admissibly strong and is weaker than 
any other admassibly strong topology. 


5.2. If X is locally compact and locally connected, then every group 
of homeomorphisms of X is a topological group in its compact-open topology. 


Immediate from the definition of the compact-open topology is 


5.3. Provosrrion. If H is a group of homeomorphisms of a space 
and Ga subgroup of H, then the compact-open topology for H induces on G 
the compact-open topology for G.. 


Another fact we will need is 
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| 5.4 Prorosiriox. If X is a locally compact space satisfying the 
second axiom of.countability, then the compact-open topology for any group 
H of homeomorphisms of X also satisfies the second axiom of countability. 


Proof. Choose a basis for the topology of X consisting of a sequence 
{6;} such that each ©, is compact. Then sets of the form (0i,-°-, Où, ; 
O; © +, O; )u give a countable base for the compact-open topology for HM. 


If & is a topological group, then the bilateral uniform structure 
for & is that uniform structure generated by uniformities of the form 
{(g,h) € $ X $: gh and ghe V} for some neighborhood V of the inden- 
tity in &. Like the left and right uniform structures for 4 the bilateral 
uniform structure is compatible with the topology of 9. It has a countable 
base, and is hence equivalent to a metric, if and only if & satisfies the first 
axiom of countability. Now in [1] Arens shows that if X is a locally 
compact, locally connected space and (X) is the group of all homeomor- 
phisms of X made into a topological group (5.2) by giving it its compact- 
open topology, then (X) is complete in its bilateral uniform structure 
(but not generally in its left and right uniform structures). If we now 

assume that X satisfies the second axiom of countability and use (5-4), 


we get a fact mentioned in a footnote. of [1]. o Maa 


\ 
5.5. Proposrrion. Let X be a locally compact, locally connected space 


satisfying the second axiom of countability and let H be a group of homeo- ` 
morphisms of X which is closed, relative to the compact-open topology, in 
the group of all homeomorphism of X. Then the compact-open topology 


for H can be derived from a complete metric, hence H is of the second 
category in its compact-open topology. 


Now it is a well-known fact that a continuous one-to-one homomorphism 
of a locally compact topological group G satisfying the second axiom of 
countability onto a topological group H of the second category is necessarily 
bicontinuous (see, for example, Theorem XIII, page 65 of Pontrjagin’s 
Topological Groups, where the proof is given under the assumption that H 
is locally compact, but only the consequence,.that H is of the second category, 
is actually used). Using this result together with (5.1) and (5.5) we get: 


5.6. PROPOSITION. Let X be a locally compact, locally connected space 


satisfying the second axiom of countability and let H be a group of homeo- 
morphisms of X which is closed, relative to the compact-open topology, im 
the group of all homeomorphisms of X. If H isa topological group im an 
admissibly strong, locally compact topology J which satisfies the second 
axiom of countability, then J is the compact-open topology for H. 


‘a 


f 
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5. Proposition. Let X be a locally compact space, G a topological 
group, and $ an action of G on X whose range lies in a group H of 
homeomorphisms of X. Then $ is a continuous map of G into H when the 


lutter is given its compact-open topology. 


Proof. Let K be the kernel of ¢. It follows from the fact that ¢ is 
an action that K is closed in G. Let h be the canonical homomorphism - 
of G on G/K and ¢= oh the canonical factoring of œ. Since h is 

continuous, it will suffice to show that & is continuous when H is given its 
| compact-open topology. Now it follows from the fact that h is an open 
mapping that $ is an.action of G/K on X and of course ¢ is one-to-one. 
Thus it suffices to prove the theorem when ¢ is one-to-one (i.e., effective in 
the usual terminology). It is then no loss of generality to assume that G 
is a subgroup of H and that ¢ is the injection mapping. We can then 
restate the proposition as follows: if the topology of G is admissibly strong 
` it is stronger than the topology induced on @ by the compact-open topology 
of H. Since by (5.3) H induces the compact-open topology on G, this 
restatement is a consequence of (5.1). 

Taking G= R in (5.7) and recalling the definition of admissibly weak 
we have. 


-5.8. COROLLARY. If X is a locally compact space, then the compact- 
open topology for a group of homeomorphisms of X is always admissibly 
weak. 


5.9. Definition. Let G be a group of homeomorphisms of a space X. 
the modified compact-open topology for G is the topology resulting from 
- applying the operation M (3.1) to the compact-open topology for G. In 
other words it is the topology for G in which the arc components of open 
subspaces of G (relative to the compact-open topology) form a base. 


A word of caution: since the operation M does not in general commute 
with the operation of inducing a topology on a subspace, there is no. analogue 
of (5.3) for the modified compact-open topology, i.e., the modified compact- 
open topology for a group H of homeomorphisms des not in general induce 
on a subgroup @ of H the modified compact-open topology for G. 


5.10. Proposition. If X is a locally compact space and G is a group 
of homeomorphisms of X, then the modified compact-open topology for G 
can be characterized as the weakest admissibly strong topology for G which 
is locally arcwise connected. Moreover, the modified compact-open topology 
for G is also admissibly weak. 
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Proof. The first conclusion follows from (5.1) and (3.2(3)). If ẹ is 
an action of R on X with range in G, then by (5.7) & is continuous when 
@ is given its compact-open topology and hence by (3.2(2)) when G is 
given its modified compact-open topology, i.e., the modified compact-open 
topology for G is admissibly weak. | 


5.11. Proposrrion. Let X be a locally compact space and G a group 

. of homeomorphisms of X. Then the modified compact-open topology is a 

Lie topology for G if and only if it makes G a Lie group. The sameïis true 
of the compact-open topology. 


Proof. This follows directly from the definition of a Lie topology (1.4) 
since we have seen (5.1, 5.8, 5.10) that both the compact-open and modified 
compact-open topologies are admissibly strong and admissibly weak. 


5.12. Proposition. Let G be a group of homeomorphisms of a locally 
compact, locally connected space X. Then G is a locally arcwise connected 
topological group in its modified compact-open topology. Moreover, G has 
the same one-parameter subgroups when given either its compact-open topology 

or its modified compact-open topology, in fact, in each case they y are exactly 
the actions of R on X with range in G. | 


Proof. The first conclusion follows from (5.2) and (3.2(5)). Since 
we have seen that both the compact-open and modified compact-open topologies 
are admissibly weak and admissibly strong, the final conclusion follows from. 
(1.2). 


5.13. Prorosırion. If X is a locally compact space satisfying the 
second axiom of countability, then the modified compact-open topology for 
any group of homeomorphisms of X satisfies the first axiom of countability. 


Proof. (5.4) and (3.2(1)). 


In general, however, it will not be true in the above case that the 
modified compact-open topology, like the compact- open topology, satisfies the 
second axiom of countability. 

The following is one of our main results concerning Lie transformation 
groups. 

5.14. THEOREM. Let 8 = (G, T) be a Lie group satisfying the second 
axiom of countability whose underly lying group @ is a group of homeomor- 
phisms of a locally compact, locally connected space X. If the topology J 
of & is admissibly strong, then it is automatically admissibly weak and hence 
G is a Lie transformation group of X and J its Lie topology. Mor eover T 
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is the modified compact-open topology for G and tf X satisfies the second 
axiom of countability and G is closed, relative to the compact-open topology, 
in the group of all homeomorphisms of X, then T is the compact-open 
topology for G. 


Proof. Since by (5.10) the modified compact-open topology for G is 
admissibly weak, everything will follow once we show that J is the modified 
compact-open topology (the final conclusion is a consequence of (5.6)). 


Let &* denote G taken with the modified compact-open topology. By 
(5.12) §* is a locally arewise connected topological group. Since & is 
locally arewise connected and has an admissibly strong topology, it follows 
from (5.10) that the topology of & is stronger than the topology of &*. 
Then by (4.8) § = $*, i.e., J is the modified compact-open topology for G. 


5.15. COROLLARY. If a Lie topology for a group G of homeomorphisms 
of a locally compact, locally connected space satisfies the second axiom of 
countability, then it is the modified compact-open topology for G. 


ws 


5.16. COROLLARY. If X is a locally compact, locally connected space, 
then the connected Lie transformation groups of X are precisely the groups 
of homeomorphisms of X which are connected Lie groups in their modified 
compact-open topology. 


Proof. (5.11) gives one part of the equivalence and, since a connected 
Lie group satisfies the second axiom of countability, (5.15) gives the. other. 


It is not possible in (5.14) to drop the assumption that & satisfies 
the second axiom of countability. For example, if @ is a non-trivial con- 
nected Lie transformation group of a locally compact, locally connected 
space X, then in the discrete topology G would satisfy the hypotheses, but 
not the conclusion of (5.14). This shows that Theorem 9 of [1] is false 
as stated. The latter states a result similar to part of (5.14) in a special 
case. It is probably true when the second axiom of countabiilty is added as 
an assumption on the group @, however, the simple (but invalid) analytical 
proof given seems irreparable and topological arguments of the type we have 

- used seem necessary. 


6. Some dimension theory. In what follows a space stated to have 
dimension, finite or infinite, is assumed to have a separahle metric topology. 
This is so that all the theorems of [8] will be valid. If X is a compact 
space and C a closed subset of X, then H1(X,C) will denote the g-dimen- 
sional Céch cohomology group of X modulo C, and I(X,C) will denote 


13 
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the g-dimensional cohomotopy classes of X relative to C, i:e., the homotopy 
classes of mappings of X into the g-sphere 82 which carry C into the north 
pole p>. We wish first to show that if dim X = q > 0, then these two sets 
are in one-to-one correspondence. Recall first that if ce X and q > 0, then 
H4(X,{c}) is isomorphic to H(X) = H(X, Ø) and that I(X,{c}) is 
clearly in one-to-one correspondence with M(X)=Ie(X,6). Now let X 
be the space formed by identifying the closed subset C of the compact space 
X to a single point c, and let f be the natural projection of X on X. 
Then f is a relative homeomorphism of (X,C) on (X,{c}), so, by. 
Theorem 5.4, pages 266 of [2], f* is an isomorphism of H7(X;{s}) with 
He(X,C). It is also clear that IM(X,{C}) is in natural one-to-one 
correspondence with I12(Y, {c}). Now suppose dim X = n < œ. Then 
dim (X — {c})-—=dim (Y¥—C)Sn so, by Corollary 2, page 32 of [3], 
dimX¥ <n. Now if dim X¥ <n, both H*(X) and I"(Ÿ) contain just one 
point, while if dim ¥ =n, then H*(X) and Ur(X) are in one-to-one corres- 
pondence by Theorem VIII 2, page 149 of [3]. Suppose now that n> 0 
and let us put all these one-to-one correspondences together : 


A(X, C) = H"(X, {c})e HZ) W(X) o 1"(X, {c}) > mX, C). 


6.1. Lemma. If X is a compact space of dimension n (0<n<oo), ` 
then there is a one-to-one correspondence between H"(X,C) and H"(X,C). 


6.2. THEOREM. Lei X be a compact space of finite dimension n> 0. - 
Then there is a closed subset C of X for which there exists.an essential map. 
of the pair (X,C) into (8", po). 


Proof. Since the inessential maps of (X,C) into (S",p,.) are just 
those in the same homotopy class as the constant map Po, it suffices to show 
that I"(X,C) contains more than one element for some closed subset C 
of X. In view of the lemma it suffices to find a closed subset C of X for 
which H"(X,C) 40. But if on the contrary H"(X,C) —0 for all closed 
subsets C of X, then it would follow from Theorem VIII 4, page 152 of 13] 
that dim ¥ =n—1, a contradiction. 


6.3. Borsux’s THEOREM. Let Y be a closed subspace of a space + 
. and © a closed subspace of Y. Let f and g be homotopic mappings of (Y,C) 
into (S",p.). If f has an extension F over X relative to S", then there is 
_ an extension G of g over X such that F and G are homotopic mappings of 
(X,C) into (S",p). 


Proof. This is stated and proved as Theorem VI 5, page 86 of [3] for 
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the case C == Ø. However the proof given actually proves the more general 
_ relativized form stated above. 


6.4. Lemma. Let Y be a closed subset of a space X and C a closed 
subset of Y. Let F be a map of (X,C) into (S",po) such that f, the 
restriction of F to Y, is an inessential map of (Y,C) into (S",p.). Then 
there is a neighborhood V of Y such that the restriction of F to V is an 
inessential map of (V,C) into (8", po). - 


Proof. Let g be the constant map y—> po of (Y,C) into (8, po). 
By assumption f and g are homotopic mappings of (Y,C) into (S8*, po), 
hence by (6.3) there is an extension G of g over X such that F and G are 
in the same homotopy class as mappings of (X,C) into (S",m). A fortiori 
if V is any neighborhood of F, then the restrictions of F and G to V are 
homotopic maps of (V,C) into (9”, po), hence it suffices to find a neighbor- 
hood V of Y for which G restricted to V is an inessential map of (V,C) 
into (8",p.). But clearly if U is any contractible neighborhood of po on 
8" then (U) = V works. 


_ The following result, or at least closely related ones, ate known. How- 
ever the proof is short and we include it for completeness. 


6.5. THEOREM. Let C be a closed subspace of a compact space X and 
let f be an essential map of the pair (X,C) into (8*,p.). Then the family 
F of closed subsets Y of X which include C and for which the restriction 
of f to Y is an essential map of (Y,C) into (S",p) contains a minimal 
eleinent. 


Proof. By Zorn’s lemma it suffices to show that the ordering of F by 
inclusion is inductive, i.e., if T is a chain in 5 and F is the intersection of 
the elements of T, then we must show that FE F. Suppose on the contrary 
that FE F. Since clearly CCF this means that f restricted to F is an 
inessential map of (F,C) into (S",p) and hence by (6.4) there is an open 
set V including F such that f restricted to V is an inessential map of (V,C) 
into (8",p,). Now {Y—V:YET} is a chain of compact sets with empty 
intersection and hence Y—V is empty for some YET. But then YG Y 
and hence the restriction of f to Y is an inessential map of (Y,C) into 
(S", po) so YEF, contradicting TC F. 


7. A criterion for Lie groups. This section contains the proof of a 
theorem reported by one of the authors in [4]. 
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t.1. Tueorem. Let G be a locally urcwise connected topological group. 
If X is a non-void compact, metrizable subspace of G of dimension n <œ, 
then either X has an interior point or else there is an arc A in G such that 
AX is compact, metrizable und of dimension greater than n. 


Proof. We note first that if A is any arc in G, then AY is compact and 
metrizable. In fact, A is the continuous image of the unit interval J under 
some map o so that AY is the continuous image of the compact, metrizable 
space J X X under the continuous map (t,v%)—a(t)a. The desired result 
now follows from Satz IX, §3, Chapter II of [7]. 


If n= 0 then either @ is discrete, in which case every point of X is an 
interior point, or else G has a non-trivial are A in which case AX has a non- 
trivial arc and therefore is of dimension greater than or equal to one. 

Now suppose n > 0. By (6.2) we can find a closed subset O of X for 
which there exists an essential map f of the pair (X,C) into (8",p.). By 
(6.5) there is a closed subset X’ of X including C such that f restricted 
to X’ is an essential map of the pair (X’,C) into (S",p.), but for any non- 
void open subset U of X’ disjoint from C the restriction of f to X’—JU is 
an inessential map of (X’—U,C) onto (8",p,). Without loss of generality 
we cen assume that e€ X’—C, for in any case this can be arranged by a 
translation. 

Let V be an arcwise connected neighborhood of e such that VV is 
disjoint from C. Suppose now that X has no interior points. Then certainly 
P- is not included in X”, so we can find a continuous map o of the unit 
interval into G such that o(0)=e, A==range of oC V, and o(1)-té X. 
Then edo(1)Æ4”, hence since X’ is compact, we can find an open neighbor- 
hood U of e with UC V and U disjoint from o(1)X’. By the choice of X 
the restriction of f to X’—- U is homotopic, as a map of the pair (X’— U, C) 
into {S*,#), to the constant mapping we po. By (6.3) it follows that 
there is a map g of the pair (4’,C) into (S",p.) such that g(x) = po for 
ze X’—-U which is homotopic to the restriction of f to X’ and therefore 
is essential. 

Now note that AC Uo(1)X’ is disjoint from U. In fact, U was chosen 
disjoint from o(1)X” while, since ACV and VV is disjoint from C, it 
follows that AC is disjoint from Ÿ and a fortiori from Ü. Then since 
gtx) = po for ze X’—U, it follows that the defining conditions h(x) = po 
for ve ACUc(1)X’, h(x) —g(x) for sve X’ are non-contradictory and 
define a continuous mapping h of MUACUe(1)X into 8". Jt follows 
from the essentiality of g that À does not have a continuous extension over 
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AX’ relative to S”. In fact, if h were such an extension of k, then 
A: Ix X’— 8", defined by H(t, x) =h(o(t)x) would be a homotopy.of g 
(considered as a map of the pair (X’,C) into (S",p.)) with the constant 
map t—> po. It follows a fortiori that h does not have a continuous extension 
over AX relative to $®. Since as we have already seen AX is metrizable, 
we can apply the theorems of [3]. In particular, by Theorem VI 4, page 83 
of [3], the existence of a continuous mapping of a ‘closed subspace of AX 
into $” which does not admit a continuous extension over all of AX implies 
that dim (AX) >n. 


7.2. THEOREM. A locally arcwise connected topological group G in 
which the compact metrizable subspaces are-of bounded dimension is a Lie 
group. 


Proof. Letn be the least upper bound of the dimensions of the compact, 
metrizable subspaces of @ and let X be a compact metrizable subspace of G 
of dimension n. By (7.1) X has an interior point g. Then Vg" is a 
compact n-dimensional neighborhood of the identity in G. Hence G is a 
locally connected, locally compact, n-dimensional topological group and, by 
the theorem on page 185 of [5], G is a Lie group. 


7.3. COROLLARY. If G is a topological group in which the compact, 
metrizable subspaces are of bounded dimension, then the associated locally 
arcwise connected group of G (Definition 3.3) is a Lie group. 


Proof. Since the topology of G*, the associated locally arcwise con- 
nected group of G, is stronger than the topology of G, the compact metrizakle 
subspaces of G* are also compact metrizable subspaces of G and hence have 
bounded dimension. 


7.4. COROLLARY. Let G be a topological group in which some neigh- 
borhood of the identity admits a continuous one-to-one map into a finite 
dimensional metric space. Then the associated locally arcwise connected 
group of Gis a Lie group and in particular if G is locally arcwise connected, 
then G is a Lie group. f 


Proof. Let f be a continuous one-to-one map of a closed neighborhood 

' V of the identity into a finite dimensional metric space X. Given a compact 

subspace K of G and ke K, kV NK is a compact neighborhood of k in K. 

- The map h>f{k"h) maps kV NK homeomorphically. onto a compact sub- 

space of X. It follows that kV’ N K is of dimension less than or equal to n. 

Since each point of K has a neighborhood: of dimension less than or equal 
to n, it follows that dim (K) Sn and (7.4) now follows from (7.3). 
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-8 A criterion for Lie transformation groups. 


8.1. Definition. A set ® of homeomorphisms of a space X will be said 
to be faithfully represented by a subset F of X if ¢€ ® and ¢(x) = for all 
z€ F implies ¢ is the identity map of X. 


8.2. THEOREM. Let &=(G,J) be a Lie group whose underlying 
_ group G is a group of homeomorphism of a space X and whose topology J 
is admissibly strong. Then some neighborhood of the identity in $ is 
faithfully repersented by a finite subset F of X. In fact, if dim § =n 
then F can be taken to have n or fewer points. 


_ Proof. "Given a finite subset F of X, let 
Gr— {ge Q: g(x) —x for all se F}. 


. Hach Gr is a closed subgroup of & and hence a Lie group. It will ‘suffice 
to prove that for some F containing n or fewer points, Gr is zero-dimensional 
and hence discrete. We prove this by showing that if dim Gr > 0, then for 
some z€ X we have dim G pyta} < dim Gy. In fact, let 6: td: be a non- 
trivial one-parameter subgroup of Gr and let { be a real number such that 
ize. Choose sE X such that g(a) <a. Then Guy, is a subgroup of 
Gr and & is a one-parameter subgroup of Gr but not of G pyts} 
There is a partial converse to (8.2), namely, 


8.3. THEOREM. Let Y — (G, J) be a topological group whose under- 
lying group @ is a group of homeomorphisms of a finite dimensional metric 
space X and whose topology J is admissibly strong. If some neighborhood 
of the identity in $ is faithfully represented by a finite subset of X, then 
the associated locally arcwise connected group of Y is a Lie group, and in 
particular if & is locally arcwise connected, it is a Lie group. 


Proof. Let U be a neighborhood of the identity in & faithfully 
represented by a finite subset vı,’ - -,2, of X and choose a neighborhood V 
of the identity with V?VCU. Then f: g— (g(#),: ::,g(2,)) is a 
continuous map of V into X”. Moreover, if f(g) —f(h) for g,h€.V then 
ghz) = g>g (xi) =v, i==1,2,---,n; since ghe U, it follows . that 
g'h=e or g=h. Thus f is one-to-one and since dim X” S n dim X < œ, 
the proposition follows from (7.4). 


8.4. THEOREM. Let X be a localiy compact, locally connected, finite 
dimensional metric space. A necessary and sufficient condition for a group 
G of homeomorphisms of X to be a Lie transformation group of X with the 
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modified compact-open topology as its Lie topology is that some modified 
compact-open neighborhood of the identity in G be faithfully represented by 
a finite subset of X. i | | 


Proof. Necessity follows from (8.2). Since the modified compact-open 
topology for @ is admissibly strong (5.10) and makes G a locally arewise 
connected topological group (5.12), sufficiency follows from (8.3). | 

Since the modified compact-open neighborhoods of the identity are 
generally impossible to determine while the compact-open neighborhoods of 
the identity are explicitly given, the following corollary to (8.4) is a more 
useful criterion than the theorem itself. 


8.5. Corontary. Lei G be a group of homeomorphisms of a locally 
compact, locally connected, finite dimensional metric space X.- If some 
compact-open neighborhood of the identity in G is faithfully represented by 
a finite subset of X, then G is a Lie transformation group of X and the 
modified compact-open topology for G is its Lie topology. In particular, 
if G itself is faithfully represented by a -finite subset of X, it is a Lie 
transformation group of X with the modified compact-open topology as ils 
Lie topology. 


Proof. A compact-open neighborhood of the identity in @ is a fortiori 
a modified compact-open neighborhood of the identity. 


It is perhaps in order here to remark on the relevance (or rather irrele- 
vance) of the various metrizability assumptions we have made in Section 6 
and thereafter. In general these have been made to justify the use made of 
theorems proved in [3], where all spaces are taken to be separable metric. 
_ However, since all the spaces to which dimension arguments are directly 
applied are, in this paper, compact, it is possible as the referee suggests to 
use the Lebesque definition of dimension in terms of the minimum number 
of interesecting sets in small open coverings, and drop all references to 
metrizability. For the results in Section 6 and for Theorem 7.1 this would 
strengthen our results. However for the main theorem, Theorem 7.2, 
dropping the reference to metrizability would at least formally weaken the 
theorem. Using the referee’s suggestion, Corollary 7.4 can be strengthened 
by replacing metric by compact in its statement. That this gives a really 
stronger result follows from the fact that a finite dimensional metric space 
can be imbedded in a finite dimensional compact space. In fact the referee 
notes that locally compact can replace metric in Corollary 7.4, provided the 
dimension of a locally compact space is defined as the supremum ofthe 
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dimensions of its compact subspaces. This is immediate from the proof of 
this corollary. Having noted this last fact it follows that in Theorems 8.3 
and 8.4 and in Corollary 8.5 we can drop the assumption that X is metric. 


9. A conjecture. Let X be a connected manifold satisfying the second 
axiom of countability. Let @ be a connected Lie transformation group of X, 
or what is the same (5.16), a group of homeomorphisms of X that is a 
connected Lie group in its modified compact-open topology. Let @ be the 
closure of G, relative to the compact-open topology, in the group of all homeo- 
morphisms of X. Then we conjecture that Ẹ is also a Lie transformation 
group of X and that the Lie topology of G is its compact-open topology. 

Ti this is so, then the structure of the class of connected Lie transforma- 
tion groups of X is very clear. On the one hand, there are those groups 
of homeomorphisms of Y which are connected Lie groups in their compact- 
open topology, and all others are analytic subgroups of these. The validity 
of this structure theorem would have many interesting consequences. 

If M is a differentiable manifold with X as its undérlying topological 
manifold, then we define a Lie transformation group of M to be a Lie 
transformation group of X consisting entirely of differentiable ‘homeomor- 
phisms. The differentiable structure of 47 allows one to develop an infinitesi- 
mal characterization of Lie transformation groups of M in terms of vector 
fields on M. This is carried out by one of the authors in a recent Memoir 
of the American Mathematical Society [6]. 


HARVARD UNIVERSITY. 
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composition in A. Specifically, this means the following. Let @ be the 
graph of the law of composition in A, so that G is a subvariety in AX A X 4; 
then our condition can be expressed by saying that both À and G are varieties 
(in 8 and 8" X Sr x & respectively) and that @ defines an abelian law: of 
composition in A. We observe that if e is the unit element in A, then & is 
the unit element in À; in fact, e is characterized by the condition that 
Prss(e X A X A)) is contained in the diagonal in À X A, and this condition 
is evidently preserved under the specialization. ' 


THEOREM 1. Let A and B be abelian varieties in S", and let T be a 
birational isomorphism between A and B; we assume that A, B, and T are 
all dejined over k. If the specializations A and B are non-degenerate, then 
the specialization T is a variety and defines a birational isomorphism 


between À and B. ` ‘ 


` Proof. It is clear that AX B is the specialization of À X B and is 
non-degenerate. If we denote the graph of T by the same symbol, then the 
support | T| of 7 is an algebraic subgroup in À X B; this follows from the 
fact that T is an abelian subvariety in À X B, and the fact that the law of 
composition in AXB is the specialization of the law of composition: in 
AXB. Let T, be a component in 7 which contains the unit element; then 
T is an abelian subvariety in A X B, and every component in | 7 | and hence 
also every component in Ë is obtained from T, by a translation. By 
assumption, we have pr, T= A and pr, T =B; hence, by specialization, we 
have pr; Î — À and pr, T=B. Since all cycles obtained from F, by trans- 
lations must have the same projections on À and B, we conclude readily 
that pr, o = À and pr. Ÿ— B, and that T, is the only component in T and 
has the coefficient 1. This shows that T— 7, defines a birational trans- 
formation between A and `B, which, since it preserves the unit elements, 
must be an isomorphism. | 
We turn now to the case of the curves C, and C, considered at the 
beginning of this note. Let C be a non-singular curve of genus g(C) in 8", 
defined over k; we shall say that the specialization © is non-degenerate if © 
is a non-singular curve and hence has the same genus g(C) as C. We assume 
that there exists a birational correspondence F between C, and Ca, defined 
over k, and that the specialization ©, and ©, are both non-degenerate. Since 
the conditions pr, F = C, and pre F = Ce imply by specialization the conditions 
pr: F — Ci and pr, F = C., we conclude that F is either a birational correspon- 
dence between ©, and C2, or has the form s X OC, + Ĝ, X y, for some points x 
` and y in ©, and ©, respectively. In case g(C,) = g (C) — 0, it can be easily 
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seen by examples that both possibilities can occur; however, in this case 
the assertion of Deuring is trivially true. In the next theorem we shall 
show that, except in this trivial case, the second possibility cannot occur; 
this’ implies that the specialization F is itself already such a birational 
correspondence. 


THEOREM 2. Let Cı and C, be non-singular curves of genus > 0 in 8, 
and let F be a birational correspondence between Ci and Cz; we assume that 
Ci, Ca, and F are all defined over k. If the specializations CO, and Ö, are 
non-degenerate, then the specialization F is a birational correspondance be- 
tween C, and Go. 


Proof. The theorem being “ geometric,” we may assume that the curves 


C and C, have rational points over k, and hence the curves C, and C, have 
rational points over į. In fact, we can enlarge & by a finite algebraic extension 
if necessary, and extend the discrete valuation in & to a discrete valuation 
of this extension; it is easily seen that the validity of our theorem over this 
extension will imply its validity in the original form. 

For i = 1, 2, we consider the Jacobian J; of O; and the canonical mapping 
fi of Ci into J; with reference to a rational point p; in O; (i.e, (pi) =e, 
e; being the unit element in J;), both J; and f; being constructed as in Chow 
[1]. It is essential for our purpose that J; and f; are constructed in this 
particular way, which we shall call the Chow construction, not just some 
arbitrarily chosen projective models of J; and the corresponding mapping fi. 
The reason lies in the fact that the Chow construction is “compatible” with 
specializations, at least when they are non-degenerate. Specifically, this 
means that if the specialization ©; is non-degenerate, then the specialization 
J; (which is a cycle in St: if St: is the ambient projective space of J;) of the 
abelian variety J; is also non-degenerate, and J; and f; are respectively the 
Jacobian and the canonical mapping of G; This fact is a special case of a 
more general “compatibility” theorem of Igusa [3] (Igusa treats only the 
algebro-geometric specializations, but it is easily seen that his proof is also 
valid for the more general specializations considered here at least in the 
non-degenerate case). For the sake of convenience, we shall assume that 
Pa— F (pı) ; then there exists a birational isomorphism T between J, and Ja, 
defined over &, such that Tof,—f,oF. If we denote by f the mapping 
fi X fe of Ci X C; into Jı X Jo, and if we denote the graphs of F and T by 
the same symbols, then the above relation implies that f (F) is contained in T. 
Since the specialization f =f, X fe is a rational mapping of G, X C into 
J, X Ja, it follows that the cycle f(F) is defined and is contained in Hal 
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By Theorem 1, 7 is an abelian subvariety in Jı X J; (it is in fact sufficient 
to know that | T'| is an algebraic group in J, X J») and is a proper subset in 
J X J.. If À is not a birational correspondence between ©, and C:, then 
by a previous remark we must have F= pı X C: + Cı X jo (we observe that 
|| must contain the point ÿ, X +) and hence 


FF) = 8 X fe(02) + (C1) X ëa. 


This shows that |7(F)| generates the entire variety J, X J», in contradic- 
tion to the fact that #(#) is contained in T. This proves our theorem. 
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FOURIER TRANSFORMS ON A SEMISIMPLE LIE ALGEBRA IL* 


By HARISH-CHANDRA. 


1. Introduction. The purpose of this paper is to complete the proofs 
of two results (Theorems 2 and 3) which have already been mentioned in 
[4(e),§1]. For the first one, the problem reduces to showing that the 
constants of the Corollary to Lemma 29 of [4(e)] are all equal. It is 
obvious that this can be done only by taking the singular elements of go 
into account. However, as we shall see, it is enough to consider only the 
best among these, namely, the semiregular ones (see Section 2). Let go’ be 
the set of all regular elements in go. We first show that a given semiregular 
element H, of g can lie in the closure of at most three distinct connected 
components of go’. Let I, be the real semisimple Lie algebra of dimension 3 
spanned by the elements H, X, Y satisfying the relations [H,Æ]—2%, 
[H, Y] =— 2Y, [X,Y]—H. Then zero is the only semiregular element 
in I, and certain computations on go around M, can be reduced to similar 
computations on I, around zero (see Lemma 8 and its Corollary). Now the 
distribution 7’ of [4(e),$ 7] satisfies certain differential equations [4(e), 
Lemma 30]. If we transcribe these equations on I, they become simple 
enough to be handled directly (see Lemma 12). In this way, one proves 
that T” coincides with a constant on some neighborhood of Hy. Theorem 2 
now follows from the fact that the union of regular and semiregular elements 
of go is connected (Lemma 13). Once Theorem 2 is proved, Theorem 3 can 
be obtained without much difficulty from Lemma 41 of [4(e) ]. 

For the convenience of the reader all calculations on I, have been col- 
lected together in the Appendix (Section 6). 

The main results of this paper have been announced in a short note 


[4(£)]. 


2. Transformation of certain integrals. We keep to the notation of 
[4(d), (e)]. Call an element X € g semiregular if- (1) ad is semisimple 
and (2) the centralizer of X in g is of dimension 7+ 2 (where l = rank g). 
Let 5, be a Cartan subalgebra of go such that 8 (ġo) =J, and let Hy be a 
semiregular element in ho. Define P, P,, Pa and P_ as in Section 5 of [4(e)]: 


* Received July 30, 1956. 
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Then since H, is semiregular,.it is obvious that &(H,) —0 for exactly one 
root & € P, and the centralizer of H, in g is 3=)+C2X,,+CX., Let Q 
- be the set of those roots a€ P for which a? takes only real values on h.. 
We claim «€ Q. For otherwise, suppose & ¢ Q and put B——6a,. Then 
B is also a root and B(H)—conja(H) (HEH,). This implies that 

ß(H,)— 0, and therefore Xg€ 3. On the other hand B ++ a since œ ¢ Q. 
Therefore it is obvious that Xg 3, and we get a contradiction. Hence a, € Q. 
Moreover, it is clear that ÿ(3) —3, and therefore (see [4(e), Lemma 10]) 
3 is reductive in g and ¿=o +1, where o is the center and Y= [3,3] 
=CH,,+CX,,-+ CX_., the derived algebra of 3. Obviously ø is the set of 
all HE}, where a(H)=0. Put op=oN ho. Then 30— 38 N go = 00 +1, 
where KL =I N go. Now dimp 30 = dim3— {+2 and dimg oo =l — 1. Hence 
dimr Io = 8, and this shows that I, is a real form of the complex semisimple 
Lie algebra I. Put Zy =2&o (Ha) Ho and define Q, as in [4(e), § 12]. 
We select Xa, and X-a in accordance with Corollary 1 of Lemma 46 of [4(e)]. 
Then ly = RA! + RX a + BX_ u if o€ Q, and 


l= R(—1)H ER) +R(—1)i (Xa + X-a) if æ € P 
In the latter case, I, is compact (see Section 6). Finally, 
Tp = B(—1)*H a! + R(—1)3(Xeg— X) +R(Xa + X-u) if ao € Po. 


Let Y be the set of those points in I which are regular (with repet to {). 
Put t = N Ip. 
Let q be the orthogonal complement of 3 ing. Then q = = (Cx a + CX_«) 
ae 
a: . 
and [3.q]C q. Let £(Z) (ZE 3) denote the determinant of the restriction 
of adZ on q. Then € is a ners: function on 3 which takes only real 
values on 30 and ¢(H#) = (—1)"+ Da): (HE), where r is the number 
ie 
of roots in P. This shows that 6(H,) 40. Let 30° be the set of those points 
ZE 30 where &(Z)>£0. Select an open connected neighborhood U of Ho 
in 30 and consider the factor space G* —G/Z, where G is the (connected) 
adjoint group of g and = is the centralizer of H, in G. We denote by 
z—>x* (se G) the natural mapping G on @*. Choose an open connected 
neighborhood V* of 1* in G*. Then if V* is sufficiently small, we can 
define (see Chevalley [2, p. 111]) an analytic mapping ¢ of-V* into G. 
with the following properties: (1) ($(z*))*=z* (2*€ V*) and (2) ¢ is 
regular on V*. Put V—¢(V*) and consider the mapping y: (2*, Z) > 4(x*)Z 
(a*e V*,ZE€U) of V* & U into go. We shall prove that y is regular. For 
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Yeg, and X* e V* put! Y.*=dr,(Y), where c—¢(2*) and r is the 
natural mapping of G on G*. Identify the tangent space of V* XU at 
(e*,Z) with go under the linear isomorphism 


Y+XoY„"xX (FE qo, À € 30): 
Then a simple calculation shows that 
das (T + X) == p(r*)X — Ela) ad Z (deu Pr): 
But since rọ is the identity mapping on V*, drzg(dbeeYoo*—Y) =0 if 
v==(2*), and therefore dd Y.„"=Y mod 3. Hence if Dzs, z = (b(2*)) dure, z, 
it is clear that 
Dy zX =X (XE go), Dyez¥ =—(adZ)¥ (Yeg), 


and so we conclude that |det(dy..,z) | = | det Dze.z | = |£(Z)| 0, since 
U C jo. This proves that y is everywhere regular on V* XU. Therefore, 
since the dimensions of the two manifolds V*X U and g are equal, it 
follows that y is also open and univalent provided V* and U are sufficiently 
small Put N=—y(V*XU). Then N is an open connected neighborhood 
of H, in go and y defines an analytic isomorphism of V* X U with N. 

Since 3, is reductive, the group = is unimodular, and therefore (see Weil 
[8, p. 45]) there exists an invariant measure dx* on G*. Let dX and dZ 
denote the Euclidean measures on go and 30, respectively. Then the above 
calculation shows that dx* can be so normalized that 


Sof, [vos 2) daz (fE 0N). 
N y*xU 


Select once for all an element a,€ ©,” (V*) such that f ao (z*) da* = 1, 


and for any yE 0.” (U) define fy € 0.” (N) by fyly(2*,Z)) = a0(2*)y(2) 
(x*e V*,ZEU). Then the following result is obvious. 


Lemma 1. Let ‘U be any open subset of U and put ‘N=y(V* X `U). 
Then 


J poz- fy |£|dZ for all y€ 0” (U). 
On the other hand, it is clear that o, and I) are mutually orthogonal. 


Let Uc and Ur, respectively, denote the orthogonal projections of U in ce 
and I). Then by replacing U, if necessary, by a smaller open connected 


1 We follow here the terminology of Chevalley [2]. The present computation is 
very similar to the one performed during the proof of Lemma 39 of [4(¢)]. 
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neighborhood of H, in jo’, we can assume that (1) U = Us + Up (2) Us is 
convex and a(H) 0 for any H€ Ue and aa in P, (3) if Ze Ur then 
tZ (0St=S1) is also in Ur Define the polynomial y as in [4(e),§6] and 
let go’ be the set of all regular elements in go Put U’=UM gq)’ and Ur 
= UN. Then we claim that U’=—= Ue 4- Ur. This is seen as follows. . 
Let A. be an indeterminate and J the identity maping of g. Then it is ` 
obvious that | 


det (aI — ad Z) — det (AZ — ad Z}a det (AI — ad Z)a (ZE 3), 


where the subscripts signify restrictions on the corresponding subspaces. Now 
suppose Z € U and Z = H + F, where H € Uc and Y€ Ur. Then it is evident 
that - ; 
det (AZ —ad Z) = A! det(Al — ad Ÿ )r, 


and therefore det(Al] —ad Z) = à?> det (AI —ad Z) det (AI —ad Y) The 
coefficient of À! on the left side is (—1)"7(Z), where r is the number of 
roots in.P. On the other hand, the constant term in det(A]—adZ), is 
(—1)%(Z), where g— dima. Moreover, since [ is of rank 1, À divides 
det (AY —ad F), and the coefficient of À in it is —4Q(Y), where Q is the 
Casimir polynomial of I (see Section 6). This means that 


(—1)"(Z) = $(—1)™¢(Z)Q(Y). 


‘Therefore, since £ is never zero on U, Z€ U’ if and only if Yely, and this 
proves that U’ = Us + Uf. In view of the above condition imposed on Ur, 
it follows (see Appendix, §6) that Ur is connected or it has exactly three 
connected components according as À is compact or not. Put N=-NNg. 
Then N—y(V*xX U’), and therefore we get the following result. 


Lemma 2. If a€ P_ then I, is compact and N N qo’ is connected. On 
the other hand, tf %€Q,U Po, Io is not compact and N Ng has exactly 
three connected components. 


From now on we shall assume that «€ Q,U Po. Call an element Z € Vo’ 
hyperbolie or elliptic according as Q(Z) is positive or negative. Let |; 
(i—1,2,3) denote the three connected components of [,’. We assume that 
Q is positive on I, and negative on I, and I, (see Appendix, 86). Put 


HE =H, X — Xa Y'= Xn If 00 € Q, and Die (— 1) (Xa — Xa), 
L= {Xap + Nat DEN, Y'= HA ae + Xo (— 1) Ha} 
if EP. Then L=—RH'+RX'4RY and [HX] =% [EY]. 
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=— 2Y", [X,Y] =H’. Moreover H’ is hyperbolic while X’ — Y’ is elliptic. 
We shall suppose that X’—Y’¢€ fp. Let duo and dy, denote the Euclidean 
measures on o and I, respectively. Every element in I, can be written in 
the form ¢H’-+2X’-+-yY’ (t,2,y€R). We normalize du in such a way 
that? dpr = (27) *didædy. Then since go is the orthogonal sum of s, and Io, 
we can assume that dZ = duodux. Put 


Go—00+ RH’ and bo, + R(X — Y’). 


Then a, and by are Cartan subalgebras of 3 (and also of go) which are 
invariant under 6. Let L be the analytic subgroup of G corresponding te Io, 
and let X, be the connected component of 1 in KNL. Since Mf, 
= R(X’ —Y’), K, is the one-parameter subgroup corresponding to X’ — Y”. 
Moreover K, is compact. For any fE Ce” (30), put 


a(i, He) = [Flo + iH + 2X") ax (d>0), 
WB) =| $| | F(He+o(eX’—e+¥")) (eet) dt (GE R640): 


for Ho€ oo Here F(Z) = f f(kyz) dk, (ZE 36) and dk, is the normalized 
Ki 


Haar measure on Æ, so that f dk, =1. Let R* and R- denote the sets 
Kı 


of all positive and negative real numbers, respectively, and put R’ == R U R-. 
Also let a1, bs, bs, respectively, denote the sets of all elements of the form 
Ho +tH’, Ho + t(X’ — Y’) and Ho —t(X’ — Y’) (tE Rt). Put by’ = b: U by. 
We can also regard &, and %, as functions on a, and bọ’, respectively, as 
follows : 


(Ho + iH) =8;(t, Ho), (Ho + $(X’—Y’)) = t (¢, Ho) 


(Ho€ oo, tE Et, pE BR’). Let a, D be the complexifications of a, bo in g. 
Consider the complex analytic subgroup Le corresponding to I in the (con- 
nected) complex adjoint group G, of g. Define two elements va and vp in Le 
as follows. va= 1, ve = exp{ (—- 1) (r/4)ad (Xa + X-«,)} if? «o€ Q, and 
va =exp{— (— 1)! (r/4)ad (Xu + X-u) }, r= 1 if de Po Then (see $6) 
H! = vaH a, (X'— Y’) = (—1)4v5Ha,’, and therefore val) =a, vg =b. For 
any root & of g with respect to h, we define a root aq with respect to a by 
alH) =a (vH) (H €a). Similarly, define a root «p with respect to b 
by ag(H) —a(v5 H) (Heb). We shall say that ag and ap correspond to « 


* Here m denotes, as usual, the smallest positive root of the equation sin t = 0. 
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‚under va and vs, respectively. Put r= (&o)a and A = (a); Then 7(H’) = 2 
and A(X’— Y’)—=2(—1)}. Let Pa and Pp be the sets of roots with respect 
to a and b corresponding to P under vq and vs, respectively. Define the 
Euclidean measures duo, dug on a, b by dua— duodt, dug = dpodd corres- 
ponding to H—Ho+tH’ and H—Ho+p(X —Y') (HEm; HEL; 
Ho € 05; t,p€ R). Put 3i = co + li (i= 1,2,8). 


Lemma 3. For any fE C.” (30) define &,, Yy as above. Then &, and Y; 
lie in 6(a.) and 8 (bọ), respectively, and 


J ID= fin [raz fal Haug (12,3). 


Since ø is the center of 3, it follows without difficulty that 3(p)®; = sp, 
OP) 8; = Yay for PE S(o) (see [4(d),§2] for notation). Therefore since 
the carrier of f is compact, our statement follows from the work of the 
‚Appendix, especially Lemma 16. 

Let =’ be the normalizer of c, in G and Z, the analytic subgroup of G 
eorrespoftding to ĝo. 


Lemma 4. # is also the normalizer of 30 in G and every element of =’ 
leaves I, invariant. Moreover, € D HD €, and E, is of finite index in =. 


Since op is the center of 3 and 30 the centralizer of o, in go, it is obvious 
- that ® is also the normalizer of 3 in G. Moreover, since Jy is the derived 
algebra of 30, tlo— 1 for ze’. Finally, since 3, is the centralizer of Hy 
in go, it is clear that 2 CHC #’. The finiteness of #’/Z, is a consequence 
of Lemma 15 of the Appendix (Section 6). 

We shall now show that if U is sufficiently small, sU N Je Ø (ze G) 
unless vE #. This is done as follows. Since S(T)C S(g), we can regard Q 
as a polynomial function ọn g. But then, since « and I are orthogonal, 
Q(H+Z)—=Q(Z) (HEo,ZEÏ), and therefore Q(Z,)=0. Choose a 
positive number §. Then we may assume that U is so small that |Q(Z)| 
<8 |a(Ho(Z))|? (ZEU) for all aa in P. Here Ho(Z) denotes the 
orthogonal projection of Z in o for any Z€3. Since [o,1]— {0}, it is 
clear that Ho(yZ) = Ho(Z) (y€ Lo ZE3). Hence 


min |a«(Ho(Z))| = min | «(Ho(Z)) | —=min | «(Ho(Z))|. 
asta ar x atA . 
acPp aePa ae PE 
Moreover, if Z€ a, Q(Z) —27(Z)? (see Section 6). Let V—UyU. Then 
s EL 
it follows that if Z€ Ü Na ” 


| +(Z)| <8|a(Ho(Z))| for all aAr in Pa. 


FOURIER TRANSFCRMS ON A‘ SEMISIMPLE LIE ALGEBRA II. 659 © 


Similarly, if Z€ Ū N Bo, then |A(Z)| <8|@(Ho(Z))| for all a AA in Py. 
Now suppose ô is so small that 84 and 


s[a(H’)|S1 (ae Pa), 8 B(K’—Y|S1_— (BEF). 


Then since Z=He(Z) +4r(Z)H’ for ZEUNa, it follows that a(Z) 
= «(Ho(Z)) +4r(Z)e(H’) for «€ Pa Therefore if ar, 


| @(Z) | 2 28 | a(Z)| Z 28{| «(Ho(Z))|—4|7(Z)| | «(E9 
> (2—8| «(H’)|)| ZU = | r(Z)|- 


This proves that | «(Z)| > |r(Z)]| for Ze Ü N ao and ar in Pa. Similarly, 
|a(Z)|>|a(Z)| (x € Pia) for ZeŪ Nb. Moreover, we have the 
following result. i 


Lemma 5. The two Cartan subalgebras a, and bo are not conjugate 
under G. í 


Since 8 (00) = co, H’€ po and X’—Y’€ f, (see [4(e),§12]), it is clear 
that ao N Éo =o MF, while bo N fo =o N io + R(X — Y). Hence l{bo) 
=/_(a,) + 1 in the notation of [4(e),§8]. Therefore a, and b, cannot be 
conjugate. | 

Put ,-UN ĝi (i= 1,2,8). 


COROLLARY. Suppose Z, € U, and Z€ U, UT, Then Z, and Z, cannot 
be conjugate under G. 


For otherwise suppose Z= zZ, (x€ G). Since U, Cool, we can 
select (see Section 6) y€ L such that Z/’ = yıZı€ a. Similarly, we can 
choose y,€ L such that Z? = y:Z:€ bo. Obviously Z:, Z, are regular in go, 
‚and therefore the same holds for Z,’, Zy. Hence a, and bo, respectively, are 
the centralizers of Z,’ and Z, in go. Moreover, Zy =v Zy ("=yayı"), 
and therefore ba = T'o. As this contradicts Lemma 5, the corollary follows. 

Now suppose æZ € U for some v€ G and ZEU. First, let us assume 
that Z€ U.. Then obviously zZ is regular in go, and so it follows from the 
Corollary to Lemma 5 that aZ € U,. Hence yıZ, yotZ are in Uo+ BH’ 
for some 41, ÿ2€ L. Put Z,== 9,2 and t, = yty". Then since a, is the 
centralizer in gy both of Z, and siZ, we conclude that 2a). Let Wa be 
the Weyl group of g with respect to a. Then +, defines an element s€. Wa. 
Put sr=7 and Z.==2,Z,. It is clear that 7(Z:)—7+(7;). On the 
other hand, since Z, € 09 a, | (21) | min |a(Zı)|. Therefore | 7’(Z2)| 

= . REFA 





—min|«(Z.)|. But since Z, is also in Ü Na, we know that |r(Z.)] 
aE Pa 
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<|a(Z:)| for any root as&r in Pa Hence r= +r. Now co is the set 
of all HEa where .r(H)—0. Therefore un == Sco == co Since L is 
contained in #, this proves that ze 2’. 

Similarly, if Z€ U,U U:, we can choose y, € L such that Z = 712 € Ua 
-+R'(X'’— Y’). Again it follows from the Corollary. to Lemma 5 that 
sZ € U.U Us, and therefore y:7Z € Uo + R'(X’'— Y’) for some y, € L. Hence 
Tbo = bo (dı=Ysrzyı') and the corresponding element s of the Weyl group 
Wg (of g with respect to b) maps À into +A, and therefore again ze ®. 

Finally suppose Z is singular.. For any X € go, let nx denote the set of 
all FEg, such that (adX)¢¥ —0 for some integer g>1. We call nx 
the null space of X. It is obvious that if X is a singular element in U, 
nx==30 Hence 3 is the null space of both Z and zZ, and therefore 
T3o = 30 In view of Lemma 4 this implies again that ze =’. 

Now from Lemma 4, we can select a finite number of elements uo = 1, 
Ui, * °, Uy € & such that the cosets WE, (0 Si M) are distinct and their 
union is Æ. Suppose we Z for 0O SiS m and uf Z form<i<M. Then 
WH, AH, (m<i<M), and we may assume that U is so small that 
Uc N = Ø (m<i<M). Select i such that se uo. Then we claim 
that 1m. . For otherwise, suppose i> m. Since U==Uc+ Uj, it follows 
that aU als Let On the other hand, from Lemma 4, #Uo and zU; 
are contained in o, and I, respectively, and since o is the center of 3, 
TÜo = WUo, and therefore UsNxUs=®. But obviously, this implies that 
U N xU = Ø, and we get a contradiction with our assumption that sZ € UN gU. 
Hence i<m and therefore ze. 

Put Üo = N UU a, Get EU; and Ü = Tot Uy. Since Uo is con- 


1sism 
vex, the same holds for Us. Moreover, in view of its definition, Q is invariant 
under any automorphism of I. Hence if ZE Uj, it is clear that | 0(Z)| 
<8 |a(Ho(Z))|* for all roots a 4a, in P. Therefore it follows from the 
above proof that z7N Ọ = Ø (xe G) unless ze. 


Eu 


. Lemma 6. It is possible to select U in Lemma 1 so that it satisfies the 
following two further conditions. 


(1) €U=U0 (EZ), 
(2) UNzU—=® for any ze G which is not in =. 


As we have already seen, U satisfies the above two conditions. The 
univalence of the mapping (2*,Z) > $(x*)Z of V* X U into go is an imme- 
diate consequence of the second condition. Since the earlier conditions 
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imposed on U (see p. 656) are obviously fulfilled by U, the statement of the 
lemma follows. 

Let A and B be the Cartan subgroups of @ corresponding to a, and hs, 
respectively. Since L is a normal. subgroup of # (see Lemma 4), AL and 
BL are subgroups of Z and AL = LA, BL=LB. Let’ m LB] denote the 
index of LB in Z. 


LEMMA 7. Z= LA and [B: LB] =2. Let sy denoie the W eyl ee 
in Wy corresponding to the root X€ Pp. .Then [E: LB] =2 af and only if 
there egists an element E€ E which coincides with sy on b. 


Let z be any element in =. Then zh, —1, from Lemma 4, and therefore 
Q(¢H’) —Q(H"), O(a(X’— Y’)) =O(X’—Y’). This shows that tH’ €l, 
and #(X’—-Y’) ELU 13. Hence we can select 1, Y2 € L such that y, 12H’ € R-H’ 
and y2te(X’—Y’) € R’(X’—Y’). But since sp(ad(zX))?—sp(adX)? 
(z€ G, X € g) this implies that ya’ =H’ and yo1a(X’— Y’) = + (X’— 7”). 
Now if ¢ is sufficiently small and positive, H, + tH’ is nonsingular and so its 
centralizer in Gis A (see [4(c), Lemma 3]). Hence yı"'z€ A, and so v € LA. 
This proves that == LA. On the other hand, choose, if possible, an element 
&€ Z such that & X — Y^) —— (X’—Y’). In case yel X’ — Y’) = X’— Y", 
the above argument applied to Ho -+t(X’—Y’) (te R’) shows that ze LB. 
So now suppose yota(X’— Y’) =— (X’—Y’). Then -é*y,1¢(X’ — Y’) 
== (X’—Y’), and therefore &*y,1c€ B. This proves that ze LEB = LB 
in this case. Hence [#: LB] S2. Moreover, it is obvious that [=: LB] —1 
if € does not exist. So let us assume that & exists. We claim é¢ DB. For 
otherwise, &=yb (yel,beB), and therefore y(X’—Y’) —é(X’—Y’) 
= — (X’—-Y’). But this is impossible (see Section 6), and therefore 
[£: LB] ==2 in this case. Since ér =v, it is clear that £b =b. Let s be 
the element of. W 5 corresponding to & Then 


8 (Ho + i(X’—¥’)) = (Hot (ET) 
=H —t( X — Y’) =s (Ho + t(X'—Y')) (ER). 


But if ¢ is suitably chosen, Ho + (Z à is regular in ge Then since 
Ss, leaves it fixed, we can conclude (see [4(c), Lemma 4]) that ss). 
This completes the proof of the lemma. l 

Now select U once for all according to Lemma 6. 


Coronary. Let 2 be an element. in G such that z(a NU) meets 
anu. Then ze A. Similarly, if AUTRE U) meets: Dei U SEE G, i= 2, 3), 
then y€ B. : 
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Select H,€a,9U such that sH € a NU. Then since a, is the cen- 
tralizer in go of both H, and H, == xH, a = zao. Hence + defines an element 
s€ Wa. But to =v, since xE from Lemma 6. Therefore it is clear that 
sr= tr. But r(s*H,) =7(H,) >0 and H.€a,. So we conclude that 
sr =r, and therefore sH’ = H’. This proves that (H, -+ tH’) =H, + tH’ 
(te R), and therefore from [4(c), Lemma 3] x€ A. The proof in the other 
case is quite similar. 

Define N =y4(V*X U) as in Lemma 1, and put T=Uny 
N: =4(V*X U) (1—1,2,8). Moreover, let b= b, b= b, N'—N,, 
N-=N, if [2: LB] =1 and b =b =b, U b, Nt=N-= NU N, if 
[E: LB] =2. Let p be any polynomial in S (g) which is invariant under 2. 
Then we denote by pa and pg its restrictions on a and b, respectively. The 
following lemma contains the main result of this section. 


Lemma 8. For any yE C0.” (U), define fy€ Ce” (N) as in Lemma 1. 
Then i 


for ax = 3 f pa | te PO(gu)rcdue, 
Nı ay 


So a£ =} (al Po | éo [23 (q6) Yielèy dus 


for p,q€ I(g) and y€ C” (U). 


If Uo is the orthogonal projection of U in o, U Na, C Uo + RH 
CaoNgo where R, is an open interval in R*. Therefore, since Us is 
connected, U Ma, is contained in a connected component of ao N go. Put 


ra [[ a. Then ra? takes only real values on ao, and so we can select a 
acPa 


complex number e such that ef — 1 and er. is everywhere positive on U N a. 
Since U, CUo +, it is obvious that N, C U e(a N U). We claim 
zeG 


Ni=NO U z(a NU). For suppose zH EN for some z€ Gand HE a NU. 
æeG 


Ther zH —¢(2*)Z for some 2*€ V* and ZEU. It follows from the 
Corollary to Lemma 5 that Ze U, and therefore Z == yH, (y€ L,Hi€anv). 
But then we conclude from Lemma 6 that 27*$(2*)y€%, and therefore 
z€ p(x*)#. Since ZH CU, (by the Corollary to Lemma 5), it follows 
that zH € 6(2*)U, C N, and this proves our assertion. Moreover, the above 
argument shows that if 2HEN (z€ G,H€a,NU), then 2*€ V*. We shall 
need this fact presently. 

Put G—G/A and define ¿H =H (ze G,H€ a), where z— z7 is the 
natural mapping of G onto G. Then in view of the above result and the 
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Corollary to Lemma 7, we can normalize the invariant measure dz on G in 
such a way (see [4(a), p. 501]) that 


Sa E= f Dan [ati (g€ Ce(N:)). 


Put Z= H/A and let dë denote the invariant measure on Z, Then it is 
clear that if dé is suitably normalized, 


fema- f a Í. g(a(EH))d—é (ge Ce” (Go), HE aN go). 
G G* = 


Now put y, (H) = ma (H) f_o Has (HERNE) for gE C.” (go). (It 


follows from Theorem 3 of [4(e)] that the above integral is convergent.) 
Then if g == fy (y€ C.” (U)), 


Yn (H) =ra(H) f de® f feH) (Heand). 


We have seen above that if 2HEN for some z€ G and HE a. NU, then 
2* € V*, Therefore 


mE) [dr SAU) DD (HEN). 


But f,(p(x*)Z) =wala*)y(Z) (2*€ V*%,ZEU) from the definition of fy. 


Therefore, since U is invariant under =, we get 


Yn (H) =ra(H) f a(d fy GED 
=r(H) fyEDE (Heand). 
Moreover, since Z = LA it is obvious (see Section 6) that 
Sy) (He a), 
where c is a positive number independent of H or y. Therefore 
Wty (H) = ord (H)®,(H) (ye C? (U), H€ NTU), 


where ra’ is the product of all roots as4r in Pa. On the other hand, ¢ is 
invariant under L and since r is everywhere positive on a,, it is clear that 
| fa |? = ema’ on a, NU. Hence yyy = cet) 34 on a NU. Now suppose 
P4€Ï(g). Then 
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SO) = f (era (H))* pH) dua ff (EH 56(q) ) da 
Ny wany G 


me Í. ar Dn (H ;9(qa) ) dpa 
from Theorem 3 of [4(e}]. But 3 


mad (Ya) Wry = Cera T0 (ga) (Dirty) = 6 | Ca |78 (qa) (Stein) ` 
on ai U. Therefore since ®j;j3, is zero on a, outside a, N U, it follows 
that i | 
Si, POEZO) AX — S| Br (qu) red 
ı 1 


In order to determine c, we put p=q=1. Then 


[hate f Ita lréretdue—c [sd dune f |b] dz 
M . ay : i : a Uy _ 


from Lemma 3. Therefore we conclude from Lemma 1 that c= 4. 
Now we come to the secend formula. Since U: C Uo +, (i— 2,8), 
we prove as before that N; C U (bi NU). Moreover, by the same argument . 
zeG 


as used above, we show that N,UN;=NN( Uz(b’NT)). Now first 
æeG 


suppose [#: LB]—1. Then no point in N, can be conjugate (under G) 

to a point in Ns. For otherwise, we could choose H,€ hN U (i= 2,8) .and 

xE G such that xH,—H, But-as we have seen during the proof of Lemma 

7, this implies that x coincides with s, on b, which is impossible since 

CE: LB] =1. Hence NN( U ewn U)) is empty if i= 2, j= 83- or i= 3, 
en 


j=2. This shows that N,—NN U æ(b NU) (i—2,8) in this case, and 
zeG 


the proof of the second formula now proceeds in the same way as that of 
the first. | 


So let us now assume that [E: LB] =-2 and select an element 2€ 8 
which coincides with są on b. Then zb; =b, and therefore NUN; 


=NA(U 2(beNU)). Define r5— II « and choose, as before, a complex 
zeG ecPÿ 


number e such that «f — 1 and emp? is everywhere positive on U N ba. We use 
our earlier notation except that now G— G/B, 2==/B and 


Vo(Æ) =r(H) f, g (@H) dz (HE Bo N go”, g € Ce” (Go) ). 
Then again | 


YH) =a) [ENDE  (HebNngye 0 (U)). 
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Let L= (LB)/B. Then since Z =— LB U(LB)z, it follows that 


Sr DE- f EDEL f yE) : (H €b). 


Moreover it is clear (see Section 6) that there exists a positive number c 
such that | 


IAD] Pro, (D) (HebUb,ye ce (U)). 
For any function g on b,U bs, let g* denote the function H>g(sH) 
(H €b: U bs). Then since m—=|m|—=|% ||A| on b2U, we conclude 
‚that 


Wty == COTY + (Pier) 
on ba NU. Now suppose p,g€& I(g). Then since 
Nt=N,UN,;=NN U a(b N U), 
zeG 
it follows that | 
S PORE S (el) pE) d S fy (6450 (0) Jae 
= € f mp(H)p(H)yr,(H;8(g6) )dus as before. Furthermore, 
2N U 


E50 (qs) pry = ¢ | & ÈLA] a Cg6) (Eier + (Erer) 


on ba N U. Therefore, since b* == b U bs, it is clear that 


[po HAE =e [16 PIA] peð (gs) Pride. 


In order to determine c, we again put p =q =1. Then 


f pax =e Í là | Pinda = 2e f |é] yaz 
Nt br UgU Us 


from Lemma 3. Therefore c= +4 from Lemma 1. This completes the proof 
of Lemma 8. 

Define the polynomial „€ I(g) as in [4(e),§6] and put «= | ra | a”, 
a=] ap | wot on NU and b? N U, respectively. Then as we have seen 
above, ea and es are constant on a MU and bin U (i=2,8), respectively. 
Moreover since mm — — rp, it'is clear that es (H2) =-—-5(Hs) if Hi€ NU 
(i= 2,3). 
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COROLLARY. Let k be any integer Z0. Then for any £E I(g), 
S POP AL =H f ar (ratta) ® etsdu 
1 ay 


f POET ax — 4 fears 0 ws) dda 
for y€ Or (U). 


This follows immediately from Lemma 8 if we observe that ya== ma, | 
no =m? and r] fa |è = | ra | = eara, |A || éo [$= | 76 | = orn on a NU and 
bo N U, respectively. 





8. Proof of Theorem 1. Since h = o + CHa it is clear that every poly- 

nomial in S(h) can be written uniquely in the form p =2 Prot where pr € S(o). 
o 

Let s, denote the Weyl reflexion in } corresponding to %. Then since Hu, 
is orthogonal to o, it is obvious that p° == py and 8 9%==— 4. Therefore 
if p= p, we can conclude that p,—0 if k is odd. Now let £ be a homo- 
geneous element in I(g) of positive degree and r an integer 20. Then if £ 
is the restriction of é on 6, it follows that (see [4(d), Lemma 9]) that 


Em?r es > a?" gr, 
320 
where q€ S(o). Similarly, 


2 z 
ttt — > Qo range , 
mao 


where again gw E S(c). Put 


Pu pos, > Ca tıtam, amd (minr) Im (k = 0) 


mz0 


in the notation of [4(d),§2]. Let d°(p) denote the degree of any poly- 


nomial p€ S(g). Then it is obvious that g, and gm are homogeneous and 


d (qx) = d°(£) + 2rd (x) — (2r + 2k), 
L (dm) = (2r +1)d (a) — (Qr-+ 14 2m), 
Therefore py is also homogeneous and . 
(pr) = 2 (r) — RE) +86 +1 (k= 0). 


Lemma 9. For any given integer r= 0, we can choose a homogeneous 
element E€ I(g) of positive degree such that the corresponding polynomial 
px =<0 for some k. 
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Put e—1 or (— 1} according as «o lies in Q, or in Po. -Then «* ea 
takes only real values on Hy. Let D, denote the set of all HE, where 
a*(H) >0. Similarly, let b- be the set of those H € họ where a*(H) <0. 
We call b, and h, respectively, the upper and lower halves of ġo. 

Let du denote the Euclidean measure on h, and € the distribution on hy 
given by | 


E(g) = ( gdp | (g € Ce (bo)). 
be $ 


Put €,=4@(2?") (1? E). We shall first prove the following result. 


Lemma 10. There exists a homogenous element EEI(h) of positive 
degree such that H, lies in the carrier of O(E)E,. 


Let O denote the polynomial function on b defined by O(H) 
——B(H,0(H)) (Heh). Let W be the Weyl group of g with respect to 
b, and consider the polynomial 

I (6—0) =e gpt H +a (we 8(5)) 

8 
in the indeterminate ¢ with coefficients in S(b). It is obvious that qi 
(1S iS w) are homogeneous elements in I(Ņ) of positive degree. Replacing 
t by O we get, 


Dr + 0% pig M. 


Now if our assertion is false, we can choose an open connected neighborhood 
V of H, in ho such that 3 (q:)E-—=0 on V (1SiSw). Therefore since 


a(0”) + 4(O"*)8(q1) +: +0(qw) = 0, 


we conclude that 9(D*)E,=0 on V. But D is obviously a positive-definite 
quadratic form in .§), and therefore this differential equation is cf the 
elliptic type (see Garding [3]). Hence it follows (see [7, p. 136] and [6]) 
that €, must coincide on V with an analytic function. But €—0 on b. 
and therefore €, —0 on V NH. Moreover, V N H- is open and not empty 
since %(H,) —0. Therefore we conclude that €, —0 on V. On the other 
hand, V NH, is also not empty and €—1 on VNb, Therefore ö(r)E, 
= (rt) pt Gr Hy on V Nb, But we know from the Corollary 
to Lemma 18 of [4(d)] that <x?"4, 77715 is a positive constant. This con- 
tradiction proves the lemma. 

Now in order to prove Lemma 9, we select (see Lemma 9 of [4(d)]) a 
homogeneous element ¿€ /(g) of positive degree such that its restriction € 
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on ý fulfills the condition of Lemma 10. It is obvious that d(H)E—=0 for 
HE a. Moreover, 


E(8(do) (20g) ) = Í 920) (cag) du == 0 (9 € Ce” (bo) ), 


and therefore a9(a))€==0. We claim that 
a (ak) (aE) = (dla) am) E (mzk=V0). 


This is obviously true for k—=0, So we assume k=1 and use induction 
on k. Then 8(a**) (arE) = (8 (ack *)ao”)€, and therefore 


O(a) (aa) — (Aa) )E + (Oleo )a 992 )E — (A(aot)a")E 
since m >k—1 and a@(a,)E=—0. Hence if k>m, 
O(a) (aa) — A(x") ((O( ao) ")E} = Cao am) Ha E. 
Now consider 4(£)E.. Then if 


Er?" ss > Go" kg merite > aq) 
&zz0 mz0 
(Ir Im’ € S(c)) as before, it is clear that 
IEE, — En?) (a?) Ben: £ 2 Peot) ao bin G y €) 


— E (Olr) qmi lao) (arme) 
k,nız0 
I (6(gx)9m (O(a) 19242) E 
he 

+ > (Ole) Gm’ )< % 2743420", do?" 2m ga 2k-2m-1) E 
komzo 


since o and Ha are orthogonal. Now the first sum is obviously equal to 
(8 (En? ir 7")€. But (Er )r?"*t is a homogeneous polynomial in S(b) of 
degree d°(x) —d°(é) which is skew-invariant under W. Therefore it follows 
from Lemma 10 of [4(d)] that itis zero. Put 89 —9(a%#1)€ (kZ0). Then 


I(E) E = = pd, 
where the polynomials Pr € S(c) are defined as before by 
Pr = se > ‚(8 (dmessi) Im ga arrrzm, a pies, 


On the other hand, since BEE >=0, not every p, can be. zero. This completes 
the proof of Lemma 9. 

Now fix r and é once for all as in Lemma 9 and let k, be an integer 
such that Px3<0. As before, let duc denote.the Euclidean measure on ap. 
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Lemma 11. If Ue is any open neighborhood of Hy in oo, we can select 
a function fE C.” (Uc) such that 


__ §0 if kko 
fox due N if k= ko (k>0). 


Let kı < ka <<: >< km be all the values of k for which 7,540. Then 
as we have seen pz, is a homogeneous polynomial in S(s) of degree 
dr) — L (E) +2h,4+1 (1Stsm). Therefore, regarded as functions on 
Us, Prs’ * "> Pxn are linearly independent over C, and our assertion follows 
from Lemma 20 of the Appendix (Section 6). 

Now let a, =o) + R*H’ and by’ =o + R’(X’—Y’) as before. We Cefine 
the 6-distributions (see [4(d),§2]) Ea and Est on a, and by’, respectively, 
as follows: 


€a(91) -Í gı dpa (gE 8(m)); 


Est (ga) = Í pdm Em) f gds (g€ 600). 


Let 80 —9(#1)€, and *85—=d(r**)Es* (k20). For any automor- 
phism y of g and p€ 8 (g), let p” denote the polynomial function X > p(y1X) 
(Zeg). Then it is clear that ma== a's, ro = 7” and p”a= p” == p for 
DES(o). Moreover, (ao)”a =r, (2%) =À and (Erar—&, (E) =é in 
the notation of Lemma 8. Therefore 
Eva =>; Trk, mart = D rm gy 
k=0 mao 
&grp? = > drt? at = > A27+1+2m Im» 
k=0 m20 
Moreover, it again follows without difficulty that 3 (H)Ea =0, ô (H )Es = 0 
for H€o and rô(r)Ea=0, AO(À)E5*—0. Therefore we conclude in the 
same way as before, that 


a (£ara?") (aa? Ea) =2 Pda? 
=0 


a (érg? ) (ap? Ep) = Di pr”. 
#20 


Now U being defined as in Lemma 8, let Uo and Ur denote the orthogonal 
projections of U in op and Ip, respectively. Select go € C” (Us) according to 
Lemma 11, and for any BE C.” (U), define y8€ Ce (U) by 


ys(Ho +Z) = go(Ho)B(Z)| é(Ho + 2)|> (Ho € Uo, Z € U1). 
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Moreover, let Fg = fy; (in the notation of Lemmas 1 and 8) and 
pelt) =f BUH!’ + 2X’) dz (der) 
va) = |s] f Belex — er’) (eet) dt (s€ R’); 
0 


where? B(Z) =r f "p(wiZ) dt and u,—exp(tad(X’—Y’)). Put $s(0) 
— Lim a(t) (LE R°), ya (0) —Limya(s) (s€ Re) and yp (0) — Lim ÿy(s) 


(s€ R-). All these limits exist (see Section 6). Also let x’ denote the prod- 
uct of all roots «£ æ in P. Then x’(H,) 0. We set e=|2’(H,)|/a’ (Ho). 


Lemma 12. Let g=d’(£) and a==e(—1)%{a(Hag,) } 2k, where 
k, has the same meaning as in Lemma 11. Then for any BE Ce” (Ur), 
St @o Foix — aga(0), 
1 


where Bo = ô (Q*) 8. Similarly, 


S PO FraX —— aya (0) 
if [E: LB] =1, and, if (=: LB] =?, 


J OERA —=— afya (0) + var (0)). 
NU Na 


Define ea and ep on a, N U and bọ N U as in the Corollary to Lemma 8. 
Then <q is constant on a, N U and e5 on ben U (i—2,8), and it is obvious 
that ro (Ho) =m (Hy) =x (Ho) 0, where md = (m) a, mg = (m)? 
Therefore since ra = rra’, by making H tend to H, (H € a N U), we conclude 
immediately that ea =e. Similarly, e == — (—1)?e and (—1)%e on Db, and 
bs, respectively. Hence it follows from the Corollary to Lemma 8 that - 


Si TOTE Foi — fea (m0 (rata) ® eo) 
— de(—1) 9S 8a (pad eiva) = — Fe(— MID Ea (prô (rt) Deja) 
K20 20 
in yiew of our result above. But it is clear that 


Bey, (Ho + tH’) = go(Ho)ys(t) (Ho€ Us, tE R*). 


Let H, denote the element in a such that B(H,H-)=r(H) for all Hé a. 
‚Then it is clear that r(H,) = %(Hq,) = Go, %>, and hence Hr == 4a, DH”. 
Therefore 
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Eq (prô (T°) B | clays) 
= (Oho, Qop Ds J, PrJodpc f (d?**165/dt?***) dt. 
6 
On the other hand, we know from Lemma 17 (Appendix, Section 6) that 


pros = 2d hp/dt?*. 
So it follows from the definition of g, that 


S| CE) Fp dX — «an, a 2? (— 1) (0), 


and this proves the first formula. 
Now suppose [E: ZB]=1. Then it follows again from the Corollary 
to Lemma 8 that 


f OEE paX = + ge (— 1) 2Ep° (mgt (mon) Y | cide) 
= + fe(—1) 08D CO (rl)  ge(—1) #8 D Es (RI) Wy clave) 
k=0 kZ0 


Let H, denote the element in b such that B(H,H,) —A(H) (Heb). Then 
\(Ay) = ao (Ha) = Ko, %> and Hy = vH a = —4(—1) 4a, a> (X’— Y’). 
Therefore 


Ext (prô (AE) Yes) 
= ao, oX? (— 1 )#-39- CR) nds “(a *yp/dt2*) dt 
< > „DI | 
o D 


and 
Es (prô (A1) ets) 


— Cato, ao) (— 1) Ag- J, pagoda f (ayaat, 
3 -% 
On the other hand, 
dans = (—1)*2 dye /dt™ 
from Lemma 17 (Section 6). Therefore 
Es (prô (AE) Wr) 
= + Go, ar (— 1) 32" yon‘ (0) JS prodno, 


and by taking into account the definition of go we get, 


Sr (ME) Fp dX = —eC Ho, «opt (— 1) 424 y (0). 
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Finally, suppose [2: LB] =2. Then again from the Corollary to Lemma 8, 


JS, wo Fa AX = — hel —1) (rom) Viet), 
2 3 


where & = Ept — Ep, and we conclude from the above caluculation that 


S, CTE) Fo AX —— an ae (—1) Rty (0) + Yo (0). 


This completes the proof of Lemma 12. 
We are now in a position to prove the main result of this section. 


THEOREM 1. Let r and £ be defined as in Lemma 9 and let C1, Co, C3 be 
three complex numbers. We assume that cc; in case [Z: DB] =2. 
Let N, be an open neighborhood of H, in N and let T be the distribution 
on N, defined as follows: 


T= Saf Aly tax (FE Ce" (Wo)). 


Then O(£)T —0 implies that cı = Cr = Ca. 


Let „U be an open neighborhood of H, in U and ,V* an open neighbor- 
hood of 1* in V* (see Lemma 1 for the definition of V*). We can choose 
oV* and „U so small that p(x*)Z € N, for z* €, V*, ZE QU. Let Ue and 
oU, be the orthogonal projections of „U in o, and Ip, respectively. We may 
further assume that U = .Uo-+ oU;. Moreover, we can suppose that the 
carriers of the functions a, and g, (used in the definitions of fy and Fg in 
Lemmas 1 and 12, respectively) are contained in „Y* and oUo, respectively. 
Then it is clear that Fse 0,” (N,) for any BE CO.” (oUr), and therefore 
T(ö(E)Fg)—=0 by our hypothesis. On the other hand, it follows from 
Lemma 12 that 


T'(O(E) Fa) = a{ciparo)s (0) — capaco 8 (0) — capracnrya(0) } 
since Co==€ when [£: LB] =2. Now put B=O (ye Ce (oU:)) and 
yo—8(Q%) (OF). Then it is clear that 
Cid (0) — copya (0) — care (0) = 0 


for all y€ C.” (Ur). On the other hand if c= 2*k,!T (ko + 4)/T (4), it 
follows from the Corollary of Lemma 18 (Section 6) that &,,(0) =t#, (0), 
Yy (0) == cy,*(0). Therefore, since c is positive, we conclude that 


cay (0) — capy (0) — Cay (0) = 0 
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for all y€ C.” (QU), and now it follows from Lemma 19 (Section 6) that 


Cy = Co == C3. 


4, Proof of Theorem 2, We shall now apply Theorem 1 to prove that 
the constants C, > ',Cy of Lemma 29 of [4(e)] are all equal. But first 
we need one additional fact. 


Lemma 13. Let S denote the set of those elements in go which are 
either regular or semiregular. Then S is connected. 


Suppose V,, V, are two closed subsets of g such that V, U Vi == qo 
and F, N FaN S=—@. Then we have to show that S is contained in one 
of the two sets Va, Va Let 5, be a Cartan subalgebra of g, such that 
6(Ho) == Ho. We use the notation of Section 2. For any root «€ P, let ou 
denote the set of those H €H, where «(H) —0. Moreover, let U be the 
complement in Ho of the union of the sets o Mog (BEP; aß). Then 
U is connected (see the Corollary to Lemma 42 of [4(e)]), and it is obvious 
that U CS. Therefore U is contained in one of the two sets V,, V.. But 
since U is dense in ho, we conclude that either V, oz Va contains ho. 


Let X be an element in S. Then since @ is connected, |} æX is a 
` eg 


connected subset of S. Then if Xe Vi, it follows that sX € V; for every 
ze@ (i=1,2). Now select à such that bo C Vi Then t(QoM go’) C Vi 
(ze G), and therefore since o N go’ is dense in Do, tho C Vi. 

Let a, be a fundamental Cartan subalgebra (see [4(e),§8]) of go such ` 
that ao (üo). We may assume that a, C V1. For any Cartan subalgebra 
To-0f go, define I_(T,) as in [4(e),§8]. We shall prove by induction on 
Lo) —I.(Bo) that ho C Vi. If L.(ao) —1-(bo), Do is also fundamental and 
therefore conjugate to a, under G (see the Corollary to Lemma 32 of [4(e)]). 
Hence it follows from what has been said above that , C Vy. So let us 
now suppose that 1.(§o) < (a). Since K is compact and ag Mf is a 
maximal abelian subalgebra of £, (Corollary to Lemma 31 of [4(e)]), we 
may assume (by replacing M by a conjugate Cartan subalgebra) that 
ho N io Cao Mf. Let qo be the centralizer of Bo N Ép in go. Then obviously 
8(do) = qo and therefore qo is reductive in go (Lemma 10 of [4(e)]). More- 
over, since Ĥo is maximal abelian in go, it is clear that Do N po is a maximal 
abelian subspace of qo N bo. Let L be the connected component of 1 in the 
centralizer of hp Nf, in K. Then L is compact and its Lie algebra is qo N Lo. 
Moreover, since qo is reductive and 6(qo) = qo, any two maximal abelian sub- 
spaces of qo N ÿ are conjugate under L (see Cartan [1] or Lemma 39 of 


15 
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[4(b)]). Therefore since ae N Po C qo N Po, we can select k€L such that 
ao N Po C kho N Po). Then by replacing Ñe by kh, we can assume that 
Do N Do D ao N Po and HoN Ëo C aoN Éo Now since Do is not fundamental, 
there exists a root «€ P which takes only real values on e (see 
Lemma 83 of [4(e)]), and we can assume that Xas Y 4€ go and 
Xu X-a Efo (Lemma 46 of [4(e)]). Then bou + R(Xe,—X-«,) i3 
a Cartan subalgebra of go and 9(h,) = Hı. Since a is identically zero on 
Bo N fo, it follows that og, D bo N fo, and therefore 1_(§,) = (bo) +1. Hence 
bı C Vi by our induction hypothesis. On the other hand, we can obviously 
choose a point H € oa such that «(H) 540 for any root «340, in P. Then 
H is semiregular and therefore bo N bı N S349. But since V, N Va NS = Ø, 
we conclude that hy must also be contained in V.. 

Now let X be any element in go’ and let hy denote its centralizer in go. 
Then hx is a Cartan subalgebra of go and some conjugate of br (under @) 
is invariant under 4 (see [4(c), Corollary to Lemma 1]). Hence it follows 
from our result that hy C V,. Therefore, since X € Hx and ge’ is dense in qe, 
we conclude that F, = go. This proves that SC Vj. 

Define Jo and T” as in Lemma 27 of [4(e)]. Then 7” is a distribution 
ON Go. 


Lemma 14. There exists an open neighborhood V of S in go and u 
constant c’ such that T’=c' on Y. 


Since S is connected, it would be sufficient to prove that T’ coincides 
with a constant on some open neighborhood (in go) of any point X.E S. 
If X, is regular, this follows from Lemma 27 of [4(e)]. So now suppose 
that X, is semiregular. Then since adX, is semisimple, X, is contained 
in seme Cartan subalgebra a, of go. Select sE G such that H(za,) = za. 
(see the Corollary to Lemma 1.of [4(c)]), and put H,=zX,, Tao = be. 
Then since T” is invariant under G, it would he sufficient to prove that T” 
coincides with a constant on some neighborhood of He. On the other hand, 
we know from Lemma 30 of [4(e)] that @(&)7”’—0 for any homogeneous 
element €€I(g) of positive degree. Now select a neighborhood N of He 
corresponding to Lemmas 1 and 2, and let g; (11k) be all the distinct 
connected components of g which meet N. Then kS3 from Lemma 2. 
Moreover, it follows from Lemma 29 of [4(e)] that there exists an open 
neighborhood N, of He in N, an integer r= 0 and complex numbers c 
(1 Sisk) such that 


PT) = Zaf rofa 
1SISKk NNG 
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for all fe C° (No). Now the set of singular elements of go obviously has 
Euclidean measure zero. Therefore if k= 1, it is obvious that 


N al) FAX — 0n", a”) f fax, 


since 7 is a homogeneous polynomial of even degree. Moreover, <y", "> 0 
(Corollary-to Lemma 18 of [4(d)]). Therefore 7’=c, on N, in this case. 
So let us now assume that &=2. Then we may obviously suppose that N 
is chosen in accordance with Lemma 8. Select é corresponding to Lemma 9 
and let us use the notation of Theorem 1. If [E: LB]=2, we know from 
Lemma 7 that there exists an element &€* such that x(X’—Y’) 
=-— (X’— Y’). On the other hand, if ¢ is positive and sufficiently small, 
Hy t+ t(X’—Y’)¢€N. while «(H,+t(X’—Y’)) =H,—t(X’— Y’) € Ng. 
Moreover, since G is connected, the points y(H,-+¢(X’—Y’)) (y€ G) are 
all contained in the same connected component of go’. Therefore it is clear 
that both N, and N, lie in the same connected component of go’. Hence 
i; 2 in this case. This shows that 


<a ial’ (F) = E af nô (q) f aX (FE Ce” (Na)) 
15153 N 


(in the notation of Theorem 1) where c,’, 67’, cs’ are certain constants and 
Co’ = cx in case [E: LB] =2. Furthermore, 9(£)T’—0 as we have already 
observed above. Hence it follows from Theorem 1 that c = c? = cs, and 
therefore 


Ta S FODE era f fax 


for all fE C.” (No). This proves that T’ coincides with c,” on No. 
We can now prove the following theorem. 


THEOREM 2. Let ho be a Cartan subalgebra of go such that? 0(b5) = Do 
and D, a connected component of Yo’ =Ho N go. For any FE B(go), put 


$ (H) =r (H) f f(e*H) de® (HED) 


in the notation of Theorem 3 of [4(e)]. Then there exists a real number c 
such that - | 


Lim $;(H; (x) ) = cf (0) (HE hh) 
H>0 
for all FE (ao). Moreover c— 0 tf Ho is not fundamental. 


3 In view of the Corollary to Lemma 1 of [4(c)], the assumption ed) = Ye is 
obviously unnecessary. However, we make it here for convenience. 
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Since go C 8, it follows from Lemma 14 that T’—c’ on gẹ. Hence 
we conclude from the Corollary to Lemma 29 of [4(e)] that T’—c on go. 
In view of the definition of 7”, this implies that 


Ean g (O50) == of (0) (FE B(G0)), 


where c is a complex number independent of f. We know that 7 takes only 
real values on go (see [4{e),§6]). Select an element Ho€ ho’ and put 
e=|r(H,)|/r(H,). Then it is clear that ex takes only real values on hy’. 
Let us choose a real-valued function fE @(go) such that f(0) —1. Then 
obviously 6 (er) (epz) — ð (a); takes only real values on hy’. Since = +1, | 
it follows that en #,(0;ö(=)) is real. Finally we know from the 


Corollary to Lemma 34 of [4(e)] that c—0 if Ho is not fundamental. 


5. Proof of Theorem 3. Our next object is to prove the following 
theorem. 


THEOREM 3. Let ho be a fundamental Cartan subalgebra of go such 
that? 6(§o) =o.. Let Bir), * +, Bq be all the distinct connected components 
of Bo’ == Ho N go and cr * +,Cq the corresponding real numbers of Theorem 
2. Then a+ t24; > +0. 

` If the ranks of g and ¥ are equal, this follows immediately from Lemma 

41 of [4(e)] and Theorem 2. So let us now suppose that rank g > rank t. 

We. use. the notation of [4(e),§5] and put g = U zho. Then if the 
. ze 


invariant measure dz* on @/A is suitably normalized, 


f'rcoax- f f(a*H) | = (H) |? dd 
Bı G*X Do 


for fE O.(g:). Here 4X and dH are the regular Euclidean measures on 
Go and Ño, respectively. On the other hand, it follows from the Sorellary 
to Lemma of [4(e)] that 


J. f(a*H) de* if f(k (mH + Z))dkdmdZ 


for HEH’ and fe L (go). Here r, = II «, dk, dm are the Haar measures 


aePy 
on K and M, respectively, and dZ is the Euclidean measure on no. More- 


over f dk —1. Since h, is fundamental, no root in P can vanish identically 
K 


on hy Mf, (see Lemma 88 of [4(e)]). Therefore o 4~—é6a for a€ P,. 
On the other hand, since « and —-#a coincide on Dy, it follows from the 


678 : HARISH-CHANDRA. 


Then it follows from Lemma 19 of [4(e)] that y€ 8(6.”) and ô(r,)yy 
= yamg- On the other hand, we know from Theorem 2 (applied to Io) 
that there exist constants ec’ (1S%=g) such that 


Lim y (A 380) = 0/9 (0) (H Ebo”) 
for every ge (l). Moreover, since Do N fo is maximal abelian in mo, we 


conclude from Lemma 41 Ct [4(e)] (applied to [lo,lo]) that ¢/-+-- Lo, 
320. Now put 


F,(X) -Í F(kX)dk (X€qo) and g,(L) -f Ë,(L-4Z)dZ (Let). 
y lo 
Then #5 == yg, and therefore 0(7)p5=—0(x")Yoron ON Yo’. Hence 
Lim $5 (H ;ö(#)) = Lim you (E39 )) = (0:09) (HE Bw). 


Now put F, (X) = f F(kX)dk (X€ go). Then since g is the orthogonal 
K 


sum of no, lo and 9(no), we conclude from the theory of Fourier transforms 
` that 


nE) = f Fra +2)a2 
-f exp{(—1iB(L,L)}F(L+Z)dLdZ (VEN). 
Xo 


Here dL is the (suitably normalized) Euclidean measure on I» Hence it 
follows easily that 


ga(0:0(€)) = (—1) J. gs (L + Z)dLaZ, 


where 7, is the number of roots in P, Select Le, and Ze Ho such 
that £(L)F,(L+Z)-20. Then it follows from Lemma 16 of [4(e)] that : 
nbL=L-+Z=zH for some neN, ze@ and HEH’. Hence L=yH if 
y=n"z. Let br denote the centralizer of L in go Then }z—yho, and 
therefore hz is a fundamental Cartan subalgebra of go. On the other hand, 
since the ranks of I, and go are the same, it is evident that Jz Co, and 
therefore, obviously, both Ho and Hr are fundamental Cartan subalgebras‘ 
of the reductive algebra I,. Hence it follows from the Corollary to Lemma. 
82 of[ 4(e)] that br = mb, for some me M. Since L is a regular element 


5The notion of a fundamental Cartan subalgebra is extended to reductive Lie f 
algebras over R in the obvious way. 
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of Br, we conclude that L== mH, for some H,€h,, and therefore £(L) 
= (H) =7,(H;) >0. This shows that 


gi(0;8(€)) =ef | ¢(L)| P.(b+2)dLdz—e f | €(L) |? Fi (nL) dLdn 
LXN 
from Lemma 15 of [4(e)]. (Here e= (—1)'#2) Now put, = Um (Bo). 


Then as we have seen above, £(L)F,(nL)=0 (neN,Lel,) unless LE. 
Moreover, it is clear that there exists a positive constant a such that 


f f(L)db =a f (mE) |» (H) |? dmdH 
h MX 
for all fe 0.” (4,). Hence 


91(0;0(£)) = ae f | €(H) |? Fi (mH) | x (H) |? dmdH dn 





=a f Jr (H) |? F(knmH)dkdmaHdn 
=a f | w(H) |? F(x*H) da*dH 


a ac f F(X) dX — ae 
from the Corollary to Lemma 14 of [4(e)]. This proves that 
Lim $7 (H ;8(#)) = acc; (ZH € hay). 
H>0 


But since F (0) = 1, this implies that c: = aec/, and therefore a +: - <- cg 


= de(cs +: +00) AO. 


6. Appendix. Let 3 be a subalgebra of g and =, the analytic sub- 
group of G corresponding to go. We assume that 3 is reductive in gg. Let 
©’ be the normalizer of 4 in G. 


Lexma 15. Suppose rankgo==rankgo. Then the factor group E /Zo 
is finite. 


Since 3) is reductive, we can select (see the Corollary to Lemma 2 of 
[4(c)]) a finite number of Cartan subalgebras Ña, © ‚br of à such that 
every Cartan subalgebra of 3, is of the form wh, for some s€ Z, and some t 
(1Sisr). Suppose b, is conjugate to h (115%) under = but not 
to h (k<isr). Select &€ 2’ such that &hh=h 1Sisik (£ —1). 
Now let ve. Then it is clear that ch, = yh: = yé, for some y€ E, and 
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some i (1Si=%k). Since rank3— rank go and 3 is reductive in go, §, is 
also a Cartan subalgebra of go. Let A’ be the normalizer of h, in G and A 
the Cartan subgroup of G corresponding to ġa. Then A’/A is a finite group 
(see [4(c), Lemma 10]). On the other hand, if A, is the analytic subgroup 
of G corresponding to hı, AM Zo D Ao. Moreover, from Lemma 7 of [4(e)], 
A/A., is both compact and discrete and hence finite. This proves that 
(£4 A 2’) /A, is a finite group. Select elements a; € A’ N =’ such that A'N EB’ 
is the union of 0,4, (1SJ=N). Then it is clear that vyé; € a,A, for 


bog 


Zo is obviously normal 


1m 


some j, and therefore v€ yga! C £a; tÆ, since 

in ®. This shows that the order of the group =/=, cannot exceed rN. 
Let T be the semisimple Lie algebra of dimension 3 spanned over by the 

three elements H, X, Y which satisfy the relations [H, X] = 2%, [H, Y] 


=— 27, [X,Y] =H. Let Q denote the Casimir polynomial of [. Then 
Q(tH + 2X + yY) =8( + xy) (ta, ye C). 


Moreover, h = CH is a Cartan subalgebra of Y and there are only two roots 
œ and —@ given by a(H) —2H. We take « as the positive root. Then 2 
coincides with 2° on ÿ. Hence an element Z ET is regular if and only if 
2(Z) 540. Let I’ denote the set of regular elements in I. 


2 


Consider the automorphism y of I given ‘by? 
y= exp{— (—1)?(r/4)ad (X + ¥)}. 


A simple calculation shows that v(H) = (— 1) (X —Y), (X — Y) = (—1}H 
and (X + Y) =X +F. Therefore RH + RX + RY and (RH + RX + RY) 
—R(—1)H+R(—1) IX —Y) +R(X+Y) are two isomorphic ‘real 
forms of I. Since Q(H) —8 > 0, they are not compact. On the other hand 
R(—1)8H + R(X—F) 4+ R(—1)3(X + Y) is also a real form of I which 
is compact since Q is negative definite on it. We shall denote by I, either 
one of the two® real forms RH + RX 4 RF and R(—1)44 + R(X —Y) 
+ R(—1):(X+T7). Put L/=1Nl. II, is compact, zero is the only 
singular point in Ie, and therefore I,’ is connected. On the other hand, if [, 
is noncompact, the singular set of I, consists of all points tH +X + yY 
(t,2,y€ R) satisfying the equation ??+zy=0. In this case I,’ has three 
connected components 1, I», Is given as follows: - 


L:@+ay>0; L:fP+ay<0,¢>y; hb: +zy <0,x< y. 
Notice that Hel, and X—YEf. Let U be a neighborhood of zero in Jy. 


“It is not difficult to see that apart from isomorphism these are the only two 
real forms of J. However, we do not need this fact. 
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We assume that {ZE U (0StS1) whenever Z€ U. Then it is obvious 
that UNI, is connected if I, is compact and consists of three connected : 
components UNI; (i=1,2,3) if I, is not compact. 


From now on we consider only the noncompact case. The mapping 
(tH +X +4Y) > C = (t,2,y€ C) is an isomorphism of 1 onto the 


Lie algebra of all 2X 2 complex matrices with trace zero and we may 
identify the two under this isomorphism. Then I, becomes the real sub- 
algebra of I consisting of the real matrices. It is clear that Q(Z) =— 8 det Z 
and the two eigenvalues of Z are + (—detZ)? (ZE). Call an element 
ZEI’ hyperbolic or elliptic according as these eigenvalues are real or pure 
imaginary. Then I, consists of hyperbolic and I,U {s of elliptic elements. 
Let L be the (connected) adjoint group of I. It is easily seen that every 
hyperbolic element is conjugate under L to tH for some real t40. Moreover, 
since expZad(X—Y) maps H into — H, we can always assume that ¢ > 0. 
Let R* and R- be the set of all positive and negative real numbers, respectively, 
and put R’—=R+UR-. Then we prove similarly that every element in I, 
and Ij, respectively, is conjugate to 6(X—Y) for some 8 in R* and K. 
It is easy to check that there exists no element ve L such that «(X —Y) 
=— (X—Y). 

Let dZ denote the Euclidean measure on I, given by? dZ = (2x) *dtdady, 
where Z =tH +aX-+yY (t,2,y¢€R). Consider the one parameter sub- 
group K in L corresponding to (X—Y). Then K is compact. Let dk denote 


the normalized Haar measure on K so that f dk — 1. 
l SK 


Lemma 16. For any f€ Co(Io) put 
a(t) = f JOH + 2X)de (tE R+) 
¥/(6)—=|6| f'FCEX—etY))(#—et)dt (9ER), 
where F(Z) — f f(kZ)dk (ZEL). Then 
| 3 fre [lave | 
Saw f oeoa, raz J" le] ve). 


Since f vanishes outside a compact set, it is seen without difficulty 
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that ®, and Y; are well defined. Put ky—exp{@ad(X—Y)} (Be me and 
consider the mapping (6,t,2) > (v,2’,y’) given. by 


ka (tH +aX) =H +X +y, 


where 0&0 < x, i>0 and ze R. It follows from general considerations 
(see [4(a), Lemma 9]) that 


| ac’, x’, y’) /8(8, t, €) | ss ct, 


where c is a constant. To obtain its value we compute the J acobian at 8—0. 
Now 


{ (0/00) kg (tH + £X) } o = [X — Y, tH + 2X] —cH — UX — ar. 


op nip ey x —2t —Àt - 
are T 5 ) u — det k 0 oO ) =— 24. 
? = 0 1 0 
Therefore c==2. Let A, N be the one-parameter subgroups of L corresponding 
to H and X, respectively. Then we know from general considerations (see 
Iwasawa [5]) that L= KNA. Therefore every element in I, can be written 
in the form t(knH) (kE K,n€N,t€ Rt). Since kr—1, it follows that 


every point of I, is obtained under our mapping (6,t,%) —> ko(iH + 2X). 
Moreover, a direct computation shows that this mapping is univalent. Hence 


Hence 


Í F(Z) dZ = 2 (im) Sa [eat J FGH + 2X) ) de 
fat J Fit + 2x) de ft eat. 


Moreover, if L*—L/A and dx* is the invariant measure on L*, it follows 
from the Corollary to Lemma 15 of [4(e)] that 


Bl) =t f PCH) de® (fF Celle), tE R) 


provided dř is suitably normalized. 


Now put a—exp{tadH} (4€ R) and consider the mopping ee k 
— (#,x,y}) given by 


kga,(6(X—Y)) =tH+a7X +y'Y 
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(O&S p <r, tE Rt 0ER). Then again it follows by general considerations’ 
(or by actual computation) that 


| a(t, a, y')/8(4, t, 6)| Fe ch? (et — et), 


where c is a constant. In order to obtain c we evaluate the left side at p=0. 
Then 6a,(X—YV) —6(e#X—e*Y). Hence 


[(8/84) (kpa: (OX —¥))}] oo = O(X — Y, eX — eY] = 0 (e — e*)H. 


ere O(et—e%t) 0 0 
era a 0 2662 zaz) 
$=0 


Therefore 





l 0(, t, 6) 0 et — et 


= — 467 (ee), andsoc=4. A, be the set of all a with tZ 0. It is 
easy to see that L= KA,K. Therefore every element in 1, ({s) can be written 
in the form kga:(@(X—Y)) with OS d< x, £20, 6€ Rt (HE R- respec- 
tively). Moreover, if 4340, this can be done only in one way since the 
normalizer of R(X —Y) in L is exactly K. Hence 


J fat 40m) [las fas fi boa (9(%—¥))) (eH — eat 


= f “Ow, (8) de. 


Similarly, > 


Í. f(2)az—4(2n)> [las f Tao SFr N) (et — et) a 


= fs (6) 


On the other hand, if dz is the Haar measure on L, it follows from [4(b), 
Lemma 38] that 


&, (8) =u f, f(02(X—Y))da (fe Oo(0)) 


if dz is suitably normalized. 


Now suppose f€ 0.” (lo). Then we can conclude from Theorem 3 of 
[4(e)] that &,€8(R*) and ¥,€ G(R’). 


1 Bee [4(a), p. 501] and Lemma 38 of [4(b)]. 
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Lemma 17. Let f be a function in Oe” (lo). Then 


Bacay (t) = $ PS (t) /dt? (tE Rr) 
Famy (t) =— 3 BW, (9) /10° (Ber). 
Since Q(H)—8 and 2(X— Y)—=--8, this is an immediate conse- 


quence of Theorem 3 of [4(e)]. 


Put #,(0)—Lim&,(t) (teR*), Y(0)—Lim(8) (BER*) and ` 
1>0 8-0 


r (0) = Lim 4;(0) (BER) for FE CL (lo). (We know from Lemma. 
* 3 8-0 


25 of [4(e)] that all these limits exist). Then it is obvious thas 


(0) = f F(a )dx. So now let us consider %,*(0). It is obvious that 


Limo È 7(0(eX —e"Y) Jo dt me 0, 
6-0 0 
On the other hand, if 8€ R*, 


= EY at t pt Àa — 824-1 
of, FOLEX —et¥) Jet dt Í, FOX — OY) at. 


Moreover, if M is an upper bound for | 6(Y)f |, it is clear that | (EX + sY) 
—f(tX)|S|s|M (s€ R), and since f vanishes outside a compact set, we 
can select TE R* such that f(tX +s¥) —0 for all se R if t=T. Then 
if 8<T, it follows that 


rex er) —}(tX)| ase fur di — M6 log(T/6). 
6 


Hence 


Lim f Fuxr—ernya- f Faxat (BER)... 
o 0 à 


8-0 
This proves that ©,*(0) — [ex )di. Similarly one shows that ¥/ (0) 
= [rex jdt. Thus we have obtained the following result. 
Lemma 18. For any FE Ce” (lo); 
&(0) = fee 20) = f F(x) at, y (0) — [cat 
COROLLARY. Put fn —0(0") (Qf) (FEC. (lo),m 20). Then 
Pin (0) = Cmdr (0), Erat (0) = Cmt (0), Ein (0) = Cm by (0), 


where Cm = 4”m! T(m + 3)/T($). 
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It is obvious that the differential operator 9(Q") o Q" is invariant under 
L and therefore also under K. Moreover Q(X)==0. Hence our assertion 
is an immediate consequence of the Corollary to Lemma 19 of [4(d)]. 


Let U be an open neighborhood of zero in Ip. 
Lemma 19. Suppose cı, Cz, Cs are three constants and 
0810) = cat (0) + 587 (0) 
for all FE O° (U). Then c, = C: = cz. 


Let [* be the set of all points of the form tH +2X +yY (t,y € R;ze R*),. 
We can obviously choose a positive number 2, and a real-valued nonnegative 
function fE C,” (U NI) such that f(a.) —1. A simple calculation shows 
that 
koX = (cos 8 sin 6) H + (cos 4)2X — (sin 4)?Y (0E R). 


Hence it is clear from Lemma 18 that &,(0) = ,*(0) > 0 while Yy (0) =0. 
Therefore it follows from our hypothesis that c, == c, Similarly we prove 
that cı = cz. 

Let # be a vector space over À of dimension n and let du denote the 
Euclidean measure on F. 


Lemma 20. Let U be a nonempty open set in E and p,' + +, pr a finite 


number of continuous functions on U. Suppose p’: >,pr are linearly 
independent over C. Then we can select a function FE.” (U) such that 
1 if i=1 
die ’ <i<r). 
J, ied ee we StS") 
Let r; denote the distribution on U given by 
(0) = fondu (g € 0." (U)). 
Let V be a vector space over C of dimension r and let vı, - -,v,- be a base 


for V. For any geC,* (U), put 7(g) = Dri(g)v, and let V, be the sub- 
1£i£r 


space of V consisting of all elements of the form (g). We claim V, =7. 
For otherwise, we could select a linear function A540 on V such that 
A(r(g)) =0 for all gE 0.” (U). Put A:—=A(vi) 1£i<7r. Then not every 
Ai is zero and l 
A(r(g)) = À Ami(9) — 0 (g € Ce” (D)). 
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Let p= J, àpi Since p; are linearly independent, p30, and therefore 


it is obvious that f pg duz&0 for some ge 0,” (U). However 


f ro X xml) =A(r(9)) —0, 


1£iS<r 


and so we get a contradiction. This proves that V, = FV, and therefore we 
can choose fe C,” (U) such that r(f) =v. Then obviously f fulfills the 
desired condition. 
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LOCAL CHARACTERIZATION OF INTEGRAL QUADRATIC 
FORMS BY GAUSS SUMS.* 


By 0.T. O’Mrara. 


This paper is concerned with the existence of a solution X to the nX n 
matrix equation XTHX = G, with H and G symmetric. When the coefficient 
field has characteristic 42, this is the same as determining the equivalence 
class of a quadratie form. Invariants for the equivalence class of H under 
the transformation XTHX have been given over certain arithmetical fields 
and a discussion of these results can be found, for instance, in Witt’s work 
on quadratic forms [11]. The problem of finding when there is a unimodular 
solution X has been solved over local fields by Durfee, Jones, Minkowski and 
the author. As far as the known results go, the general solution to this 
problem is in terms of Hasse symbols. There is another characterization 
due to Minkowski which involves Gauss sums but, to use the language of 
valuation theory, this has been proved over the p-adie numbers only. We 
shall extend this result to local fields with finite residue class field. 

There are three levels of difficulty in the local theory and they are deter- 
mined by the way in which 2 splits in the coefficient field. Thus we shall 
find that the Gauss sums alone characterize the integral equivalence class 
of H when ord2=0, while one must include the type as an invariant in 
the unramified case. This much is in agreement with the rational p-adic 
results of Minkowski. In the ramified theory further conditions must be 
imposed and these will be given in terms of the invariants a;, v(j) introduced 
in [8]; however, we shall see that the Gauss sums alone form a complete 
set of invariants for a unitary H over any of these fields. 


1. Group characters. We consider a local field F with ring of integers 
o and prime ideal ro. We assume that the residue class field 0/(ro) is finite 
of characteristic 2, while F itself has characteristic 0. Thus the number of 
elements in 0/(ro) is of the form 2f, Define the ramification index e by 
the relation e=-ord 2; under these restrictions we see that 1Se<w. It: 
follows [1] from these assumptions that F must be a finite extension of the 
2-adie numbers, the degree of the extension being ef. The o-ideal o(r) is 
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defined by o(r) = z"o for r=0. If q>r, then o(g)Co(r). If &, is 
a complete set of representatives of o/o(r) and if B:,: -+ isa complete set 
for o/o(g—r), then it is easily seen that &; + 7"8; form a complete set for 
o/o(g). We shall write [r‘] to denote an element of ordinal t; {xt} will 
denote an element of ordinal >t. The relation a 8 means that there is 
a unit in o whose square in a/ß. If e is a unit, then e=1modr since 
“o/(mo) is a finite field. Consider the greatest value of % for which 
e=1-+[a*]. If k>2e, then k—00 by Hensel’s lemma. On the other 
| hand, ` 

(1) k < Re = k odd. 


A mapping x of o into the multiplicative group of complex numbers is 
called a character if x(a+ 8) =x(a)x(ß) for all a, 8 in o, and if x(o(r)) —1 
for some r <œ. Any ideal o(r) for which x(o(r))=1 is called a support 
of x; the largest ideal in o which supports y is called the maximal support 
of x; o(m(x)), or simply o(m), will be used to denote the maximal support 
of x; then we have 0 m(x) <w. For example, m(x) —0 means that x 
is the identity character taking the value 1 for all «€ o. Note that y(0)==1 
for any x. = à 

We define the character group © of o as the set of all characters on 9, 
the group structuré being defined by 


x9(a) = x(a) O(a) for all a€ 0; 


_ the identity of © is the identity character. If O(r)C 9O consists of all x€ D 

for which x(o(r)) —1, then O(r) is a subgroup of ©. And any character 
x€O(r) can be interpreted as a character on o/o(r) since x is supported 
by o(r). Conversely, every character on o/o(r) can be interpreted as a 
character in O(r). Since o/o(r) is a finite abelian group of order 2/7, it 
‘follows from the theory of characters [1] that O(7) contains 2/* elements. 
We have the reverse order relations 


0—0(0) Do(1)::-:Do(r) Do(r+1):::30, 
1=9(0) CH(1)- COM CO(r+1): CD. 
From the theory of characters cn a finite abelian group [10] we get 


| {0 if x1, xEO(r) 
@) emery u l air if x= 1. 
Consider a character x with maximal support o(m). For fixed integers 


A and B define 
O(a) = x(Aa), ya) =x (Ba) for all æ€ o. 
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Then BE O(m), yE O(m). It is easy to see that 
p=ye>A=Bmodo(m). 


Thus 2/" characters can be obtained by allowing A to vary through o; in 
other words, we then get all O(m). If A=Ert (0Zk<m) and if E is 
allowed to vary through all units mod nk, the dependent variable 6 ranges 
through all those characters with maximal support o(m— k). We define 
xu as the character given by 


(3) X (a) = x (r"a) for all «€o. 


Now let 4 be any character with maximal support o(m— k); then 6(a) 
= y(7*Ea) for some fixed unit Z; so putting (x) = (Ha) we see that 
Yw (2) =y (r*a) =9 (2) for all «€ o. So we have proved that every 8 with 
maximal support o(m— k) is a ya for some y with maximal support o (m). 
We shall need the dual of (2): 


fo if a¢ o(r) 
(4) ar -| gir if «€ o(r). 

Remark. Our given local field must contain a replica of the 2-adic 
numbers Q,; in fact assume that QŒ F. Any AEQ, can be put in the 
form À = À?" + A,, where À, p are rational integers and | A | S1. Define 


exp(?rid) = exp (Air?) 


where + and + are the complex numbers usually denoted by these letters. It 
is easy to see that this is well-defined and that 


exp (2rt(4 + B)) = exp(27iA) exp (27iB). 
Now put | 
Bo(a) = exp (?riT (wa)) 


for o€ F, a€ o, where T denotes the trace from F to Q.. Then 6, is a 
character defined on o. Let d be the different [1] of the extension F/Q». 
It is easily seen that all w* ¢ d give trivial characters 4. So we can assume 
that ot¢€ b. Then 6, has maximal support w15-1, In particular, given 
any p Co, there is a ĝo having p as maximal support. Taking de, | <«|—1, 
instead of 8, gives all characters with maximal support p. Thus every 
character of © can be obtained as a 6, for some ot € D. 


2. The Gauss sums of a lattice. V denotes a non-degenerate n-dimen- 
sional vector space with scalar product «-y; and Z is a lattice on V. For 
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690 0. T. O’MEARA, 


a fixed a€ F, denote by «L-the set of vectors az with ze L; let «o V be the 
vector space V provided with the new metric roy—a(a-y); let aoL be 
the point set L in the space ac V. It is assumed that W(L)Co; ie. L will 
be integral. These concepts are defined in [8]; we use the same notation . 
here as in the introduction of [8]. | 

For r 20, put L(r) =wl;eg., L(0)=L. Call +, - a complete 
set of representatives of Z modulo a" if i 


(i) ti— tj E L(r) ED ti = Tt; 
(ii) for each z€ L there is an +, such that e—a,€ L(r). 


In effect, the x; are any set of representative vectors of L/L(r). If #1, :: 
is another complete set of representatives of L modulo =”, then the y; can 
be reordered in such a way that x,—y,¢€ L(r). In particular, these two 
sets have the same number of elements. By expressing L in a minimal basis 
we see that any such set of representatives contains 2”fr vectors. Now let 
2,: * be a complete set for L modulo rt", with gq=r. Then it is easy 
to prove that 2, + 7"2; is a complete set for L modulo #2. 
We define the Gauss sum | 


(5) x(Lir)= 2 xl) for xE O(r). 
æ mod L(r) ; j 
For short, put 


(6) x(L) =x(L 50%"). 
The definitions are independent of the choice of representatives of L/L(r). 
Proposition 1. If L=J @ K, then x(L) —x(J)x(K). 
Proof. x(L) =23x((@+-y)*) = 33 x(a? + 9°) = 33 x(2*)x(y*) . 
| Ex) =x(7)x (K), 
with smod J (m), ymodK (m). q.e.d. 
PROPOSITION 2. (Lar) = 2 r-a (L). 
Proof. x(Lim) = 33 xi (€ + a”y)?) = BE x (2° + Bama y + wy?) 
= Z y (x? Y?) X x (27) = 2m (L) 
with zmodL(m) and ymodL(r— m). q.e.d. 


For 720, let the representation number L(h;r") be defined as the 
number of times k€ o is represented modulo «” by a complete set of repre- 
sentetive vectors of L/Z(r). .This quantity is.well-defined. 
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Proposition 3. Land K have the same dimension. Then x(L) = x(K) 
for all xE O(r) if and only if L(hja") =K (h;x") for allheo. 


Proof. Put dim L == n=dim K. The condition y(L) = x(K) can be 
replaced by y(L32") = y(K3x") in virtue of Proposition 2. In general 
we have 


(7) xl) SL (hse) x(h). 


hmod o(r) 


In particular, this proves the sufficiency. We now prove the necessity. 
For a fixed ho, (7) implies that 


xX'o)x (Lie) = D L(h;")x (he) +L (hoza), 


where the summation extends over hmodo(r), hs4hagmodo(r). Now 
summing both sides of this equation over x€ O(r), we see that (4) implies 


QL (hos a") = 3 x*(ho)x(L5 2°). 
x€O(r) 


This also holds for K. Hence L(ho37") = KE (hozr). q.e.d. 
Let L be an integral lattice and consider r*oL with k a non-negative 
integer. It is easy to see that 


(8) x(t 0 Liz") = xm (La) if xe O(r).. 
For all y€ © we therefore have 
x (me L) = xa (L) if 0 Sk S m(x), \ 


x (rk o L) = 2rtmix) if m(x) Sk. 


(9) 


Now consider x€ O(r +k) with r= 0, k20 fixed; let L and K be 
n-dimensional integral lattices. Then it follows from (9) that 


(10) x(t o L) = x (wo K) €> xm (L) = x (E). 


If 8€ O(r), then 6= xx for some xE O(r+ki. So L and K have the 
same Gauss sums modulo x* if and only if »toL and w*oK have the same 
Gauss sums modulo z’**. 


3. Fundamental invariants of a lattice. Let L and K be two lattices 
in the same space V. We put 
| Palei, salle) 
L'K—={(x-y)]reL and y£ K}. 
Then zo’ L and L-K are ideals; L? is not an ideal, but L? generates N(L). 
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Thus «€ L? means that L represents a; and «€ L’modr* means that 
a— a € o(k}), for some v€ L. If Li @ L, @:- - - @ Lis a canonical decom- 
position of L, we put L;-L;=0(s(7)) and we define N (Lay) —o(u(j}) 
where Ls) is the invariant substructure given by 


Leun = {ft € L and = LCo(s(j))}. 


Define o(v(j)) = 3270 + 2750 where zE Ly jy) with ordz? and u(j) of 
opposite parity. Then for any a;€ Lisp mod mW) with ordaj;==u(j), it is 
true that 

(11) Lamm?’ C ajo? + 700; 


and ajo? + +o is an additive group. If L is big, there is equality in (11). 
We shall call the quantities a; and v(j) the fundamental invariants of L. 
Then v(j) is unique; while a; is fixed modulo 7°), but for a factor which 
is the square of a unit. Every lattice L has a saturated decomposition 
L=% Ia in which N(L;)—o(u(j)), 1SjSt. If L is big, it has a 
supersaturated decomposition L= 3 Ly in which L = ajo? + "Wo == Dis)’, 
for 1jsst. For a detailed discussion, see Sections 1-4 of [8]. 


4. Unitary lattices. Throughout this section L and K will be n-dimen- 
sional r°-unitary lattices with the same fundamental invariants 9, == v == vx 
and a(L) =a=a(K)modr’. We write u—orda; assume that ro = ao 
—N(L)=N(K). Using results in [8] we shall characterize L in terms 
of its fundamental invariants and its Gauss sums. 

Suppose that n is even and d(L) = (—1)#*(1+ [r“*]). We contend 
that 


a» ret 


If n==2 this follows by a determinantal consideration. So take n = 4 and 
express L in the semi-canonical decomposition 


= Dar ae ary JOE 0) 


given in (12)-(14) of [8]. If and v have the same parity, again we are 
through. So take n= 4 with u-+v odd. Let the basis corresponding to 
(13) be <a>. Then we can assume that ords, =v since 


d(L) = (—1)#(1 +4 fr). 


By successively applying op(,—> 2; az,) and op(z,—> £, -+ arı) we get 
the desired result (12). 
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Now consider the (n-+-2)-dimensional lattices J @ L, J @ K where 


ai 
I=(! a) 
CONTENTION. If p is any ideal, OC pCo(v), then 


(14) . J@L=JOKmodp—L=K modp. 


Proof. Clearly J@L, L, K, J @ K all have the same fundamental 
invariants. Then J @ L and J @ K satisfy the condition of Theorem 1 [8], 
hence L and K satisfy these conditions, hence L=Kmodp. q.e.d. 

Let H be a x*-hyperbolic plane, k= 0; let x be any character in ©. 
Then 

x(H) = Ex (2xtag). 


amod 0(m) mod o(m) 
But x(2raß) —6(8) is a character for each fixed a. Hence it follows 
from (2) that 


x(?rtaß) 0% 
Bmod o(m) 


with strict inequality occurring for at least one value of « Hence 
(15) x(H) > 0. 


THEOREM 1. L and K are r°-unitary lattices of the same dimension 
such that v, = v =vg and a(L) =a =a(K) modz”. If 0C pC ro, then 
L= K mod p if and only if (1) d(L) = d(K) mod ap, (ii) x(L) = for 
all x supported by p. 


Proof. The necessity follows at once from Theorem 1 of [8]. We 
now prove the sufficiency. 

‘If |p| = |4], we are through by Theorem 1 of [8]. Hence assume 
that |p| < |4r”]| for the rest of the proof. By Proposition 9 of [8] we 
can assume that L and K are big. Since both L and K now represent a, 
it suffices to prove that (a) ®L= (a) @ K mod p when u — 0, in virtue of 
Corollary 9 of [8]. In other words, we can assume that n is even. We 
have | ap | S| 4m" |< | att], and so d(L) =d(K) moda", Thus we 
either have 


(16) d(Z) = (—1)*(14 [r]), dC) = (—1) "(1 + (mer) 
or 


(17) d(L) (Dm + {a}, AR) (DMC Ge"), 


In the latter case adjoin ( 2) to L and K; then the enlarged lattices 
m 
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satisfy (16); and it suffices to prove the isometry of the new lattices modulo 
p by (14). In effect we can therefore assume that (16) holds for L and K. 
By (12) and (15) the problem reduces to the case n—=?2. We assume 
that this is so. | 

Since Z and K represent the same numbers modulo p we can write 


ze ser) 


with e a unit, « and 8 integers. Define 


x fen” 1 
x «(4 in) 


where T is chosen in p so that d(L) =d(K*). Then L=K* by Theorem. 
14.3 of [7], hence L =K modp. qed. 


Note. We use the Hasse symbol S(Z) in references to [8]. This is 
defined for the space V by Witt [11] and we put S(L)—S(V). For the 
general laws obeyed by S(L) see [11]. In addition we have seen in [8] 
that over fields of our type, 


(18) (1+ 4a, e) =1, 
(19) (1 + 4a, er) =1 6> (1 + 4a)i€ F, 
where «€o and |e|=1. Also 
(20) (4,B)—(1+4C;r) for some CE. 
And since 0/(wo) is a finite field it has a quadratic extension, hence there 
is a unit F€ o such that 
(21) (1+4E)5éF. 

Now let L and K be w°-unitary lattices of the same odd dimension such 
that x(L) =x(K) for ali ye O(2e+ 1). We shall prove 
(22) d(L) æd(K). 
Assume that this equation is false for given L and K. Put I = (1) @ (ro L) 
and K’ = (1) ® (roK). Then x(L’) = x(K’) for all x€ O(2e +2). Using 
the “op” transformations and the operator @ of [8], or otherwise, it is 
easily seen that 


Leljetmez( 7). 


m 


And similarly with K’. By (15) wecan therefore assume that L = [1] @ [7] 
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and K’æ[1]@[r]. By a suitable change of metric on Z/ and K’, we can 
take I’ = 1 @ [x]; by a suitable choice of prime ~ we can take L’æ1@7. 
Now K’(1;4=°) —1/(1;4r°). By Hensel’s lemma we therefore have 


(23) D=1®r, K'=1@r(1+ Gr) 


where @ is a unit and either (i) k= 2e, or (ii) k <2e with k odd. (i) 

Since k = 2e with (1+ Gr*)ié F, it is easily seen that (1 + Gu*)a¢ (L’)?, 

which is impossible since Z’ and K’ represent the same numbers modulo 47’. 

(ii) If k<2e with k odd, we choose a unit Æ for which (1-H4E)3E F. 

Then there is a unit æ such that «G= FE moda. Put e=1-+40°r* Then 
ee (L’)?, (1+ 4H) ze-+4a’Ge (K'Y. 

But this implies that «(1 + 4%) € (L/)°, which is impossible since L’ = e Q [r]. 


THEOREM 2. L and K are -unitary lattices of the same dimension. 
Then L=K if and only if x(L) = x(K) for all xE O(2e +1). 


Proof. Adjoin a r°-unitary lattice to both L and K so that the enlarged 
lattices have odd dimension. Then the enlarged lattices have the same 
determinant by (22). Hence d(L) =d(K). 

Now L’=K?mod4r, hence L and K have the same fundamental 
invariants, hence L == K mod 4r by Theorem 1, hence L K by Theorem 15.1 
of [7]. This proves the sufficiency. The necessity is obvious. q.e.d. 


5. The zeros of the Gauss sums. We have seen in (15) that the Gauss 
sums of a hyperbolic plane never vanish. Thus, for example, it follows that 


(24) yao J=( a): 


since J @J is the orthogonal sum of two hyperbolic planes. In this section 
we solve for x the equation 


(25) x(Z) = 0, L fixed and unitary. 


LEMMA 1. Lisa x°-unitary lattice with norm o(u). The character x 
has maximal support o(m) where 0 SmSuormZ2e—u. Then y(L) 0. 


Proof. If this is true for an enlargement of L it is true for L by 
Proposition 1. Hence assume dim even. Since L is now an orthogonal 
sum of binary lattices of normo(w) it suffices to assume that L is binary, 
again by Proposition 1. Suppose í 


(26) | | Le (7 5 ) aED 
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where v is the second fundamental invariant of L. Using the “op” trans- 
formations of [8] we see that 


ext 1 — en" 1\ 7412 [fr] 1 
| G wo) @( 1 = 1 0) © ( 1 al: 
Hence the problem reduces to the case where L has the form (26) with a — 0. 
If 0Smsu, then L is a hyperbolic plane modulo o(m) and so 
x(L) 0 by (15). So assume that m= 2e—u. Then: 
(27) x(L)= È = Re A (RRR): 


amodo(m) Bmodo(m 


a | fo if a¢ $o(m) 
(28) x (emta A Z x(2a8) = | arm if a€ do(m) 


mod 9 (mn) 


by (2). Hence y(L) > 0. q.e.d. 
Consider the lattices 


. w : urk 
(29) Les(® À Ken al late BO, 


and the character x with m(x) =m==e-+h. Using (27) and (28) we see 
that 
x(L) = 33 x (er"ra") x (rt) — 24 SE x (ay (enta) xx (Ray) 


with amodo(m —k), Bmodo(m), ymodo(m—k). Hence 
(30) x(L) = fy (K). 


Lemma 2. Let L have the form (29) with u<m<Re—u Ifu-m 
is even, then (i) x(L) 40 and (ii) x(L) = 0 have solutions with m(x) = m. 
(iii) If u+m is odd, then x(L) —0 for all x with m(x) =m. 


Proof. (i) Suppose if possible that x(Z) — 0 for all x with m (x) = m. 


Define 
er“ 1 0 1 
J=( : cea); H(t a) 


In virtue of the isometry JOHæL@::: we have x(J)=0. Hence 
x(J) = x(L) when m(x) =m. But x(J)=x(L) when x € O(m — 1) C O(m). 
Hence L(r"1;7%) — J(n"%t;7"). This is impossible since 7”! € L? mod x”. 


(ii) Suppose if possible that x(L) 0 for all y with m(x) =m. First 
take m<e. Define | 


fett 1 Lyfe 1 
Jæ( 1 A. #=( 
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In virtue of the relation ZBL=L®H we have x(L)=x(H). Since 
x(Z) +0 for all x with maximal support o(m), it follows that y(80L) 340 
for any unit à. In particular, y(J) 40 when m{y)=m. Hence x(J) 
= x(H) = (LZ) when m(y) =m. For the remaining y € O(m), x(J) = x(L) 
since J==Lmodr”!. Hence L(ent;r") =J(ert;m"). This is impossible 
since ex" ¢ J? mod x”. 

Now let m =e +k with k>0. Let K be defined by (29). Using the 
relations |27* | = || > | 4r” | we see that |z] > |2| > | 40 | and 
so there is a character x with m(x)=m such that x (K) —0. Hence 
x(L) =0 by (30). 


(iii) Now let w+ m be odd. First suppose that m<e. Then 
x(L) == ZX x (ena?) x (228) 

== Qim Ss X (emta?) 

== Qfm >>>3 x (er! (a + mal(m-i-u)h + aa(m+i-t)¢) 2) 

== Qfm 5 x (era?) 3 x (em"!b2) 5 x (ex™*1¢?) 
with 

amodo(m), Bmodo(m), amodo(4(m—1—x)), b mod r, 
emodo(4(m—1+4)). 
But yon-1) has maximal support zo and so 
3 x (erb?) = X x (may (ed?) = 2 xim (b) = 0. 

Hence x(L) = 0. 


Now let m=e-+k with k>0. Let K be defined by (29). Then 
Jr > ]2| > | 4 | and so x (K) —0. Hence x(L) —0 by (30). 
q.e. d. : 

Now we can describe the zeros of (25). Let L be a r°-unitary lattice 
with fundamental invariants [7"], v, and let m = 0 be a fixed rational integer. 
Then the zeros of x(L) with m(x) =m are given by | 


(31) m Su => x(L)40 
(32) acm Sov with om even =. mbignois 
(33) | u<mÆv with u-+m odd => x(L)=0 
(4) vem<2e—» LS “glist 
(35) Re—v<m< eu with u+m odd => x(L) —0 


` 
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(36) 2e—vSm<re—uwith u} m even => ambiguous 
(37) 2e—usm => x(L) #0, 


* where x(L) —0 and x(L) ~0 both have solutions in the ambiguous case. 


We prove these equations by referring to the two lemmas. The zeros 
of x(L) are unaltered by adjoining hyperbolic planes; hence assume that 
dim LÆ 4. Neither the zeros nor the fundamental invariants are changed 
by adjoining any unit represented by L; hence assume dim L even. Write 


bee(T = e(i a) e2 G a): 


u 
As above, we can adjoin G A to L and we continue to call the enlarged 
TT 


lattice L. Using a determinantal argument we find 


{el 1 ) (7 1 ( à | 
Læ( 1 {det} PAI {dr} S21 0) 
Equations (31)-(87) now follow immediately from the two lemmas. 


Remark. In the 2-adic case this description of the Gauss sums agrees 
with the results quoted by Minkowski on p. 57 of [6]. For a discussion of 
1-dimensional Gauss sums over number fields see the work of Hecke, especially 
pp. 218-249 of [4]; compare the results on p. 244 [4] with Lemma 1 of this 


paper. 


6. Unramified theory. We shall see later that it is easy to characterize 
lattices over local fields in which 2 is a unit and the fact that the Gauss sums 
never vanish over these fields is responsible for this. The unramified 2-adic 
theory is almost as easy. To be sure the Gauss sums can vanish, but the 
zeros take on a very simple form. Thus we apply (31)-(37) to a r°-unitary 
lattice Z and we find that | 


(38) x(L) =0 <é> m(x) =1 and N(L) =o. 
Now let us establish the invariants. 


THEOREM 3. Let ord2=—1. If L and K are totally integral lattices of 
the same type such that x(L) = x(K) for all xE O(8 +s(t)), then L=K. 


Proof. First observe that if L and K have canonical decompositions 
L=3Iy, K—=3K,in which L, = K,, then 


(39) D en for x€ D(8+6(#)), 
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where L= L, © Lt, K=K,@K,1. For we can take s(1)—0. If 
x(Lı) £0, we are through by Proposition 1. If x(Z,) —0, then x has 
maximal support 20 by (88). But N (L+) =N(K,+) C 2o. Hence x(Z,+) 
=yx(K,l). So (39) holds. 

Now proceed to the required result by induction to t. By the cancella- 
tion law established in Theorem 5.2 of [7], take dimZ,—dimK, odd, 
where L= % Ly, K = 3 K, are canonical decompositions of L and K. Assume 
that s(1)—1. For {=1 we are through by Theorem 2. Take t>ı. It 
suffices to prove that 


L=L@L=K,@K=—K where Ly) #1 EK, 


again by Theorem 5.2 of [7]. Note that x(Z)=x(K) for all x € O(8 + s(t)). 
Using the decompositions (12)-(14) of [8] on the second components of Z 
and K, it is easy to see that | 
0 2 
by @ L122 (1]® 2] @E(> 4): 
And similarly with Ko @ K,. Canceding all superfluous z-hyperbolic planes, 


this allows us to assume that L and Æ have 1-dimensional !-components. 
Since Z and À represent the same units modulo 8, we can write 


L=L' @ L’, K=—KkK; @ K, L's K’ = [1]. 
Then by (39) we have y(L’) = (K’) when x€ O(3+4s(t)). Again we get 
LT == L,” G L”, K’ == K,” B K”, L,” = K,” = [2], 


with x(2’)=x(K”) when xeD8(3+s(t)). But L” and K” are of the 
same type. Hence by the inductive assumption L” =K”. Hence Le R.. 
q.e. d. 


7. Characterization by Gauss sums. Let us consider two totally 
integral lattices L and K; suppose that these lattices are of the same type 
and that their Gauss sums are equal for all characters in O(2e + s(t) +1). 
‘If L and K are unitary this implies that L = K, and so their Gauss sums _ 
are equal for all x€ ©. In general, the equivalence class of L cannot be 
determined by Gauss sums alone, but we shall show that all subsequent Gauss 
sums can be expressed in terms of the Gauss sums modulo 47%“, Thus 
nothing is gained by considering those x ¢ (Re + s(¢4) +1). Before proving 
this we shall need some preliminary results. 
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Consider a character with m(x) =2e+2. Contention: 
(40) Z x)= 3 Kuala). 
amodo(m) amod 0(m-2) 
In virtue of Proposition 2 it suffices to prove 
(41) - 8 B x)= Z  x(r&), 
a mod 9(m) a mod o(m) 


and this amounts to proving 
(42) x(E)/x(L) = 21 
where L= (—1) @ (1) and K = (—1) @ (7°). Now 


—1 1 —1 vr 
ee 
As in (26)-(28) this leads to x(L) —?"/+ef, Similarly we can prove that 
x(Æ) = 2mfert, Hence (42) holds and the contention is proved. 


Proposition 4. L is a totally integral lattice; x has maximal support 
o(m) C4o(s(t) +2). Then x(L) = ?2"fx (L). 


Proof. Write L in the canonical decomposition L= L, @: : :@ La 
Define the t-dimensional lattice 1—%XJ, with h=r®. Then (J) 
= fly (I) in virtue of (40) and Proposition 2. Since I @L has an 
orthogonal basis, it again follows that x(I @ L) —92(4+nf,,, (I @ L). Since 
x(Z) 0, we have y(L) =2"fxa (L). qe.d. 

COROLLARY 1. If K has the same type as L and x(L) = x(K) for 
all yE O(2e + s(t) +1), then x(L) = x(K) for all xE D. And L= K. 


Proof. The first part is an immediate consequence of the proposition. 
Now take a€ L°. Then «€ K?mod4ra since L(a;4ra) = K (a; 4ra). 
Hence «€ K? by Hensel’s lemma. q.e. d. 

Let us consider two lattices L and K which are of the same type and 
have the same fundamental invariants a, v(A) for 1SASt. Let J be 


defined as 
J= ay a 
nd zu)" 
Then 


(43) J@L=JS@OK=L=K. 


This can be verified quite easily by applying both the necessity and sufficiency 
of Theorem 2 of [8]. The proof is left to the reader. 


INTEGRAL QUADRATIC FORMS. 701 


Consider two lattices /=1,8::-®I, and J=]: Q- J, which 
are of the same type and have the same fundamental invariants a, v(A) 
for 2? <A St; also let s(2) —1. We contend that 


(44) 0Sm—m(x) <2e+2—v(2) =x) =x). 


In order to prove this we assume that the given decompositions are big 

and supersaturated; there is no loss of generality in doing this. Clearly 

I =J mod 7, and so D = J, mod 7°) for 2SASt. Hence y(7) =x(J) 

when o(m) Do(v(2)). Now investigate the remaining m, i.e. 

(45) [an | < m | < fat | 

Then y(l2) = 2y) (m> oI) in virtue of (9). But m*o, has funda- 

mental invariants [r*+], w(2)—1; while xa) has maximal support 

o(m—1); hence by (34) and (45) we have y(7:) —0; hence y(7) —0 

by Proposition 1. By symmetry, x(J) —0. This proves the contention. 
We shall also need the following. Let I and J be defined by 


al am? 
= (° ch Ja (r ee aE 0. 
Then 


(46) x) =0 =>x(J) =0 if m(x) >e. 


For let us consider «modo(m—1), Bmodz, ymodo(m). Then 


x(J) = 333 x (an? (a +r” B)? )x (2r (a + 8B) y) 
= 2f SS y (ara?) yx (Qray) 


= S33 x(a(8 + 7a)”)x(2(B + xa) y) 


in virtue of the relation | 
x(a(8+ra)) 2 x(2(B + ra)7) =0 if [B|==1, 


which is an immediate consequence of (2). Hence x(J) =2fx(I) —0. 
In particular this proves that if 


o=(! Ki with v =ve(1), |8| =1, 
m 


then for m(x) Z2e—v and m(x) >e, 2 


(47) x(G)—0— x(7) —0. 
For it can easily be verified, for instance by Theorem 2 of [8], that 


@@ (—104)=I@ G g 


J . Hence by (37) and (46) we get x(J) =0. 
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‘Two definitions. The ideal f; 1 & j S t—1, is defined as in Section 5 
of [8]. The ideal g is defined as-in equation (2) of [8]. 


THEOREM 4 L and K are totally integral lattices of the same type 
and L=31,, K=3K) are canonical decompositions. Then L and K are 
isometric if and only if for all appropriate à, 


(i) (A) = 0(A) = ve(A), (LZ) =a (K) mod, 
(ii) ` d(L,@---@Iy)/d(K, @-- -@K,) =1modh, 
(iii) x(L) =x(K) for all x€ O(2e + s(t) +1). 


Proof. The necessity follows from Theorem 2 of [8]. We shall now 
establish the sufficiency. 

Take au(L) =a,=—a(K). We proceed by induction on the length 
s(t) —s(1) of L. We can assume that s(1)—0. The induction can be 
made to start since the theorem has already been proved for lattices of zero 
‘length in Theorem 2. By adjoining suitable hyperbolic planes to L and K, 
we can suppose that Z and K are big. If a, is a unit, the enlarged lattices 
(a) DL and (a) @K satisfy the conditions of the theorem and it suffices 
to prove the isometry of the enlarged lattices in virtue of Corollary 3 of [8]. 
In other words we can assume that L, and K, are of even dimension. 

Suppose that w(1) —e. If u(2) =e, we can- find new decompositions 
L=3 L, K=3K, in which L, and K, are orthogonal sums of hyperbolic 
planes. The complements of Lı, K, in L, K then satisfy the conditions of 
the theorem and so we are through. If u(2) Ze-+1, then fı C 4r0, hence 
d(L,) = d(K;) in the original decompositions, hence L, = K,. Induction 
again gets us through. We shall therefore assume that u(1) <e. 

The next step in the reduction of the problem is to show that we can 
take s(2) —1. Suppose s(2) >1. Define N, as the 12-dimensional lattice 
consisting of the orthogonal sum of six '!-hyperbolie planes. Define L* and 
K* by the canonical decompositions . 


L*—L,0N,01.8° j - 6 Ly K*=-R,8N.8&K,®: OE. 


It suffices to prove that L* =K*. To this end we show that L*. and K* 
which are still of length s{t)—s(1) also satisfy (i)-(iii). It follows 
immediately from their definition that a, and v(A) have the same values for 
L*, K* as for L, K when À—1,2,: ‚it. If a, and v(*) describe Da)” 
they also describe K.ı,*. We know that 


| a? | S| ay | Sas. 
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It is now clear that (i) and (iii) hold for Z*, K* (ii) is true when 
A=2,3,--°,t-—1. Let us write fi * fe fo' t, fra for the Ps of L*, K*. 
Then it is ah to prove 


(48). d'u fx > fi. 


First consider u(2) =u(1) or u(2) zul) eh Using (23)-(24) of [8] 
it is easily seen that 


fa as Go, f” 2 TQ), fx win mei), 


If u(2)==u(1) we get (48) from the inequality v(*)=v(1) +2; if 
u(2) —u(1) +1 we get (48) from v(+) =u(1) +2, u(2) =v(1). Now 
consider u(2) Æu(1) +2; then u(* )=u(1) +2, v(# IS) +2, and 
hi? = r”), But 


fa = [rt Og (aaa), DD, r, Prelu G)+u(2))] 
af, == [rg (au), meo), mee, Rralle], 


the quantities Qrt@@+u@), 2,4¢C)+42))+2 appearing only when u(1) + 4(2) 
is even. So clearly f, 2 fi; and f,* D fı since | w*@g(a,a2) |< |e |. Thus 
(48) is generally true. We accordingly assume that the given L and K 
have s(2) = 1. 

If the decompositions 3 Ly, SK; of the given L, K are varied, conditions 
(i)-(iii) remain valid. Only (ii) needs to be verified and this follows from 
the necessity of the theorem. In particular, we can assume that SL, and 
XK, are supersaturated. 

A final step in the reduction. Call a canonical decomposition J = 3 J) 
simple if all J, are big and supersaturated, 2 SAL t, while J, represents 
[m], [r], and 


sie] 1 ) G a 
(49) =) EC 6): 
we do not insist that J, be big; note that 
3 [aul] 1 0 J 4 
(50) n=( 1 [e0] er 1 0 if v(1) <e. 


We shall show that 3 Ly, 3 Ky can always be assumed simple. If u(2) —w(1) 
or u(2) = u(1) +1, using the. “op” transformations in conjunction with 
Proposition 6 of [8], we can find simple decompositions for L and K. Now 
consider u(2) ==u(1) +2. If v(2) —v(1) we proceed as above to simple 
decompositions for L and K. So let v(2) >v(1). Then | fi] < | t@@ |. 
So one of two things can happen. Hither 


104 : 0. T. 0’MEARA. 


(51) d(L)= D + [awe], 


or ‘d(K.) = (—1)##@ (1 + [ree], 


(52) dL,)= (—1)#0 (1 {meWra}), 
A (Kx) = (— 1) (1 -p {erry y 


where dim L, = dim K, =n (1). In the first case 3 Ly 3K, are simple by 
(12). In the second case adjoin & =) to both Z and K, and we see 


that the corresponding decompositions of the enlarged lattices satisfy (51) 
and are therefore simple. Moreover, the enlarged lattices satisfy the con- 
ditions of the theorem since their fundamental invariants are unchanged 
by the adjunction ; and it suffices to prove the isometry of the enlarged lattices. 
in virtue of (43). In general therefore, we can assume that 3 Ly, SK) are 
simple. Cancelling off hyperbolic planes allows us to take dim L, = dim K, 
= À. 

So much for the reduction of the problem. To sum up, assume that 
the sufficiency holds for lattices of length less than s(t) —s(1), and establish 
it for the simple decompositions L= 3 Ly, K = 3K, which me the con- 
ditions of the theorem and are such that 


(53) u(1) <e, s(l)=0, s(2)—1, diml,—dimK,—2. 


Case 1. u(?)—u(1}. By means of the “op” transformations we 
can write 


L=1/681/’981®: : ®L, K=K/$K/®K,8::'®@K, 
with Ly, Ky supersaturated and 


r?) 1 z) À 
(54) wt a ( 1 a) 2 Ke ( 1 Ga) u 


Put Y=1/81,8- -O L; and similarly define K’. If u(1) 4+ (1) is 
even, then v(1) =e and we can assume that «== 8=0 in (54). Then 
L’, K’ satisfy (i)-(jii) and so I’ =K’. From now on take u(1) --v(1) 
odd. If v(1) <e, then |r| >| a? | >] 4r°@ |, and we can again 
assume that a==8—0. Then (i)-(ii) are immediate for L’, K’. We must 
show that x(Z’/) = x(K’), for all ye O(2e+s(¢t) +1). By (44) we can 
assume that m(x) = 2e -+2 — rt (2); then m(x) = 2e—v(1) and so x(Zi°) 
0; thus x(L’) = x(K’) by division, in virtue of Proposition 1. Hence 
L’ = K’ by the inductive assumption. 

To conclude this case we must consider u(1) + (1) odd, v(1) =e. 
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If v(1) —v(2) =e the result is trivial since we can take «= 8=0. So 
let v(2)=v(1) +1=—e+1. If (1440) (14468) we are through. 
So suppose that (1<+ 4a)/(1-+ 48) is a non-square. We shall prove this 
impossible. Define /=e1=J. Then IB (r°oL) and J @ (r°0K) have 
the same Gauss sums modulo 4r. But 


IO (r°0L) = (1-40) D (e ) Bon). 


And similarly with K. Hence(1-+ 4a) ® (moL’) represents 1-+48. But 
(rt o L’)- represents no number of even ordinal = 2e. So (1-44a) @ (rto L’) 
cannot represent 1<+ 48. This is a contradiction. Thus the first case is 
proved. | 


Case 2. u(?) —u(1) +1. We have u(1) <e; thus v(2) =u(1) + 2. 
Using the “op” transformations and Proposition 6 of [8] we can write 


L=L/@Ll/@L,0:::@Ll, K=K/OK/OK,0::: Ok, 


where L,’, Ky are supersaturated and 


Od) 1 mt 1 
nie), xa? 2), 
Let L’, E’ denote the complements of Li’, Ky’ in L, K respectively. Clearly 
L’, K’ continue to satisfy (i)-(ii); we must establish (iii). In virtue of 
(44) we need only consider m(x) 2 2e—wu(1); thus x(L,’) 40; thus 
x(L‘) = x(K’) by division. By the inductive assumption we again get 
L’ =K’. This proves the second case. 


Case 3.. u(2) =u(1) +2. We can assume that a,€ L*; then a, € K? 
by Corollary 1. We can assume that u(1) Ke, a: ar, v(2) = v(1) 
ZÆv(2)—2. Since 3, and XK, are simple we have 


(5) d(Zy) =— (+), (Ka) = — (1 + [mr] 


when u(1)-+ (1) is odd. Now ZL represents a,, and L, represents all 
numbers represented by Le@®---@Ly;. So it is easily seen that we can 
write 


ay 1 


Ir B L, = Dy (4>) L, with La => & {x} 


where L» is still a supersaturated component. Similarly define K, @ K: 


17 
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=K, Ð Kı. If v(1) =v(2) or if u(1) + v(1) is even, we easily see that 
we can take 


Er, di 1 3 pie ay 1 
en eo) Re en) 
While if v(2) > v(1) with u(1) + (1) odd, we have | f, | < | r#*#@) |, thus 
La, E, satisfy (55), thus (56) is true for suitably chosen L,, K,. Write 


(57) h= © =) with 13121, 


Since d(L,) =d(K,) mod "©, using Theorem 14.3 of [7] we can write 


z a 1 

Bet ren) 
Using Proposition 6 of [8], we can find a decomposition K,’ @ Ky =K, 9%; 
in which K,’ is still supersaturated, and K; = L. In other words, we have 
two simple decompositions L =X Ly, K =X Ky in which L,’ = K,’ have the 
form of (5%). If I, K are the complements of L,’, K,’ in L, K respectively, 
we must show that L’, K’ satisfy the conditions of the theorem. Once this 
is verified the isometry L=K follows by the inductive assumption. (i) and 
(ii) are easily checked for Z’, K’; we must establish (iii) for these lattices. 

If m(x) < 2e-+2—v(2), we have x(L’) = x(K’) by (44). Now let 

m(x) 22e+2—v(2). Then m(x) 22¢—v(1) and m(x) >e, since 
2-+v(1) 2o(2) and v(2)S2+1. If x(Li’) =x(Ky’) —0, we see that 
Lf and K,’ each have a component of the form 


Ayn? LS 
(79) 
and so x(L’) =0==yx(K’) in virtue of (47). While if y(Z,’) = x(Ki’) £0, 
then x(L’) =x(K’) by division. Hence L’ and K’ have the same Gauss sums. 
This proves the theorem. 

In general it is impossible to determine the integral equivalence of 
lattices by Gauss sums alone, and this point will be illustrated in the next 
section. All that can be said about lattices with the same Gauss sums is 
that they are fractionally equivalent; obviously the converse does not hold. 


THEOREM 5. L and K are totally integral lattices of the same type and 
x(L) = x(K) for all xE D(2e + s(t) +1). Then L and K are fractionally 
equivalent. | 


Proof. In virtue of Witt’s cancellation theorem [11] we can adjoin as 
many 1-dimensional lattices to L and K as we please. So assume that we 
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have canonical decompositions L= 3 Ly K=3K, in which each component 
is proper with s(A+1)=s(A) +1. The fundamental invariants can then 
be chosen as 


& = 78), v(a) =s(A) +1, f, = 70, 


for both L and K. Hence LæK by Theorem 4. q.e.d. 


8. Remarks, By way of example we shall make some rough estimates 
of the Gauss sums. x will be a fixed character with maximal support o(m). 
We put 


h= 2m if me, h= mier if mae. 


Refining the method used to derive (15) it is easy to see that y(H) =h for 
the unit hyperbolic plane H. Now consider the r°”-unitary lattices 


a 1 al 
ial, gee, 


Then x(Jo) == whenever y(Jo) £0, sine JoJ =&J 89H. Using this 
result in conjunction with the isometry 
; Ta 1 g 1 « n) e(8 1 
JosoJeJs=(% 5)® f Jel Jet o) 


we get x(J) = wh whenever x(J) 540, where o, denotes some complex 4-th 
root of unity. So if J is a 1-dimensional r°-unitary lattice, we have (JZ) 
= wsh, where ws is an 8-th root: of unity. Thus for the n-dimensional 
w-unitary lattice L we have 


(58) x(Z)=0 or x(L) = oh” 
where w is one of the complex 8-th roots of unity. 


Now three examples to show the part played by the various assumptions 
in Theorems 3 and 4. First consider the 2-adie forms 


L=182020—2 64, K=19192 99—404. 


Clearly these two forms are not of the same type. Nevertheless they have the 
same Gauss sums. To see this consider the character ‘xy with maximal support 
p&ro. For p80 we have x(L)—x(K)—0. For pD16o it is easily 
verified that the two lattices 


2 2 
20—22 (3 >) and 1@—4e (3 
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have the same Gauss sums when computed for the given x. So the assertion 
is proved. , 

Now consider any ramified extension of the 2-adic numbers, with rami- 
fication index e = 6. Define 


fr 1 _f{z 1 PA m? 1 
1= (7 aJe (ty = (5 aJe +n), £=(" 5) @ (2). 
Then the lattices | i 
M—I@(r0J) and N-==J@ (mol) 


do not satisfy condition (ii) of Theorem 4. We prove that their Gauss sums 
are equal. For p 4ro we have x(M)=x(N)=0. For pC 4r*0 we have 
x(M) =x(N) in virtue of the isometry 


(1) B (7) Sr (1+) = (1+7) © (—7) O (r°). 


There is another example which shows that the equality of the Gauss 
sums does not necessarily imply the equality of the fundamental invariants. 
Consider | 


PRIE (01) @(nto1), Q=IB (n*0K) @ (rel). 
Then vp(2) 4 v9(2). But x(P)—x(Q) —0 when pD 4ro. And if pC 4rt0 


we have y(P)—%(Q) in virtue of the relation . 
‘(a A fs 1 r 1 —r 1 
té 0) ( 1 el )e( 1 ae 
9. At the odd primes. The discussion of the theory over fields in which 
2 is a unit is almost trivial. Thus, consider a local field F whose residue 
class field is a finite field containing pf elements, p> 2. Again we can define 
the character group ©. For any integral lattice, define the Gauss sums’ 
x(Z;a@’) and x(L) as in Section 2. Propositions 1-3 are obviously. valid. 


If I is a 1-dimensional r°-unitary lattice, —I @ I is a hyperbolic plane H; 
it is easily seen that x(H) > 0; hence x(Z) 0. 


THEOREM 6. L and K are n-dimensional integral lattices over a ring o 
in which 2 is a unit. Then K&L if and only if x(K)=x(L) for all 
x € sul!) +1). | 

Proof. Induction to n. Write L=I@I+ with N(L)=N(T) and 
Isa, Then a,€ K? modra, Hence a,€ K? by Hensel’s lemma. But 
N(K;—N(L)—ao since L and K. represent the same numbers modulo 
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o(sL(t) +1): Hence there is a J=I such that K=J ®Ji. But 


x(JL) = (I+) for all xED(sL(t) +1), by division. Hence Jl=Il. 
Hence K = L. = e: d. = 
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ON THE EXISTENCE OF AN ABSOLUTE CONSTANT 
CONCERNING “FLAT” OSCILLATORS.* 


By AUREL WINTNER. 


For large positive t, let w(t) be a positive continuous function corre- 
sponding to which the differential equation (*) #’-+w?(t)~t—0 has the 
following property: «’(t)->0, as >», holds for the derivative of every 
solution x(t) of (*). Then (*) will be called flat (all of its solutions 
“flatten out”; still, they can be “wobbly” and “large,” as shown by the 
example w(t) =c/t, mentioned below for ¢ > 4). 

Since w(t) —o(t) is necessary for 2’(t)—o(1), the “frequency ” 
w(t) >0 cannot be “too small” (for large t) if (*) is flat. In fact, (*) 
will have solutions satisfying z(f) —t if the integral of tw?(¢) over 
const. St <oo is finite (Bôcher) ; for instance, if w(t) = O (t7) for some 
e>0. Crucial proves to be the limiting case e—0, since the issue then 
involves the numerical value of the constant absorbed by the O of the 


assumption w(t) —O0(t1). Put therefore [w] —limsuptw(t), and assume : 


that [o] < 00. 

Let a be the greatest universal constant having the property that (*) 
is non-oscillatory whenever [w] <a, and let 8 be the greatest universal 
constant (if any) having the property that (*) is flat whenever [o] < £. 
It is well-known that a— + (cf. e.g., pp. 231-233 Bieberbach’s Diferential- 
gleichungen of 1956). If w(t) —c/t, where c > 4, then the solutions x(t) 
of (*) are superpositions of the real and imaginary parts of t4exp(iC logt), 
where C = C (c) is positive (and tends to 0 as c->o, and to œ asc>4+0; 
if c— 4, these solutions æ(f) degenerate into # and télogt, so that (*) 
ceases to be oscillatory). 


For this explicity integrable “slow oscillator,” «’(t) is O(1?)=o(1), 


* Received February 26, 1957. : 

TE [w] <0, then @”(t) =o(t*)a(t), by (*), hence w”(t) =o(t+) if 
a(t) =o(t). It follows therefore from a well-known inequality (which goes back to 
Hadamard; cf. p. 12 of Carleman’s Fonctions quasi analytiques, Paris, 1926) that if 
[w] < ©, then #’(t) =0(1) whenever z(t) =o(t). Accordingly, if [w] < œ, then 
(*) is flat if and only if w(t) =o(t) holds for all solutions of (*). 
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hence (*) is flat; and every [w] >4 is allowed, since [w] =c, where 
+<c<w. Thus, in view of the definitions of a and B, one might expect 
that either 8 =a or B—co. But a theorem of Boas, Boas and Levinson 
(Duke Math. Journ., vol. 8 (1942), p. 849) implies that (*) is flat when- 
ever [w] <1 (provided that (*) is oscillatory; otherwise they conclude 
from [w] <1 the ee of a finite limit 2’(@), which need not be 0). 
Hence @ 221, while a= 4, and so 84a. Consequently, the expected alter- 
native reduces to ß=w. | 

It turns out, however, that B=. is false; in other words, that an 
oscillator (*) need not be flat if w(t) =O(t*). In order to shorten the 
formulae, only B<c will be proved; but the approach to be followed ` 
(patterned after my note in the Journ. of Appl. Physics, vol. 18 (1947), 
pp. 941-942, where a question in “high frequency” w(t), rather than the 
finer question of the present “low frequency” w(t), is considered) is flexible 
enough to lead to 8 << 1--e for every e>0 and therefore, since B21, to 
Bel. 

Try to satisfy (*) by æ(t) —rcos(Clogt), where C = const. > 0, 
1St<w and r—r(t). Direct substitution leads to the following deter- 
mination of w(t) in terms of r(t): 


(1) = —1"/r + {20r /r —Ct*}tan + 02/8, 


where the argument of tan (and, subsequently, of cos and sin) is Clogé, 

that of the cos in z(#). In order to keep w(t) continuous, the coefficient 

{ } of tan must be so chosen as to cancel the poles of tan. . 
Such a choice is { }=&cos, if ġ=¢(t) is continuous. Choose 

p(t) = 6t? cos. Then (1) reduces to 

(2) o. 2w (t) = — Br” /r + 6 sin cos -+ C?, 


and r=r(t) follows from { } = 6ż?cos? by a quadrature: 


(3) r(t) = exp Í 4s (1 + 60- cos? (O log s) )ds. 


Since the substitution u= Clogs shows that f st cos? (C log s) ds 


—3Clogt as to, it is seen from (3) that logr(t) ~2logt, hence 
v(t) s0(t). It follows therefore from z(#)=r(t) cos that (t) o(¢). 
Hence 2’(¢) 0(1), waich means that (*) cannot be fat. 

On the other hand, two differentiations of (3) show that 


(4) 227” /r = (4 + 307 cos?)? — (4 + 30 cos?) — 6 sin cos. 
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But the function (4) stays bounded, uniformly in 4, as C—>co. It follows 
therefore from (2) and (4) that, if the value of the constant C is chosen 
large enough, the resulting coefficient of (*) will satisfy both requirements 
w(t) > 0, w(t) =0 (t+). 


= 


About the only thing for what o?(t) = O(t?) alone (without a restric- 
tion of the value of [w]) will suffice is an estimate of the consecutive zeros, 
say to, ta" © pm" °°, of a solution 2(t) 40 of (*), provided that (*) is 
oscillatory at all (that is, that the sequence to, t, - - is infinite). In fact, 


[o] <% alone insures that, as no, . 


(5) ab >(1+y)*, where y=.const. > 0, 
provided that (*) is oscillatory. 
Actually, (5) holds whenever 


(6) J 08-009), 


t 


where the convergence of f w?(t)dt is part of the assumption. Needless 
to say, (6) is a relaxed form of [w] <% of w(t) —O(#1). 


First, if a solution æ(t)£0 of (*) vanishes at both end-points of a 
t-interval (a,b), then, according to Liapounoff, the integral or w(t) over 
(a,b) must exceed the value of 4/(b—a) (for a simple proof, cf. pp. 52-53 
of Geronimus A. M. Ljapunow, Berlin, 1954). If this is applied to 
(a,b) = (ta, tn), it follows from (6) that (tiu—t,)t—O(t,*) as 
n—>co. But this is equivalent to liminfé,,1/#, > 1, which proves (5). 


Tue JoHNs HOPKINS UNIVERSITY. 
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Proof that these ® are strip maps. If ¢ is defined on a submanifold U 
of X and U’ denotes the set of all points x of B(X) with px(x) € U, then ® 
maps U’ X A(G) 1-1 onto r1(U’), with & and its inverse both C”. Also, 
any two such maps 6, ©’ differ along a fibre a *((a,6,°-°-,éy)) by a 
translation Lan; and, in fact, g depends on 2, but is independent of the 
frame @,--° -,éy at. 


(B, X, O(X) X A(G), O(X) X A(G), pro). The following maps $ 
make this into a bundle: If ¢* is a strip map of B(X) and & is a strip 
map of (B,B(X), A(G), A(G), r), then (r,r X A(g)) = ®(¢*(a,7r), A(g)), 
r€O(X). The &’s are strip maps, since any two differ along a fibre by a 
translation of O(X) X A(G) (this is a consequence of the fact that the 
element A(g) of the preceding paragraph is independent of the frame at 2, 
i.e., independent of r). | 


‘Lemma 1. Let 6, 6%, 6%, o™ be strip maps of the bundles (M, X, F, G, p), 
B(X), B(F), B(M); let & be the strip map of (B,B(X),A(@),A(@),r) 
defined as above in terms of ¢. Then: 


(1) given p, o* on 0%, and g* on OF, (6%, 6" submanifolds of x, F) there 
exists a p% on $(0X, 6") such that p” (6(z,f),+ © A) =®($X(z, r), pF(F, A)) 
for any ze 6%, fe OF, and r BAEC O(X) SAK); 


(2) give $" on some submanifold 6™ of M, there exist ¢, p? on some 0X, 
and &* on some 6", such that ¢(0*,6") COM and dM(p(x,f),r @ A) 
= 6(¢* (2,7), pF (f, A)) for any ze OX, FE 6", and rP AE O(X) PAK). 


Proof. This is a consequence of the definition of ® in terms of ¢, and 
of the type of strip map ¢™ considered in B(M). 


Curvature. A choice of coordinates a, y? in neighborhoods in X, F, 
and a strip map ¢ of the bundle (M,X,F, G, p), define coordinates on an 
M-neighborhood. These, together with coordinates sj, ¢/ on O(X) and A(K) 
and a strip map ¢™ of B(M), define coordinates ti, yi, s;, ti on a submanifold 
of B. We denote partial derivatives in the coordinate directions by X, Yi, 
Si, Ti Then a change of coordinates or strip maps (new coordinates being 
denoted by bars) sends each S; into a linear combination of the $,, each 7; 
into a linear combination of the f, and each Y; into a linear combination 
of the F; and T; (the Y; and T; span the space of vertical vectors of B with 
respect to the bundle (B, B(X),A(@),A(@),7), as do.the Y; and T;.) 
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If m is a point of B and m—py(m), then Sim) = pm” (t0) for 
some strip map ¢*! of B(M) and some vector ¢ of O(X). Conversely, every 
vector of the form ¢m™{¢@0) is a linear combination of the S;. 


Notation. A point (m,é,:--+,éey,f1,°°*,f,) will be denoted by 
(m, efi); similarly, points (æt,e,:::,ex) and (f,f1, :-,fn) will be 
denoted by (x,e;) and (f, fi). 


Lemma 2. Let Ag be an element of A(G) and m a point of B. Then 
RygSi(m) = Si (Rag). | 


Proof. Let m==px(in), m = pu(Ragñ). So, for some strip map ¢ 
of (M,X,F,G,p) and some gK EF, m= (¢ (z, 9K), e:(m), dr4i(GK)). 
Letting &=—pel(m), it follows that m—p((x,&),(JK,Ai(gK))), and 
hence that 


Ray (te) = ¥( (2, à), (39K, Ai(JgK))) = ($ (2; 99K),eı(m’),deAı(dgK)). 


Thus we have 
(*): Ras(b(m, IE), lm), badi(GK)) = (4 (2, 99K), ei (m), ba(99K) ), 


with pe(m) = pe(m’) — à. (Note that m = ẹọ (<, JK) and m = (x, GK ).) 
It follows immediately from the definition of the coordinates s; in terms of 
the strip maps of B(M) that pe;(m) = pe;(m’) implies 50 Ra, =s; for all i 
(for, if & = XScija;, then e;(m) = Se,a/(m) and e,(m’) = ca’ (m’)). Thus 
equation (*) shows that Rags = S; since the x; y; 1; coordinates of Ra, (1) 
can. be seen to depend only on the x; y; t; coordinates of m, not on the s; 
coordinates of m. 


Lemma 3. There exists a connection w on (B,B(X),A(G),A(G@),7) 
satisfying : 


(a) w(Si(m)) =0 for all i and all me B; 
(b) Rroga =v (r Oe in O(X) D A(K), e— A (identity element of &)). 


Proof. A preliminary concept of horizontality H, on B with respect to 
the bundle (B,B(X),A(G),A(G),x) can be defined by H,.Si—Si, H,T;— 0, 
H,Y;—0; this is independent of the coordinates. Let V,—1—H,, I the 
identity. Note that H,X; is undefined. 

Let H be a connection (concept of horizonality) on B with respect to 
the bundle (B,X,0(X) XA(G),O(X) X A(G@),2x0r); let V=I—H. 
For any tangent vector Z at a point of B, define HZ and VZ as follows: 
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1. VZ=V,(V2) 
2. HZ=Z-—VZ. 


So HZ and VZ are well-defined, and VZ = V,Z if Z is an 8, Ti, or Yj. 

To prove that H is a connection on (B, B(X),A(G), A(G), x); it must 
be shown that Ra,Z is H-horizontal for any Ag € A(G) and any H-horizontal 
vector Z on B. So suppose Z is H “horizontal. Then.Z is either H-horizontal, 
or it is a linear combination of 87s, or both. if Z is H-horizontal, then 
Y (RaZ) = Vo(V Ras) = 0 since Rag preserves H -horizontality ; and if Z is 
a linear combination of Sÿs, Lemma 2 shows that V (BaZ ) = V, (D (RasZ }) 
= Vo (RaZ) =0. 

Thus H is a connection; Jet w bè the 1-form of H. Then o(s} = 0, 
and it must still be shown that Rppo =ù. So suppose Z is.a tangent 
vector at a point m = (m, e; fı) of B. Let æ— pm, and let ¢ be -a strip 
map of (M, X, F, G, p) with m = ¢ (x, f) ; choose vectors J; at f with bafi = fi- 
Let & be the strip map of (B,B(X),A(G),A(G)x) associated with ¢, and 
define ps by: palele’, F), et, paff) — (P, F), for eny point (6a, P), ef, defi’). 
Then w(Z) is the invariant vector field on.A(@) whose value at the point 
pet) is pV (Z). Now every R,g. maps H-horizontal vectors into H-hori- 
zontal vectors, and V-vertical vectors into V-vertical vectors (since r0R,@. 
= R ox). Thus Regeo V =V 0 R,ge' Furthermore, pọ ° Rroe= po. Thus 
o(RoZ) = pe V Rro = ppRrg V Z = po VZ = o (2). ‘ 


Let wx be a connection on (X) with curvature form Qx, and let w be 
a connection on (B,B(X),A(@),A(G),r) which satisfies the two properties 
of Lemma 3; let Q be the curvature form of w. Define w*(ad Qp), w* (ad Or) 
and Q*(adey) in the following way: o* ad or(Z) = ador(oZ), w* adQr(Z, Z^ 
=adOr(wZ,0Z’), and O* ad wp(Z, Z’) = adwr(Q(Z, Z^): These are well- 
defined, since the canonical connection of the second kind ad or, and. its 
curvature form adQ,, are invariant under left-translations by A(G). 


THEOREM 1. 5—7"oy Q w* ad wp is a connection on B(M ). Its curva- 
ture form is È = 7*Qx © (o* ad Or + Q* adop). i 


_ Proof. First, it must be shown that æ behaves correctly under. right- 
translations by O(X) ®A(K). So let I be the unit matrix of O(X), 
and r®A any element of O(X) &A(K). Since roR,;ga—R;or and 
wo Rr@e—0, and since-wr and adar are themselves connections, we have 


Ros #5 = wx (wha) © ad or (wR,@4) = ox (Rrr) @ ad or(oRhr@ay : = 


=wx(Rpr) @ ad or (ad Aw) =ox(R,r) Bad or (Raw) 
/ = ad 17+ (wx Or) @ ad A7? (ad or Ow) =ad(r ® A)'o. 
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Next, let. (m,r © A)— be a point of B, and let À ® B be an element 
of the Lie algebra of O(X) @ A(K) with value «@ at the point r@A.. 
It must be shown that (Em! (EB B)) =A @B. So let 4, $%, $F be the 
strip maps whose existence is guaranteed by Lemma 1, and let &, a, f be a 
points of B(X), X, F satisfying (ñ) =% and $(2,f) —pu(m); 
m—pu(ñ). Since pm” (a ® 0) is a linear combination of (H an 
Sis, it follows that Von! (a D B) = pm” (0 8). Thus: 


Sem (a D B)) = ox (rpm (a @ B)) Dad or (bn! (a ® B)) 
= ox (7$ (de (2), $F (8)) © ad or (udn? (0 © B)) 
= ox(ds*(a%)) Ð ad or (of (0, $/"(B)) = wx (p7 (2)) O ad or (A), 


where A is the left-invariant vector field on A(G) whose value at f is dj” (8). 
Since wx and ad wy are connections, it follows that 5 (dm (a DB))—49 8. 
Thus, © is a connection on B(M). 
The equation of structure gives the following expression for ©: 


O= d + + (1)5 AG . 
== (dr*ox ® do ador) + (4) (r*ox A r*ox D ador A o” ador) 
= (r*dox + (4) rox A rwx) ® (dw* ad wp + (4) 0* ador A vo" adap) 
= (*Qx) © (ož ad Op + (dou —u*od)alar). | i 


Let Q be the curvature form of o; then Q* =dow*—wo*od (see [2]), 
and so Theorem 1 is proved. | | 

Thus 5 is a connection on the frame bundle of M. If K is connecte, 
A(K) is contained in the rotation group R(n); and so ‘if wx is chosen to 
be a connection on the bundle of oriented frames of X, then 5 is a connection 
on the bundle of oriented frames of M. 

If @/K is any reductive homogeneous space (that is, G is a Lie group 
and there exists a complement m to the Lie algebra of K in the Lie algebra. 
of G), then one can proceed as follows: Let By, Br be the bundles of bases. 
of X, F; and let By’ be the set of all elements (m, a e eno ty fa) 
with mE M, e,,: - -,ex a set of linearly indepencent sent vectors at m. 
which are horizontal (with respect to (M, X,#,G,p}}), and fi,‘ : -,f, a set: 
of linearly independent vertical tangent vectors at m. Then, on the bundle 
(Bu, Bx, Br, @,#)—@ acts in the natural way—w is defined as before; 
however, this bundle is not a principal bundle, and so, strictly speaking, w is 
not a connection. If wx is a connection on the bundle of bases of .X, and if 
N” denotes dow*—wo* od, then 5=r"wr Bu’ #adwr is a connection. on the 
bundle of bases of M, with curvature form 8 = 7"Oy @(wo* ad Or + 0*¥ ad wr), 
In this case, of course, ad or is a connection on Br. ‘ 
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. The characteristic ring of M. From now on, K will be assumed to be 
. connected. 


Define tensors T,#, T,F, and T,#, on O(X), O(F), and O(M) as follows: 


(a) TA, ii, (A= (ai), © °, C= (cy) are r 
N XN skew-symmetric matrices; %,:- ‘,i, is any set of r numbers from 
among 1,---,N3 9%," ',jr is any permutation of 4, : -,4; e is the sign 
of the permutation; and the summation extends over all such permutations, 
and all choices of 7,,- -,4,.) 


(b) TFA, +, C) = Zenn + cy, (A, :,C are r nXn skew- 
symmetric matrices; %,° - *,4 is any set of r numbers from among 1,: * :,n) 
(ce) TM(A,- © -,C) = Seti, Cu (4,0 are r oxov skew- 
symmetric matrices, v the dimension of M; i,,: - -,1, is any set r numbers 
from among 1,- © -,v.) 


Then 7,*(Qx,- - -,Qx), FP (Qr, -© +, Qr), and FM (Q, > -,Q) are 2r- 
forms on B(X), A(G), and B (the bars denote alternation with respect to 
the vector arguments). They define differential forms P,*, P,F, and P, on 
X, F, and M, with px*P,* =T,*(Qx,: © -,Qx), peP = TF (Op, +>, Or), 
and py*P,M = TM (Q,- . -,Q). A fundamental theorem of Weil shows that 
these differential forms are independent of the choice of connections on B(X), 
B(F), and B(M). . 


Definition. P,*, P,F, P,M are the 2r-th Pontrjagin characteristic forms 
of X, F, and M. 


LEMMA 4. 
TA(Q,: -- Q) 
= TA (HO x, ,7*Ox) 
N Pr (ot ad Op + OF ad wp, + +, 0* ad Op + O* ador). 


Proof. This is a direct consequence of Theorem 1. 


Interpretation of 
T7 (@* ad Sr + SB ad Orc, w* ad Sr + Sa ad Or). 


M’ gives rise to a space B’ in a manner analogous to the manner in 
which M gave rise to the space B. We can consider G as a homogeneous 
space G/e; then G is a bundle over G/e, with fibre e, and we consider the 
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following horizontal orthonormal left-invariant vector fields on G (note that 
all vector fields on @ are horizontal, since the fibre is e): X,- : +, Xn are 
to be horizontal at every point with respect to the connection wr of 
(G, G/K, K, K,8) ; Xn’ *, Am— m the dimension of G—are to be vertical 
at every point, with respect to wr. Clearly, A(G) —G Xe for the bundle 
- (G, G/e,e,e,T) ; hence (B’,B(X),G,G,7’), = the natural projection of B’ 
onto B(X), is the bundle which corresponds to the bundle 


ý (B,B(X), A(G), A(G), 7). 


Let px’ be the natural projection of B’ onto W’. If we choose X;,: --,#, 
to be the same vector fields on @ as the ones which defined A(G) in the 
case of the bundle (B,G/K,K,K,8), we get a natural mapping Pe of B’ 
into B: Let ¢ be a strip map of (M,X,F,G,p), ¢’ and® the associated strip 
maps of (W”,4,G,G,p') and (B,B(X),A(@),A(G),r), and & the strip 
map of (B’,B(X),G,G,r’) associated with ¢’. Then let P,(&(b(x),g)) 
= ğ(b(x), Ag), b(a)EB(X) and ge G. 


Note. Another way of defining this mapping is the following: If 
M = (me, + +, en’ fu," + * fn, fast’)? fm) is a point of B’, then 
P,(m’) is the point (Pm, Pes, - -,Pey’, PFZ, - c, Pfr). 


The following diagram is commutative (Po py’ = px ° Po): 


i P, 
B e B’ 


One can construct a connection w on (B’,B(X),G,G,7’) in a manner 
analogous to the construction of w in Lemma 3. Then it can easily be seen 
that there is a connection w on (B,B(X),A(G),A(G@),7) which satisfies 
the conditions of Lemma 3 and which satisfies the further condition: 
Po*w—Aow. It follows from the equation of structure that P*O = Ao. 

Hereafter, the connections w and w will remain fixed, chosen as in the 
preceding paragraph. 

Let sı == w* ad Qp + Q” ador. Then s; is H-horizontal on B, and Regas 
—ad(r @ A)s,, r BAEC O(X) PA(K). 

Let S, be the following linear-transformation valued 2-form on M: If 
i, Vv are tangent vectors at a point m of M, and if T, T’ are tangent vectors 
at a point (m,e,:::,ex,fas cfu) of B with puT =t and pl =t, 
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then S;(é,4) is the linear transformation of the tangent space to M at m 
whose matrix with respect to the basis e,,: - <, ex, fi‘ * "fa is & (T, 7”). 


Thus 1" (s.,° + :,8) = par TF (Si, * -, 81). 
Lemma 5. Let ss —0*Qr+Q#op. Then Pos) = A 0 s2. 


Proof. P,*s = P,*(o* ad Qp + Q* ad wr) = ad Qr(w 0 Po) + adur(QoP,) 
= ad Op(A oo’) + adwr(A 00’) = A (Qro + of’) =Acs,. (The second-to- 
last equality follows from the definition of the connection adwr in terms of 
wp and A.) 


` Definition. Tf defines a tensor t, on K in the following way: If 
X, ,Z are r elements of the Lie algebra of K, then &4F(X,- - -,Z) 
T#(adX[m],---,adZ[m]) (recall that the Lie algebra of G splits, with 
respect to the fundamental bilinear form, into the direct sum of the Lie 
algebra of K and its orthogonal complement m.) Since K is connected, t,” is 
invariant under K. | 
Now each tensor t,” gives rise to a characteristic form p,” of M with 
respect to the bundle (M’,M,K,K,p). We have: 


Lemma 6. The forms T,"(S1,- - -,81) and p,f are cohomologous on M. 


Proof. It will be shown that there is a curvature form © on the bundle 
(M’,M,K,K,P) for which p*T,¥(81,- + +,81) =#7(0,: + -,@); this will 


prove the lemma. It is equivalent, however, to show that py’*i?(Q,- - -,0) 
= PT (8, ++, 81). Now it follows from Lemma 5 that P,*7"(s,,° + :,5:) 


=H," (8%, © +,$2), since A(Z) =adZ[m] for any Z in the Lie algebra of K; 
hence it must be shown that py’*,"(Q,- - -,Q) =#,"(s.,° - ',8). We will 
now prove, in fact, that © can be so chosen that py’*Q = so. 

_ We define a‘connection H” on (W, X, G, G, p’) by the condition px ° H’ 
= H” c px’, This is well-defined; and if w” is the 1-form of H”, it will be 
shown in the following paragraph that-o’ = py’*o”. Thus the equation of 
structure shows that Y = Pi”. Now wr o” is a connection on the bundle 
(M’, M,K,K,P); let © be its curvature form. Then it follows from the 
equation of structure that Q = u""Or-+-0”*or. Thus 


pa *@ = wo * Op + OY * or = So. 


Proof that w = py*w”. Let b be a strip map of (M,X,F,.G,p),. let 
g be the associated strip map of (If, X,G,G,p’), and let & be the asso- 
ciated. strip map of (B,B(X),A(G),A(G);7) ; let ® be the strip map of 
. (BY, B(X), G, G, x’) associated with g’. 
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(a) pu oV’—=V”opy (where H -+ V =I and H” + V” =I). For 
any vector Y of B’, . i 

par aa + pu VY = px Y — H” px Y 25 V" pul Y = puy H'Y + Vpn’, 
hence pu V' (Y) = V'par (Y). | 

(b) Let b(x) be a point of B(X) and g a point of G; then 

pu&'(b(x),g) = Du’ (8 (2,9), ei, pa Ailg) ) =p (2,9), 

(e) bso py’ = Sy)" on #1(b(x)}. Let Mm—X&'(b(x),g) be a 

point of B’. So ry (m’) =g, and it follows from (b) that $,'"py’ (M’) 
= ps (p (2,9)) =9. 
We now show that o’ =w” o py’ on H’-horizontal and H’-vertical vectors of 
B’, thus completing the proof. If Z is H’-horizontal, then w (Z) =o” (px'Z) 
== 0.. If Z is H’-vertical, it follows from (a) that py’Z is H”-vertical; thus, 
if Z lies in the fibre above the point 6(x) of B(X), it follows from (c) that 
w” (px Z) = pa tpu (V'Z) = bri (V’Z) =o (VZ) (where, of course, the 
two middle terms are extended to left-invariant vector fields). 

THEOREM 2. For any positive integer r, P,” == Z% p* P£ N p,-j", where ` 


PA, P;X are the Pontrjagin forms of M, X, and where p,_;F is the charac- 
teristic form on M defined by the tensor t, on K. 


Proof. Tj*(Qx,- © °, Qx) = px*P;*, where px is the projection of B(X) 
onto X; thus r* (TX (Qx, - -,Qx)) =a*px*P;*. Now pyor==po px; and 
so it follows from Theorem 1 and Lemma 6 that: 
pat PM = TM(Q, > +, O) = 3 pap PA A par* prf = par (Sy p* PÆ A pf). 
Thus P,“ = Xj p*P~ A prj. 

Remark. The bundle (A, M, K, K, p) and the mapping A of K into 
O(n) induce a principal bundle over M with fire and group O(n). ` So 
p” is the 2r-th Pontrjagin form of M with respect to this bundle. It is known 


that the Pontrjagin forms of degree greater than 2n of a principal bundle 
with group O(n) are zero; bundle; hence pf ==) if s > ?n. 


COROLLARY. If the characteristic ring of M with respect to the bundle 
(WW, M,K,K,P) is empty, then: 


(a) P,“ = p*P* if rS dimension of X; 
(b) PM=0 if r> dimension of X. 


This holds in particular when K is a normal subgroup of G. 
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Proof. Only the second part of this corollary remains to be proved. 
If K is a normal subgroup of G, let f be a cross-section of G/K into G, and 
let ke the following mapping of M into W: F($(2,9K)) = (z,f(gE)). 
So f is defined in terms of strip maps, but is clearly independent of the 
strip map used; it is a cross-section of M into M’, and hence the characteristic 
ring of M with respect to the bundle (NW, M,K,K,P) is empty. 
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ON MAPS FROM SPHERES TO EUCLIDEAN SPACES.* 


By Cuune-Tao YANG. 


1. Introduction. Knaster [1] proposed the following problem: Given 

a map (= continuous function) f of an (m—+n—2)-sphere Sm*"-2 into 
the euclidean n-space and m distinct points %,° * `, Em of 8-2, does there 
exist a rotation r of Smtn-2 such that f(r(z1)) =: --—=f(r(am))? Up to 
the present we know only several partial solutions of this problem. ` For 
the case n== 2, a positive answer follows from the generalized Borsuk-Ulam’s 
theorem by Hopf [2]. If m—3, n—1 and +, Tə, T are end points of 
three mutually orthogonal radii, a positive answer can be found in Kakutani 
[3]. The result of Kakutani was extended by both Yamabe-Yujobô [4] 
and Floyd [5]. The former removed the restriction on m and the latter 
removed the restriction on zı, %, 23. The purpose of this note is to extend 
.the result of Kakutani by removing the restriction on n and weakening the 

restriction on %1, £a, X. In fact, we shall prove 


THEOREM 1. Given a number d, O < d27/3, and a map f of an 
(n-+1)-sphere S**! into the euclidean n-space, there exist three points t, 
Lo, La of St such that f(x) =f (22) =f (xs) and the spherical distance 
between any two of zı, Lo, 23 is equal to d. 


Notice that Theorem 1 and Floyd [5] give a strong indication that 
for the case m == 3 the answer to Knaster’s problem is probably in the afirma- 
tive. The proof of Theorem 1 is roughly as follows. Let X, be the subset 
of St X E X 8" consisting of all the elements (%1, 22,23) such that the 
spherical distance between any two of Tı, Zə, £3 is equal to d. If there is a 
map f of S*** into the euclidean n-space such that for no (a1, to, t3) € Xa, 
f(t.) =f (£2) = f (as), we shall construct a map g of Xa into a (2n—1)- 
sphere $?"-! and a subset Y of X, which is topologically a cylinder with the 
Stiefel manifold Vass. as its base. Then we arrive at a contradiction by 
proving that g is essential when restricted on one base of Y but is inessential 
when restricted on the other. For the case n = 1, Y consists of two circular 
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cylinders. If Y is replaced by either of these two cylinders, the proof we 
have is essentially the same as that in [3]. 


As in [2], the same proof yields a generalized theorem concerning maps 
from Riemannian manifolds to euclidean spaces. 


2. Preliminaries. Throughout this note, n denotes a positive integér 
and R denotes the euclidean n-space. Let St be an (n + 1)-sphere with 
center o. Whenever x, y € S"*1, p(z,y) denotes the spherical distance between 
æ and y, i.e, the angle between the vectors og and oy. Clearly p is a 
Riemannian metric on S"** and geodesics ‘are arcs of great circles of Sg", 
If 2, Vo, T3 are three distinct points of OS™} such that p(T, ta) = p (2s, T1) 
= p(%,%) = d, then 0 < dS 27/8. 

For any fixed number d, 0 < dS 2r/3, we let Xg be the subset of gm 
x Se X ge consisting of all the elements (t1, T2, %3) such that p(o, %3) 
= pts, %1) = p (21, T2) =d. The elements of X, are called d-triples on S™*. 

TÍ d < 27/8, there is a natural homeomorphism between X, and the 
Stiefel manifold V,,:2 consisting of all the orthogonal 3-frames with o as 
the origin. In fact, any (%1, £2, %3) € Xa determines an orthogonal 3-frame 
(oy, 0Y», 073) as follows. oy, is the unit vector on oz. oys is the unit vector | 
on the 2-plane [ox;x,] orthogonal to oy, and such that the projection of oz, 
on oy» is positive. „oy, is the unit vector on the 3-plane [ostes] orthogonal 
to the 2-plane [ox;x.] and such that the projection of ov, on oy, is positive. 
The correspondence (£1, 2a, T3) > (0ÿ1, 0Y2,0y3) is clearly a desired homeo- 
morphism. If d= 27/3, then for every (z1, £2, 24) € Xa, Ta, Te, 3 are on a 
great circle of S*. Therefore æ, is on the 2-plane [oz:æ] and is deter- 
mined by 2, va Just as above, the d-triple (2:,%2:,%) determines an orthog- 
onal 2-frame (oy1,0y.) and the correspondence (#1, La, Ts) — (0Y1, 0Y2) gives 
a homeomorphism of Yer/; onto the Stiefel manifold Vase. consisting of all 
the orthogonal 2-frames with o as the origin. 

The function T: Xa— X, defined by T (a4, v2, Ta) = (To, Ts, 1) 
periodical transformation of period 3 and has no fixed point. 

Let p be a point of S*** and let S” be the n-sphere contained in 8% 
consisting of all the points x with p(p,x) —cos*((1-+2cosd)/3)% It is 
easily seen that every d-triple (Tı, %2,23) on Sr" with p(p, 1) =p(p, £2) 
= p(p,%,) is a (2r/8)-triple on Sr and conversely every (27/3)-triple on 8” 
is a d-triple on S***. Hence all the (27/3)-triples on S* form a subset A, 
of Xa. The set A, is homeomorvhic to the Stiefel manifold Vy... and is 
invariant under the periodical transformation T. For n> 1, À, is con- 
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nected; but for n—1, A, consists of two eras each of which is 
homeomorphic to a circle and is invariant under T. 

Let I be the unit closed interval [0,1]. Then a map h: 4, X 1 ža 
can be constructed as follows. Given any (21,%2,%,) € Ap we let IX be the 
n-plane perpendicular to the 2-plane [opz,] at o. Let (pa) be the geodesic 
on g= joining p and a, i.e., the shorter arc of the great circle 8"? N [opz:] 
with end points p, x. For each ¢€ I we denote by o; the rotation of St 
around II such that o;(2,) is the point of (pzx,) with p (a1, o+(#1) ) = tp( P, Tı). 
Now we define h: Ap X I — Xa by h( (a1, 2, £a), t) = (0: (21), ot (£2), ot (£3) ). 
Clearly h is a homeomorphism of 4, XI into Xa h(4, X0)—A4, and 
By==h(Ap X 1) consists of all the. d-triples (£1, 2, £3) on S”* with m =p. 


3. Proof of Theorem 1. Suppose that Theorem 1 is false, i.e., there 
is a map f of 8”* into R" and a number d, 0< d < 27/8, such that for no 
(21,20%, £3).€ Xa, far) =f (a2) =f (z3)... Then a map g of Xa. into a 
(2n — 1)-sphere S°-1 can be constructed as follows. For any (a1, %2, %3) € Xa 
we let 


f(a) = (a,,° s 3 En)» f (ae) e (am r, -z Gen), f (as) = (Gonsty’ ` *, Gsn) > 
Bi = t — (Qi + ani + Gonsi) /8, 


Basi = Qnsi— (Qi + Eni + Const) /3 Boni = Qon — (i + Ani + Qoni) / 3; 
t= l, +; 


—B/(È Be), | i= 1,: ` `, 8n. 
Notice that our assumption implies that ai @n = en. does not hold for 
all i=1,:::,n. Therefore Se >0 and hence y are well-defined. Let 
S?"-1 be the (2n—1)-sphere = R’? given by l 
Ute Hu = 1, ti F Unni + Uoni = 0, t= l, n, 


where Ui,’ `',Usn are coordinates of points in R”. Then g(21, te £3) 
= (y1° *',Ysn) gives a map g of Xa into Sem, | 
The map T: 8?” — S?r-1 defined by 


T (ui: "ty Um Uni’ ` “5 Usn) = (Une, * to Usn, Ur,‘ * Un) 


is a periodical transformation of period 3 and has no fixed point. Moreover 
gT = Tg. 
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Let p be a point of $"* where the first coordinate of f(p) attains its 
least upper bound. Let A, and By, be as in the preceding section. Then 
for any (21,2%, 83) € Bp, 9 (21, Eo Te) == (Yo * yen) must satisfy yı = yan. 
Therefore g(B,) is a proper subset of S?** and hence g|B,, i.e., the map g 
restricted on B,, is inessential. As seen in the preceding section, A, and B, 
may be regarded as bases of a cylinder contained in Xa. Hence, if we can 
show that g|A, is essential, we arrive at a contradiction which completes 
the proof of Theorem 1. 


4. Special homology theory. In order to prove that g| A, is essential, 
we need the following special case of the special homology theory of Smith. 
Let X be a compact Hausdorff space and let T be a periodical transformation 
of X which is of period 3 and has no fixed point. Let p, p’ stand for 1—T, 
1+ T + T? or vice versa. As seen in [6], we have, for each integer k = 0, 
a (Čech) homology group H4(X) and two special homology groups H,°(X) 
and H,” (X), where the group Zs of integers mod 8 is used as coefficient group. 
We also have homomorphisms 


0: Huf (X) > HP (X), i: H(X) A(X), j: Hi(X) > Hw(X). 
(4.1) Let X, T, 6, i, 7 be as above. Then the sequence 


j i a 
Hy (X) ——H,(X) HP (X) 1- - 


ô j i a 
— Hy” (X) — Aye (X) <—— Ay (X) HP (X) — HX) —: - - 
is exact. [6] 


(4.2) Let X, T, ð, i, 7 be as above and let Y, T, 8, à, 7 be their 
analogies. Then for any map g: X—>Y with gT =Tg there are induced 
homomorphisms 


g: Hi(X)—Hi(X), g: H(X) > A(X), g: HP(X)— Ay’ (X) 
such that the diagram 


; i ð 
H,(X) <— H,,(X) <— Hr (X) «Hra (X) 


g g 9 g 
j 4 
HT) <— H,(¥) Hy (Y) — Hn? (Y) 


is commutative. [6] 
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As @ consequence of (4.1) we have: 


(4.3) Let X, T, 6, i, j be as above. If for some integer m > 0, HiX) 
is equal to Z, or 0 according as k=0, m or not, then Hy?(X) —0 or Zs 
according as k>m or not. Moreover i: Hm? (X) — H,(X), j: Hol(X) 
>Hr(X) and 0: Hy (X)> Ay (X), b=0,---,m—1, are isomor- 
phisms onto. [6] | 


5. Continuation of the proof of Theorem 1. Now we return to the 
proof of Theorem 1 and assert that g|A, is essential. Since the homo- 
morphism of homology groups induced by an inessential map is always 
trivial, we have only to prove 


(5.1) The homomorphism g: Han-ı(Ap) > Hona(S?**) induced by 
the map g|A, is not trivial. 


Suppose that n is even. Then H,(A,) is the same as H;,(S?"*) which 
is equal to Z, or 0 according as k=0, 2n—1 or not [7]. By (4.8), all 
the horizontal homomorphisms in the diagram 


j a a 
Hy(4p) —Ho(Ay) <«— Hr (Ap) <—H#(A) 


Gis g ; g ; g 
J 
Hy (92-2) —> Hf (S2r-1) — Hy’ (8202) Es HP (8-1) 
a a 
e: -e Hna (Ap) — Aona(Ap) 
g | g 
ô ð 4 
e- ec Hu. (8271) —> Hon (8) 


are isomorphisms onto. Since A, and S?"-! are both connected, g: H,(A,) 
— H,(S**") is an isomorphism onto. Hence, by (4.2), all the vertical 
homomorphisms are isomorphisms onto. In particular, 


g: Hona (Ap) > Hana (87) 
is not trivial. . 
Suppose that n—1. Then A, consists of two components and each of 
the components is topologically a circle invariant under T. It is easily seen 
that the proof above remains true when A, is replaced by either of its com- 
ponents. Hence for n—1, g: Hnı1(4,) >H ona (82) is also not trivial. 
Notice that this is essentially the proof in [3]. 


2 


r 
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Suppose now that n is an odd number >1. Since A, consists of all 
the (27/3)-triples on S”, it contains a subset A,’ consisting of all the (2r/3)- 
triples on an (n—1)-sphere S*-*. As seen in Section 2, A,’ is homéomorphic 
to the Stiefel manifold V,, and therefore H;,(A,’) is equal to Z, or 0 
according as k = 0, 2n—3 or not. Therefore in the diagram 


j 3 a ð 
BA) —> He(4,) —By (4) — e Han (A) 


j a ô ð 
H, (St) 3 Ho? (=) € Hy? (Sa ) € rg Hana’ (82-1) 


all the horizontal homomorphisms are isomorphisms onto and among the 
vertical homomorphisms which are induced by the map g|A,’, the first one 
on the left is an isomorphism onto. “Hence, by (4.3), all the vertical homo- 
morphisms are isomorphisms onto. Let I be the image of Hons? (A,’) in 
Hans” (Ap) under the homomorphism induced by the inclusion map. Then 
g maps I isomorphically. onto Haus’ ($?"-t). 

If n> 3, it is known [Y] that H,,,(4,) and H,,,(A,) are both 0. 
Therefore, by (4.1), 9: Han? (An) > Hons (AY) is an isomorphism onto 
and hence 


(5.2) | I C OH ane (Ap). 


If n—3, A, is a sphere bundle over 8° with respect to the projection 

(1, %2,%3) >a. Since the projection induces an isomorphism of H,(A,) 

onto H;(S*) and maps A,’ into 8°, it follows that i: H (Ap) >Hs(A,) 

maps I into 0. Hence (5.2) also holds for n==3. ' | 
Now we observe the diagram 


a 4 
Hon_2°(A9) << Hana” (Ap) — Han-ı(Ar) 
gô g g | g 
ð a i 
Hanat (822) ORGUE H oy? (870) EF Fon? (8222) — Hona (8) 
It is easily seen that i: Hona” (Ap) > Hen-ı(A,) is an isomorphism onto. 
Since n= 3, Hoy2(Ap) —0. It follows from (4.1) that 0: Hanı” (Ap) 


—> Han-oP (Ap) is an isomorphism onto. Since, by (4.3), all the homo- 
morphisms of the lówer row are isomorphisms and since 


Hz. (Ap) D 910, 
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we infer. from (4.2) that g: Hanı(4,) > Hna (87t) is not trivial, This 
completes the proof of (5.1) and hence Theorem 1 is proved. 


6. A generalization.: As in [2], Theorem 1 can be extended to a 
theorem on compact Riemannian manifolds without singularity. 

Let M be a Riemannian manifold without singularity. For any point 
a of M and any unit tangent vector v at a there is a geodesic beginning at a 
and tangent to v. We shall denote by (a,v,e) the point of M obtained by 
moving a point along the geodesic a distance e from a. 


THEOREM 2. Let M be a'compact (n-+1)-dimensional Riemannian 
manifold without singularity and let f be a map of M into, the euclidean 
n-space. Then for any e>0 there exists a point a of M and three unit 
` tangent vectors vı, Va, Vs of M at a such that the angle between any two of 
Vi, Vo, Va is equal to 2/3 and f(a, vı e) =f (a, va, e} = f (a, Vs, €). 


The proof of Theorem 2 is the same as that of Theorem 1 except for 
a few modifications. Let V be the totality of (a, v1, v2, va), where a is a point 
of M and v,, vs, v,.are unit tangent vectors at a such that the angle between 
any two of them is equal to 27/3. If Theorem % is false, then there is a 
map f: M>R" and a number e>0 such that for no (4,11, Va vs) € V, 
f(a, v1, e) =f (a, v2,¢) =f(a,vs,e). Therefore we may construct a map 
` g: V— S?"-1 as in the proof of Theorem 1. Since M is compact, there is a 
point p of M where the first coordinate of f(p) attains its least upper bound. 
Let A, be the subset of V consisting of all the elements (a, 01,2, v3) with 
a—p. As (5.1), the map g|4A, is essential. For any (a, :,%2, vs) € A, and 
teI we define (a(t), v:(t),v2(t),vs(t)) € V such that a(t) = (p,— 1, te) 
and v,(t),"v2(t), v(t) are parallel displacements of vı, v2, Vs along the 
geodesic a(s), OSsSt. Then 


( (a, v1, Vs, Vs), 6) > (a(t), v1 (t), v(t), v3(t)) 
defines a map A of A, XI into V with 
h( (a, Vis V2, Vs); 0) = (a, Vis V2, Vs) a 


Since k(4, X 1) consists of all the elements (a, vı, v2, v3) with p= (a, vı, e), 
it follows that the map g restricted on Bp =h (4p X 1) is inessential. Hence 
we arrive at a contradiction. | 

Theorem 2 is a generalization of Theorem 1, because the former becomes 
the latter if M is an (n-+1)-sphere with the spherical distance function as 
its Riemannian metric and e= cos 1((1 +2 cos d)/3)4. 
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A FORMULA FOR SEMISIMPLE LIE GROUPS.* 


By HARISH-CHANDRA. 


1. Introduction. Let @ be a connected semisimple Lie group and € 
the set of all equivalence classes of irreducible unitary representations of G. 
Let To denote the character of any class w€ € (see [4(a)]). Then the 
Plancherel formula for G is equivalent to the following statement. There 
exists a unique positive measure dw on € (called the Plancherel measure) 
such that 


fa) -Í Ta (f) de 


for all? fe C.” (G). Let § denote the Dirac measure on G corresponding 
to the unit mass at 1 so that 8(f) —f(1). Then the above formula may 
also be interpreted in the form 


I Í T do. 
€ 


Let T be a distribution and D a differential operator on G. Then, for any 
z,y€G, we define the distribution T’ «Ty and the differential operator 
D'=xDy as follows. 7”(f) —T(f) and D’f=Df (fe C°(G)), where 
f(z) =f (azy) (2€ G). Also, put cf =aTy, Te=yTe, for y=1. T is 
called invariant if zTe"=T for all ze G. Let 3 be the algebra of those 
differential operators D for which D=xDy (x,y€ G). We say that T is an 
eigen-distribution of 8 if it is an eigen-distribution for every D in 8. Let Z 
be the center of G. Then T is an eigen-distribution of Z if zT is a numerical 
multiple of T for every z€ Z. It is known (see[4(a)]) that the characters 
Ts (w€ E) are invariant and that they are eigen-distributions of both 8 
and Z. Hence the Plancherel formula may be regarded as an “expansion” 
of ö in terms of such invariant eigen-distributions. 

Although the existence and uniqueness of the Plancherel measure are 
known, so far no general method of computing it has been found. The object 
of this paper is to give a formula which can be regarded as a first step 
towards the determination of dw. Let G and S, respectively, denote the sets 


* Received December 4, 1956. 
1 See footnote 1 of [4(g)] for certain notational conventions. 


733 


734 HARISH-CHANDRA. 


of regular and singular elements in G (see [4(c)]). Consider a Cartan 
subgroup A of G and let § denote the algebra of those differential operators 
on A which are invariant under all translations of A. Then for any 
fe C.”(G), we shall define a function Y; on A’=ANG’ of class C® in 
such a way that the following conditions hold.* 


(1) Ef=zfet (xe G, fe OC." (G)), then ¥, = vy. 

(2) There exists a homomorphism y of 3 into § such that ¥. = y(z)¥; 
for all z€ 8 and fe C.” (G). 

(3) For every u€ § and fE C.” (G), wY; remains bounded on A’ and 
W, vanishes outside some compact subset of A. 


(4) The mapping f—%, is continuous in a suitable sense (see 
Theorem 2). 


Let 7 be the rank of G. Then ANS is the union of a finite number of 
closed subgroups of A of dimension 7—1. (3) implies that uf, has no 
singularities (on A) except possible jumps across AMS. Let À be the 
character group of A and Tif) the value of the Fourier transform of Y; 
at â€ A. Then it follows from (1) and (4) that Ts is an invariant distri- 
bution on G (see Lemma 17). Moreover, since Z C A, it is clear that Ta is 
an eigen-distribution of Z. For any function ¢€ 0,” (4), let $ denote the 
Fourier transform of ¢. Then it is clear that, for any u€ &, there exists 
an analytic function à on A such that (up)? = üb (HE C.” (A)). Let xi(2) 
(2€ 3,4€ À) denote the value of (y(z))* at â. Then if Y, could be 
extended to a function of class C” on A, it would follow from (2) that 
Ta (2f) = xe(z) Ta(f). 

Hence except for the above-mentioned jumps, T; would have been an eigen- 
distribution of 3. 

Let I_(A) denote the dimension of the maximal compact subgroup of 
A/Z. We say that A is fundamental if !_ (4) has the maximum possible 
value. If A is fundamental, we can select an open neighborhood B of 1 in 
A and a connected component A, of BMA’ such that 1 lies in the closure 
of A, and the following additional condition holds. 


(5) There exists an element u€ & such that 
(I) f(1) = Lim (uo) (a) (a€ 4:) 
G->1 
for all fe C.” (G). 


2Y, = eF; I | na |? in the notation of Lemma 18. 
ae 
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Let us agree, for a moment, to ignore the complications due to the jumps. 
Then (5) implies the formula 


(II) D= f, Go(à) Ta(f) dä (fe Ce” (6)), 


where dé is the (suitably normalized) Haar measure on 4, Therefore 
s= f ig (4) Ta dâ, 
4 


and since Tg are invariant eigen-distributions of Z and 8, we should expect 
this formula to be closely related to the Plancherel formula. 

Let r(G) be the maximum number of nonconjugate Cartan subgroups 
of G. In case r(G) =1, it is actually true that Y, can be extended to a 
function of class C”? on A for every fE 0.” (G). Hence the above formula — 
holds in this case. Moreover, it is then possible to define a mapping 
&—>a(a) of A into € such that T;—cT ua), where c is a constant. Then 


Du € Í, ĉo (â)Tundâ 


and, in fact this is substantially the same as the Plancherel formula for G. 
Thus if r(G) = 1, the problem of the determination of the Plancherel measure 
is solved completely. This is so in particular if G is either compact or 
complex (see [4(b)]). 

Now in the general case (r(@) > 1), the jumps of the function Y, 
(or its derivatives) cannot be ignored, and therefore T, is no longer an eigen-- 
distribution of 8. Nevertheless, there are good reasons to believe (see [4{e)]} 
that for suitable â€ A, Ta is intimately related to a character To of G. 
Hence equation (I) may still be regarded as a first step towards the deriva- 
tion of the Plancherel formula. The importance of such a relation has beer 
clearly recognized by Gelfand and Graev [3]. 

Now suppose for a moment that A is compact so that A is discrete. In 
view of equation (II) (which, however, is not quite exact due to the jumps 
of ÿ;), one would expect to get a “discrete series” (see [4(£)]) in € para- 
metrized by A. More precisely, we should expect the existence of a mapping 
which assigns to each 4 lying in a suitable subset A, of A, a discrete class 
w(àä) in € such that the Plancherel measure of w(4) is cù, (å), where c is a. 
constant independent of à. This expectation has actually been confirmed in 
a large number of cases (see [4(f)]). 

If G is simple, its first Betti number b(G) is either 0 or 1. Assuming: 
that A is compact, we should expect to get a discrete series in both cases. 
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So far, a general method for constructing a discrete series has been obtained 
only when 6(G@) =1 (see [4(d), (e), (£)]). 

This paper is divided into two parts. The main results of Part I are 
contained in Theorem I and the Corollary to Lemma 12. We need them in 
Part II in order to carry over the results of [4(h), (1) ] from its Lie algebra 
to the group @ itself. Sections 4 and 5 are devoted to the verification of 
the five conditions stated above. A short account of the principal results of 
this paper has appeared in [4(j)]. 


Part I. 


2. Proof of Theorem 1. Let # and C be the fields of real and complex 
numbers, respectively, and let G be a connected semisimple Lie group with 
the Lie algebra g, over R. Let ho be a Cartan subalgebra of g, and A the 
corresponding Cartan subgroup of G (see [4(c),§2]). Our main object in 
this section is to prove the following theorem. 


THEORM 1. Let a, be an element in A and 3 the centralizer of a, in G. 
Denote the natural mapping of G on the factor space G*==G/E by x" 
(ze G). Then we can find a neighborhood B of a, in A with the following 
property. Given any compact set w in G, there exists a compact set Q* 
in @* satisfying the condition that, if sat € wo for some a€ B and x € G, 
then z* € Q*. 


The proof is rather long and requires considerable preparation. First 
we need two results on nilpotent groups. Let F be a field which is either 
k or C, and let N be a connected Lie group and n its Lie algebra over F. 
(If F = C, we assume of course that N is a complex analytic group.) Suppose 
n is nilpotent and n® (k—1,2,: - :) are ideals in n such that n@==n, 
[n,n] C n@ (421) and n® = {0} if k is sufficiently large. Furthermore 
suppose n can be written as a direct sum of two subspaces nı, na satisfying 
the following two conditions: 


(1) m is a subalgebra of n, 
(2) nan Nn + nN n® for all k= 1. 
Then we have the following result. 


Lemma 1. Under the above conditions every element in N can be 
written in the form exp X exp X., where X, En, and X,€ nz. 
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Without loss of generality, we may assume that N is simply connected. 
Then n being nilpotent, the exponential mapping is a one-one regular mapping 
of n onto N. We denote its inverse by æ—logz (zEN). X being any 
element in N, we shall first show that for every integer k = 0, we can find 
X, € n, such that 


log (exp ¥ exp(— X,)) Enz + nt. 


We use induction on k. If k=0 our assertion is true trivially. So let 
us suppose k=1. By the induction hypothesis, we can choose Y, €n, 
such that Z=log(exp X exp(— Y1)) En. +n®. Select Z’ € n™ such that 
Z—Z en. Then Z’ =Z, + Z, where ZemNn® (i—1,2). Hence, by 
the Campbell-Hausdorff formula, we get 


log (exp Z exp(—Z,) ) =Z — Z, mod nt#), 
Moreover, Z — Z, = (4—Z’) + Z,€ na, and therefore 
log (exp X exp(— Yi)exp(—Z,)) Enz + 110. 


However, n, is a nilpotent algebra, and therefore exp Z, exp Y, = exp X, for 
some X,€ 1. Hence log(exp X exp(— X,)) € n: + n@, 
Now taking & sufficiently large, we get X, = log (exp X exp(— 41) ) € 1, 
and so exp X—=expX,expX,. This proves the lemma. 
Let X,,---,X, be a base for n over F such that [X,X;] a 
` 3 


(lStSjSr). Put no =(0}, no = Z FX; (1Sjsr), and let r; 
1Si£j 


denote the projection of n on ng) given by m — X; (1<i< j) and rã = 0 
(j<i<r). Let „ng denote the Cartesian product of ng) with itself m 
times. 


LEMMA 2. Suppose N is simply connected and m is a positive integer. 
Then for each | (1S 71), there exists a polynomial mapping? pj of mt) 
into ny such that 


x; log(exp Y, exp Yo: : -exp Ym) 
= 7j(Y1 +: + Yn) + pilna oraz: ` am) 
for all Yy,---,¥m€n. 


We shall prove this by induction on r—dimn. If r—1, n is abelian 


3 Let U, V be two vector spaces over F of finite dimension. A mapping p of U 
into V is called a polynomial mapping if, for every linear function A on V, the function 
u> X(p(u)) (weU) is a polynomial function on U. 
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o 


and our statement is obvious. So now suppose r= 2. Put n* == n/FX, and 
N*— N/N, where N, is the one-parameter subgroup of N corresponding 
to X, Since X, lies in the center of n, it is clear that log (exp X exp Y) 
=X +Y (X€n,Y€FX,), and therefore the exponential mapping of n* 
onto N* is still one-one. Let X>X* (X€ n) denote the natural mapping 
of n on n*, and let ng * be the image of ng) (4 S} Sr) under this mapping. 
Define the projection r;* of n* on no” by TX == (m;X)* (Ken, 1 SjSr). 
Then since dim n* < dimn, our induction hypothesis is applicable to n*. 
Hence for each 5, there exists a polynomial mapping q; of mng- into nj 
such that l 


r; log(exp Yı: > -exp Ym) 
=r (Ya H ++ Fm) + Glao O onja m) mod FX, 
for Y1,---,¥n€n. But if 5 <r, my N(FX,) = {0}, and therefore 
mjlog(exp Yi’ > -exp Ym) =m (Yi +: + Em) + Glan © +s tH Pm). 


On the other hand, if j =r, x, is the identity mapping of n. Moreover, it is 
known that (Yi,- - +, ¥m)— log(exp Yı: - ‘exp Ym) is a polynomial mapping 
of mì = mner) into n (see Birkhoff [1]). Now put 


pr(¥1,- + +, Fm) = log (exp Yi: - exp Ym) — (Yi +: 0 +H Yn). 


Then since X, belongs to the center of n, it is clear that p (Ya - -, Fm) 
== Pr (mil, © ‘,7r1Ÿm). Hence 


log (exp Y, a Y exp Ym) = (Yı + Dnr -+ Ym) + Prim! er ‚ar! m)» 
and this proves our assertion for j =r. 


Let g, § be the complexifications of go, Ho, respectively, and let @, be 
a complex analytic group with the Lie algebra g. From now on we shall 
use the notation of [4(g), (h)] without further comment.’ In view of the 
Corollary of Lemma 1 of [4(c)], we may obviously assume that 8(bo) = Bo. 
For each root & (of g with respect to D}, select an eleemnt X,340 in g such 
that [F, Xa] =0(H)X, for all HE}. Define the set P of positive roots as 
in [4(h),§ 5], and put n = > OX. Let A, be the analytic subgroup- of Ge 

gE 


corresponding to §. If @ is a root, we denote by é the corresponding character 
of A, so that é (exp H) =e) (Heh). Let a be a fixed element in A. 
and P, the subset of those roots &€ P for which é4(a.)=1. Then if P: 
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is the complement of P, on P, we put m = > (X, m= X (X. Let 


acPy acéP, 


<a << <a be all the roots in P. Put 
nn > 0X, (k21). 


k£Ei£r 

Then it is obvious that all the conditions of Lemma 1 are fulfilled. Let N, 
and N, be the (complex) analytic subgroups of G, corresponding to n and mu, 
respectively. Also, let N, denote the set of all elements in N, of the form 
expX (X€). It is well known that N, is simply connected, and therefore 
the exponential mapping defines an isomorphism of the complex vector space. n 
onto N. (with respect to its structure as a complex manifold). Hence N, is 
closed in N.. > 

Choose a compact neighborhood B, of a, in A, such that, if «€ Pa, then 
&, never takes the value 1 on B,. 


Lemma 3. Let Ze denote the centralizer of a, in Ge and t—x* the 
natural mapping of G. onto G*—G/é. Then for any compact set w, in 
Ge, we can select a compact set Q* in G,* satisfying the following condition. 
If sax? E w, for some x € G, and a€ Ba then x*€0,*. 


We shall derive Theorem 1 from the above lemma. But in order to 
prove this lemma, we need some additional facts. 


LEMMA 4. There exist compact sels œ o2 in Ny, No, respectively, 
having the following property. Suppose nanna € we for some a € By ny EN; 
and mE&N.. Then ny € w and n€ wz. 


It is well known that ACN is closed in Ge and the mapping (a,n) — an 
(ae Aane N.) of A X N. into Ge is topological (see Iwasawa [5]). We 
define logn (ne N.) as before and denote by ta (a@€P) the Cartesian 
coordinates in the complex Euclidean space n corresponding to the base 
(Xa) ep Then it would be enough to show that, under our assumptions, 


ta(log nı) and ta(log n2) remain bounded for every g€ P. Putna== > CX8, 
i 0<B<a 


and let ma denote the projection of n on na given Ly ras — Ag (0 < B< a) 
and rXg==0 (=a). Then from Lemma 2, there exists a polynomial 
function pg on tte X Na X Na such that l 


ta (log (exp X, exp X: exp Xa) ) = ta (X1 + Xo + Xa) + Pal raki, TaX 2; rada) 


for Xp Xo XsEn. Now nan,n =a(latnza)nıng. Since we is compact, 
it follows from what we häve said above that if ame. (WE Aan E Ne), 
then t.(logn’) remains bounded for every «€P. This shows that 
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ta(log(a'nzanın")) must remain bounded for every «€ P. Now suppose 
the assertion of the lemma is false. Then let 8 be the lowest root in P such 
that] ts(logn,)| + | tg(logn,)| does not remain bounded when nı, n, and a 
vary in such a way as to fulfill our assumptions. Put X; = logn; (1==1,2). 
Then? log(a?.a) = Ad(a*?)X, and so it is clear that? 


tg (log (ananın) ) = tg( (Ad (a?) —1) X: + Z.) 


+ pg (rg Ad (a) Xe, rpX1,—7gX2). 
Therefore 


(&3(a*) —1)fg(Xe) + te(X1) 
= tg (log (a-*ngan.n.*) ) — pp(mpAd(a*) X2, wpX1,—~mpX2). 


Now it follows from the definition of 8 and the compactness of B, that the 
right side remains bounded. Moreover, if 8€ P;, then t8(X2) —0. On the 
other hand, if 8€ Ps, then tg(X,)—=0 and (ég(a-*) — 1)" = (a) (1 — £g(a)) 
remains bounded for a€ Be. Therefore, in either case, we conclude from the 
above equation that | te(X,)| + | ts(X.)| remains bounded. As this contra- 
dicts the definition of 8, the lemma is proved. 


COROLLARY. There exists a compact set w* in G,* with the following 
property. If nan € w, for some ne N. and a€ B,, then n* € o*. 


From Lemma 1, n = nn, (nEN.,nı€E Ni). Hence nan = nan ngt, 
where 1,’ = anan. Choose compact sets w:, wa corresponding to Lemma 4. 
Then f € ws. Moreover, since N, C Ze it follows that n* = n” € w. Hence 
we can take w" = ws". 

Now we come to the proof of Lemma 3. Let U be the real analytic 
subgroup of G, corresponding to the compact real form u = #5 + (—1)4po 
of g. Then U is compact and it is well known (see Iwasawa [5]) that 
G=UA4.N,.=UN.A.. This implies that Gs = UN.N,A,. Moreover 2, D N,A.. 
Now suppose zarte ws (TE G,a€B.). Then if z == unana (u€ U, me Na, 
MEN, «€ À) and n’ = anan, we have 


TAL! == U (NAN NTIJU? E we. 
Therefore noan; ngt € UuçU. Since Uw,U is also compact, we can select sets 
w w in accordance with Lemma 4, corresponding to UwU. Then n,€ wz 


and sE Uu,N,A, C Uurk,. Hence 2*E€ Q,*, where 2,* == (Uwe)*. This 
completes the proof of Lemma 3. 


* As usual æ > Ad(æ) (æeG) denotes the adjoint representation. 
5 Here I stands for the identity mapping of g- 


A FORMULA FOR SEMISIMPLE LIE GROUPS. 741 

We now return to Theorem 1. Let Z be the center of G. Since Z C£, 

it is clear that, for the proof of this theorem, we may replace G by any 
other connected group locally isomorphic to it. Let us therefore assume 
that G is the real analytic subgroup of G, corresponding to go. Also, it will 
be convenient to suppose that G, is simply connected. Let y be the conju- 
gation of g with respect to go. Then can be “extended” to a (real) 
automorphism of G, which we again denote by y. Since G is the connected 
component of the subgroup consisting of those points of G, which are left 
fixed by n, G is closed in Ge Also A=A,(IG (see [4(c),§2]) and 
E=@GNE,. Therefore G*— (G/# may be regarded as a subset of G,*. 
It is clear that Theorem 1 would follow immedistely from Lemma 3 if we 
can show that G* is closed in G.* and the inclusion mapping of G* into 
G,* is topological. An elementary argument shows that this mapping is 
certainly continuous. Hence it is sufficient to prove the following result. 


Lemma 5. Let {x,*}, be a sequence in G* which converges in G,* 
to some point z*. Then x*€ G* and z,* converges to x* in G*. 


Define the structure of a Hilbert space on g by means of the positive- 
definite Hermitian form || X |?——B(X,6(X)) (X€q) as in [4(h),85] 
For any linear transformation T on g, put || T ]?=sp(T*T), where T* is 
the adjoint of T. Then || X | == || ad X || (XE g). We write || x |] = || Ad(z) || 
(ze Ge) and call a subset o” of Ge bounded if |æ| remains bounded for 
<€w. Since the center of G, is finite, it is clear that w’ is bounded if and 
only if its closure in @, is compact. Select points z,€ G and re G, lying 
in the cosets z,* and «*, respectively. Then obviously &,020," rar"! in 
Ge and therefore || z,a)7,-+ || remains bounded. But as we shall show below 
(Lemma 6) this implies that z,* are all contained in a compact subset cf G*, 
and from this, the assertion of Lemma 5 follows immediately. Thus it 
remains to prove the following lemma. 


Lemma 6. Let w be a compact set in G. Then there exists a compact 
subset Q* of G* satisfying the condition that if zapt1€w (s€ G), then 
ae OF, 


Let 3 be the centralizer of a, in go Then it follows from Lemma 7 
of [4(c)] that 4(3,) =3, and therefore (see [4(h), Lemma 10]) 3 is 
reductive in go. Moreover bo C 30, and therefore the ranks of go and 3, are 
the same. Now it ts convenient to drop our earlier notation and redefine by, 
and Yq as follows. Let hy, be a maximal abelian subspace of 3p, = ga N Po- 
We extend it to a Cartan subalgebra ho of 3 Then o= Dp, + br, where 
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Br = Do N fo and since the ranks of go and 3 are equal and 3, is reductive 
in Go, Do is also a Cartan subalgebra of g. We now introduce the notation € 
of [4(h),§5] corresponding to the new D. In particular, A is now the 
Cartan subgroup of @ corresponding to ho and Ap = exp p, Since Bo is 
contained in the centralizer of ao, it is obvious that „€ A. Let a) = 4,40, 
where 4€ ANK and a€ Ay (see [4(c), Lemma 7]). Clearly mp and to 
are invariant under Ad(a,). Moreover, since Hp, is maximal abelian in 4p,, 
bpo N My, == {0}. Therefore Ad(a,) can never take the eigenvalue 1 in mp, 
Put mo’ == go N 1o and let n,” be the orthogonal complement of ty’ in to. 
Since Ad(a,) is unitary and Ad(a,) is self-adjoint and they commute, it 
follows that both no’ and no” are invariant under Ad(a,) and no eigenvalue 
of Ad(a,) in n” can be 1. The same argument shows that 3), and my, are. 
mutually orthogonal. 


Now let 3, my, 5, w, n”, n, ga (AE) denote the complexifications of 
80 My, Dos No, No”, No, Gon respectively, in g and similarly for the others. 
Since every element in ad(b,,) is self-adjoint, both n’, n” are invariant under 
ad(bp). Put ny =n Mg, mM =n Ng, (ACB). Then m’ and ny” are 
mutually orthogonal and invariant under Ad(a,), and n’ = Im n” = En” 


where both sums are orthogonal. Moreover, Ad(a,) never takes the eigen- 
value 1 on ny”, while its restriction on n’ is the identity. Choose a base 
for ga (A > 0) consisting of eigen-vectors of Ad(a). Then every element of 
this base lies either in m or in ny’. Moreover, all these bases, put together 
for all À > 0, form a base (X, - +, X4) for n. We number the elements X; - 
in such a way that if X;€ gx, X,eg, and O<A<y,theni<j. Then it is 
obvious that [X,X;] EDON, (£<i<j<=3g). 
J 


Let N, N’, respectively, be the analytic subgroups of G corresponding 
to Mo, no and put N” ==expn”. Define M and Mp = exp mp, as in [4(h), 
85]. Then from Lemma 11 of [4(h)], @=KM,NA,, and it is obvious 
that = D N’A,. Moreover, it follows from Lemma 1 that N =N”N’. Finally, 
since G is imbedded in the complex group Ge, the center of @ is finite, and 
therefore K is compact, Therefore, we may assume without loss of generality 
that w == KoK. Now suppose “z= kmna (kEK,me My,n€ N,a€ Ay) and 
Tar Ew. Then (mna)ao(mna)+€ w, and therefore 


Oo Yao? = Ao MNAn IM E do*w, P 
e Unless it is explicitly stated otherwise, the various symbols m, Mps, to Gor (A EF) 


ete. are always meant to have the same meaning as in [4(h),§5] corresponding to 
the new ho- 
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where y == mna. On the other hand, 
Ao mnan m+ = (a, ma, ) mm (ao naon) m 


and (atmam € MyM, C M C KM, while mao nan t)m € mNm =N. 
Therefore, since a,"'w is compact, it follows from Lemma 11 of [4(h)] that 
both |] agtmaym | and | m(aotnaon) m=? || must remain bounded (as x 
varies in @ subject to the condition that at! €w). However, as we shall 
see in Lemma 7, the boundedness of || aoa m1 || implies that m remains 
within a compact subset of Mp. Since || m>zm || S || m || | = || | m || for any 
zE G, it follows that || aonan | also remains bounded. Now let n = non, 
(nm EN’ n€ N”). Then ao nag = ay notons. But as we shall prove in 
„ Lemma 9, the boundedness of || ao-?n2@5n2 || implies the boundedness of || ns |. 
Then if t, == kmna, we have @"=z,” and a, | = || mn. | Sim] | r. |. 
This shows that x, stays within a bounded subset of G, and therefore 2* = m,” 
within a compact subset of G*. Hence our assertion is now proved. 
We have still to prove the two results which were used above. 


LemMa 7. Suppose m varies in My in such a way that || magm | 
remains bounded. Then ||m|| also remains bounded, 


Define a,, a, as above. Then a,=a,a, and a, commutes with every 
element in My since [Hpo Mp] = {0}. Therefore maom = (ma;m)a;, and 
so || mam- || remains bounded. Moreover, the exponential mapping being 
one-one and regular on Po, we may denote by log its inverse on exp Po. Then 
it, would be sufficient to show that || log m || remains bounded. For this we 
need the following lemma. 


Lemma 8. Let k be an element in K. Then if n= dimog, 
| pkp || = nè cosh(n- || log p— Ad (k) (log p) |) 
for for pe exp bo. 


Assuming this for a moment, Lemma 7 can now be proved as follows. 
We have seen that Ada) never takes the eigenvalue 1 in my, and 
Ad(a@)) ==Ad(a@:) on my. Hence we can find a positive number c such 
that || X— Ad(a,)X | el] X | for all X Emp. Therefore, from Lemma 8, 


| mam || = nå cosh (ntc || log m |) 


for all m€ My. But as we have seen above || mam || remains bounded under 
the assumptions of Lemma 7, and so the same holds for || log m | and | m ||. 
Now in order to prove Lemma 8, we proceed as follows. Let Æ be the 
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space of all endomorphisms of g. Put <8, T> ==sp{(S*T) (8,T € E), where 
8* is the adjoint of S. This scalar product defines the structure of a Hilbert 
space on FE. Let dx (Xeg) denote the linear mapping of E given by 
dxT == [ad X, T], where [S,T]—ST—TS (S TEE). If X€ po, adX is 
self-adjoint, and therefore | 
<S, dxT> = sp(S*[ad X, T]) = — sp ( [ad X, S*]T) 
= sp((dxS)*7) = <dx8, TY. 

This proves that dx is also self-adjoint. Moreover, if p= exp X € exp po, it 
is obvious (by considering E as a Lie algebra under the bracket operation 
[S, T]) that exp dx is the mapping op: T— Ad(p)T Ad(p*) (TEE) of E. 
Clearly op is also self-adjoint. Hence we can choose an orthonormal base : 
(T° :,T,) of E consisting of eigen-vectors of dx and op. Let À; be the 


eigenvalue of dx corresponding to T; (1SiSr). Then if T= © GT: 
1Si£r 


(ae C), it is clear that opT = X c:e T, and therefore || oT |? = > | c |? e. 
i t 


Now put T= Ad(k), where k is some fixed element in X. Then this 
equation becomes 


| pkp” |? == 3 |al’e*. 
1Si£r 


On the other hand, since | Y || — | 6(Y)|| (Y €g), 8 is a unitary transforma- 
tion of g, and therefore || 886 || = | S | for any SEE. Moreover, since 
6(X) =—X, it follows that 4(Ad(pkp))8= Ad(p kp). Therefore 
-2 || plep™ |? = | pkep> |? + va |? = || oT |? + opt |? 
=2 > |c |? cosh 2M. 


1S<iZr 
But cosh2é—1-+2sinh?é and s(t) —sinht/t— > 1%/(2q+1)! is an 
920 


increasing function of ¢ for ¢=0. Therefore 


| pkp P= S |a P+2 = „ad? s(A)?. 


aisr 
Moreover, z | a |7= | k ]|?=n since Ad(k) is unitary. Now choose an 
index j (1 <j< r) such that : cz; | = max [cài]. Since | ¢; | S |] k | = n, 
it follows that s(n-4| c;x;|) Ss(|A; D, aad therefore 


|| plep* |? 2 mu +2 | oid; |? (Aj)? Sm -+ 2 | cd [?{8 (m9 | ofa; |)}? 
=n cosh (2n-4 | c,d; |). 
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On the other hand, | dxT = £ | caAil?Sr| ca; |? and r= dim E =n. 
1SiSr : 
Therefore |cA,|=n"||dxT | and 
| pkp* | = nd cosh (n°3 | dxT |) 


since cosh¢ is an increasing function of ¢ for tÆ 0 and cosh 2t > cosh? t. 
But T= Ad(k) is unitary, and therefore 


| dxT || = | (dxT)T> | = | (ad X) —T (ad X) T= | 
= | ad (X — Ad(k)X) | = | X—Ad(k)X |. 
This proves that 
| pkp | = nè cosh (a-t | X — Ad{k) Z |) 


which is equivalent to the statement of Lemma 8. 
The second result which was required during the proof of Lemma 6, 
may be stated as follows. 


Lemma 9. Suppose n varies in N” in such a way that | do nan | 
remains bounded. Then |n|| itself remains bounded. 


Consider the base (X,,- - *,X,) of n introduced during the proof of 
Lemma 6 and let (4,,:: -,¢,) denote the complex Cartesian coordinates in 
n corresponding to this base. For any j (1S j Sq), define the projection 
aj as in Lemma 2, and put ro =0 and nj=rm (OSjSq). Then irom 
Lemma 2, there exist polynomial functions p; on nj-ı X Nj-ı such that 


t; (log (exp Y, exp F2) ) = t; (Y1 + Ye) + pilna nma) (1SjS 9) 


for Y;,Y.€n. Now put X—logn. Then it would be enough to prove 
that (X) (1=5j=g) all remain bounded. Suppose this is false. Then 
consider the least index 3 such that | ¢;(X)| does not stay bounded. Put 


Z = log(as nan?) == log (exp (Ad (a0) X)exp(— X)). 
Then 
1(2) = y (Ad (a0) X) —t;(X) + plan Ad (aot), — mid). 
But since X; is an eigenvector of Ad(a,), Ad (to) Xi = G£: (118g), 
where c; are nonzero complex numbers. Therefore t,(Ad(a")X) = cr"t;{X) 


and : 
(er —1) bj (X) = t;(Z) — pilrjAd (a) £, — aX). 


In view of the hypothesis of the lemma and our choice of 7, the right side 
remains bounded as n varies. Moreover, c;541 if V;€ n”, and ¢;(X) —0 
if Y;€ 1’: Therefore, it follows from the above equation that 2,(X) remains 


8 
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bounded in either case. As this contradicts the definition of j, the lemma 
is proved. | 
The proof of Theorem 1 is now quite complete. 


8. The sets V and Ve. In order to prove our next result, we need a 
simple lemma. Let W be a vector space over © of finite dimension. We shall 
call an endomorphism X of W unipotent if ¥—1 is nilpotent. (Here 1 
stands for the identity mapping of W.) 


Lemma 10. Let N and €, respectively, be the sets of all nilpotent and 
unipotent endomorphisms of W. Then X—expX (XEN) is a one-one . 
mapping of N onto E. 


Since exp ¥ — 1 = = X*/k!, it is obvious that expX € € for YEN. 
For any F € €, define i y= = (— 1) (F —1)*/k. Since Y is unipotent, 


this series is actually finite, an it is clear that log Y€ N. Our assertion now 
follows from the well-known identities (sec Birkhoff [1]) Y = log (exp X) 
(KEN) and Y=exp(logY) (YEE). 

Now @ being as in Theorem 1, we shall prove the following result. 


Lemma 11. Let V be the open set in the real Œuclidean space go 
defined as follows. An element X of go lies in V if and only if the absolute 
value of every eigenvalue of ad X is less than?! x. Then the exponential 
mapping of Go into G is regular and univalent on Y. 


IE Xe V, it is clear that ad X can never have an eigenvalue of the 
form ®r(—1)in where n is a nonzero integer. Therefore 


(1—exp(—ad X))/ad ¥ = Z (—1) "(ad X)"/(m +1)! 


is a nonsingular transformation of go. This shows (see Chevalley [2(a), 
p. 157]) that the exponential mapping is regular at X. Now suppose 
exp X,=expX, (X,X,EV). Put o=(1—exp(—adX;))/adX Then 
Ad(z) —1 =exp(ad X) —1—Ad(z)oadX;, where «exp X, = exp #2. 
Since Ad(z) and o are both nonsingular, it follows that Ad(x)Y =F for 
some ŸEg if and only if (adX,)Y =0. Let c, denote the centralizer 
of æ in go. Then c, is also the centralizer of X, in go. But obviously 
Ad(z)X,=X,, and therefore X,, X, commute. Hence exp(X1— Z.) 
= exp XY, exp(—X,) —1. Let Aw (1&7 Sr) denote all the distinct eigen- 
values of ad X; (i=1,2). Then every eigenvalue of ad(X,—-Xz) must be 


"Here w denotes, as usual, the smallest positive root of the equation sin t = 0. 
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of the form Ap—- Azs for some j and k. Moreover it follows from the 
definition of V that |An—Axl<®r. Hence exp(Ai—Ax) 41 unless 
Àj = àro Therefore since exp ad (X, — X,) = Ad (exp (Xı — X2) ) = 1, zero 
is the only eigenvalue of ad(X,—X;). This implies that ad(¥, — X.) is 
nilpotent, and so it follows from Lemma 10 that ad(X,—X,)—0. But g 
being semisimple, we can now conclude that X, = X., and therefore the 
exponential mapping is univalent on F. 

-Let Vg denote the image of V in G under the exponential mapping 
and let Z denote the center of G. Obviously Va is open in G. 


COROLLARY. If 4€ Z then Va does not intersect 2Va unless z = 1. 


This follows by applying Lemma 11 to @/Z instead of G. 
The following property of V is important for our applications. 


Lexma 12. Let X, (r= 1) be a sequence in V. Then if | exp x, | 
remains bounded, the same holds for | X, |. 


For the purpose of this lemma we can obviously replace G by any 
connected group locally isomorphic to it. Hence we may‘ assume that 
GCG, (see §2). We shall now use the notation of the proofs of Lemmas 
3 and 4 Put gı = U Ada) (+n). Since G=UA,N, and b+n is 

ue 


invariant under Ad(A.N.), it is obvious that Ad(z)g.=—g, for zE G.. 
Since every regular element of g is conjugate to some element in h under 
Ge (see Chevalley [2(b)]), gı contains the set of all regular elements in g. 
On the other hand, since U is compact it is clear that g, is closed in g. 
Therefore, since regular elements are dense in g, g—g.. Hence we can 
choose u,€ U and F, E€ bn such that X, = Ad(w)Y,. Since Ad(u,) is 
unitary, |X,|=17,| and |jexpX,|=|expY;,|. Let Y,—H,-+ Z, 
(A,€b,Z,€n). One proves without difficulty that the eigenvalues of ad Y, 
and ad H, are the same. Therefore since X,€ V, à follows that | #(H,)| <7 
for every root «€ P. This shows that || H, || remains bounded. Now let F(t) 
denote the entire function on the complex plane given by the series 


P(t) = Z (—1)"/ (m +1) != (1—e*) ft. 


2 


Let H, be a fixed element in ý and let ta («€ P) denote the complex Car- 
tesian coordinates in n corresponding to the base X, (a€ P). Then if HEH 
and Z € n, it is obvious that Ad(exp(H + Z))H,—H,€n. For any BEP, 
consider the function 


fs(H, 2) = tg(Ad(exp(H + Z) )Ho— Ho) + &F(B(H)) B( Ho) ta(Z) 
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on.b-+n (HEH, Zen). Obviously, it is holomorphic. Moreover, if 8 <y 
(yeP), it is easily seen that fs(H,2+1X,) =fs(H,Z) (tEC). Hence 
fa depends only on H and 4,(7) (0<aÆB). Let us now consider 
((d/dt)fo(H, Z +1Xg) }i-0. We know (see Chevalley [2(a), p. 157]) 2a 


{(a/dt) Ad(exp(H + Z + 1X p)) Ho} — Ad(exp(H + Z)) (ad Y) Hy, 
where 
Y = {(1—exp(—ad(H +2Z)))/ad(H +Z)}Xp 
==F'(B(H))X, mod SCX. 
v>B 
Therefore 


((4/dt)fo(H, Z + 1% 9) Jo =F (P(E) te (Ad (exp(H + 2)) [Xp Ho]) 
+ PUF ( (HL) )B (Ho). 
But [Xp, Ho] =—8(H.) Xs and Ad (exp (H -+ Z))Xg = e8)X_ mod Pts 
Y 


Hence, it follows that {(d/dt)fg(H +Z -+ tXg)}:20==-0, and therefore fa 
depends only on H and t.(Z) (0.<a<P). 

Now suppose the assertion of the lemma is false. Then there exists a 
root BE P such that ts(Z,) does not remain bounded. Select the least such 
root £. Then | H,|| and tu(Zr). (0<a<8) all remain bounded and 
therefore fg(H,,Z,) also remains bounded as r—>c. On the other hand, 
by our hypothesis, | exp Y; |, and therefore, also, || Ad (exp Gran ) || stay 
bounded. Hence the same holds for 


efAR(B(H,))B(Ho)ts(Z,) = flHn Zr) — ta(Ad (exp (H; + Z-) ) Ho — Ho). 


On the other hand, | 8(H,)| <m, and so efAn{F(ß(H,))}" also remains 
bounded. Therefore by choosing He in such a way that B(H,) 540, we con- 
clude that tg(Z,) also remains bounded. As this contradicts the definition 
of B, the lemma follows. _ 

Let us say that a sequence u (r2z1) in G tends to infinity, if for every 
compact set w of G, we can select a positive integer r, such that s, € w for 
rÆro Obviously if z,—>o, the same holds for any subsequence of {2,}. 


COROLLARY. Leitz, (rZ1) be a sequence in Z which tends to. infinity. 
Then if z,€ 2,Ve, x, also tends to infinity. a = 


_ For otherwise, by selecting a subsequence, we can arrange that x, con- 
verges to some rE G. But z, = z, exp X,, where X,€ V and || x, || = || exp X, || 
remains bounded. Therefore by Lemma 12, | X,|| also remains bounded 
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and so again by selecting a subsequence, we may suppose that X, converges 
to some X€ go. Then z, = q, exp{(— X,)—rexp(— X), contradicting our 
hypothesis that z, — 00. 


Part II. 


4. Proof of Theorem 2. Let A be a Cartan subgroup of G (see [4(c), 
.82]) and ho the Lie algebra of A. We assume that 6(ho) = Jo. Let z—>2* 
(ze G) denote the natural mapping of G on G*— G/A and put A” == hr”! 
(ze G,he A). We shall call a subset of G bounded if its closure is compact. 


Lemma 13. Let w be a bounded set in G and B the set of all ne A 
such that h?” € w for some z*€G*. Then B is also bounded. 


Let h, (rÆ1) be a sequence of points in B. We have to show that 
some subsequence of {Ar} is convergent. Choose x,€ G such that "Co, 
and for any y€ G, define A(y) as follows. If À,: - ‚A, are all the distinct 
eigenvalues of Ad(y) and m; is the multiplicity of À, then 


A(y) = my | Ar |2 > + me] As |? 


Since w is bounded, we can find a positive number M such that Ay) = M 
for all y€w. Hence A(h-) =A(h-?"*) SM. But it is obvious that rA(h) 
== || h ||? for À€ A (in the notation of §2). Therefore | h, ||? 5 M, and so 
by selecting a subsequence, we can arrange that Ad(h,) is convergent. 
Choose Roc A such that Ad(h,) — Ad(h.). Then Ad(h,”)—1 if h” 
= hra, and Z being the center of G, it is obvious that we can select z€ Z 
such that h,’==2,;1h,” converges to 1 in G. Since h,—2,h,/h., it is enough 
to show that some subsequence of z, is convergent or, what is equivalent, 
that z, cannot tend to infinity. Let Ze denote the centralizer of ha in G 
and 2, the coset 3, in G/Za Since Ad(h,)—Ad(h.) and h?” €w, we 
can. by applying Theorem 1 to Ad(@) = G/Z at the point Ad (ke), conclude 
that ©, are all contained in a compact subset of G/B. But z(h)” 
== (hyo t)*". Therefore, since h,” €w, the right side remains within a 
compact subset of G. Moreover hy —> 1, and so we can assume without loss of 
generality that h,’€ Va (in the notation of §3). Then (A,’)?" is also in Ve, 
and hence it follows from the Corollary of Lemma 12 that z, cannot tend 
to infinity. This proves the lemma. 

From now on let us agree to use the notation of [4(h),§5]. For any 
a € P, let # denote the character of A given by Ad(h)X.—=pna(h)Xa (REA). 
Put 


AR) II (1 — (ht) (he A). 
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Let A’ be the set of those points h€ A where A’(h) 40. Then A’ is exactly 
the set of regular elements in A (see [4(c),§2]). Let da* denote the 
invariant measure on G*—(/À. 


LEMMA 14. Put! | 
F,(h) =A’(h) f f(hs)dr* > (hE A’, fe Co? (G)). 
JG 


Then the above integral is convergent und F; is a function of class C° 
on A’, 


Fix fe C.” (G) and h € A’, and select a compact set w in G such that 
f is zero outside w. ‘Then if = is the centralizer of ho in G, it follows from 
the Corollary of Lemma 3 of [4(c)] that #/A is finite. Hence by Theorem 
1, we can select an open neighborhood B of h, in A’ and a compact set Q* 
in G* with the following property. If zhx1E w for some h€ B and ze G, 
then z*€ Q*. Therefore it is clear that 


Í fe) dt — J, fie") de (he B), 


and from this our lemma follows immediately. 


Let 8 be the universal enveloping algebra of g and § the subalgebra 
of B generated by (1,4). Then we can regard the elements of B and § 
as left-invariant differential operators on @ and A, respectively (see [4(c), 
§4]). S(h) being the symmetric algebra over b, there exists a unique 
isomorphism of S(b) onto § which preserves 1 and also every element in ÿ. 
For any q€ S(b), we denote by @(q) the image of q under this isomorphism. 
Then @(q) is a differential operator on A. 

Let A, be an open subset of 4. We regard it as an open submanifold 
of A and consider the space 8,(4:) of all complex-valued functions g on 
A, of class C” satisfying the following two conditions. 


(1) g vanishes (on A,) outside some bounded subset of 4:. 
(2) For every’ ve §, l 
t»(g) = sup |g(h;v)| Ko. 
he Ai 


Define a topology in 6 (A:) by means of the collection of seminorms ry 
(vE 6). Then @,(A;) is a locally convex space and the same holds for 
C.” (G) under its usual topology (see Schwartz [6, p. 67]). Our main 
object now is to prove the following theorem. 
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THEOREM 2. Let 
F, (h) = A’(h) Sf p(w ae" (he A’, fe 0, (G)). 
G* 


Then F,€ 8,(4'), and f—F, is a continuous mapping of C,” (G) into 
Lo(’). Moreover, for any bounded open subset w of G, we can select a 
bounded subset B of A’ such that F; is zero outside B for every? fE GC.” (o). 


We begin by first proving the following weaker result. 


Lemma 15. There exists an open neighborhood „A of 1 in A with the 
following property. Put ,A'= AN A’ and let „F; denote the restriction 
of Fy on oA’ (FEC. (G)). Then FE Bold’), and f— y is a con- 
tinuous mapping of Co” (G) into Lo(o4’). 


Let ? be the rank of g and n the complex dimension of g. Then if À is 
an indeterminate and I the identity mapping of g, | 


det (AI — ad X) ENT, = (Dr (AN (ZE g), 
where? p,€I(g). Then if e is a "sufficiently small positive number, the 
inequalities | p,-(X)|Se« (ISSr<_n) imply that every eigenvalue of ad X 
is less that «/2 in absolute value. Choose a function ¢(¢) of class C@ of 
(n—1) real variables t, (ISS r <n) such that (t) — 0 unless max |i, | Se 

T 


and p(t)—1 if max|t,|Se/2. Let ®(X) denote the function on go 
r 


obtained from œ under the substitution t, —p,(X) (X€ go). Define V as in 
§3 and let V, be the set of those X€ V where max|p,(X)| <e/3. Then 


obviously, V, is an open neighborhood of zero in V and Ad(z)V,= Vo 
(ze G). For a given fE C.” (G), consider the function f on go defined by 
F(X) —f(expX)®(X) (XE go). It is obvious that the carrier of f is con-- 
tained in V and f(X) — f (exp X) for (X€ Vs). Now define 2*H = Ad (x) H` 
 (z€G@,HEŅ) and r= IL a Let ho’ be the set of those points H € hp. 


where r(H) 340. The PA (1—e-*)/z of the complex variable z, is: 
holomorphic at z==0 and takes the value 1 there. Therefore, since: 
na(exp H) =e% (HET), it is clear that we can select an open neighbor- 
hood þa of zero in ho N V, and an analytic function ¢ on ha such that | 
A’ (exp H) = ¢(H)x(H) (H €§,). 


Choose another open neighborhood H, of zero in hy such that the closure of 
hi is compact and contained in h.. Obviously, (0) —1 and ©. is never 


s We are using here the notation of [4(g)]. 
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zero on hd. Put b’ =h, Nb and „A=exphı. Then „A is an open neigh- 
borhood of 1 in A and exp H E ,A’=,ANA’ if HEH’. For any gE Ce” (ge); 
put 


(H) =r(H) Jena (Hedi). 


It follows from Theorem 3 of [4(h)] that the above integral is convergent 
and® € (b). Moreover, it is obvious that #,(exp H) —£6(H)9;(H) 
(Hehy’). But it follows from the definition of },, that? 9(g)£ remains 
bounded on h, for every qE S(6). Therefore $>£$ (9€ @(hi’)) is a con- 
tinuous mapping of @(,’) into itself. In view of Theorem 3 of [4(h)], 
this proves that g— Epo (g € Ce” (go)) is a continuous mapping of C.” (go) 
into 6(.’). On the other hand, „A’=exph’ and, since the exponential 
mapping is one-one and regular on h, and the closure of D, is compact, it is 
clear that a function y on A’ lies in @5(.4’) if and only if the function 
W(H)=y(expH) (HEh,’) lies in 8(hı’). Moreover, it is obvious that 
yw—>y’ is a topological mapping of &,(,4’) onto @(hi’). Put Z/(H) 
= F (expH) (fEC. (G), HEH’). Then it would be enough to show that 
FE &(b,/) and f— Ff is a continuous mapping of 0.” (G) into @(h,’). 
But we have just seen that F/ = 7, and therefore, in view of what has 
been said above, it is sufficient to prove that o: f— f is a continuous mapping 
of C.” (G) into Ce” (go). Let w be a bounded open subset of G. Since 
C.” (go) is a locally convex space, it would be enough to prove that o is 
continuous on C.” (w) (see Schwartz [6, p. 69, Theorem II]). Let w denote 
the closure of w and W the carrier of 6. Then W C FY, and it follows from 
Lemma 12 that exp W is closed in G. Hence 5 N exp W is compact. Let Q 
denote the complete inverse image of w N exp W in V under the exponential 
mapping. Then by Lemma 11, Q is also compact. Select an open neighbor- 
hood Q, of Q in gy such that its closure Ö, is compact and contained in V. 
Then for any pe S(g), 0(p) remains bounded on Q,. Since the exponential 
mapping defines an analytic isomorphism of V with Vg, it is now clear that 
for any q€ (g), we can choose a finite number of elements b,’ ` -,b € B 
such that 


| F(X 34(q))| £ Z | f(exp X5bs)| 


‘for all fE 0.” (w) and X€Q,. But since f is zero (on go) outside Q, this 
obviously implies that o is continuous on Ce” (w). Hence the lemma is proved. 
Now fix a point ho in A and let = and 3, be the centralizers of h, in G 


° We are using here the notation of [4(h), § 5]. 


À FORMULA FOR SEMISIMPLE LIE GROUPS. 753 


and go, respectively. Then as we have already seen in 82, 3. is reductive 
in go and rank3==rankge Let Z, be the analytic subgroup of G corre- 
sponding to go. Then we know from Lemma 15 of [4(i)] that 2/22 is 
finite. Put G= G/Z and let >& (x€ G) denote the natural mapping 
G on 6. Since 4p is reductive, there exists (see Weil [7, p. 45]) an invariant 
measure d= on G. Similarly there exists a measure d&* on B* == =%/A which 
is invariant under the operations of =. It is well known (see Weil [7]) 
that dä and d£* can be so normalized that! 


fred fra (x€ 0.8), 
where 
7() = f vaea (zE 6) 


and sy“ = (zy)* (z,y€ G). Select an open, connected and bounded neigh- 
borhood B, of 1 in A, such that B —h,By satisfies the condition of Theorem 1. 
We assume that B, is so small that | m(h) —1| È= 4 | a(o) —1| for hE B 
and a€ P. Let 3 be the complexification of 3 in g and P, the set of all roots 
a€ P for which X,€ 3. Also let P, the the complement of P, in P. Then if 
A= IT (1— m) (i=1,2), 


aceP, 


it is clear that A,’ is never zero on B and A’ (hoh) = A (h) Ao’ (hoh) (hE Bo). 
Hence By’ =h (BM A’) consists of all those LE By where A (h) 0. 
Let Z=,” denote the image of =, in Z* and put =,—,A. Since Z, is normal 
in Z, =, is a group and =, D #2. Therefore, in view of the finiteness of 
=/EoZ, we can select a finite number of elements y:==1,%2," ° *,yr In & 
such that € is the disjoint union of the cosets y=, (1317). Then £* 
is the disjoint union of the open sets y;5* (1 Sir) and 2)* =2,/E, NA. 
Since 3 is reductive, Lemma 15 is obviously applicable to =, in place of G. 
Moreover, By C By since By is connected. Put j 


rl) Arch) fg (i) der (he Be) 


for ge Ce” (Z). Then if By is chosen sufficiently small, it follows from 
Lemma 15 (applied to Zo) that y,€ @.(B,’) and g—w#, is a continuous 
mapping of C.” (Ho) into @,(By’). ; 

Now if fe C.” (G), it is clear that 


Sana fra: jar (hEBNA’), 
G* G 
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where | 
f(b: 2) = f f (che) dé = 3 f. flayh@ ya) de* (ze). 
= 1StSr xt 


Let » be a bounded open subset of @. Then it follows from our definition 
of B that there exists a compact set & in G with the following property. If 
zhæ € w for some ze G and kE B, then &€G. Let dx and dé denote the 
Haar measures on G and #, respectively. We normalize them in such a 
way that 


[rod fra WE) 


where (zZ) -=f y(zé)dé (xe G). Select a function a€ C,(G) such that ` 


@’ ==1 on G and put 
g = È f a (x) f (zyihotyr r) dx (€€ Ey) 
: 1SiSr  G 
for any fE C.” (w). Then it is clear that 
} 
f Eho) dat = f Fod: Dai f gy (he) dé* (hE By’) 
JG Q ot 
for fE Ce” (w). Put 
B (h) = Ad’ (A) L (hoh) | (RE BN A’) 


for BE (B). It is obvious that A,’ is bounded away from zero on B. 
Therefore B— 8’ is a continuous mapping of @)(B,’) onto @(BN A’). On 
the other hand, if f€ C.” (œ), 


i Py (roh) = A’ (hoh) f FC Coh) 2") da* 
G* 
— A, (ish) Yo, (h) (he By’), 


and therefore F;=y,,) on BNA’. The mapping f—g; of C.” (w) into 
Ce (Zo) is obviously continuous. Therefore f—>y,,’ is a continuous mapping 
of C.” (w) into o(B NA’). Thus we have obtained the following improved 
version of Lemma 15. 


Lemma 16. Let ho be a point in A. Then there exists an open neigh- 
borhood A of h, in A with the following property. Put ,A’= AMA’ and 
let „F; denote the restriction of F; on A’ (FE Ce” (G)). Then FE 6o(0A’) 
and f— Fy is a continuous mapping of C.” (G) into olid’). | 
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` It is now easy to deduce Theorem 2. Let w be a nonempty bounded 
open set in G. Define B as in Lemma 13. Then it follows from Lemma 16 
and the boundedness of 3 that there exist a finite number of nonempty open 
‘subsets A; of A (1SiSr) such that BC |) A; and the following con- 


1Si£r 
ditions are fulfilled. Let ;F, denote the restriction of F; on A; for fe Ce” (G). 
Then FE 6,(4:N A’) and the mapping f— F; of C.” (G) into 6.(4:n A’) 
is continuous for every i. Now if f€C.*(w), Fp is zero on A’ outside B. 
Hence it is clear that 


sap |F,(H;v)|S E sup |F;(H;v)| (ve $), 
Hed’ 1Sisr He A’; 


where Aj = A:N A’. Therefore it follows that F,e @,(A’) and the mapping 
f— F; of Ce” (w) into @,(A’) is continuous. All the statements of Theorem 
2 are now obvious. 


The following lemma is an immediate consequence of Theorem 2. Let 
dh denote the Haar measure on A. 


Lemma 17. Let g be a measurable function on A which is bounded on 
every compact set. Then the mapping 


f> J Fy(h)g(h) dh (FE 06" (G)) 
is a distribution on G. 

This holds in particular if g is a character of A. 

5. The main theorems. Let 8 denote the center of 8. Then from 
Lemma 18 of [4(c)] there exists an isomorphism y’ of 8 into S(b) such that 

z—ô (y (2)) € Z BL. (2€ 8). 
aeP 
THEOREM 3. Define F; as in Theorem 2. Then 
Fa = (Y (2) ) Fy 

for fe C. (G) and 2€B. 


Fix a point ho € A’and let w be a bounded open subset of G. Then as we 
saw during the proof of Lemma 14, there exists an open connected. neighbor- 
hood B of h, in A’ and a compact set Q)* in G* with the following property. 
If zhz € w for some kE B and ze G, then z*€0,*. Therefore 


F,(h) =A (h) f gara (hE B, gE Ce (w)). 
03 
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Let Q* be a compact neighborhood of 2,* in G*. Normalize the Haar 
measures dx and dh on G and A, respectively, in such a way that - 


f B(x) dx = fe f BP | (BE 0.(6)), 


and select «€ ©,” (G) such that f a(zh)dh =1 if z*€eQ* (xe G). Then 
if fE C.” (w) and z€ 8, it is obvious that 


Falh) = 4 (h) f a(x) f (wha; 2) de . (hE B). 
cme 
Now we use the notation of [4(c),§7] and put f(z: h) =f(zhr>) (xe G, 
he B). Then it follows from Lemma 23 of [4(c)] that í 
z= (1X B,(z)) + HR) Ts (GX ui) (REB), 


where b€ Bg uic 9 and apare analytic functions on B. Since Bg is the 
direct sum of & and BJ and Da (8h X $) = {0}, we may assume that b,€ €’ 
end u (1 Sis’) are lincarly independent. Then since z*==2, it follows 
from Lemma 22 of [4(¢)] that bë =b; (h€ A). Therefore 


Hartz) mm fer hs Bale)) + Z m(A)f(eibs: him) (he Bae @) 
15ts 


and 
Falh) =A (h) f a(n) (as hs Ba) de 
G 
+ 3 alha (h) f atO E k;u)de 
1SSN G 
for he B. (Here bi* is the adjoint of b;). We now claim that 
f De: hsm) de —0 (1SiSN,heB). 


It is clear that for a fixed h,f(e: h;u) depends only on z*. Hence it 
would be enough to prove that 


C (oh; be*)dh =0 
oA 


ifz*en*. Choose a point z,€ G such that 2,* € Q,* and let U be an open 
neighborhood of 1 in @ such that (47)* CQ*. Then it follows from the 
definition of « that i 


f alayh jähi 1 (ver). 
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Put a{z:h)=a(ch) (re G,he A). It is obvious that (b; on, i* (hE A) 
and therefore «(a;0;*: h) —a(xh;b;*). Therefore 


f a(zoh;b d= f a (co: b: h)dh=0 
A A 


since b” € Bg and f a(ztoy: h)dh = 1 for y€ U. This proves that 


Falh) =A (h) foore: h;Bn(e) )de (he B). 


On the other hand, Theorem 2 of [4(c)] gives us a formula for ß,(2). 
Define d as in this theorem. It follows easily from Lemma 7 of [4(c)] 
that conj na (A) =nya(h) for ae P and he A. Now if’ g€ P, the same 
holds for —6a. Hence if P=P,UP_ (see [4(h),§ 5] for notation), it is 
clear that 


conj A’(h) = IL (1—n9a(h)) = (—1)" Hna(r)a’(h) (RE A), 
where 7” is the number of roots in P’. Therefore 
[a=] TL, (mh) —1) mh) —1)| 


=| II meh) | A (h) |= OT II nalh)| TI me) A/R). 

acP+4 ae Py aeP’ 

But | 
conj Ir) = u noa(h*) = Hm), 
a + 
and so 
[a(h)| = + TE malh)a’(h)?. 

Put p= 4 Ÿ « and select an open connected neighborhood b, of zero in Ho 
3 aeP 


such that B,==A,exp}, C B. Then it is clear that 
| d (ho exp H) 3 = eer DA’ (ho exp H) (Heb), 
where e is a constant such that «t= 1. Therefore, it follows from Theorem 2 
of [4(c)] that B(z) = (A) (y (2))° A’ on B, and so 
Fyll) = | a(2)f (a: h30(7(2)) 0")ae 
=F; (h;8(y (2))) (h € B;). 


This proves that F,, and d(y’(z))F, coincide at ho, and hence the theorem 
is established. 
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Put 
AY (A) = JE (1—ma(h")),  Ao(k) -=H (1—ma(h)) (hE A). 
Then A,’(h) is real since 
conj A (h) = (1—n..(R)) = (1.3) =A; (h) 


Lemma 18. Let e,(h) (h€ A’) denote the sign of A; (h) and A” the 
set of all points h€ A where As (h) 0. Then for any FE C.” (G), el, can 
be extended to a function of class C* on A”. 


We use the notation of the proof of Lemma 15. Then 
Hyexp H FEE VU) (HEJ). 


Put z= JĮ ac S(b). It is obvious that if H, is sufficiently small, 


acP; 


A; (exp H)/m, (H) can be extended to an analytic function on ý, which is 
nowhere zero and which takes the value 1 at 7=0. Therefore, since r,(H) 
is also real for H € ho, it has the same sign as A; (exp H) for HE Ñ. Hence 
it follows from Theorem 3 of [4(h)] that «F; can be extended to a function 
of class C* on BN A”, where B = exp hy. 

Now hy being a fixed point in A”, we use the notation of the proof of 
Lemma 16. Then F,—w,, on BN A’. Since A,’ is never zero on B, it is ` 
clear that e, differs on B from the sign of í 

II (1—1a(h*)) 
ae PinP: 
only by a constant factor. Therefore, by applying the above result to %, 
we can conclude that there exists an open neighborhood B, of hy in B such 
that eyg can be extended to a function of class C° on B, N A”. Since 
ey = ey, on B,M A’ and A’ is dense in A”, the assertion of the lemma 
is now obvious. : 
Define §, and £ as in the proof of Lemma 15 and put? == IL {a +<a, p>} 


and consider the differential cperator d(=’) o£ on Hı. As asal we denote 
its local expression at zero by (d(#’) o£)o. 


Lemma 19. (ô(7)08)o=—=û(x). 


Since 
A’ (exp H) = gr(H) II (et? = e- aH) /?) (H € bı) 
aeP 
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and #9 (x) o e? == ĝ (r), it would be enough to prove that (3 (r) °£,:)) = (x), 
where 


& (H) = Il 7((4)) (H€ bi) 


and g denotes the entire function (et/?—e-t/?)/} of the complex’ variable t. 
Then 
&ı =] + > Prs 
kZ 


where pp is a homogeneous polynomial in S(ġ) of degree & and the above 
series converges to č, in some neighborhood h, of zero in },. Let W be the 
Weyl group of g with respect to }. Then ¢, can be regarded as a holomorphic 
function on some complex neighborhood U of zero in M, and we may assume 
that sU ==U (se W) and the above series converges to £, on U. Then 
since &(sA)=&(H) (se W), it follows that p: =p, (s€ W,k 21). 
Moreover, if f is any homogeneous element in Sh), it is obvious that 


f(0;8(x) 0%) =f(0;8(x)) + 2.f(038(x) ° Pr), 


where r is the degree of m. But it follows from Lemma 18 of [4(g)] that 
f (0; Cm) © pr) =0, and so f(0;8x) ot) —f(0;6()). Hence, if (47) ot) 
—ô(r) = ô (q) (qE S(Ņ)), then? <p, q> —0 for all pE S(b), and therefore 
(see [4(g),$2]) g==0. This proves the asserticn of the lemma. 

We say that the Cartan subgroup A is fundamental if }, is fundamental 
in go (see [4(h),88]). 


THEOREM 4. We can select a neighborhood B of 1 in A with the 
following property. Suppose A, is a connected component of A'N B whose 
closure contains 1. Then there exists a real nuraber c such that 


Lim Fy (zh; (2’)) = cf (z) f (hE Ay) 
hod 
_ for all fEC,*(@) and 2€Z. Moreover, c—0 if A is not fundamental. 


If z= 1, our statement is an immediate consequence of Lemma 19 and 
the fact that 
Ey(expH) =€(H)d7(H) ` (HE by’), 
if we take into account Theorem 2 of [4(i)]. For any arbitrary 2€ Z, 
write f.(æ) =flzr) (ze G). Then 


Tim Fe (ah 58 (a!) ) me Lim F,(k39(x7)) = cfe(1) =) (hE À). 


THEOREM 5. Suppose A is fundamental and AA‘ - -, À, are all 
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the distinct connected components of A’MB whose closures contain 1. 
Let cı be the real number of Theorem 4 corresponding to Ai Then 


Ca + C-H: tor. 
This follows immediately from Theorem 3 of [4(i)]. 


Note added on August 3, 1957. Recently I have been able to prove 
that cı = c =: : -= c, in Theorem 5. Since the normalization of the 
measure de” in Theorem 2 is arkitrary, only the sign of c, is of interest. 
Assuming that }, is fundamental, let p; and pọ denote the number of roots 
in P, and Po, respectively. Then p, is even and, if q= po + $p, the sign 
of c is (—1)4 l l 
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DIVISORS AND ENDOMORPHISMS ON AN ABELIAN VARIETY.* 


By SERGE Lane. 


We consider here the fundamental theorem on the algebra of endo- 
morphisms of an abelian variety dealing with the existence of a positive 
definite quadratic form defined by means of the trace. We shall give a 
direct proof on abelian varieties for Weil’s formula o(éé’) > 0, which will 
exhibit the positivity as a formal consequence of the definitions. Weil’s 
method is to show that the trace can be expressed as an intersection number 
(Proposition 20 of [6], No. 47). However, even on a Jacobian, his proof 
that o(é) coincides with the penultimate coefficient of the characteristic 
polynomial is somewhat indirect (Theorem 34 of [6], No. 66). In the 
present exposition, this will be straightforward, and we shall obtain a simple 
‘representation of the trace as an intersection number canonically determined 
by a given projective embedding of the abelian variety A, or as Weil would 
say, a polarization of A [8]. 

More generally, if æ; (t=-1,---,d) are endomorphisms of A and 
mi (i= 1,: - -,d) are integers, then we give an expression for the coefficients 
of the homogeneous polynomial v(m,o,-+- - --+ mao) in terms of inter- 
section numbers canonically determined by the a; and the given polarization. 

Our arguments are based on only two properties of abelian varieties: 
The theorem of the square (see below), and the fact that a divisor which is’ 
= 0 is numerically equivalent to 0. (Weil [6], No. 62 and Morikawa [5], 
Lemma 7.) For the convenience of the reader, we ED in an appendix 
a simple proof of Weil for this fact. 

We shall begin by defining a bilinear mapping of the endomorphisms 
of A into the Neron-Severi group of divisors N(A), given by the formula 
Dr(a,ß) = (« + B)7(X) —at(X) —B1(X). The properties of the trace 
are then reflected from analogous properties of our divisorial pairing. We 
shall take X to be a positive non-degenerate divisor. We call a class of 
divisors in N(A) positive if a suitable positive integral multiple of it con- 
tains a positive divisor. The formula tr(ae’) >0 then comes from the fact 
that Dy(«,«) is positive. 

We then discuss a pairing of endomorphisms into the group N,(A) of 
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1-cycles modulo those which are numerically equivalent to 0. It is dual to 
the above, and is defined by the formula Zela, 8) = (a + B)(C) — a(C) — B(C). 
Properties of Dx(«, 8) are easily transferred to properties of Zc(a, 8). We 
introduce the Pontrjagin product-between cycles of A, which is dual to the 
intersection product, and are then able to recover all the numerical statements 
contained in Weil [6] (for instance, the Lefschetz fixed point formula for 
curves}. Some questions concerning the Pontrjagin product remain un- 
answered, principally those concerning the more precise duality which exists 
between this product and the ordinary intersection product. 

The above section dealing with 1-cycles is not used in the section 
following it, where we analyse the positivity of divisor classes in N(A).° 
We generalize results of Morikawa [5], except that we work only in the 
tensor product of N(A) with the rational numbers, and do not consider 
integrality questions related to the positivity. For instance, let Y be a divisor 
and suppose that there exists an integer m > 0 and a divisor Y, > 0 such 
that mY=Y,. Does there exist a divisor F, > 0 such that Y=Y,? 

Finally, we have pointed out how one can see directly on an abelian 
variety that the characteristic roots of the Frobenius endomorphism all have 
absolute value q% without having to go through the theory of curves. Together 
with the Lefschetz fixed point formula, this gives a more natural proof for 
the Riemann hypothesis for curves. 


| 1. Applications of the theorem of the square. For the rest of this 
paper, A, B will denote abelian varieties and X,Y,Z,- - - will be divisors 
on A or B. We denote by H(A,B) the module of homomorphisms of A 
into B, and by H(A) the ring of endomorphisms of A. The tensor products 
with @ will be denoted by Ho(A, B) and Ho(A) respectively. If « € Ho(A,B) 
and v{a) 540, then there is an element 8 of Hg(B,A) such that Ba is the 
identity. We write B— at. 

We denote by À the dual variety (Picard variety) of A. If X is a 
divisor on A, algebraically equivalent to 0, then CI(X) denotes the point on 
A associated with the linear equivalence class of X. The theorem of the 
square states that the mapping 


gx: u—>Cl(X,—2X) 


is a homomorphism of A into À. By definition, X== 0 if and only if yy = 0. 

We let D(A) be the group of divisors on A, and D,(A) the subgroup 
of divisors linearly equivalent to 0. Let «€ H(A,B). Let X be a divisor 
.on B. Then a*(X) may not be defined, but if ¢ is a generic point of B, 
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then a7?(X,) is always defined. Furthermore, if X is algebraically equivalent 

to 0 on B, then X, —X, and if Z— 0 on B and a*(X) is defined, then 
` a4(X)~0 on A. If V is a variety, we denote by D,(V) the group of 
divisors algebraically equivalent to 0 on V. Then the above remarks show 
that a induces a linear map a+ of D,(B)/D;(B) into D,(A)/D,(A). (Later 
we shall use the terminology of the Picard variety, and we call this map 
the transpose of «.) 

We denote by N(A) the factor group. of D(A) by the subgroup of 
divisors of A which are =0. Then « will also induce an inverse mapping 
a% of N(B) into N(A) as follows. We contend that if ¢ and u are generic 
points of B then o1(X,) =a7(X,). To prove this, we first state a lemma 
explicitly. 


Lemma. Let À: AB be a homomorphism, X a divisor on B, v a point 
of A such that (Xw) is defined. Assume also that A'(X) is defined. 
Then (X-1(X)) y= ATX). 


Proof. The translation (v,Av) on A X B leaves the graph of A fixed. 
It moves A(X) on its translate by v, and moves X on its translate by Av. 
The lemma is then obvious. 

Returning to the proof of our contention, we let v be a generic point 
-of A, independent of t and u. Then (X) and a*(Xusav) are defined, 
and a trivial computation starting with the definitions, together with the 
theorem of the square proves our contention. 

Given a divisor X on B, and «€ H(A,B), then from the theorem of the 
square, we know that X,=X, and hence the class «"(X,) in N(A) depends 
only on X and « and not on the auxiliary generic point ¢. By an abuse of 
language, we shall denote this class by «>(X). The context will always 
make clear whether we deal with a class in N(A), or whether we deal with 
a divisor X in D,(B), in which case a?(X) will mean the linear equivalence 
class in D,(A)/D,(A). | 

The following theorem and its proof are directly inspired from Weil’s 
Proposition 31, [6], No. 73. For the special case of elliptic curves, see 
Hasse [4]. : ' 


Tnrorsm 1. Let «,ßB€H(A,B).- Define 
Dx(a, B) = (a+ 8) (X) — 0> (X) —B4(X), 
this being an element of N(A). Let m, n be integers. Then 
(ma + n8) (X) =m (X) + mnDx(o, B) + n> (E). 
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Proof. The proof will be carried out in three steps. Throughout, we 
let s,: BX---XB—B be the sum on the product of B n-times with 
itself, and we let u: BX::-XB-—8B be the projection on the i-th factor. 

1.) X=0 if and only if s+ (X) ~S p(X). 

For simplicity take n—2. Then for u generic on B, we have 
s(X) (BX u) = XX u. 
Hence [s+ (X)— (X XB)]. (BXu)—(X4,—X) Xu. If X=0, then 
this is linearly equivalent to 0, and hence we can write 
s (X) ~ (X XB) + (BX YF) 


for some divisor Y on B. By symmetry, we must have Y ~X. The converse 
is equally clear. | 


2.) If X=0 then 
(a + B)*(X) ~a (X) + 8% (ZX). 


Let A: A—>B X B be the composite map (2,8), so we have Au — (au, Bu) 
for u in A. Then s,=a+, and pA=a or B according as i=1 or 2. 
Using the formula (fg)"=g"f* which is applicable in the present case, 
together with step 1, we get what we want. 


3.) We finish the proof in this step. Let X be arbitrary. Using the 
above lemma, we get | 


((ma + mB) (4) — (ma + np) (X) = (ma + ng) (X (manu — À). 


For any vE B, X,—X==0. Using step 2 and making repeated use of the 
theorem of the square, we see that this expression is linearly equivalent to 


(1) mat(Xoy—X) + mana (X pu — X) 
+ mng Xau — X) + wb Xp, — X). 

Let Z = «(X gu —X) + B*(Xau—X). To prove our theorem, it suffices to 
shrow that Z ~ Dx(a,8)u—Dx(a, 8). One sees this by putting m—n—1 
in formula (1), and using the lemma. 

To go further, it is convenient to use the language and formalism of 
the Picard variety. (At present, a complete exposition is not yet published. 
Some of it will be in Chow [3], and the commutative diagrams below are 


due to Weil. See also Morikawa [5].) Given a homomorphism «€ (A,B), 
then one has an induced contravariant mapping on the Picard varieties, 
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ta: B> À, which we shall call the transpose of a We shall use constantly 
the linearity property 


(2) ‘(a -+ 8) = ‘a+ *B,” 


which is essentially step 2 in the proof of Theorem 1. If 64: A SA denotes 
the canonical map of A onto its double dual, and X is a divisor on À, then 
the following diagram is commutative: 


(3) A—l 


If ae H(A,B) and if Y is a divisor on B, then the following diagram is 
commutative : 


a 
A———> B 
(4) Par) | | gr 
Â e Ê 
ta 
i.c, we have pa-ır) = "ao py oa, 
It follows just as in Theorem 1 that 
(5) l PDx(a,B) =" pxo B+'Boyxoa 


for any divisor X on B. Conversely, one might also use the present formalism 


to. deduce the following generalization. If &,:: ‚as are homomorphisms 
of A into B, and m, `, ma are integers, then 

(6) (mya, +: + mata) > (X) =} E mim;Dx (ai a), 

the sum being taken for i, j==1,;- -,d, so that each term appears twice 


and we therefore divide by. 2. 


In addition, the linearity property of the transpose gives us immediately 
a bilinear map of H(A, B) into N(A), namely the class of Dx(a,B) obeys 
the rules: ‘ . 


D1. | Dx(a+ B, y) =Dx(c, y) + Dx(B,y). 
DR. Dzx(a, 8) = Dx(8,«). 
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D3. Dx(ma, 8) = mDx(a, B). 
D4. Dz(a, a) = 207 (X). 


Condition D4 is due to the commutative diagram (4). The others are clear, 

For the rest of this paper, we shall take B— A. Following Morikawa 
[5], we say that a divisor X on A is non-degenerate if the kernel of px is 
finite. As Weil has shown [7], it is practically obvious that if X is positive 
and non-degenerate, then a suitable positive multiple of X is ample, i.c., 
becomes a hyperplane section in a projective embedding of A. From now on, 
X will denote a positive non-degenerate divisor on A, whose class in N(A) 
will remain fixed throughout. It then follows that for any 2340 in H(A), 
there exists an integer m > 0 and a divisor Y > 0 such that ma1(X)=Y. 
Condition D4 can thus be interpreted as a condition of positive definiteness. 

Relative to our divisor X, we define an involution on Hg(A) by letting 
a’ == py totgoyy. The commutativity relations (3) and (4) show that 
a—>« is an anti-automorphism, i.e., that 


(a+ By’ +8, (da (ph, F=. 


Our pairing Dxr(a,B) in N(A) can then be extended to a bilinear map 
of Ho(A) into Ng(A). We can rewrite formula (5) in the form 


(7) PDxta£) = px (0B + B'a). 
It will be convenient to introduce still another symbol. We define 
Dz(a) = Dx (a, 8) = (a +8) (X) —at(X)— X. 


If «€ H(A), then «— Dy(a) gives a linear map of H(A) into N(A) 
which can be extended to a Q-linear map of Hg(A) into N@(A). 

` We can supplement D1-D4 by more formulas which give the behavior 
of our pairing under multiplication, namely, for any divisor Y, we have 


D5. Dx(ex7 !aprß) = Dy (a, B). 
D6. Dy (Aa, AB) = Dirau) (a, 8). 
D7. Dx{ax, BA) =A Dx (a, B). 


These formulas are direct consequences of the definitions and commutativity. 
From D5 we deduce immediately formulas for Dx(a), namely, 
D8. Dz (a, B) =Dx(e'B). 
DS. Drag, y) =Dx(B, y). 
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D10. Dx (B'aB) = B*Dx(a). 
Dil. Dx(a) =Dy(a). 


The preceding formulas exhaust the formal behavior of our divisorial pairing, 
and we shall now turn to its application to the trace. 


2. The trace. In this section, we use as our basic fact that if X ==0, 
then X is numerically equivalent to 0. In an appendix, we shall reproduce 
a simple proof due to Weil, based only on the theorem of the square. 

We consider divisors up to numerical equivalence, since we are concerned 
here with numerical statements. Jf Y is a divisor on A, then the inter- 
section of Y with itself s times is understood to be up to numerical equivalence. 
If t,:--,#, are independent generic points, then F,:Y,,::-Y;, is an 
element of that class, for instance. We let r be the dimension of A. If C 
is any positive cycle of dimension 1 on A, then deg(X-C) > 0 because we 
have assumed X positive non-degenerate, hence essentially a hyperplane 
section of A. 

In what follows, we shall also use the formula 


a4(¥,- F) =a (F) -a (F2), 


which holds whenever both sides are defined. Generic translations will always 
insure that this is the case. Note also if a is a 0-cycle, and v(a) £0, then 


deg(a (a) ) —v(a)deg(a). 


From these remarks, we first note that if we intersect both sides of (6) with 
themselves r times (r= dim 4), then we recover immediately Weil’s theorem. 
that (mia, + -4 Mata) as a function of (m1,---+,m¢) is a homo-. 
geneous polynomial of degree 2r. Moreover, its coefficients are easily deter-. 
mined explicitly in terms of intersections of the Dx(ai, ;). 

. We are particularly interested in the special case which yields the: 
characteristic polynomial of an endomorphism. In Theorem 1 we take m = 1., 
and B==8. We get: 


(a + nd) (X) = nX + nDx(a) +(X). 
Again raising this equation to the r-th power, we get 
v(a + nd) deg (XO) = can?" + coran? -H + ++ Co 


where X) denotes the class up to numerical equivalence of the intersection 
of X with itself r times, and the c; are integers which are easily determined 


768 SERGE LANG. 


explicitly in terms of intersections of o1(X), X, and Dy(«). For instance, 
we have 


Cor = deg XV, Cor =T: deg (XO - Dy(a)), Co = v(a)deg Xe), 


This shows that v(a -+ nå) is a polynomial in n with rational coefficients. 
In [6], No. 67-68, Weil gives a simple and direct argument showing 
that the characteristic polynomial is actually that obtained from an l-adic 
representation. 

' The trace of a, which we denote by tr(a), is defined by the formula 


tr(a) =r/deg (X0) -deg (X0 - Dx(a)). 
From D5 we immediately get 
tr(o’B) = r/deg(X) -deg(XO-Y - Dr(a,ß))- 


The main properties of the trace are then directly traceable to the properties 
of the divisor class Dx(a, 8). 

On the algebra Hg(A) over the rational numbers, we can define a scalar 
product (taking its value in Q) by putting (a, 8) =tr(a’ß). We then have 
the usual properties of a bilinear form, whose quadratic form is positive 
definite, and in addition we have the multiplicative property (aß, y) = (8, @’y). 
This follows immediately from the analogous properties of Dx(@,ß). The 
strict positivity comes from the fact that for some integer m>0, mX is a 
hyperplane section of A, and hence the class of ma!(X) in N(A) contains a 
divisor Y > 0. As we have noted before, we must then have deg(X¢™) - a*(X)) 
> 0. From D4 and the definition of (a,«) we conclude that (¢,a) > 0. 

- We define the norm ||« || as usual by («,«)2. Aside from the usual 
properties of a metric, we have in addition the following statements: . 


Ni. Jal—1le| 
N2. | aa] — | aa’ | 
N3. If a0 and 80, then ag] <a] 81. . 


The first two are clear from the commutativity of the trace. As to 
‘the third, we have 


|| «8 ||? —tr(f'aas) = tr(a’aBp’) = (aa, BB’) S || wa | | BR’ |, 


this last inequality being the Schwartz inequality. We are therefore reduced 
to proving the inequality [all < af’. By definition we have | oal? 
a= tr(e’ae’a) = tr((aa’)*). Let wj be the characteristic roots of aa’. Then 
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wt are the characteristic roots of (aa’)*. It is known, and we shall recall 
the proof in the next section, that the w; are totally real totally positive 
algebraic numbers. Our inequality is equivalent to Yo; <(%w,)” which 
is true in view of this fact. A : 

As an application, we consider an abelian variety A defined over a finite 
“field k with g elements, and assume that X is rational over k. Then one 
verifies trivially that if + is the Frobenius endomorphism relative to k, then 
ar = n'n = q8. Hence in that case, || z || = (2rq)3. Furthermore, tr(r) 
—tr(rô) = (7,8) and by the Schwartz inequality we get 


| tr(m) | S rl [8] = 2r. 


For any integer n, we get |tr(x")|<2rq"/*. If w; are the characteristic 
roots of +, then w;" are those of m". From this one sees easily that the 
absolute value of a characteristic root can be at most gi Since we have 
v(m) =q", the product of the characteristic roots of + must be equal to + q” 
Hence the absolute value of each one of the characteristic roots is exactly q?. 


-3. A dual pairing.* We introduce a pairing of the endomorphisms of 
A into the group of 1-cycles on A modulo numerical equivalence which is 
dual to the divisorial pairing of Section 1. The symbol = will now denote 
numerical equivalence, and N;(4) denotes the factor group of i-cycles by 
those which are numerically equivalent to 0. 

Let Z be a cycle on A. Let ae H(A). As usual, we mean by «(Z) 
the intersection pr.[T,.: (Z X A)]. 

We shall be particularly interested in 1-cycles. Let C be a 1-cycle. If 
F is a divisor on A, then we have the transposition formula 


(8) deg (a(C)- ¥) = deg (0 - @*(¥)). 


‘The easy proof runs as follows. 
deg(a(@) : F) = deg{pr.[ (Fa (C X A)) (AXF)]} 
= deg{((C X A) Ta) ` (A X Y)}, 


because the degree of a 0-cycle is preserved under projection. All that remains 
to be done is to use associativity, and then unwind the above expression with 
respect to Y, just as we have done with respect to C. 

We can transfer to the 1-cycles properties of divisors by transposition. 
For a, BE H(A) we define 


Zola, B) = («+ 8) (C) —4(C) —B(C), Zo(«) =Ze(@,8), . 


* This section was added March 22, 1957. ` 
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. these being elements of N,(A): We get trivially 
(9) deg[Zo(a, 8) : Y] = deg[0 ; Dy(a, 8)}. 


This shows that Zo(a, 8) gives a bilinear map of H(A) into N,(A), and 
D4 becomes Zc(a,æ)=2a(C). In addition, we obtain 

(10) (ma + ng) (C) =m*a(C) + mnZo(a, B) + n°8(C) 

(11) (a + 8) (C) == n?C + nZo(a) + «(C). 

In order to apply a numerical calculus dual to the intersection calculus 
of cycles used in Section 2, we must define the Pontrjagin product of cycles 
on A as follows. Let V, W be two subvarieties of A. By V @ W.we shall 
denote the set theoretic sum of V and W taken in A. It is the variety 
consisting of all points v + w with v€ V and we W. There is a rational map 
F:VXW—Y @ W which may or may not be of finite degree. By d(V,W) 
we denote the degree of F if it is finite, and 0 otherwise. Similarly, we 
define d(V,,- > +, Vm) for any finite number of subvarieties of A to be the 
degree of the rational map from their product to their set theoretic sum if 
it is finite, and 0 otherwise. We denote by V * W the cycle d(V, W) (V @ W), 
and one sees immediately that V = W = pr,[8: (V X WX A)], where S is 
the graph of the sum s&: AX A—>A. Note that V + W =Q if and only if 
the dimension of V @ W is smaller than dim V + dim W. From the defini- 
tions, one also sees that the Pontrjagin product is associative, and that 
Vie Vie edle) N V2 ©: Fn). The product 
extends naturally to cycles by linearity, and if Z,, Z, are two cycles, then 

Zi * Zz = pr [S (Z, X 2: X A)]. | 
From the fact that the expression on the right is built up from the standard 
operations of intersection theory, we see that the Pontrjagin product defines 
a commutative ring structure on the graded module X N;(A). 

Let «€ H(A). Then « induces an endomorphism of our ring, i.e. 
we have 
(12) a(Vis Vos. oE Vm) = a (Va) #a(Ve) > al). 

This is easily seen by applying the definitions. We are now in a position 
to use the same method as in Section 2 to get an expression for the charac- 
teristic polynomial v(« + n8), except that we use the Pontrjagin product 
instead of the intersection product. We are mostly interested in the trace. 
Raising both sides of (11) to the r-th power, using (12), we get 

(13) tr(a)=7r/d(0,- - -,C) + deg(C*" *Zo(a)], 


provided we take for C a curve which generates A. Here, C*(-1) means the 
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Pontrjagin product of C with itself (r—-1) times, and the degree is defined 
to be the coefficient of À appearing in the expression on the right. It is 
convenient to transform this expression into an intersection number. When- 
ever V and W have complementary dimesion, we have 


(14) - d(V,W) =deg(V-W-) =deg(V--W), 

denoting by V- the transform of V by the map sending each point into its 
inverse. This is a restatement of an elementary result concerning algebraic 
groups (Weil [6], No. 18, Cor. 2 of Th. 4). If Visa divisor, then V-=Y, 
say, by taking «=--—-8 in the commutative diagram (4), and hence the 
expression for the trace becomes 


(15) tr(a) ==1/d(C,- - +, C) -deg (C*0-» - Zo(a)). 

We have thus recovered all the numerical results contained in Weil’s 
treatise on Abelian varieties. Consider the special case where A == J is the 
Jacobian of a curve C. Then CD — (g—1)!@, and d(C,: - -,C}—g!. 
Using the transposition formula we get 


(16) tr(a) = deg (Do (a): C). 
We remark that if we had tried to obtain this directly from the expression 


of the trace obtained by the ordinary intersection product, we would have 
needed the extra information that 


@0-) = (g—1)!C and deg(@) =g!. 


Remarkably enough, there does not seem to be an easy proof available for 
this fact. Such a proof would require a closer analysis of the relations which 
exist between the ordinary and the Pontrjagin products of cycles. 

- Formula (16) allows us to recover the Lefschetz fixed point forroula 
(and hence the Riemann hypothesis for curves), for we can now use the 
proof given by Weil ([6], No. 47) which is quite transparent. For the 
convenience of the reader, we reproduce this proof. If T is a correspondence 
on C (i.e, a 1-cycle on CXC), we let r be the associated endomorphism 
of J. The fixed point formula states that 


deg(T- A) = d(T) —tr(r) + @(T). 
We let s, be the sum on J X J, and consider the following diagram: 


fe (7,8) Se 
CX C — J X JI — I XI —— 


hi H;. 


0 J 


f 
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Here, f is the canonical mapping, f is the product of f with itself, and hi, Hi 
(i= 1,2,83) are described as follows: For i=1 we take the diagonal mapping. 
For the others, we may assume that we have a point P on C such that f(P) —0 
is the origin on J. Then h, maps C on PX C and hs maps C on OXP. 
Similarly, Ha maps J on 0 XJ and H, maps J on J X 0. Then the square 
is commutative. Put A= (7,8). Then f.-*A-*s.1(—®@) is a correspondence 
T on CXC whose associated endomorphism is precisely r. (Of course, in 
taking our inverse mappings, we first make a generic translation on ©.) 
Furthermore, we have - | 


SAH, = 7 +6, SAH. = Ô, SAH, = T. 
From the commutativity, it is then obvious that 


deg[ (r +8)7 (—@):C]=deg(T-4),  deg[r(—@): 0] =4(T), 
deg(—®-C) = g (T). 


This concludes the proof. 


4 Positive endomorphisms. We shall say that an element g in Ho (A) 
is symmetric if aa’, These elements form a subspace Sg(A) of Ho(A) 
over the rational numbers. We have a Q-linear map Dx: So(A) — No(A), 
defined by «> Dx(«). It is in fact an isomorphism, and we shall define 
its inverse dy: No(A) — Se(A) as follows. If Y is a divisor representing 
a class in N(A) then we put Px(Y)—%ox toy. The map Y>oyx(V) 
clearly induces a Q-linear map of Ng(A) into Hg(A). The commutativity 
relations (3) and (4) show that it is into Sg(A), i.e, that gy “gy is 
symmetric. From (7), we see that Dyby and ®rDy are both equal to the 
identity, and hence are isomorphisms. 

Jf Y is a divisor representing a class in N(A), we shall write «<> F to 
mean that a—=#y(Y). | 


Provosition 1. Let a be a symmetric element of Ho(A), and suppose 
«<>F. Let À be any element of Hg(A). Then Naa>ı!(7). In par- 
ticular, NAS XT(X). 


Proof. This is a reformulation of D10. 

We shall say that an element of Hg(A) is positive (relative to the 
divisor X) if it is symmetric, and if there exists an integer m > 0 such that 
the class of Dx(ma) in N(A) contains a divisor Y¥>0. We then write 
a> 0. 


-2 
-2 
= 
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} 
PROPOSITION 2. Lei a be symmetric. 


a.) If «20, and x is any element of Ho(A) then Nac =O. 
b.) If Ac Holá) and A0, then NAD 0. 
c.) Ifa>0, then tr(«@) > 0. f 4 


Proof. Our statements are immediate from Proposition 1 and the 
definitions. | 

As a corollary to Theorem 2, we shall see that if « > 0 and N'a 0, 
then actually Max > 0. 

We shall give below some equivalent conditions for an endomorphism to 
be positive. Referring to Albert [1] and Morikawa [5] we recall first an 
abstract theorem for the convenience of the reader. 


THEOREM 2. Let R be an algebra over the rationals Q, with an involution 
zx satisfying (syy =y x and (a) =x, and a Q-linear functional 
o: R->Q which satisfies o(zy) =o(yz), and such that for x40 we have 
o(ze) >0. Then: 


1.) R is semisimple. 
2.) If v=x #0, then Q[zx] is a direct sum of totally real fields. 


8.) If z—2320, then o(yxy) Z0 for all y€ Q[a] if and only if x 
is a sum of squares in Q{x]. | 


Proof of 1. We first prove that if s =< 40, then v cannot be nil- 
potent. If it were, then we would have z?"—0Q but 2?""=40, and hence 
g?” == (227)2— 0. As z” is symmetric, this contradicts the strict posi- 
tivity of o. Now if «340 is an element of a nilpotent right ideal, then xx’ 
is symmetric, is in the ideal, and hence is nilpotent, thereby contradicting 
again the positivity of o. l 


Proof of 2. Consider Q[z] with z=% 20. It is a commutative 
subalgebra of R, and the involution and trace on R induce on it an involution 
and trace with similar properties. Being semisimple, it is a direct sum of 
fields. On each such field F we have again induced an involution and a trace. 
We may therefore assume that R—F. But any Q-linear function on F is of 
type o(£) = S(aé) for some g in F. Here S denotes the ordinary trace from 
F to Q. We have by assumption S(aé?) —o(é) > 0, if E40. If some 
conjugate of æ is not real, then the corresponding conjugate of F is dense 
in the complex numbers, and we choose £€ F such that gé? is very large 
negative at this conjugate, and very close to 0 everywhere else. This gives a 
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contradiction, and « is totally positive. Similarly, one sees that R is totally 
real. : 


Proof of 3. We may again assume that R =F is a totally real field. 
Then o(2é) > 0 for all 2540 in F, and as we have seen above, this implies . 
that x is totally positive. Hence it is a sum of squares. The converse is 
equally clear. This concludes the proof ‘of our theorem. 


COROLLARY 1. Let R me as in the theorem, and EER be such that 
=, and o(dfA) 20 for all AE QE]. Then given BER such that 
BEB 0, we have o( B’EB) > 0. 


Proof. We can write = Dy? with we Q[é]. I we put m—yp, 
then at least one element ww is not 0, and : 


o (BEB) = È o (uim) > 0. 


COROLLARY 2. Let R be as in the theorem, let a — « and assume that 
ais a sum of squares in Qfa]. If ACR and if Na 0, then \'ai 0. 


Proof. Writing «=> g? with BE Q[«], we must have A80 for 
some 4 Hence 054 (A’B;) (NB) =N BPA. Since o(d’B7A) = 0 for each à, 
and for at least one 7 is > 0, this shows that A’aA cannot be 0. 


THEOREM 3. Let «€ Ho(A) and assume a—x 20. Then the fol- 
lowing conditions are equivalent: 


1.) a is positive. | 
2.) AU the characteristic roots of « are totally real and totally positive. 


3.) aœ is a sum of squares in Q[a]. 


Proof. The equivalence between 2.) and 3.) is well known. If «is 
positive, and BE Q[a] then by D10 and the definition of the trace, we see 
that tr(BaB) 20. Hence « is a sum of squares by Theorem 2. This proves 
that the first condition implies the third. If we can write a = > B:8/ = X 8? 
with &€ Q[a], then there is an integer e > 0 and there are positive divisors 
FY; such that (eß) (e8i)’ =gx yy, (Proposition 1). Putting Y=} Y, 
we see that e°« = px"tyy, and hence that « is positive. 


COROLLARY 1. If a and B are two symmetric elements of Ha(A) such 
that a>0, B>0 and aß 0, then tr(aß) > 0. 


Proof. We write «= SA? with %€Q@[e@], and we have therefore 
tr(a8) = Str(aAzB) = DStr(,Ga:) 20. Actually, for some i, we have 
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àB 40, and hence by Corollary 2 of Theorem 2, 4484540. Hence the strict 
inequality holds, as desired. 


COROLLARY 2. Let Y > 0 be a divisor on A, and Z* > 0 a divisor on À. 
If a=H"oy.py and a540, then tr(a) > 0. 


Proof. Let A= x7 pw with W = yy (Z*) and let B—vpx py. We use 
the commutativity relations (3) and (4) to conclude that œ —Xf, and we 
can then apply Corollary 1. 

Finally, note that if the abelian variety is defined over a finite fieid k 
with q elements, if X is rational over k, and if m is the Frobenius endo- 
morphism, then from the relation mr’ — q, we can conclude from the above 
considerations without taking powers of = that the characteristic roots have 
absolute value q$. Indeed, the algebra generated over Q by x and +’ is 
commutative, and, in view of Theorem 2, is a direct sum of fields which are 
either totally real, or totally imaginary such that 2x’ is the complex 
conjugation. If e; is the idempotent of one of those fields, and if we put 
mi = me; then we see directly that the absolute value of mi is gi. 


Appendix. 


We shall now reprocuce Weil’s proof that if X is a divisor, ¥ = 0, then 
X is numerically equivalent to 0. The only property of abelian varieties 
that is used is the theorem of the square. To begin with, we have: 


THEOREM. Let f: CA be a rational map of a complete non-singular 
curve into A, such that f(O) generates A (i.e, A—f(C) +---+f(C) 


n-1 
n times, where n= dim 4). Let W—=Nf(C). Let X=0 be a divisor on A, 
$ 1 
and let i 
P(X) =È m;(P;). 


(If necessary, make a generic translation on X so that f (X) is defined.) 
Let M,,: ` +, Mn be independent generic points of C over a common field 
of definition k for f, C, and A, and let 

n o. n-1 
d= RQ: M): RIM), do= Tell, Manx): KIM]. 
Then dX ~nd, X, mjWy p,). 


Proof. Let fr: CX-:--XC—AX:::XA be the product of f 
with itself n times, and s, the sum on A. Let F—5,f,. Then d is the degree 
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of F. A standard computation yields F o F(X) — dX. On the other hand, 
using step 1 in Theorem 1, we get 


PER), which is m (OX: . -XP;X- -- X0). 
j = 


We shall take F of this, and see that it gives the desired result, Let @ be 
the graph of F, and let P be a generic point of C. Then by F-VII, Th. 12, 
we first take @(P) on the product CX- -X Cx: -:XCX À (where C 
is omitted in the i-th place), i.e., we take the projection on this variety of 


G- (CX: -XPxX-- XOXA). 


This is a variety, whose set theoretic projection on A is Wyp). Taking now 
its projection on A in the sense of intersection theory, we obviously get 
dyoWyp). If we work with a special point P; which is a specialization of P, 
then we use the compatibility of intersection and projection with specializa- 
tions, together with the fact that Wyp) has the uniquely determined 
specialization W;(»,,, to conclude the proof. 

Now by the theorem of the square, we get 


nd, Ira Wera -W)- Wi—W=0, 


where u = nd D'mf(P;). Consequently, we gt 0=dX=nd, ($, m;) W. If 
we can prove that I m;=— 0, this will show immediately that dX ~ W, — W 
and will prove the numerical equivalence of X to 0. We are therefore reduced 
to proving the following lemma. z 


Lemma. Let Y be a divisor, Y >0. Then Y cannot be =Q. 


Proof. If Y ==0, then for ¢ generic on A, we have Y,— Y. This would 
yield a representation of A into the complete linear system of Y, and thus 
a representation of À into the projective linear group. This representation 
must be trivial, and hence Y;— Y, which is an absurdity. 

Ti. should be noted that Morikawa’s Lemma 7 [5] is an immediate 
consequence of the above result, which, in fact, shows that the divisor W is 
non-degenerate. Of. also Weil’s arguments concerning the projective em- 
bedding of abelian varieties [7]. 
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SCHWARZ’S LEMMA AND A SINGULARITY 
OF BRIOT-BOUQUET.* 


By AUREL WINTNER. 


1. The following lemma (in which 


(1) f(2w)— 3 Cm US fi(2, w), where {= 3 , 
m+n>0 i=1 mini 

need not be divisible by z) contains (if (1) is chosen to be divisible by z) 
the classical result on the initial-value problem 
(2) w= 9 (2,0), wel, (w = dw/dz), 
where g (=f/z) is a function regular at (z,w) = (0,0). 

Luma. Let a function f(z,w) of two complex variables be regular ` 
on the dicylinder | 


(3) … KISS. els 
and let 

(4) i | f(z,w)|S1 on (3) 
and | . 

(5) f(0,0) —0 
[hence 

(4 bis) | f(2,w)| <1 on (3)]. 


Then the (singular) initial-value problem 

(6) zw =f (z,w), w |e = 

has a unique solution w =w(z) which is regular on the circle 
(7) Je) <1. 


It will be clear from the procf how this lemma can be worded so as to 
apply when the single equation (6) is replaced by a system, that is, when 
the w and the f of (6) are vectors. 


* Received June 16, 1957. 
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2. Since (1) holds on (3), it follows from (4) that | cma | Æ 1 (Cauchy), 
where sign of equality holds only if f(z,w) is w"zr times a constant of 
absolute value 1. In particular 


(8) | Cor | <1 
unless (6) reduces to 
(8 bis) zw = cw, w |z- = 0, ((elÆ1), 


and (8 bis) is trivial, since its only solution is w(z2)=0. But (8) is certainly 
sufficient for 


(9) (1 ~1,2,° °°, 


the “ eigenvalue” conditicn of Briot and Bouquet, who have shown that, under 
the proviso (9), there must exist for (6) a unique regular solution w(z) on 
some circle |z| < const., in which, however, the “sufficiently small” value 
of the const. remains unspecified * (correspondingly, neither (3) nor (4), 
but merely the absolute convergence of (1) on some neighborhood of (z, w) 
== (0,0) is needed in this result). 

Accordingly, the point in the lemma is the specification of the radius 
of regularity for w(z), that is, the assertion that, under the assumption (4) 
for (1), the entire circle (7), admitted in (3) for f(z,w), follows for w(z). 


3. Actually, the interest of the lemma lies in a final nature of the 
(normalized) absolute constants which it supplies. 


Furst, if (4) is relaxed to the assumption that 


(4*) | f(z, w) | <l+e on (3), . (e>0), 


where e > 0, while all the other assumptions of the lemma are satisfied, then, 
no matter how small the positive constant « may be, (6) need not have a 


* For three variants of the proof of Briot and Bouquet, see, respectively, 
L. Schlesinger, Einführung in die Theorie der Differentialgleichungen (1900), pp. 103- 
107; E. L. Ince, Ordinary differential equations (1926), pp. 295-296; L. Bieberbach, 
Theorie der gewöhnlichen Differentialgleichungen (1953), pp. 68-69. The circle 
|#|<const., which results in this manner as an assured domain of regularity for 
w(2), is very unsatisfactory. In fact, the procedures are such as to involve not only 
the prinicple of majorants but, what is worse, an appeal to the calcul des limites as 
well as an application of the local existence theorem of implicit functions (for the 
majorant). For a discussion of these matters in the regular case, cf. A. Wintner, Acta 
Math., vol. 96 (1956), pp. 142-156, and Rend. Palermo, ser. 2, vol. 5 (1957), pp. 275-287. 
The nature of the “best absolute constants” in the general case of (9) remains 
undecided. 
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solution w(z) which is regular on (7). As a matter of fact, (6) need not 
have any solution w(z) (regular at z=0) if (4) is replaced by (4*). This 
is shown by the example f(z,w) =ez-+ w, which satisfies (4*) but reduces 
the first of the equations (6) to dw/dz—«-+ w/z, a linear differential 
equation for which every solution w—#w(z) becomes singular at z==0 if 
«= const. 0. 


Secondly, if all assumptions of the lemma are satisfied, then the radius 
| (=1) of the circle (7) is the best absolute constant. What is more, w(z) 
can become singular on the boundary of (7). In order to see this, choose 
{(z,w) to be independent of w, say f==f(z), and put g(z) —f(z)/z. Then 
(4) and (5) will be satisfied if g(z) is regular on (7) and | g(z)| < 1 holds 
on (7). Since this is compatible with a function g(z) having the .circum- 
ference |2]—=1 as a natural boundary, and since (6) now requires that 
w(z) = fg(z)dz (with w(0) —0), the assertion follows. 


Remark. The formal source of all of this is the circumstance that 
z: ( )’=zd( )/dz on the left of (6) as a homogeneous operator, of degree 
0, in z. Let this operator be replaced by the identity operator. Then (6) 
becomes replaced by 
(6 bis) w==f(z,w), Wil. 


And there results a correct statement if (6bis) is read, in place of (6), 
in the lemma of §1 (and if all the other assumptions, and the assertion, 
of the lemma are retained). This variant of the lemma, a theorem con- 
cerning implicit functions (rather than singular diffeerntial equations) is of 
a standard type. It can be proved, for instance, along the lines of Rouché’s 
theorem, by appealing to general fixed point theorems (Poincaré-Brouwer). 
l Another proof: for the case’ (6 bis) follows directly along the lines of 
the proof to be given for the case (6). But the resulting approach to (6 bis) 
is more straightforward (cf. § 11), since it does not involve, as (6) does, 
a Schwarzian lemma (cf. §4). This contrast makes sufficiently clear the 
actual content of the lemma of §1. | 


4 The proof of the italicized statement of §1 will substantially 
depend on the following corollary of Schwarz’s lemma (which explains the 
title of this paper) : 


Let g(z) be a function which is regular for.| z| <1, vanishes at°z—0, 
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and satisfies the inequality | g(z)| <1 for |z| <1. Let w—w(z), where 
|z| <1, denote the (unique, regular) solution of the initial-value problem 
(10) zw = g (2), w |z = 0. 
Then | w (2) | <1 for |z| <1. 

In fact, if hz) = g(2)/z, then |A(2)| <1 for |z| <1. But (10) 


means that 
z dzl 
w(2) = f A(E)dt; hence lvls f | dt |, 


0 


and so | w(2)| = |z|, where |z| <1.* 


5. This Schwarzian lemma will now be combined with the process of 
successive approximation, which will be set up as follows: 


(11) cr (2) =f (2, We(Z)), Wear (0) == 0, 


where w,(2) is any function which is regular on (7) and satisfies the case 
k=0 of the following pair of conditions: 


(12) | we(z)| <1 on (7), and w.(0) —0 


(for instance, w,(z) ==0). 

` Suppose that, for a fixed 420, the function w,(z) has been defined 
on (7%) so as to be regular and to satisfy (12). Then, since f(z,w) is 
regular on (3) and satisfies (4) and (5), the furction gx(z) = f (z, w.(z)) 
is regular on (7), satisfies | gx(2)| <1 on (7), and g:(0) ==0. Hence, if 
(11) is identified with (10), it follows from the lemma of §4 that w,,,(z) 
is regular on (7) and satisfies | wz,,(2)| <1 on (7%). This completes the 
induction. 


6. Jt will be shown in §7 that the. sequence 
(13) wi(Z),- + +, We(z),- © +; where w;,(0) —0, 
is convergent on a certain circle 
(14) |z] <4, (4&1), 
* The best estimate of ! w (2) | for fiwed z and variable g in (10) is supplied by a 
substantially deeper result of Dieudonné (depending on Pick’s non-euclidean formula- 


tion of Schwarz’s lemma; ef. p. 18 of Carathéodory’s Funktionentheorie, vol. 2, 1950) 
which, however, does not lead to | w(z)|<1 on |z|<1 for fixed g. 


782 AUREL WINTNER. 


for which the value of d will not be determined. But since the functions 
(18) are regular on (7) and satisfy (12), it will follow from the oldest 
theorem (Stieltjes) of the theory of normal families that the sequence (13), 
being convergent on (14), must be uniformly convergent on every closed 
subset of (7). 

Let w(z) be the limit function of (13) on (7). Then w(z) is regular 
on (7) and is a solution of (6). This follows from the uniformity of the 
convergence if (11) is written in the form 


(15) vente) f Aee (Jz) <1). 


In fact, it is clear from (4), (5) and (12) that, in view of Schwarz’s lemma, 
the integrand of (15) is regular and (in k) uniformly bounded on (7). 


7. The proof of the convergence of (13) on (14) (if d is small enough) 
proceeds as follows: 
Let (1) be written in the form 


(16) f(z, w) = cio + cow + h(z,w), where h(z,w) = 3 fiz, w). 


Then h(z,w) is regular on (3) and contains only terms of second or higher 
order (in z and w together ), which implies that öh/dw— 0 as (z, w) — (0,0). 
Hence it is clear that there belongs to every e > 0 a pair of positive numbers, 
- say d= de and D= Da, which are less than 1 and have the property that 
the absolute value of the difference h(z,w*)-—h(z,w**) will not exceed 
e | w* — w** | whenever z, w*,w** are complex numbers within the respective 
circles |z| <d, | w*| < D, |w**| <D. On the other hand, it is seen from 
(12) and from Schwarz’s lemma that, if D = D, is fixed and d= de is chosen 
small enough, then | w:(2)| < D will hold on (14) for every k. Consequently, 


(17) ha we(z)) —híz, wea(z))| Se | we(z) —wea(z)| on (14), 


where «e and d==d, are independent of k. 
According to (11), (16) and (17), 


(18) |zwr (2) —zwr (2)| SO + (| cor | + €)| we (2) —wı-,(2)| on (14). 


But if the trivial case (8bis) is disregarded, then (8) holds and so, if the 
postitive number « (which thus far was arbitrary) is chosen small enough, 
the sum | co: | +e will be less than 1. Consequently, from (18), 


(19) | zur (2) | S0] ux(2)| on (14), 
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where 8 = const. < 1 and 
(20) Uy (Zz) = wg (2) — Wr (2). 


Finally, it is clear from (12) and from Schwarz’s lemma that, if d is 
chosen small enough, the functions (20) will be such as to satisfy | uz(2)| < 1 
on (14) (in fact, d < 4 is sufficient to this end). In addition, w,(0) —0, 
since w,(0) —0. Hence, if Schwarz’s lemma is applied to (19) in the 
same way as it was applied to (10) in the proof of the italicized assertion 
of § 4, it is seen, by induction, that (19) leads to 


(21) | wx (2) | < const. @* on (14). 


In fact, since the operator zd/dz remains invariant under the substitution 
z— Rz, where R is a positive (or just non-vanishing) constant, it is clear 
that in contrast with Schwarz’s own lemma, its “integral” corollary, that 
formulated in §4, is independent of the radius of the z-circle (so that 
|z| <1 can be replaced by any |z|< d). 


8. Since the (positive) constant @ is less than 1, the convergence of 
the sequence (13) on the circle (14), chosen in § 7, is clear from (21) and 
(20). According to §6, this proves that (6) has a solution w(z) which is 
regular on the entire circle (7). Hence, in order to complete the proof 
of the lemma of §1, all that remains to be ascertained is that (6) cannot 
have two distinct solutions (which are regular at z = 0). 

-The truth of this assertion of uniqueness is trivial in the case (8 bis). 
Hence it is sufficient to consider the case (8). But (8) implies (9) and,. 
according to Briot and Bouquet, (9) alone is sufficient in order that the- 
solution w(z) of (6) be unique (in a neighborhood of z=0). 

The classical proof of this fact depends on a comparison of coefficients.. 
Another proof (valid in the case (8) only) results by an adaptation of the. 
“Lipschitz” uniqueness proof, customary in the real field. In fact, if: 
w=w(2) and w=v(z) are regular solutions of (6) on (14), then it is: 
clear from § 7 that, corresponding to (19) and (20), 


(22) | zu’(z)| S6|u(z)|, where u(z) =w(z) —v(z) 


and ð <1, holds on (14), if d is small enough. But (22) leads to what 
results if u,(z) is replaced by w(z) == w(z)—v(z) in (21), which means 
that w(z)==v(z) holds (on (14) and, therefore, on (7)). 
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9. The italicized assertion of $1 can be completed by the following | 
facts: 


Under the assumption of the Lemma of §1, 
(i) both 
(23) | w(z)| <1 and |w’(z)| 1, where |z| <1, 


hold for the solution of (6) (and the sign.of equality is excluded in (23) 
_ unless (1) is of the form f(z,w) =Cz, where | C|—1); 


(ii) if Cio and co, are the coefficients of the linear terms in (1), then 
the solution w(z) vanishes identically unless | co, | <1; while if 


(24) Cor 1 and Cy 0, 
then 
(25) w’(0) =a540, where a == ¢1)/(1 — Ca) 


(so that w(z) is schlicht near 2—0); 


(ii) if (24) is satisfied, then the inverse, z—=2z(w), of w=w(z), 
where w(0) — 0, is schlicht, and less than 1 in absolute value, on the circle 
lw|<}af?, where a= c19/ (1 — eo). 


If (i) and the second part of (ii) are granted, then (iii) follows if a 
result of Landau, which he obtained in connection with his treatment of 
the problem of Bloch’s constant, is used in the same way as I used it 
recently (vol. 78 (1956), pp. 552-553, of this Journal) in the regular case, 
(2), of (6). In fact, it is sufficient to combine (23), (24) and (25) with 
theorem (*) on p. 552, loc. cit., in order to obtain (iii) (the proof of (*), 
depending on Landau’s result, is on p. 553, loc. cit.). “Accordingly, only (i) 
and (ii) remain to be proved. 


10. It is clear from the process of sucessive approximations which led 
to w(z) that | w(z)| <1 for |z| <1; ef. (3)-(7). Hence it is clear from 
(4) that the function ¢(z) =f(z,w(z)) is regular, and does not exceed 1 in 
‘absolute value, on the circle |z| <1. In addition, (0) —0 and w’(z) 
—=¢(z)/z, by (5) and (6). It follows therefore from Schwarz’s lemma 
that | w’(z)| S1 if |z| <1, where the sign of equality is excluded unless 
w(z) = Cz, where |C|—1. 

This proves (i). Since the first part of (ii), that concerning the 
identical vanishing of w(z), is contained in the remark made in connection 
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with (8)-(8bis), only the assertion of the second part of (ii) remains to 
be proved. | 

That assertion assumes (24) and claims (25). Hence it is sufficient 
to verify that, whether (24) is satisfied or not, 


(26) i (1 — Co) = Co. 


But if (1) and w(z) = w(0) + w’(0)z-+- - -, where (0) = 0 and w’(0) =a, 
are inserted in (6), then it is seen that 


z(a + const. z+- - +) = Co + Coa (ar + +) +, 
where the dots are terms which are of second or higher order in z. Hence 
(26) is obvious. ; $ 2 


11. It is easy to see how the theorem mentioned in the Remark of §3 
can be proved by the method applied above. The assertion of that theorem 
is that the implicit equation w = f(z, w) possesses a unique solution w = w (z), 
satisfying w(0) —0, which is regular (and less than 1 in absolute value) 
on the entire circle |z| <1, if f(z,w) is regular on the dicylinder (o) and 
satisfies both (4) and (5).+ 


{In the particular case in which f(z,w) is independent of z (so that (6 bis) 
reduces to w = zf(w)), this fact has the following variant: If f(w) is regular, and 
| fle) /w | is not less than a positive constant K, on the circle | w|<1, and if f=0 
and df/dw=0 at w=0 (hence K21), then the solution w= w(z) of Lagrange’s 
equation w= 2f(w) is a regular and schlicht function not exceeding 1 on the circle 
| z|<Q(1/K), where 

Q(H) = (l—V(1— M) ) a8 ° (0<M 1, Q(1) =1) 


(and 2(1/K) is the best absolute constant for every fixed K). In order to see this, 
it is sufficient to put F(w) = w/f(w), then to interchange the parts played by the 
variables z and w, and finally to apply the following thecrem of Landau (quoted, after 
the correction of a misprint in the third line of the wording of the theorem on p. 91, 
from Valiron’s Fonctions Analytiques (Paris, 1954), pp. 90-93): If a function F(z) 
is regular, and does not exceed M in absolute value, on the circle |z|<1, and if 
F(0)=0 and F’(0) =1 (hence, 0<M <1), then the local inverse, g= ¢(1w), of 
w = F(z) is regular, and less than 1 in absolute value, on the circle | w | < (Jf), 
and 2(4f) is the best absolute constant for every fixed M. 

Correspondingly, if the preceding device of replacing z, w, f, K by w, 2, F, M = 1/K 
is used in the reverse direction, it is easy to verify that a result of Hartman and myself 
(Rend. Palermo, ser. 2, voL 3 (1954), pp. 287-291) can simply be interpreted so as to 
state the following: If w= F(z), where F(0) =Q, is a regular function satisfying 
| F(z)| = |z| for |e|<1, then the circle |z|<1 is the (schlicht) image of a convex 
w-domain contained in the circle | w|<1 (and containing, of course, the point w = 0). ` 
The wording of this curious assertion becomes understandable only if it is noted that, 
as readily seen from Rouche’s theorem, the whole of the circle | | <1 must be contained 
in the w-image of the circle [2[<1 (an image which is schlicht by necessity), if 
w = F(z), where F(0) = 0, is a regular function satisfying | F(z}| = [2| for [e|<1. 
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First, (4) and (5) imply that |f(z,w)] <1 on (3), and so it follows 
from (1) that (8) holds unless f (z, w) is of the form cow (where | co, | = 1). 
But the latter case can be disregarded, since it leads to the trivial solution 
w(z)==0. On the other hand, (8) means, by (1), that the absolute value of 
the partial derivative f,. (2, w) is less than 1 at the point (z, w) = (0, 0), and so 
the partial derivative (w—f) »—1—f, does not vanish there. Conse- 
quentiy, there exists a solution w(z) on some circle |z| <e. But on such 
a circle, w(z) can be obtained by the method of successive approximations 
also. For, in view of (8), there is available for (1) a uniform Lipschitz 
constant 8 < 1 on a sufficiently small dicylinder about the origin. The replace- 
ment of |z| <e by |z| <1 now follows, as above, by having recourse to 
Stieltjes’ theorem on normal families. 


12. Under appropriate restrictions on the terms actually occurring in 
(1), Briot and Bouquet and their successors* have dealt with the (local) 


* For references, cf. p. 38 and p. 40 of Painlevé’s article II, 15 in the Ene. des 
Sci, Math. (1910). In view of the comments which follow above, it is necessary to 
correct a curious oversight which runs through the literature initiated by pp. 95-100 
of Borel’s celebrated paper on divergent series (Ann. Hc. Norm., ser. 3, vol. 16, 1899). 
There Borel proved for the case VN <o (of any polynomial not containing linear terms), 
and surmised for the case N <œ (of any power series not containing linear terms; 
an extension subsequently proved, along the lines of Borel’s treatment of the polynomial 
case N< œ, by Rémoundos (1908) ; cf. footnote 124) in Painlevé’s article, p. 38), that, 
if the differential equation is 


N 
(27 bis) Zw = bw + f(z, w), (@£EN£<X), 
i=2 


where j1(2,w) is, as in (1) and (27) above, a form of degree i, and b is a negative. 
constant (so that fı(2,w) certainly does not vanish identically), then the situation is. 
as follows: Not only can the coefficients a,-of the formal solution w(r) = as? +... 
of (27 bis) be calculated uniquely (Briot-Bouquet), but the Borel associate, 


w œ 
(2) = 3 Lo Lt of w(z) au 


will have a non-vanishing radius of convergence (which means that |a,/k! |'/* = 0(1), 
ice, |ar|” =0O(k); this cannot be improved to | a, |**=O(1), since w(z) itself 
need not have a convergence circle). But in both editions of his Leçons sur les séries: 
divergentes (p. 117 of the first edition (1901), p. 150 of the second edition (1928) ),. 
Borel misquotes his result, by claiming it simply for 


(27, bis) aw’ = S fr(2,w), 
A =? 


. rather than only for (27 bis), where 0>b 540 (or, at least, Reb<0). Actually, even 
if the formal existence of the power series w(z) is granted in the case (27, bis), the. 
proof for the convergence of the associated power W(z) (for small | 2|>0) breaks. 
down completely, since 0<— 1/b<w (or, at least, O>Re(-—-1/b) <<) is essential 
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problem which results if the differential operator zd/dz of the (non-local) 
lemma of §1 is replaced, not by the identity operator of §11 (which is 
again of degree 0), but by the differential operator z°d/dz (of a positive 
degree) ; so that (6) becomes replaced by 


(27) gw’ =f (zw), Wo w |exo=0, 


where, as before, f(z,w) is a function regular in a neighborhood of the 
point (0,0) and vanishing at (0,0). Suppose that not only fy(z,w) = f (0,0) 
= 0 but also fı(z,w)==0 holds in (1) (this seems to be, but actually is not, 
the case in the literature initiated by Borel; cf. the preceding footnote). 
Then, with the exception of one point, the proof of the lemma of §1 on (6) 
can be repeated. But that point, though only of a local nature, happens 
to be fundamental enough to vitiate the final result. | 

The same holds if the case f,(z,w) =0 of (1) and (27) is generalized 
from j= 2 to any integer 7 > 1, as follows: 


(28a) wlan), (2) faw) = 3 fileu), 


where f;(z,w) is a form of degree i, as in (1). If j—1, then (28a)-(28b) 
reduces to the differential equation of (6), since (5) was assumed in (6). 
Correspondingly, suppose that a function (28b), belonging to a given j > 1, 
is regular on the dicylinder (3) and satisfies (4). 

Since fi(z, w) ==0 in (28bis) if i< j, it is easily realized that, after j 
applications of Schwarz’s lemma, the italicized lemma of § 4 can be extended 
(from j= 1 to any 7) so as to lead to the following result: Corresponding 
to (11)-(13), where j==1, the 1 + conditions 


(115) Dw.(2) —f(2%r:(2));  D'wx(0) —0, OSh<y, 


where wo(z) =0 and D==d/dz (with D'=—DD"" and Dw =v), define for 
every k (> 0) a unique function w,(z) which is regular on (7) and satisfies 
the 7 inequalities 


(12;) | D'w,(z)| <1 on (7), where 0 Æ k <j 


(in particular, (12) holds). Hence, the argument applied in the case j==1 
could be repeated without any change if the purely local aspect of the issue 
were in order, namely, if the sequence w,(z),w.(z),- >- of the successive 


indeed in the majorization process on which the proof depends in the case (27 bis). 
Curiously enough, the error is repeated in the report of Painlevé (p. 38, loc. cit., is so 
‘explicit as to say that b peut être nul), who must have been misled both by Borel’s 
and Rémoundos’ mistaken formulations of what they had actually proved. 
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approximations, just secured on (7), were convergent on some circle |2] <e, 
as in $7. 

But precisely this classical (local) part of the issue leads to difficulties 
if the fixed j is greater than 1 in the initial value problem which, for a 
function w(z) in a neighborhood of z =Q, is assigned by 


- (28c) D'w(0} =0, OSh <j, 
and (28a), with (28b). Apparently, the difficulties cannot be overcome with- 


out placing very specific restriction (to be supplied by a Newton polygon) 
on the set of the j + 1 coefficients a,, of the leading term, 


(15) filz w) = X Cmn2”"w*, (f; 0), 


minaj 
of the double power series (28b). [Correspondingly, it is possible to allow 
in the power series (1) of (28a) a leading term f:(z,w) having a degree 
t= +, lower than the exponent on the left of (28a), provided that still 
more specific restrictions are placed on the to- 1 coefficients ©, of that 
leading term. ] 


Appendix I. 


If the function g(z,1#w) occurring in (2), §1, is now denoted by f(z, w), 
then the classical result of the successive approximations, the result referred 
to at the beginning of §1, is as follows: 


G) If f(z,w) is regular on the dicylinder 
(1) (Jel <1,/w] <1) 
and tf f(z,w) is bounded, 
(2) | f(z,w)| SM on (1), 
then the solution w=w(z) of the initial-value problem 
(3) dw/dz—=f(z,w), w |220 = 0 


exisls, as a regular function satisfying 


(4) | w(z)| <1, 
on the circle 
(5) |z| < min(1, M) 


(at least). With regard to the last (parenthetical) remark, it is known that 
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the radius of the circle (5) is the best absolute constant for every fixed value 
of the positive constant M occurring in (2); ; cf. my note in vol. 57 (1935), 
pp. 539-540, of this Journal. 

Whereas the assumption (2) of (i) represent an upper limitation, 
(i) has a curious counterpart, (ii) below, in which only a lower limitation, 
| f(2,w)| = K = const. > 0, is assumed. But it will be clear from the 
proof that K cannot be allowed to be less than 1; so that, in view of the 
comments made in the first part of §3, the resulting dual of (i) lies 
along the lines of the Lemma (§1), rather than of. (i) itself. The dual 
f (i) in question, which I considered in a rough form (and, in addition, 
in terms of a normalization which disguises the true situation) on pp. 551- 
558 of vol. 78 (1956) of this Journal, is as follows: 


(ii) Let f(z,w) be regular on (1) and, on (1), let |f(z,w)| be 
bounded from below by a constant which is not less than 1 (i.e., let 


(6) K 21, and | f(2,w)|2BE o (1), 


while (2) need not hold for any M<oo). Then the solution w= w(z) of 
(3) exists, as a regular function satisfying (4), on the circle 


m |z| <p(8), where 6= K/| f(C,0)| 


[hence, 0< 01, by (6)], ff 6=(6) denotes the (positive, increasing) 
function 


(8) 80) =1—(1—6*)log(1—6"), (O<8£1), 
where (+0) =0, 41) —1. 


Remark. It will be clear from the proof that either the regular func- 
tion element w—w(z), given on the circle (Y), or a direct analytic 
prolongation of this function element must attain, at some z==z(w), every 
value w contained in the circle |w| <1. But this, together with the fact 
that (3) and (6) imply the non-vanishing of dw(z)/dz (hence the unramified 
character of the inverse function) on‘'(%), does not of course mean that 
w(z) is schlicht on the circle (7). 

The proof of (ii) will follow by an appropriate combination of two 
known facts, those listed under (I) and (II) below. The application of 
these two facts will be made possible by writing (3) in the form 


(9) dz/dw = 1/f (z, w), Z lus = 0, 
i.e„ by first interchanging the parts played by z and w. 


790 AUREL WINTNER. 


An 


{1) The classical result (the result which supplies the radius of (5) 
if a=1 and b=1) states that if f(z,w) is regular, and does not exceed 
M in absolute value, on a dicylinder (|z|<a,|w|<), then the solution 
w= w(z) of (3) is regular, and satisfies the inequality | w(z)| <b, on the 
circle |z| < min (a, b/M). 


(II) A theorem of Landau (his Satz X on p. 473 of his paper in 
the Sitzber. Preuss. Akad. Wiss., 1926) states that if a function w= w (z) 
is regular, and has a derivative w’—dw/dz satisfying the inequality 
|w (z)| S S/R, on the circle |z| < R, where R and $ are given positive 
numbers, and if w(0) —0 and w’(0) 40, then the (local) inverse function, 
2—=2(w), of w—w(z) (ie, the function element z(w) assigned, near w == 0, 
by w(0) =0 or 2(0) =0) is regular, and less than R in absolute value, on 
the circle | w| < Sp(8), where 6 and ¢(6) are defined by 8 = R | w’(0)|/S 
and (8) respectively (clearly, the assumption 0 <8 S1 of (8) is satisfied, 
and 6==1 holds only in the trivial case f(z) —const.z). Landau (loc. cit.) 
has aiso shown that the radius of his w-circle is the best absolute constant 
for any given triple of positive numbers R, S, | w’(0)|. 

In order to prove (ii), suppose that f(2,w) is regular on (1) and that 
there exists a constant K satisfying (6). Then, if z and w are interchanged, 
(3) becomes (9), and (I) is applicable when a, b, M and f are chosen to 
be 1, 1, K and 1/f(z,w) respectively. Thus the radius of the w-circle 
supplied by (IL) becomes min(1,K), which is 1, since K 21, by (6). 

Accordingly, the solution z==z(w) of (9) is regular, and satisfies 
- the inequality |z(w)| <1, on the circle |w|<1. In addition, since 
| 1/f(z,w)|S K+ on (1), it follows from (9) that the absolute value of 
the derivative dz(w)/dw does not exceed K~ on the circle | w| <1. 

Consequently, if (II) is applied so as to interchange z and w, then the 
assumptions of (II) are satisfied when R, S and | w’(0)| are chosen to be 
K, 1 and T respectively, where T denotes the value of | dz(w)/dw | at w =0. 
But (9) shows that T —|f(0,0)|-*, where f(0,0) 40, by (6). It follows 
therefore from (II) that the inverse function of z=z(w), which is now 
the function w—w(z), is regular, and satisfies the inequality | w(z)| <1, 
on the circle (7). This proves (ii). 

The question raised by the Remark, following (ii), can be answered 
if (II) is replaced by another theorem of Landau, which can be formulated 
as follows (cf., e.g., p. 95 of Valiron’s Fonctions Analytiques, 1954) : 


(III) If w(z) is regular, and satisfies the inequality | w(z)|<S, on 
the circle |z| < F, and if w(0)—0 and w’(0) 340 (where w == dw/dz), 
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then w(z) is schlicht on the circle |z] <Ry(9), where 6—R|w(0)|/S 
(hence, 0 << 61), if y—w#(#) denotes the (positive, increasing) function 


(10) . y (9) = [1— (1—#)3]/8 (0<6S1) 


(so that w(<+ 0) —0, #(1) —1). Landau also proved that the radius of 
his z-circle is the best absolute constant for any given triple of positive 
numbers R, S, | w’(0)|. 


(iibis) Under the assumption of (ii), there exists a positive À —À(6), 
depending only on the ratio @—K/|f(0,0)| and having the property that 
the solution w==w(z) of (3) is schlicht on the circle |z| < (8). 


In fact, it is clear from (ii) and (III) that a A=A(6@) satisfying the 
requirements of (iibis) can be obtained by composing the two positive 
functions (8), (10). No such composition is needed in what corresponds to 
(Gibis) when (ii) is replaced by the classical result (i): 


(ibis) If f(z,w) is regular on (1) and satisfies (2), then the solution 

== w(z) of (3) fails to be schlicht on any circle |z] < e if f(0, 0) — 0 ; while 

if f(0,0) 0, and if y(6) is defined by (10), then wiz) is regular and schlicht 

on the circle |z| <y(f(0,0)|) or on the circle |z| <y(| f(0,0)|/M)/M 
according as M221 or MS1. 


In fact, w(0)=f(0,0), by (3). Hence the assertion of (ibis) is 
obvious for the case f(0,0) —0. In the remaining case, it is seen from (i) 
that (III) is applicable with S—1, | w’(0)| = | f(0,0)| > 0, and R=1 or 
R= M> according as M21 or MS1. It is readily verified from (10) 
that, in both subcases of the case f(0,0) 40, the z-cirele supplied by (ibis) 
is contained in (and, except in the trivial case |f(0,0)| =M, where 
f(z,w) = const., is smaller than) the z-circle, (5), of (i) itself. 

= = 
* 

Let finally be mentioned the following theorem (ii,) which, on the one 
hand, represents the limiting case of (ii) and, on the other hand, can be 
interpreted as a refined form of (the local part of) a classical result (Briot- 
Bouquet, Fuchs, Poincaré) on the exceptional standing of Riccati’s equation: 


(iio) If the coefficients of a quadratic D 
a) o > f(z w) =a(z)w? + B (2)w + y(z) 


are regular and bounded on a ¢ircle |z| <a, and if b, L is a pair of positive _ 


/ 
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constants having the property that the absolute value of the quadratic poly- 
nomial a(z) + B(z)w+y(z)w? is less than L on the dicylinder (|z| <a, 
|w| <b), then, unless a(z) vanishes identically, the (generalized Riccati) 
differential equation w —f(z,w) possesses on the circle 


(12) |2 | <min(a, (6L)~) 


a unique solution w—w(z) which is regular at every point 2540 of the 
circle (12) and satisfies the “initial condition” w(0) =œ, the function 
w(z) having a pole at z=0; in addition, | w(z)| >b on (12). 


Note that w’—f(z,w) is a Riccati equation of standard type, reducible 
by the substitution w— v’/v to the linear differential equation w” + p(z)v’ 
+ g(z)v—0 (where p——8, g==—y), only if a(z) is identically 1; and 
that, even without tegard to the explicit value of the radius* of the circle 
(12), division by a(z) introduces a singularity (of the linear differential 
equation of second order) at z = 0 if a(0) — 0, whereas the vanishing of a(0) 
is allowed in (iio), the only restriction being the not identical vanishing of 
a(z), i.e., the exclusion of the linear case, w = 8 (z)w + y(z), of w == f (z, w) 
itself. 

In order to prove (ii), put w=I1/w, F(z,u) =—w*f(z,1/u), and 
N—&L. Then (11) and the definitions of a, b, L show that F(z,w) is 
regular, and less than N in absolute value, on the dicylinder (|z| <b, 
|u| <b). Hence, W=F(z,u) has on the circle |z|<min(a,b/N) a 
unique (regular) solution u=u(2) satisfying u(0)—=0, and |u(z)| <b 
holds on this circle. Since the latter is precisely (12), the assertions of 
(iio) follow from w(z) —1/u(z). The exclusion of the identical vanishing 


of a(z) is needed in order to prevent that w(z) becomes oo identically. 


* For the case in which a{z) and B(z) are identical with 1 and 0 respectively (so 
that w’ = f(2,w) reduces to w = y(z) + w°), a radius sharper than that of (12) was 
obtained by Dieudonné (Bull. des Scien. Math., vol. 55 (1931), part 2, pp. 99-104), 
whose result is of a final nature in this case. His method, based on an adaptation of 
Sturm’s comparison theorem to the complex field, contains in nuce what, in my papers 
referred to in the footnote to § 2 above, I called the “ principle of subordination,” and 
which goes back to a note of Nakano (Proc. Imp. Acad. Japan, vol. 8 (1932), pp. 29-31), 
a note of a somewhat later date than Dieudonné’s paper dealing with w = y(z) + w. 
For an extension of Dieudonné’s result to other Rieeati equations (and for systems of 
such equations), ef. M. Müller, Math. Ztschr., vol. 41 (1936), pp. 174-175. Dieudonne’s 


Sturmian inequality and the final nature of his absolute constant were rediscovered : . 


by Z. Nehari (Bull, Amer. Math. Soc., vol. 55 (1949), p. 549). 


\ 
\ 
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Appendix II. 
Tae theorem of Briot and Bouquet, referred to in §2, states that the 
differential equation 


(1) zw = a + Bw + o(2,w), where (2, w) = 23 Gnn2”w, 


m+n22 


possesses on some circle about 2=0 a unique solution 


(2) . w(z) = X ref, 
ket 


if the power series ¢(z,w) converges on a neighborhood of (z,w) — (0,0) 
and a,ß are two constants the second of which is not a positive integer. 
But no reasonable estimate is supplied for the radius of the circle (about 
z—0) on which (2) is convergent, the methods of proof being those referred 
to in the footnote to §2. 

The purpose of the first part of this appendix is to fill in somewhat 
this gap, by obtaining (via §11) an estimate which is explicit enough and, 
at the same time, is free of one of the weak points criticized in that footnote, 
viz., of the step which involves the use of Cauchy’s coefficient estimates 
(the “caleul des limites”). Still, the result to be obtained cannot possibly 
be of a final nature; in fact, two processess of majorization remain to be 
dispensed with. ‘ 

In the latter part of this appendix, it will be shown that one at least 
of these two, substantially weakening, processes of majorization can be dis- 
pensed with (via §1, rather than, as before, via §11); so that just one of 
the three aspects criticized in the footnote to §2 will ultimately remain. 
For it will turn out that, owing to the lemma of §1, the majorization of the 
differential equation (1) by an “implicit equation” of the form w—f(z,w), 
a majorization which since Briot and Bouquet is an essential point in all 
treatments of (1) (cf. the references in the footnote to §2), can be avoided 
entirely. 

The only remaining weak point will therefore be the majorization of (1) 
by a ease of (1), with 8 =0 but a=0 and a», =0 (the latter constants 
B, a, Gmn are not, of course, the same as in (1); the new amn is the absolute 
value of the old ann). But even this single process of majorization must 
prevent a result which is as sharp as possible (except as a result of majoriza- 
tion,; cf. the first of my papers referred to in §2). Correspondingly, what 
will be involved is only that (compartively straightforward) particular case 
of the lemma of §1 in which the coefficients of the double power series 
f(z,w) are 20. 
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If h(z,w) is any power series, let h* rg w) denote its best majorant, 
1. e., put 
(3) h*(2,w) =! 3 | bmn | aw" if Maru >) = 3 3 Fa 

m=0 n=0 m=0 n=0 
Thus h*(z,w) is convergent on a dicylinder 
(4) |z| <a, |wi[<b 
if h(z,w) is, but the function h*(z,w) need not be bounded on (4) if the 
function h(z,w) is. Suppose however that, if ¢(2,w) is the power series 
occurring in (1), the radii of the dicylinder (4) are chosen so small that 
not only @{z,w) but also #*(2,w) will be bounded on (4). Next, in terms 
of the second of the constants occurring in (1), a constant 8 which can be 
complex but is, by assumption, not a positive integer, define a positive 
number y= (8) by placing 
(5) y= min |n—ß|. 
5 2Sn<e 

Finally, since 1 is a positive integer, hence |a/(1—)|, where a is the first 
of the constants occurring in (1), is a non-negative value distinct from o, 


it is possible to choose the radii of the dicylinder (4) so small that ihe 
Inequality ' 


(6) ja/(1— e)la + 4 (0,B)a/y SD 


becomes satisfied (in fact, since a, B and y=y(ß) > 0 are fixed, and since 
p(z,w), hence $*(z,w), vanishes at (0,0) in the second (collective) order 
(of z,w), at least, the inequality (6) will be satisfied by a sufficiently small 
a > 0 even if b =a). The explicit result, to be proved, can now be formu- 
lated as follows: 


If B is not a positive integer, y is defined by (5), and a> 0 is chosen 
so small that (6) holds for some b=b, > 0, then (1) ‘possesses a (unique) 
regular solution w(z), with w(0) —0, on a circle |z| < const. the radius 
of which is not less than a. 


First, if (2) is substituted into (1), comparison of like powers of z 
supplies for k >1 the recursion formula 


(7) (k— B) or = Pr (6u t +5 Cra); cı —a/(1—B), 
where ©, is a polynomial (in k—1 variables), with coefficients which, are 
polynomials in the coefficients dm, of p(z,w). Let %,(¢1,° + -,cx1) denote 


the polynomial (with real, non-negative coefficients) which results if every 
amn is replaced by |a@mn| in ®z(¢:,-**,¢z1). Then it is easily realized 
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from the definitions, (3) and (5), of the symbol * and of the number y 


that the sequence of the absolute values | c,|,|cz|,--- of the numbers 
C1, Ca * defined by (7) is majorized by the (real, non-negative) sequence 
1,2," * + defined by 

(8) yer = Pr (C1, ° 3 *; Cra), ¢;=|a/(1—f£)|, 


where & > 1. On the other hand, it is clear from the definition of Y, that 
substitution of (2) into | 


(9) yw—)2+ $*(z,w), where A= y|a/(1—8)|, 

leads to the first or to the second of the relations (8) according as k > 1 
or k—1. Hence, in order to prove that (1) possesses a solution w = w (z), 
satisfying w(0) =0, which is regular on a given circle |z| <a, it is sufi- 
cient. to prove that (9) possesses such a solution on that circle. 

Next, if f(z,w) is regular, and |f(z,w)| is less than a constant M, 
ou a dicylinder (4), and if f(0,0) 0, then the equation w—f(z,w) has 
on the circle |z|<a a (unique) regular solution w=w(z) satisfying 
w(0) — 0, provided that the inequality M = b/a is satisfied by a, b, M. For 
if all three constants a, b, M are normalized to be 1, then the assertion 
reduces to that of §11. But if z, w and w—f(z,w) are replaced by pz, 
qw and rw—rf(z,w) respectively, where p, q, r are positive constants, then, 
by choosing the latter so as to render 1 the resulting values of a, b, M, the 
assertion follows. 

Finally, let w = f(z, w) be identified with what results if (9) is written 
in the form 


(10) w= | a/ (1—8) | 2 + $*(2,w)/y. 


Then it is clear that | f(z,w)|<M holds on (4) if M denotes the value 
which the sum occurring on the right of (10) attains at (z,w) = (a,b). 
But this choice of JM reduces the inequality M < b/a to the inequality (6). 
Thus § 11, when applied to the majorant (10) of (1), supplies precisely that 
explicit form of the Briot-Bouquet theorem which was italicized after (6). 

Unfortunately, what was used here from §11 is substantially more on 
the surface than $ 11 itself, since all coefficients of the double power series 
f(z,w) are non-negative in the case (10) of w=f(z,w). Without this cir- 
cumstance, produced by the process of majorization, a result sharper than (6) 
would follow from $ 11. | 


\ 


ye 
a 


There is however an additional weak point in the majorization of (1) 
by (10}. This point is the circumstance that the replacement of (7} by 
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(8), where y is independent of k, implies. the sacrifice of all the convergence- 
producing effects of the big factor (k—-8)~k—o onthe left of (7). 
But it turns out that this drastic step,f which goes back to Briot-Bouquet, 
can be avoided entirely. | 

Instead of the positive constant y — (8) defined by (5), introduce the 
positive constant u = (8) defined by 


(11) p= max |n—B|/n; 
tna 


so that p > 0, in contrast with y > 0, does not fail to involve the fact that 
(k—-ß) is large for large k. Nevertheless, the situation is as follows: 


The statement italicized after (6) remains true if the factor 14 of the. 
second term in (6) is replaced by the factor 1/p defined by 


— max |1—8/n | 
2En< 


(cf. (5) and (11)). 


In fact, it is clear from (11) and from the definition of Y, that, 
instead of (8), 


(8 bis) pker — Velen, Cra), ies 


can be used as a majorant system of (7). But it is also clear that: this 
majorant system belongs to the solution (2) of the differential equation 


(9 bis) pzw = àz + 6*(z,w), where A= y|a/(1—£)]|, 


in the same way as (7) belongs to the solution (2) of the differential equation 
(1). Consequently, division by the constant » > 0 shows that if the differ- 
ential equation 


(10 bis) 2w’—f(z,w), where f(z, w) —|a/(1—B)| 2+ 4" (2 w)/a, 


possesses a solution w—w(z), satisfying w(0) —0, which is regular on a 
given circle | z| <a, then such a solution w(z) will exist, on the same circle, 
for (1) also. Consequently, the last italicized statement follows if §1 is 
applied to (10 bis) in the'same way as §11 was applied to (10). 
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t The possible effect of this step is well illustrated by the following park If 
the recursion formula is ke, = Cr- where co = l, then w(z) =c + ce +... is the 
solution w(z) = expz of w = w, whereas if the factor k is omitted on the lett, then, 
since the recursion formula becomes Cg = c,-;, there results the solution w(2) = 1/(1 — 2) 
of w= zw. But whereas exp z is an entire function, 1/(1 — 2) is not. 


REMARKS TO TWO PREVIOUS PAPERS 
(vol. 69, 1947, pp. 87-98 and vol. 71, 1949, pp..587-594).* 


By AUREL WINTNER. 


Let f(t) be a continuous function on the (for instance, open) half- 
line (0,20), and consider the three differential equations 


(1) 2 —f(t)}e—0, (2) y=} ilt), (8) (loge) =—y, 


the second of which is equivalent to the first by virtue of the third if æ(t) 40 
(Riceati). A classical result of A. Kneser states that if f(t) 20, then (1) 
has a solution #(¢) which is positive and non-decreasing on (0,00) (so that 


(4) x(t) > 0 and a’(t) $0, hence z” (t) 20, 


since g” == fx, f= 0), and this solution æ(#) of (1) is unique up to a positive 
constant factor. If appropriate additional conditions are placed on ft) = 0, 
then more than (4) can be said about Kneser’s solution a(t). This is 
exemplified by the sequence of successive conditions which, in the first of my 
papers quoted in the title of this note, led to the following result: If f(t) is 
totally monotone (in the sense of the Hausdorff-Bernstein theorem), then 
the same is true of a(t). The following remarks consider similar but different 
implications which refer to Riceati’s y(¢) in (8), rather than to a(t) itself, 
as follows: 


(i) I£ f(£) 20 on (0,0), then (2) possesses one and only one 
solution y(2) which exists and satisfies y(t) 20 on the whole of (0,0). 

(ii) I£ f(t) 20 is non-increasing and differentiable, i.e, f(t) S0, 
then also y(t) $0 holds. 

(ii) Jn addition, y” (4) 20, if f({) 20 and f(t) SO are subject io 
(5) 16f° (1) S277" (1). 

(iv) If f(t) 20 is convex (from below),t so that f’(¢) 20, then, 
whether (5) is satisfied or not, the assertions, y’(t) S0 and y’(t) 0, of 
(ii) and (iii) imply the assumption, f’(¢) 0, of (ii). 

* Received July 22, 1957. 
t The derivatives f’, f” (and y”) occurring in the wording of (iv) are meant in 
the sense customary in the theory of measurable convex functions: f as a unilateral 


derivative, which is absolutely continuous, and f” as the derivative of f’ almost every- 
where. ` 
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Note that the assertions of (i), (ii), (iii) on y(t) and its derivatives 
claim for (2) what, without the additional assumptions placed on f(t) 20 
in (ii) and (iii), the inequalities (4) ensure for (1) by virtue of f(t) =O 
alone. In fact, (i), (ii), (iii) can be summarized by saying that 


(6) fH) 29 f(t) s0 

and (5) together imply that | 

(7) y(t) >0, yo (t)S0, y(t) 20 

on (C,»). On the other hand, neither the necessity nor the sufficiency of 
(8) 20, POS, P(t) Bo 


for (7) follows from (iv). 

It is easy to see that (8) cannot replace (6) and (5) for (7) (sub- 
stantially more than this negation results from the example to be constructed 
at the end of this paper). On the other hand, it is not clear that (5) cannot 
be improved by diminishing the value of the absolute constant 27/4. 


Proof of (i). It is seen from (3) that (i) is just a restatement of 
Kneser’s theorem. 


Proof of (ii). Draw in the half {> 0 of the (¢,y)-plane the curves 
Cı: y=y*(é) and Cr: y =—y* (t), where y* =f zZ 0, and denote by P, 
Q, R the sets of those points of that half-plane which are situated, respectively, 
above Cı, between C, and Ca (with the inclusion of the boundary ©: + C2), 
and below Cz. Then the solution curve C: y = y(t), being, by (i), in the 
half-plane y= 0, cannot have any point in P. If C had a point in R, then 
the method of the “curves of zero velocity” (cf. my note in the Quart. Journ. 
of Math. (Oxford), vol. 18 (1947), pp. 65-71) would lead to a situation 
which is contradicted by (2), since the “curves of zero velocity” are the 
present C, and C2, and since, in view of the hypothesis of (ii), the (common) 
absolute value of the ordinates of C, and C, is a non-increasing function of t. 
Consequently, C stays in Q. In view of (2), this means that y(t) S0, 
as claimed by (ii). l 


© Proof of (iii). If (2) is differentiated and y’ is substituted from (2) 
into the result, it follows that y”—?#(y), where (y) denotes the) case 
a= fit) 20, b=— 4f (t) 20 of the cubic polynomial y?— ay +b. Since 
y(t) > 0, by (i), it follows that y” (t) > 0 if b(y) —0 has no positive root 
(for then (y) > 0 if y>0, since ġp(%)==%). But p(y) —0 has no 
positive root if 4a? < 2707. Hence, for reasons of continuity, the assertion, 


y 
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y(t) Z0, of (ii) follows even if the last < is relaxed to =. Since the 
resulting inequality between a and b is precisely the assumption of (iii), 
the assertion of (iii) follows. 


Proof of (iv). Differentiation of (2) shows that = 2yy — y”. Hence 
fF <0 is necessary for (7). But (7) is the assumption of (iv). 


se 
3$ 


2 
* 

Let T denote the class of totally monotone functions z(¢) on O<t<o, 
characterized by the existence of a Hausdorff-Bernstein integral representation 
or, equivalently, by the inequalities (—D)"z(t) =0, where n—=0,1,: >+. 
The assertions of (i)-(iii) are that, under their assumptions on f(t) and 
f (t), the first three of these inequalities are satisfied by the negative of. 
the logarithmic derivative, z = y(t), of the Kneser solution, s = a(t), of (1). 
But one can ask whether all inequalities (n = 0,1,- : -) follows for z =y (t) 
if all of them are assumed for z—=f(t); ie. whether (f€ T) > (2€ T) is 
true for z=y. The question * is the more natural since, ds mentioned after 
(4), the last > is true for z== æ. But it turns out to be false for z= y. 

Actually, (I) f€ T is necessary, but not suficient, for y€ T, and the 
situation becomes just the opposite if (2) is replaced by (1), since (II) fe T 
is sufficient, but not necessary, for «€ T' (here a(t) and y(t) are Kneser’s 
solution of (1) and the corresponding function (3) respectively). 

First, if x is the function 1+e-t, then ve T. But f=a”/x, by (1), 
and so f == 67t/ (1 — et) has on (0,00) an expansion cet cs? -+> -, with 
Ca = (— 1)”, whereas c,=0 ought to hold for every n (Hausdorff-Bern- 
sein) if f€ T were true. This proves the second part of (II). The first part 
of (II) is the result referred to after (4). 

Next, if ye T, then YET and —y’€ T, and so, if (2) is written in 
the form [= y’— y’, it follows that f € T, as claimed by the first part of (I). 
Hence, only the second part of (I) remains to be proved. 

To this end, let y(t) be a power series X ane”! which converges on (0,00 ) 
(i.e., let lim sup | a, |" 1), choose ag ——1 but a, 20 if n>3, and let _ 
& and 4, be positive numbers, the larger the better for the present. In any 


* In the second of the notes quoted in the title of this paper, the question y €T 
was considered under the assumption that the coefficient function f(t) of (1), instead 
of being non-negative as above, is non-positive on (0,00). This situation is of a some- 
what restricted scope, since, while (1) is non-oscillatory in every case f(t) 2 0, it will 
be oscillatory in a case f(t) 0 unless —f(t) 20 is “small.” But unless (1) is 
non-oscillatory, it is clear from (3) that (2) will not possess any solution. y(¢) which 
exists (as a finite-valued function) on the whole of (0,0). 
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case, let & +a,21. Then y(t) >0 on (0,0), as required by (i). But 
since not every a, is non-negative, it follows from the uniqueness of a Laplace- 
Stieltjes representation, and from the theorem. Hausdorff-Bernstein, that 
y € T fails to hold. On the other hand, if f(¢) turns out to be a power series 
3 ce tt in which ca == 0 holds for every n, then f € T will be satisfied. This 
can however be arranged for, as follows: 

Substitution of y(t) — X a,e-"t into the formulation f = — y + 4° of (2) 
shows that co > 0 and c,>0 (if & > 0 and a, > 0 are large enough), and 
that Cn = nan + Ya, ax if nZz1, where OSkSn. Since a,——1, it is 
also clear that c, = 0 (if & > 0 and a, > 0 are large un) and that Cy 2 0 
will hold for n= 38 if and only if 


(9) Nay +: ä E url Z lna (n= 3, 4, vor), 


where the * refers to the omission of both summation indices k = 2, k= n— 2. 
The ‘contribution of the latter would be data. + Quote = — Rd... but is’ 
written on the right of the inequality (9). 

Note that no a, occurring on the left of (9) has the index m=2 nes 
so, since a, is the only negative 4», all terms of the sum X * are non-negative. 
Hence, if the a-values having an index less than a fixed n have been deter- 
mined, then, since a, occurs only on the left of (9), the n-th of the inequali- 
ties (9), where n = 3, can be satisfied by choosing 4n large enough. The only 
precaution needed is that the successive choice of the a,-values should not 
make ‘them too large, but such as to be compatible with the condition 
lim sup a,*/* = 1, the condition needed for the convergence of y(t) = 3a,e"! 
on (0,0). But it is readily seen from the presence of the large factor 
(=n) in the first term of (9) that this condition can be satisfied- by the 
successive choice of a3 > 0, a, > 0,: , the initial values &, a, being positive 
and arbitrarily large, while = —1. 

(I) and (II) imply that fE T is sufficient for x€ T but not for. y € T. 
This contains of course the fact that (without any reference to an f) the 
definition (3) fails to be such as to lead from «€ T to y€ T; but this fact 
is made trivial by the example æ—1+e, since y€ T is prevented by 
yoet/(1+e*) = et + bet +. ., where b==—1<0. All that is true. 
‘js that y€ T is sufficient for ze T if x > 0 (without any reference to an f). 
For if s(t) is a positive function satisfying a differential equation’ of the 
form z’ == — y(t)x with some y€ T, then, as is well-known, successive differ- 
entiations lead, by an induction, from (—D)*y=0 to (—D)"*#Z 0. 
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By NORBERT WIENER and AUREL WINTNER. 


Let a function X= Xo defined on the set of all prime numbers p, be 
such as to satisfy the following two conditions: 


(1) 7 
(e. g x = | Xp |, ies xp==—1, 0,1) and 
(2) f(s) is meromorphic on o—1, 


if f(s) the Euler product E ( 
(3) f(s) (1 —x/p°) (0 >1). 


By the condition (2) is meant the assumption that there exist an open 
domain D in the s-plane and a meromorphic function f(s) on D in such 
a way that D contains the half-plane o=1 (but possibly no half-plane 
o =1-~e, where e> 0) and that f(s) is identical on the half-plane o >1 
with the function which is there represented by the product (3); a function 
which, in view of (1), is regular (and non-vanishing) for o>1. On the 
other hand, the condition (1) means. that if x is extended from primes to 
positive. integers by the assignments  —1 and ynym—= nm (so that (3) 
becomes identical with the absolutely convergent Dirichlet series $ x„/n® if 
o > 1), then the resulting real-valued representation x, of the multiplication 
on the semi-group of the positive integers n is a bounded representation 


(in fact, lim sup | x, | =œ unless | y,|<<1 for every n). The two extreme 
cases allowed by (1) and (2) result if xp= 1 and x, ——1 (for every p); 
in fact, since (3) then reduces to 

(4) T(1—p*)*—€(s) and (1+ p*)*—€(2s)/€(s), 


(2) is satisfied in both cases. 


. The following considerations were suggested ‘by a point occurring in 
Hadamard’s, and also in de la Vallée Poussin’s, proof of 


(5) f(s) 40 on o—1. 


* Received June 29, 1957. 
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The point in question is the following : Besides the case f(s) =£(s) of (2), 

it is assumed in the procf of (5) that £(s) is regular (rather than just 

meromorphic) at every s=1-+it540. It is this fact from which the 

negation of (5) leads to a contradiction, since what is actually proved is the 

following: If £(s) would have a zero s=1--it,, then it would also have. 
some pole s= 1 -+ 1° distinct from the pole s==1 (in fact, it is shown that 

t could be chosen to be 24; cf, e.g., [1], pp. 29-30). Accordingly, the 

proof of (5) fails to succeed if all that is known for the case f(s) —£(s) 

of (3) is the following pair of assumptions: (2) and 


(6) Zee, f(s) has a pole at s—1. 


"There is quite another proof of (4), the function-theoretical proof 
adapted by Ingham from Landau’s proof [2] of Dirichlet’s theorem L(1) +40 
(in Landau’s function-theoretical proof, L'(s) belongs to a real character) ; 
ef\ [1], p. 89. But this proof is even more restrictive than the preceding 
one, since what is now assumed is the regularity of f(s) at every point s1 
of the half-plane c=} (on the ro line o=—=+, less than regularity 
is needed). 


Thus it is natural to ask whether 


(7) f(s) #0 on c=], 


the generalization of (5) for an arbitrary case (1) of (3), must or need not 
be true if only (2) and (6) are assumed. For, as seen above, the classical 
argument applies only if (1) is retained but (2) is FRERES to the 
hypothesis that 


(8) f(s) is regular on o=1 if s341. 


The purpose of this note is to show that the answer to the question, 
just raised, is in the affirmative; in other words, that (7) remains true if 
'(8) is relaxed to (2). Curiously enough, (8) proves to be a consequence 
of the other hypotheses; so that the situation is as follows: 


(I) In terms of a sequence x», xs, °° satisfying (1), define on the 
open half-plane o>1 a (regular, non-vanishing) function f(s) by the 
corresponding Euler product (8), and suppose that, as o —> 1 +0, the func- 
tion f(s) behaves in such a way that conditions (2) and (6) are satisfied. 
Then both (8) and (7) hold. 


Actually, (I) is not the final result, since the assumption (6) of (I) 
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proves to be superfluous. This is the content of the theorem at the end of 

this paper. : : 
Although (1). contains (5), there will result no new proof of (5), since 

(5), along with | 

(9) - 1/6(s) KO on o=] if sl 


(that is to say, the regularity and the non-vanishing of ¢(1-+it) for 
0<t<o), will be granted in the proof of (I). What will directly be 
proved is not (I) itself but the following variant of (I): 


(II) The assertions of (1) remain true if its assumption (6) is replaced 
by the assumption 


(10) = f(1)=0 


(and all the other assumptions of (I) are retained). 


_ Proof of (II). For —o<t<oo, let je denote the index (the loga- 
rithmic residue) of f(s) at s=1-Hit, and let J; belong to 


(11) F(s) =€(s)f(s) 


in the same way as 7, belongs to f(s). Since (2) is assumed for f(s) itself 
and for f(s) =¢(s), it is clear from (5), (9) and (11) that js: —4, for 
t-£0. Since the assertions, (8) and (7), of (II) are equivalent to j,=0- 
for t>£0, and since (10) and (11) imply that J,—0 (for £(s) has a simple 
pole et s= 1), it follows that (II) will be proved if it is shown that 


(12) EAs © (Ja=0) 


holds for every t. But the truth of (12) can be concluded by an elementary 
argument (cf. [3], where (8), rather than just (2), is assumed, (10) is 
retained, and (1) is generalized to complex-valued xp with |» |=1). _ 

In order to prove (12), note that, if « > 1, logarithmic differentiation 
of (3) leads to ' | 
(13) — f/f (s) =% 3 (xp log p)/p. 

p k=l 

If (13) is added to the case xp — 1 of (13), it follows from (11) and from 
the first of the relations (4) that, if o > 1, 


(14) — F'JF(s).—3 3 ap/p*, 
i p ka 
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where | 

(15) a= (1 + x9)108 p. | 

But since (15) did (1) imply that «,> 0, it is clear from (11) that, if o> L 
(16) [(@—-1) P/F (e+ it) |S |(o—1) P/F(o)| for —o< t <o., 


If o> 1-0, then (16) goes over into |J:| = | Jo |, and so (12) follows 
from the parenthetical equality in (12). - 
This completes the proof of (11). 
Actually, the following extension of (II) was also proved: 


(Il*) The assertions of (Il) remain true if its assumption (1) is 
replaced by the unilateral restriction —1 Æ xp provided that the Euler 
product (3) is uniformly convergent on every compact subset of the half- 
plane o > 1. i 


The latter proviso (which, since xp is bounded from below, is satisfied 
if, though not only if, x, < Const. for some Const.) cannot of course be 
omitted. But then the restriction — 1S y, will suffice in the preceding proof, 
since, in view of (15), this unilateral restriction is equivalent to ap = 0. 

Much deeper lies the following fact: 


(II bis) Under the assumptions of (II), and even those of (IL*), the 
function f(s) possesses an analytic continuation which is meromorphic -on 
some half-plane o > 1—e, where e= «e > 0, and f(s) does not vanish at any 
point $541 of this half-plane o > 1—e. 


[Remark. If it is true that £(s) has no zero on some open half-plane 
containing the line o =1 (for instance, if Riemann’s hypothesis is true) then, 
in (II bis), the word “meromorphic” can be replaced by “ regular.” | 


In fact, since £(s) has a simple pole at s—1, it is clear from (2), (10) 
and (11) that, if «> 0 is small enough, F(s} is regular at every point of 
the half-line s > 1—e, and that F(s) cap have a zero on such a half-line 
only if s = 1 is a multiple zero of f(s) (in fact, (3) does not vanish for s > 1). 
But fís) cannot have a multiple zero at s==1, since, if s > 1 and —1S x, 
it is clear from (3) that | 


f(s) ZN(1+p*) "const. (s—1) as s—>1—0, 


where const. = £(2) > 0, by the second of the relations (4). 
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. Accordingly, F(s) is a regular and non-vanishing function, and so the 
logarithmic derivative of F(s} is a regular function, on some half-line 
s>1—e. Since a, Z 0, it now follows from Landau’s theorem (on Dirichlet 
series X c„/n® with „= 9), a theorem referred to but not used above, that 
the Dirichlet series (14) must converge for s>1—-e and, therefore, for 
o>1i—e. Consequently, the logarithmic derivative of F(s) is a regular 
function, and therefore F(s) is a non-vanishing regular function, on the half- 
plane o >1—-e. In view of (11), this proves both (II bis) and the Remark 
following (II bis). 


Proof of (I). If x, is replaced by — xp (for every p), then the assumption 
(1) remains unaltered but (3) becomes replaced by 


(17) f* (s) = IL + xp/p*)*. 


The connection between (3) and (17) is involutory. But while it is clear 
from (1) that (17) represents a non-vanishing regular function for e > 1, 
it is not quite obvious that (2), too, is an involutory property; in other words, 
that 


(18) f*(s) is meromorphic on o=1 


if (2) is assumed. It turns out, however, that (18) follows from (2) and is, 
therefore, equivalent to (2). 

First, since (2) remains true if f(s) is replaced by 1/f(s), more than 
(18) will follow if it is ascertained that the quotient of f*(s) and 1/f(s) 
is a non-vanishing regular function on the line &—1. But (3) and (17) 
show that, if o > 1, this quotient is identical with 


(19) f(s) f” (s) = (1 —xp?/p*s)*. 


On the other hand, it is clear from (1) that (19) is a regular and non- 
vanishing function on the half-plane o > 4 and, therefore, on the line o==1. 
[This conclusion is curious, since, by placing either „=1 or xp=0, and 
making the alternative choice in an appropriate (“lacunary”) manner, it is 
easy to obtain a pair of functions (1), (17), the fectors on the left of (19), 
which are regular on the half-plane e > 8 but become singular at every point 
of the line « = 0, where $< 4 <1, rather than 6=4.] 

Let (1*), (2*),- - - denote what results if f(s) is replaced by f*(s), 
and x» by — x» in (1), (2),- - - respectively. Then, as just shown, (1) and 
(2) together are equivalent to (1*) and (2*) together. Since (II) has already 
been proved, it follows that (1*), (2*) and (10*) imply both (8*) and (7*). 
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But the quotient of f*(s) and 1/f(s) and, hence, the quotient of 1/f (s) and 
f*(s), was seen to be a non-variishing regular function on the line o=1. 
Hence (8*) and (7*) are equivalent to (7) and (8) respectively and so, since 
(10) goes over into (6) if f(s) is replaced by 1/f(s), the proof of (1) is now 
complete. 


x 


* 


Tf f(s) is an Z-funetion of Dirichlet belonging to a real non-principal 
character (so that, in particular, (1) and (3) hold for a certain x, which 
is capable of the three values — 1, 0, 1 only), and if the meromorphic (rather 
than the regular) behavior of L(s) on e = 1 is assumed, then, since L(1) 0 
(Dirichlet) but L(1) 4%, neither the non-vanishing nor the regularity of 
L(s) on a=1 can be concluded from (I) and (II) together. Hence there 
arises the question whether or not (7) and (8) remain true if (1) and (2) 
are retained for (3) but (6) and (10) are replaced by 


(20) Ox f(1) #00 


(or, what in view of (1) and (3), where o > 1, is the same thing, by 
O<fi1) Low). It will be shown that the answer to this question is 
affirmative : 


(III) The asserlions of (I) remain true if (6) is replaced by (20). 


In order to prove (III), it will be sufficient to show that, under the 
assumptions of (III), the line o=1 cannot contain a zero of f(s). For if 
this is granted, then the remaining assertion of (III), according to which 
f(s) cannot have a pole on o =1, will follow in the same way in which (1) 
and (II) were proved to be equivalent (that is, by applying (17) and (19) 
in the same way as above). Hence it is sufficient to assume that f(s) has a . 
zero s= 1 + ia on o=1 and to show that the existence of at least one such 
real number a leads to a contradiction. 

First, 4540, since f(1) 40. Next, since f(s -+ ia) =0 at s==1, and 
since (1) and (3) imply that f(I +) and f(1 —4t) are complex conjugate 
values, it is clear that the function 


(21) G(s) = €°(s)f(s + ia) f(s — ia) 


(which, in view of (2), is meromorphic on o=1) will have at s— 1 neither 
a zero nor a pole if the zero s=1-+ ia of f(s) is a simple zero (the factor 
é (s) of (21) has a double pole at s—1). But the argument applied in the 
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proof of (II bis) also shows that f(s) cannot have a multiple zero on o = 1 
(simply because (1) and (3) imply that, if o > 1, 


| lo + it) | = (1 + pr) = (20) /E(a) > Const.(o— 1) 


holds for every ¢ and for a certain Const. > 0). Accordingly, if K, denotes 
the logarithmic residue of G(s) at the point s==1-- it, then K,=0. 
Tt will be shown that 


(22) © [Kr] S|] Ko | 


holds for every 4. In view of Ky==0, this will prove that K; ==0 holds for 
every £ It will therefore follow from (5), (9) and (21) that f(s + ia)f(s — ia) 
is of index 0, and so a non-vanishing regular function, at every point s341 
of the line o==1. Since f(1+ti) and f(1— tt) are complex conjugates, 
and since a 0, it now follows that f(s) is regular (rather than just mero- 
morphic) on &—1. But since s=1-ia and s==1—ia are two distinct 
zeros of f(s), this contains a contradiction. In fact, it was shown in [3] that 
if (1) (or, in the complex case, just |xp|<1) holds in (3), where o > 1, 
and if the function f(s) remains regular at every point of o—1, then f(s) 
cannot have more than one zero on o= I. 

In view of this contradiction, the proof of (III) will be complete if the 
truth of (22) is proved (for every t). But (22) can be proved, along the’ 
lines of the proof of (12), as follows: 

If s—=o-it, where o > 1, is replaced in (13) once by s-++ia and 
once by s— ia, it follows, by addition, that the logarithmic derivative of 
f(s + ia.) f (s — ia) is: 


(23) —Y = (Ap. log p)/p**, where Ay, = 2yxp cos (ak log p). 
p ka 


On the other hand, it follows from the first of the relations (4) that the 
logarithmic derivative of £2(s) results from (23) if x, and a are replaced by 
1 and O respectively. If the resulting series is added to (23) itself, then 
the definition, (21), of G(s) shows that 


(24) —G@'/G(s) = 33 bpr/p for o>1, 
k=1 
where i i 
(25) bp, =Rpprl0SP, — Wp, = 1 -+ xp cos(ak log p). 


But it is seen from (25) and (1) that bp, =0. Hence it is clear from (24) 
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that (16) remains true if FP is replaced by G ou un ee folas 
by letting o—1— +0. ‘ 
Since this completes the proof of (HT) ‚the final result is as Fallen: 


THEOREM. If there is assigned to every prime p a value x, satisfying 

— 191, and if the function f(s), defined for o>1 by the Euler 

product f(s) =U(1—x,/p?)*, remains meromorphic at every point of the 

line o==1, then f(s) is a regular and a function at every point 
8A1 of the line o —1. 


This theorem, which is equivalent to (I), (II) and (III) together, can 
be completed by the further information supplied by (IIbis) and (II*) 
[and also by the hypothetical information contained in the Remark formulated 
after (II bis) ]. l 
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LOCAL CONTRACTIONS AND A THEOREM OF POINCARE.** 


By SHLOMO STERNBERG. 


One of the earliest treatments of the problem of normal forms for a ' 
system of n differential equations at a singular point occurs, at least implicitly, 
in Poincaré’s thesis [6], pp. XCIX-CV (cf. also Picard [5]). In his thesis, 
Poincaré is concerned with those analytic partial differential equations of 
first order for which the Cauchy-Kowalewsky theorem does not apply. An 
important lemma in his considerations is the following: Given n analytic 
functions X; of n complex variables x; which are defined in some neighbor- 
hood of the origin and such that X, = Av; + higher order terms, consider 
the partial differential equations 


(15) X:0y;/ 0x1 + Xayit + + Xnðyy On = Ayyı. 
Then if 


(i) all the A, lie in the same open half-plane about the origin 
and 
(ii) A; mix for any non-negative integral m; such that X m; > 1, 


equation (1;) has an analytic solution in some neighborhood of the origin. 
Now (1,} is the j-th partial differential equation that a change of coordinates 


(2) Yi = Yi (Lr, Ta, ° j `, Tn) (t= 1,2, > :,n) 


must satisfy in order that it transform the system of ordinary differential 
equations 


(3) i dax,/dt =X: (£1, Te, ` `, Xn) 
into the linearized form 


(4) dy;/dt == Adyı. 


* Received March 11, 1957. 

2 This paper was written while the author was a Temporary Member of the 
Institute of Mathematical Sciences, New York University, during the academic year 
1956-57. This Temporary Membership Program is supported by the National Seience 
Foundation. Reproduetion in whole or in part permitted for any purpose of the United 
States Government. 
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Thus if we denote by (ii) the totality of conditions (iij) for all j we can 
rephrase Poincaré’s theorem as follows: Given a system of analytic differential 
equations (3) defined near the origin such that X;(0,0,- - :,0)—0 and 
whose matrix of linear terms is diagonizable with eigenvalues A; satisfying 
(i) and (ii), then there exists an analytic change of coordinates (2) trans- 
forming (3) into (4). 

Poincaré’s proof.of this theorem is a straightforward application of the 
Cauchy majorant method; condition (ii) implies the existence of a formal 
power series solution and (i) implies convergence. In this paper we shall 
deal with the problem of normal forms for real non-analytic differential 
equations for which there is, of course, no majorant method. Our approach 
will be of a geometrical nature and will deal with the flow generated by (3) 
rather than with (8) itself. If we examine condition (i) for the case of 
real differential equations, we observe that since every complex eigenvalue 
occurs along with its complex conjugate, the only admissible half planes are 
the right and left half planes. Substituting — t for ¢, if necessary, we can 
replace (i) by 
(ir) Reà;<0 for all 7. 


But (ir) implies that the flow generated by (3) is a one-parameter semi- 
group of contractions in some neighborhood of the origin, i.e., that all points 
sufficiently close to the origin tend to the origin with increasing time. In 
what follows we shall obtain normal forms for smooth contractions in 
Euclidean n-space, that is, we shall obtain invariants for C” contractions 
under inner automorphisms of the group of local C* changes of coordinates. 
In addition to supplying information on the problem of normal forms for 
differential equations, our results generalize (to n dimensions and the non- 
analytic case) certain results of Lattès [3] on analytic surface transforma- 
tions. We shall also obtain a generalization of the results of [8] on invariant. 
curves to n dimensions.” 


2. Before dealing with the problem of normal forms for contractions, 
we shall show that the problem is of an entirely different nature if no 
smoothness assumptions are made. This remark which is not essential in 
the sequel, follows from the fact that any two orientation preserving con- 
tractions in n-space are equivalent if the group of orientation preserving 
homeomorphisms of the (n—1)-sphere is arc-wise connected. This property 


2 These results are an outgrowth of ideas contained in my thesis which was written 
under the direction of Professor Wintner. 
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is trivial for spheres of zero and one dimensions and is assured by a known 
theorem of H. Kneser in two dimensions. If there exists an n not satisfying 
the above condition, then the statement of Theorem 1 would have to be 
modified to take this fact into account. At any event, the structure of the 
mapping of the n-sphere has no effect on the following paragraphs. 


THEOREM 1. Let S and T be two orientation preserving homeomor- 
phisms of some neighborhood of the origin in Euclidean n-space into tiself 
such that 
(5) [Sc <1z1 and [Tel < izl, 


where |- || is the ordinary Euclidean norm and where n satisfies the con- 
ditions preceding the theorem. Then there exists a homeomorphism R of 
some neighborhood of the origin onto itself keeping the origin fixed and 
such that 


(6) RSR” =T. 


Proof. Let denote some sphere which, together with its interior, &, 
is contained in the domain of definition of S and T. In virtue of (5) 


T™(B) C Tr(B) and S™(B) C (B) 


so that we can write l 
(7) B=—U(T"(B) —T**(B)) and B =U (S (B) —S8"*(B)). 


We define R to be the identity map on 3 and to map @--S8(B) homeo- 
morphically onto @—T'(@) in such a manner that R(Sx) =Tr for all x 
on ð. This can clearly be done since $ and T are both homeomorphisms 
and by the assumptions concerning n. We now define R inductively to map 
(3) — S%1(8) onto T"(B) —T""(B) by the equation 


(8) RS == TR. 


If we set #(0) —0 then, by (7) R is defined on all of 8. Furthermore, 
since R was defined so as to be continuous at $(8), it is a homeomorphism © 
of 38 onto itself satisfying (8), and hence (6) proving the theorem. 


3. As soon as we restrict our group of local changes of variable to be 
of class Ct, Theorem 1 becomes false. In fact, there is a natural homo- 
morphism of the group of local C+ homeomorphisms onto the group of all 
non-singular n by n matrices: T—>J (T) where J (T) is the Jacobian matrix 
of the transformation T at the origin. The next conjecture would be that 


$ 
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a normal form for J(T) would be a suitable normal form for T. Now for 
the one dimensional case it was shown in [9] that if the linear operator 
J(T) is a contraction and T is of class C*? (k = 1) then T can be linearized 
by a change of coordinates of class C*. However this is not true in the n- 
dimensional case. In fact we shall exhibit an analytic contraction of the 
plane which can not be linearized by any transformation of class C? having 
a non-vanishing Jacobian at the origin. Consider the transformation 


(9) Tı =0r +y, y= ay. 


We wish to show that there is no C? transformation 


(10) é= f(x,y), =g (7,4) 
such that in the &,n coordinates (9) assume the form 
(11) é = dé, m = An. 


In order for (10) to transform (9) into (11) f must satisfy the functional 
equation 


(12) fax + yay) = af (2, y). 

taking the partial derivative of both sides of (12) with respect to y gives 
(13) 2yfe(ara + y, ay) + af, (are +y” ay) —a°fy(z,y). 

Setting z == y =0 in (18) yields 

(14) | fa (0,0) —0. 


Differentiating (13) with respect to y and setting z ==y=0 gives 
(15) f2(0,0) =0. 


But (14) and (15) imply that the Jacobian of (10) vanishes at the origin. 
Thus (9) can not be linearized. 


4. In the n-dimensional case, the problem of finding normal forms for 
smooth transformation splits into two parts: one of a purely formal nature 
and the other analytic in character. In this section we shall deal with the 
formal part; our main goal being to bring every transformation satisfying 
certain formal conditions analogous to (i) into a prepared form so that 
the analytic considerations of the following section apply. Before proceeding 
with the caleulations we shall make some remarks about the formalism in 


CONTRACTIONS AND A THEOREM OF POINCARÉ. 813 


general. Let T* denote the set of all C* homeomorphisms defined in some 
neighborhood of the origin in n space keeping the origin fixed and having 
a non-vanishing Jacobian there. Given any two transformations A and B 
in T*, we can compose them to form a third transformation C = B-A in T* 
provided that we restrict attention to a sufficiently small neighborhood N of 
the origin. In order to be able to define C on N, N must be contained in 
the domain of A and such that A(N) is contained in the domain of B. In 
order to avoid such difficulties, we can introduce the equivalence relation 
‘A=B if À is identical with B on some sufficiently small neighborhood of 
the origin” The elements of the coset space of T* with respect to this 
equivalence relation form a group G* known as the group of local C* trans- 
formations. Now let P* (1SkSw) denote the set of n-tuplets of real 
polynomials (formal power series) without constant terms in n real variables, 
which have terms of degree at most k. Then PPC P?C---C PFC---C P*. 
Let J* denote the operator which truncates the n-tuplets of formal power- 
series at their terms of degree k; 
Te, Dal. tats, +) 
ay dat ink 
= FF, D aby. gaits + mm.) 

Then P* has a natural multiplication defined on it, namely substitution 
followed by truncation of order & If Fr denotes those elements of P* 
whose matrix of linear terms is non-singular, then F* is a group under this 
multiplication. The truncation operator J* provides a canonical homo- 
morphism of F° onto F* for s>k. Furthermore there is a natural homo- 
morphism of G* onto F* once coordinates are chosen in Euclidean space, 
given by sending every mapping 


(21, ° ` Tn) > (fi (41, ° i Br ER . y fn (15° | ",Tn)) 


into the n-tuple whose elements are the Taylor expansions of the f; at the 
origin of order k. We will now state a sufficient condition for an element 
of F* to be linearizable by inner automorphisms of F*. Since the mapping 
T* is a homomorphism onto, it is sufficient for us to prove the result for f°. 


LEMMA i. Let T ‚be an element of F* whose matrix of linear terms 
has no multiple elementary divisors and whose (possibly complex) eigen- 
values 81,82,° © *, Sn satisfy 


(II) sss + -s,"n for any non-negative integral m; such that 


Em;>1. 
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Then T is equivalent to its matrix of linear terms by an inner automorphism 
of FR. 


` Since our groups are real, if complex eigenvalues do occur, they occur 
in pairs of complex conjugates. In that case, it is convenient to modify 
the group F* by replacing the pair of real coordinates corresponding to the 
complex eigenvalues by a pair of conjugate complex variables and to allow 
complex formal power series satisfying certain symmetry (reality) conditions. 
This procedure is explained in detail in Birkhoff [1], pp. 60-63. In what 
follows, these symmetry conditions are automatically verified for the series 
that arise in virtue of the method.of their construction. The convenience 
of introducing the complex coordinates is, of course, that it allows us to 
diagonalize the matrix of linear terms. We thus assume that T has the form 


(Sty Sim metre uni), 


where all the series start with terms of degree at least two. We wish to 
find an R= (ri, > -,r,) where the 7; are formal power series such that 
RTR = § = (8,%,- - +, 5,%,). We can assume that the matrix of linear 
terms of R is the identity matrix and rewrite the desired equation as RT = SR 
or | 
silti + Ir, - + ayin) 

(16) = Siti + D rts, (sim) - + (Sata) HDi. ait tit 

+ RCS Da tit D Zn, nS Mg 5 Wr O R Tn”), 


where the neu + Drinit + En = i -H Ri If we compare the 
coefficients of z,%- - -œuin in (16), we obtain 


(17) Sitti in = (s,4- ae Sn) Pty ay + Pipes 


where Pi,- is a polynomial in those 74;,...;,, such that Sign < Etr By (11), 
we can solve (17) for rîn- This allows us to determine consecutively all 
the coefficients of the r; so as to satisfy (16), proving the lemma. 


5. In this section we shall deal with the analytic aspects of the problem 
of linearization. We shall therefore have to make an assumption analogous 
to (i): An element T of 7* will be called a contraction if the eigenvalues, 
Si 825" °°, Sm, of J(T) satisfy 


In all the cases we shall treat, we assume, for simplicity that the matrix 
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J(T) has no multiple elementary divisors. Hence, in the coordinate system 
corresponding to the eigenvectors of J(T), (I) takes the form 


(I*) LIDI <1, 


where the norm is the ordinary Euclidean norm: | 7(T)|| = sup || J (T): (x) || 
where tke sup is taken over all vectors (+) such that || (x) || =1, with || (x) || 
== >i a? if z; are the coordinates of (x) in this coordinate system. If S and 
s denote maxs; and mins, respectively, then 


LUT?) s(t) <HZ(T) (x) <8 | (ez). 
Then we have 


THEOREM 2. Let T be a transformation in T* satisfying (1) and (IT) 
and such that 
(18) k > log s/log S, 


then there exists a transformation R in T* such that RTR is linear. 


In proving this theorem we shall use the method described in [10]. 
That is, denoting by L the linear transformation which is given by the 
Jacobian matrix J (T) at the origin, we wish to find an R such that RTR+ 
== L. We rewrite this equation as 


(19) R = LRT. 


‘We shall solve (19) by a process of successive approximations. This process 
‘will converge provided that we are able to start with an initial R which 
satisfies (19) up to terms of sufficiently high order. Such an R will be 
supplied by Lemma 1. In order to formulate the convergence proof, it is 
convenient to introduce the following notation. Let V*y denote the space 
of n-tuplets f= (fl, --,f") of functions of n real variables defined in 
some neighborhood N of the origin, which are of class C* there and which 
vanish at the origin together with all partial derivatives of order Sk. 
Thus Viy: G F*y for N’ DN and jÆ k. On the space VE; we introduce 
the metric 


(20) |f lir = sup E (Fiona)? 
N isli 2 
Then an immediate consequence of the above definitions is 


Lemma 2. Given any f in VEy and any positive number e, we can find 
a sufficiently small neighborhood N° such that 


(21) UP ne + NÉ Pat + UF i we < ef f ne. 
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Now define the operator Or on V*y by 
(22) Or: fC) >IT ITC )) 
The essence of the convergence proof is then contained in 


Lemma 3. Let f bein V'y and T in T* with k satisfying (18). Then 
there exists a neighborhood N’ of the origin such that 


(28) | Daf [Eve < K | f iw. 
for some K <1. 


“If we call (#;(x)) the Jacobian matrix of the transformation T at the 
point x, then for any function f of class C* on N 


(24) IT). = X fena (T (8) le) le) +P, 


` where P is a polynomial in derivatives of f-of order lower than k, and in 
derivatives of the tt; (of order Sk).. Since T is smooth near the origin 
(I**) implies that we can choose W° so that || (#,(z)| << S +8 for all x 
in Nz. If M denotes the maximum of the derivatives of the ti,(=) occurring 
in P for all z in N, set y„=e/M. Then by Lemma 2, and (24) 


(25) | Orf Ira; <s*[(S + 8)* + el] f Ivan. 


In view of (18), we can choose § and e so small that (25) reduces to (23). 

In order to complete the proof of Theorem 2 we observe that Lemma 1 
implies the existence of an R, such that Ry, — LRT is in V*y. Then 
Lemma 3 implies that the sequence of transformations 


t R, = IR = F O (L-R, T —R) 

K=0 
is uniformly convergent and tends to a transformation À in T*, which clearly 
satisfies (19), in some neighborhood N* of the origin. 

Tt should be remarked that although we have defined R only on some 
small neighborhood N*, we can extend the definition to any neighborhood N 
‘for which T is defined and for which T'(N) C N* for some suitably large r. 
‘In fact, all we have to do is to replace R by LRT". It should also be noted 
-that the above proof is valid in the real analytic case, where it supplies an 
analytic change of coordinates R. 


6. In the last section we proved that any smooth contraction T (and 
hence the discrete group T” generated by T) satisfying certain conditions 


` 
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can be linearized.‘ In this section we show how to pass from the discrete 
case to that of a continuous one-parameter group. Here there are two 
smoothness considerations: smoothness of the individual transformations and 
of their time dependence. In what follows both considerations become trivial 
in virtue of the genera. principle enunciated in 


` 


Lemma 4. Let T, be a continuous one parameter family of transfor- 
mations in T* such that T, is linear for integral n. Then there exists a 
transformation R in T* such that 


(26) RTR = L, 


where Li is the one-parameter group of linear transformations whose matrices 
are the Jacobians of T, at the origin. 


In fact set 


1 
(27) R= f LT, da. 
s o 


Now 
1 1-t o 1-2 
Dh f Le Ti | LoTeuda— f + f 
0 . -t -t 0 


Then, since LT; = identity, 


0 +0 1 
f Lee es Í LTP NT ile f LT de 
-t -t 1-1 
Thus 


1 
Dies f LegTant da= RT, 
0 


or R satisfies (26). It is clear from (27) that R satisfies the smoothness 
requirements and that J(R) is the identity so that R is in T*. 

New for any one-parameter group, conditions (I) and (II) are inde- 
pendent of the parameter. If they are satisfied for a group of transformations 
of class T* where k satisfes (18) (which is also independent of he parameter), 
we can first linearize a discrete subgroup by Theorem 1, and then the whole 
group by Lemma 4. Thus we have proved 


THEOREM 8. Let T, be a continuous one parameter family of contractions 
s (Tu TiTi) which satisfy (I) and (II) and are of class T* where k 
satisfies (18). Then there exists a change of coordinates R in T* which 
linearizes T;. 
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7. We now translate Theorem 3 into a theorem about differential 
equaticns. Consider a system of differential equations (3) where the X, 
are functions of class C* defined in some neighborhood of the origin with 
Xi(0,- + -,0)—0. Then the existence theorem for ordinary differential 
equations states that there is unique solution : 


(28) ai(t,é) such that z:(0, £) —&, 


where é= (é,,: - ',&,) are the initial points for the motion. We regard 
(28) as a transformation depending upon the parameter ¢ and wish to 
calculate its Jacobian X(t, &*) — (aiz,) = (we, (t,€*)). This can be done by 
means of the equation of variation. In fact, taking partial derivatives in 
(3) gives 

(29) d(xig,) /dt = È Xiz, trés. 


Denoting by % the matrix (Xis) we see that & satisfies the linear differential 
equation 
(30) dX /dt = HX, 


where the initial conditions £* are to be considered as parameters. Setting 
£—0 in (30) yields 
(31) J (Ti) = eAt, 


where A is the matrix of linear terms of (3) at the origin. But then it is 
clear that condition (I) and (II) for the flow generated by (8) are equiva- 
lent to conditions (ir) and (ii) for the differential equations, while (18) 
becomes replaced by 


(82) b > A/a, 
where A= max | Reà;| and A= min !Reı;|. We have thus proved 


THEOREM 4. Any system of diferential equations (3) defined in some 
neighborhood of the origin such that X:(0,- - -,0) — 0, satisfying conditions 
(i) and (ii) and of class C where k satisfies (32) can be linearized by a 
change of coordinates in TX. : 

For the case of analytic differential equations satisfying the (i) and 
(ii) we can assert that the change of coordinates is analytic. In this case, 
by the introduction of a complex time, if necessary, we can reduce (ir) to 
(i). We thus obtain 


Tueorem 5 (Poincaré). Any system of analytic differential equations 
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(3) satisfying (i) and (ii) can be linearized by an analytic change of 
coordinates. ` 


8. As was shown in Section 8, if the formal condition (ii) is not 
satisfied, then a contraction can, in general, not be linearized. We can, 
nevertheless, ask for some other, nonlinear, normal form. Let us first 
examine where the proof of Lemma 1 breaks down if (ii) does not hold. 
In fact, let s,==s,"- - +s,» where the m, are integers such that Dm, > 1. 
Then, if we set (u, © <, in) == (Ms, : +, Ma) in (17) we obtain Pimm, = 0. 
Since Pimm, is a polynomial in the lower order r); -j which are already 
uniquely determined, this might not vanish, so-that (16) can not in general 
be satistied. We can remedy this situation by including the value of these 
Pi, into the normal form itself. More precisely, 


Lemma 5. Let T be an element of F° whose matrix of linear terms 


has no multiple elementary divisors, with eigenvalues sı, `*,$n Lei M, 
denote the collection of n-tuplets (mı, :,m,) of positive integers such 
that ; 

(83) S= s Spn, 


Then there exists a transformation R in F° such that RTR- has the (com- 
plex) form 


(34) - Nm + E Aimo mt © tn =), 
where the (m:,:::,m,) are in Mi. | 
The equation corresponding to (16) is 
sint Sri ante] FE Amel + ar eye 


(35) + chet [tn + Dr & “Lp?” Jin 
mt Er la) (+. 
If we compare the coefficients of 2,4---a, for (4, : ',%) not in 


Mi we obtain (17) where the Pi,...,, is a polynamial in those r/,..,, and 
Am, for which Dj, and 3 m, are both < >i. We can then solve (17) 


for rt,,..4, in terms of known quantities, as before. If (u: ün) is in M$, 
then (17) is replaced by 
(36). [TRE + Ar =. (si AS Syl") La + Pisa. 


` The coefficients of rt- in (36) cancel and we can determine that Aty -in 
We then can choose the 1%;,...;, arbitrarily and (35) will hold. (If we wish 


n 
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to make the 4t,,..,, unique, we should make some a priori choice of all 
such ri,.….;, Which might arise, e. g., set them all equal to zero.) This proves 
the lemma. 

If we now assume that condition (i) holds, then (ii) can be violated 
only for those (m,,  ',m„) such that $ m; <k where k is given by (18). 
Thus, in finding a normal form for arbitrary T satisfying (i) and not (ii) 
all that is necessary is to show that we can choose coordinates in such a 
manner that 7 becomes a transformation given by polynomials of degree k. 
This can be done by the same method as in the proof of Theorem 2: 


THEOREM 6. Let T be a transformation in T" where rk and k 
satisfies (18) where the s; are the atgengaiies of J(T). Then there ts a 
transformation R in T” such that 


(37) | P= RTR, 


where P is a transformation given by polynomials of degree Sk. In fact 
we can assume that P is given by the image of T in F* under the natural 
homomorphism. We can determine a normal form for T by application 
of Lemma 5. 


Proof. It is easy to sce that 
(38) PAST — PAST |v< e || Si — ln + | LST — LIST [y 


for any S, and S, in Tr. If we take S, = P-IRT’ and S, = PART I, then 
8,— S, is an element of Vy if R is a suitably chosen polynomial transforma- 
tion (reducing to the identity if r= k}. Then an application of Lemma 4 
implies that the series 


(39) > (PARTI — PART?) 
converges, proving the theorem. 


In the particular case of an analytic transformation in the plane with 
real eigenvalues 0<s<i<1 for the Jacobian at the origin, Theorem 6 
implies that every such surface transformation can be brought into the 
normal form 
g! = sx + Ay", y == ty (if s= t”) 


(40) or 
g! = Se ; y = ty (if ssét" for any m) 


by an analytic change of coordinates; this result was obtained by Lattès [3]. 
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9. In this section we shall consider what happens if (i) is violated. 
We can not obtain. anything approaching a normal form for these trans- 
formations, but we shall, nevertheless, outline the proof of a result which is 
a strong generalization of Theorems 2-6. In what follows, we shall assume 
for simplicity that all the eignevalues of the Jacobian matrices are real. The 


transition to the case of non-real eignevalues does not imply any essentially 
new ideas. 


THEOREM 7. Let T be a transformation in T* of the form 
(41) Dy = Siti + gilt © tEn) 
where the gı are terms of higher order and 
(42) [a] <1 for isp, |s| 21 for i>p. 
Suppose, furthermore that 
(43) | am: ra G=L2 op) 
for any positive integers m; such that $m > 1, and that k satisfies (18) 
where S and s are now defined by | 
(44) S—max(|s|,-::,|s,]) and s—=min(|s.[,- -:,|s,|), 


Then there exists a change of coordinates R in T* of the particular form 


(45) Yi = Gi — p(T, °°, Lp) 
which transforms T into the form 

(46) Va siyi t (ya © Un); 
where the G; satisfy 

(47) Giga: Um» 0, ,0)—0 
for all à. 


It is clear that Theorem 2 is contained in Theorem 6. (Take p=n) 
If we do not assume (43) we have 


THEOREM 8. Let T be a transformation in T* of the form (41) 
satisfying (42) and (18). Then there exists a change of coordinates R 
in TE of the form (45) transforming T into the form (47) where 
Giga Yp, * *,0) is a polynomial of degree [logs/log ST +1 for 
tp and k | 


(48) G(Yu' : “5 Yp; 0,- À -,0)—0 for t> p. 
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It is clear that Theorem 7 follows from Theorem 8 via Lemma 1 so that 
it suffices to prove Theorem 8. It should be remarked that Theorem 8 
implies that the surface ya ==" ` 'Yn = 0 remains invariant. A more general 
formulation of this result which does not make use of the somewhat restrictive 
smoothness assumption (18) and (44) is contained in 


THEOREM 9. Let T be a transformation in T* of the form (41) where 
the S; satisfy, (42). Then there exists a change of coordinates R in T* of 
the form 


(49) Yi T; (tSp); Yi Ui — $i (2, ° + SS Ep) (i> p) 
which transforms T into the form (46) where the G; satisfy (48). 


If we apply Theorem 6 to the invariant surface Yp =' * ‘Yn == 0 
(assuming that T satisfies the additional smoothness assumption (44)) then 
Theorem 8 follows from Theorem 9. If q of the eigenvalues s; are greater 
than one then applying Theorem 9 to T-1 we obtain 


THEOREM 10. Let T be a transformation in T* of the form (41) where 
p of the sı are <1 and q of the si are >1. Then there exist invariant 
surfaces of class C* passing through the origin of dimensions n — p and n — q. 


Theorem 10 is a complete generaliaztion (to n-dimensions and the non- 
analytic case) of the result of Poincaré concerning the existence of invariant 
curves near a hyperbolic point of a surface transformation, cf. [6], pp. 202- 
204, [2] and [8]. In the case of surface transformations n= 2, p=q==1. 

If we make use of a slight modification of Lemma 4 and of the remarks 
before Theorem 5 we can translate Theorem 7 into a theorem about differential 
equations. 


` THeorem 11. Consider a system of differential equations of the form 


(50) dr;/ dt = àti +- giltu: É "s n) 
where the À; satisfy 
(51) M <0 for 1Sp, 


and the g; are of class CE where 

(52) k > max | X, |/min |à]. 
IP ip . 

Then there exisis a change of coordinates of the form (45) transforming 

(50) into the form 

(53) dy:/dt = dys + Gilt‘ ta En) 

where the G; satisfy (48). 
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This is a generalization to the non-analytic case of a theorem of 
Liapounoff [4]. If we similarly translate Theorems 9 and 10 into theorems 
about differential equations we obtain the ‘Asymptotische Bahnen’ of Siegel 
[7] (without his analyticity assumptions). 

We have seen that all the results of this section hinge upon Theorem 9. 
We now proceed to its proof. | | 

Denote by Æ the projection 


(54) EB: (a, + +52) > (au * Bp, 0,- - *,0). 


Then we rephrase the conclusion of Theorem 9 as follows: there exists an 
R in T* of the form (49) such that 


(55) (RTR")ER=E(RTR")ER. 


We first remark that any transformation R of type (49) is uniquely deter- 
mined by RE. Furthermore, if a sequence Ry of transformaticn of the type 
{49) has the property that &,#, converges uniformly along with partial 
derivatives of a certain order then the sequence En has this same property. 
Finally R> has the same form as R with the exception that the 4; are 
replaced by —d;. If we translate equation (55) into a functional equation 
for the ; we obtain 


(56) sigit galas + +, Ep bon (dns © Ep) Blei + +, 2p) ] 
= h(s + Glen g `, Zp bou (Es p 2p) | J 
Spt + Dolls > 5 Ep ppa (2u © +, Tp) e) 


for i=p+1,; - :,n. We write this equation as 


(57) h= Si? {hi (Sit, + CAES "ty Tps Prat > dal, 
"+ Spp + olto: © 2p, Ppa (2o © tso) *]) 
— plz: Ep Pr" * “s Pn]}- 

We now observe that all the s; occurring inside the functions in (57) 
are strictly less than one, while the s;* occurring as factors are less than 
or equal to one as a consequence of (42) and (49). Furthermore the g’s 
occurring in (57) are functions of second order. Applying Taylor’s theorem 


twice, we can, therefore, solve (57) by an iteratuve procedure similar to that 
used in the proofs of Theorems 2 and 6. 
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COVERINGS OF ALGEBRAIC CURVES.* 


By SHREERAM ABHYANKAR. 


1. introduction. Ir this paper we present, among other things, some 
new results concerning coverings of algebraic curves—i.e., in global ramifica- 
tion theory—which distinguish the modular case from the classical, i.e., the 
characteristic zero case, and seems to open up new lines of research. Through- 
out the paper several protlems will be formulated and questions raised. 

We had noted in [A1] that the possibility of “local splitting of a simple 
“branch variety by itself” is the basic fact underlying the difference between 
local ramification theory in the modular and the classical cases. One thesis 
of this paper is that the corresponding global possibility of the “splitting of 
a single branch point by itself” is the basie fact which distinguishes the 
global ramification theory in the modular case from that in the classical case. 
For instance, the following three are some of the consequences of this 
possibilty; let the ground field k be algebraically closed of characteristic 
p0: (1) Given any one-dimensional algebraic function field K/k there 
exists z in K (not in k) such that =o is the only valuation of k(x) /k 
ramified in K, i.e. the total differential dx has no zero or pole at finite 
distance (Theorem 4 of Section 2). [Hasse and L'euring had proved that 
for each p>&% there exist finite number of elliptic function fields of this 
type.] (2) There exist unsolvable unramified coverings of the affine line— 
which is a commutative group variety (Section 4). (3) For nontamely 
ramified extensions, in no possible sense is the monodromy group generated 
by loops around the branch points (Remark 7 of Section 4). (1) leads to 
the concept of universal kranch loci and the possibility of new invariants 
(2) is only.a very special consequence of a general pattern which leads us 
to formulate a conjecture which roughly says that: (ramification theory in 
characteristic p40) = (ramification theory in characteristic zero for the 
corresponding situation) + (the class of all quasi p-groups'); for the local 
theory some evidence for this conjecture is in our pravious papers [A1] and 
[A3] and some evidence for the global theory for curves is given in this 


* Received February 8, 1957. 
1 As defined in [A3], for 2 given prime number p, a finite group @ is said to be a 
quasi p-group if @ is generated by its p-sylow subgroups. 
825 
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paper (Section 4). This conjecture consists mainly of two parts: the first 
part asks us to algebraize the fundamental group in the classical case and 
carry it over to tamely ramified extensions, for this and other comparative 
purposes we have collected in Section 7 information on the topological funda- 
mental and monodromy groups in the classical case for curves; the second 
part of the conjecture says that if (for characteristic p540) in a situation, 
nontrivial coverings are possible, then coverings exist with any assigned 
quasi p-group. 

The recent result of Lang-Serre to the effect that for a curve there are 
only a finite number of unramified coverings of a given degree is generalized 
in Section 6 to tamely ramified extensions with assigned branch points. In 
Section 5 is given a formula to derive from the different of an extension 
the different of the corresponding least galois extension. In the Appendix 
(Section 8) are collected some lemmas used in the paper. The contents of 
the other sections should be clear from their titles; the reader who wants a 
quick look at the amusing results is referred to Section 4. 


Notations. All through the paper we shall tacitly use the notations and 
results of [A1] and Section 2 of [A2]. Now let t be a power series in 
X,Y, -© with X = (X pX} + -,Xa), Y= (Yi, Ya Yo) +: having 
coefficients in a field &; we shall use the following notations: 


| é |x= leading degree of ¢ in X; 


|t|z,y= leading degree of ¢ in X and Y; ete. 


t 


If ¢ is a polynomial in X (in X and Y; etc.) then: 
I éflx=—the degree of ¢ in X; 
|| ¢ lay =the degree of ¢ in X and Y; ete. 


When the reference to X (or X,Y) is clear from the context, we may omit 
these subscripts. Note that: |0 |==% and |0||——-o. For a polynomiel 
F(Z) we shall denote by DF(Z) the Z-discriminant of F(Z). 

Now let K/k be an n-dimensional algebraic function field and let K* 
be a finite separable extension of K. Let V be a normal projective model 
of K/k, let V* be a K*-normalization of. V. Let W be an irreducible sub- 
variety of V and let W*,,---,W*, be the irreducible subvarieties of V* 
corresponding to W; let R and R*; be the quotient rings of W and W*; on 
V and V* respectively; let w be a real discrete valuation of K and let 
w*,,- + *,w*, be the K*-extension of w. We shall say that respectively 
W*,/W, R*,/R, w*,/w are tamely ramified if in case p 540 we have r(W*,: W), 
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r(B,:R), r(w*,:w) £0 (modp) respectively. We shall say that respec- 
tively W, À, w are tamely ramified in K* if respectively W*,/W, B*,/R, w*;/w 
are tamely ramified for all 4 We shall say that V is tamely ramified in K* 
(and K* or V* is tamelv ramified over V} if each irreducible subvariety 
of W is tamely ramified in K*. Observe that for n = 1, V* is tamely ramified 
over V if and only if each valuation of K/k is tamely ramified in K*; in 
this case we shall say that K*/K (or K in K*) is tamely ramified. 


2. Splitting of a single branch point by itself. Let k be an arbitrary 
field of characteristic p40. In [A1, Remark in Section 2] we had noted 
that the possibility of “local splitting of a simple branch variety by itself” 
is the basic fact underlying the difference between the structures of local 
galois groups in the case of nonzero characteristic and in the case of zero 
characteristic. This possibility was exhibited by the normal surface S* 
[Example 5 of Al]: Ze! Yet + Xr+! = 0, for the Z-projection of S* onto 
the X, Y plane $ the branch locus is D:X=0. Now we shall exploit this 
surface, or rather its section by the plane Y = X, for global ramification theory 
and the corersponding conclusion will be that the possibility of “ global 
splitting of a (single) branch point by itself” is the basic fact underlying 
the difference between the global ramification theories in the case of nonzero 
characteristic and in the case of zero characteristic. 


So consider the polynomial 
F(Z) =Z + apt + apt € k[æ][Z1, 


where x is a transcendental over k. Let Z = Z*z? and F*¥(Z*) =a2?° F(Z), 
so that 
FR (2*) — art (g?Z*) ptt + ar! (2?Z*) + gett] 
= zZ 4 Z* + f= 1(Z* +1) [moda]. 


Hence by Hensel’s lemma [for instance Lemma 1 on page 43 of C]: 
P*(Z*) = G*(Z*) (2% Lu) where u€ k[[x]] with u(0) —1 and G*(Z*) 
is of degree p in Z* with G*(Z*)=1[modz]. Therefore 
F(Z) = G(2)(2 + u), 
where 
G(Z) = Z + GZ + GP? +6, G;€ k[[z]]. 

Then 

F(Z) = Ze 4 (Gi + ua?) 2? + (G, +urG;)Zr2 +... 


+ (Gin tu) ort: LG, t urapa) + ur, 
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Hence 

(1) G, + ue? = G, + ur’ G =: = Gp + ur" Gp: = 0 
(2) Gy + ur Gp = 2? 

and 

(3) | ua? Gy = art. 


Now (1) implies that 

G,=— uz’, Go=—ue’G, Ga =— ur Ga >, ee ae 
so that á 

G it Gurt, Ga =— wrs, -Gi 

(2) = (— 1) Mutat. +, Gp = (— 1) auras), 
Le, Qpa uP tg, Hence by (2) we have | 
` (5) Gp = a? ue = II — UPEP — gP- (1 — ua), 
Since u(0) = 1, |u| =0. Hence by (4) and (5) we have: 
(6) | G,| =2i for i=1,2,: - ,p—1land |G,|=p— 1: 


Therefore by Lemma Al (of Section 8) @(Z) is irreducible in k[[z]][Z]. 
Let v be the valuation of k((x))/k given by x, let z be a root of G(Z), w be 
the unique extension of v to &((x))(z). Then [O, Theorem II on page 298] 
w(2) = (1/p)w (Gp) = [(p—1)/plw(x). : Therefore #(w:v) is divisible 
by p and hence #(w:v) =p and (the residue field of w) = (the residue field 
of v) =k. Thus 


(%) F(Z) = G(Z) (X + ur), G(Z) irreducible in kf [e] [Z]. 


Hence if F(Z) were reducible in &[xz][Z] it must have Z+u* as a factor 
with u* = us? € k[x]. Then 


0= F (— u*) ur PU + gett, 


Hence the z-degrees of two of the three terms u*?, gP-lu*, al must be 
equal. Now fur] =| ute |—2(p-+1) >pti—| ar |; and [wre | 


== || 2? *u* || implies | u*? | = | 27> | =p— 1, Le, | u*||=(p—1)/p—a 
noninteger which is a contradiction. Therefore | artu* | = || s7 |, i.e, 
f u* || =2. Since |u*|=2 we must have u*— cr? with 0-£c€k. Now 


F(— ce?) = cha??? cart + oP? so that | F(— ca?) | —2p +2 which is 
a contradiction since F{— cz?) =0. 
Thus F(Z) is irredueible in &[2][Z] and hence in k(z)[Z] and F(Z) 
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factors in k[[z]][Z] i.e., in &((x))[Z] into two irreducible factors of degrees 
p and 1 respectively and these factors do not introduce any residue field 
extensions. 


[Remark 1. It would be interesting to compute the galois group of 
F(Z) over k((x)), i.e, (assuming k to be algebraically closed) by Lemma 
AR (of Section 8) the galois group of Z? + 2?Z?1 + a? over k((w)); that 
ought to yield the galois group of F(Z) over k(x).] 

Let K = k(x), let z be a root of F(Z) and let K*—K(z). Let C be 
the irreducible curve: ZP! + Xr- + Xr —0 in the X,Z plane and let L 
be the X axis. Then XK=k(L), K*==k(C) and the rational map given by 
the embedding K C K* corresponds to the projection of C (by lines parallel 
to the Z-axis) onto L. Now F(Z) == Z? + a?" so that F(Z) = ZF(Z) + art, 
and hence DF(Z) == x), Therefore the origin, i.e., the valuation v given 
by the irreducible nonunit « of k[x], is the only possible branch point on L 
at finite distance. To test for the point at infinity let 7, = 1/x, Z, == Za, and 
F(Z) =a" (Z) so that 


P (Z) =g (Zr Loop Z, + ey Pt) = 7,74 nd tl. 


Now F(Z) = 2,8 + x, so that F,(Z,) =Z,F"; + 1 and hence DF,(Z,) =1. 
Therefore the point at infinity is not ramified. Thus the origin of L is the 
only possible branch point. From the way F(Z) factors in k((z))[Z] we 
conclude that v splits in K* into two valuations w, and w, both of which are 
rational over k with F(w,:0) =d(w,:w) =p and F(w,:v) = d(w.:v) —1. 
Now the curve C is of degree p+ 1 and it has a p-fold point at the origin. 
Therefore C is rational (over k), i.e., there exists y in K* such that 
K*=k(y), since w, and w are rational over k we may assume that they 
correspond to y==0 and y =œ respectively (Lemma A3 of Section 8). 
[If & is algebraically closed and if we were willing to deal with a generic 
section of S we could perhaps argue thus (and in fact this is how we were 
led to the construction we have just given): Let L:aX +b¥ = 0 (a,b€k) 
be a generic line in the X, Y plane S; then the curve C on the surface S* 
which corresponds to L is irreducible; C is the intersection of S* with the 
plane aX + bY = 0 in the X,Y,Z space; for the induced rational map of C 
onto L the branch locus D is the intersection of L with D, i.e., D is a single 
point and since [k(C) :&(L)] = p+ 1 it follows by Proposition 6 (Section 3) 
that D splits in &(C@) into two points with ramification indices p and 1 
respectively. | 
‚ To find y explicitly we may proceed as follows. Homogenizing 
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get + Netz +. Xr —=Q we get Zt - XP1YZ + XP, Thus the p- 
fold singularity of C is: Y=0, Y=1, Z—0. Take 1-0 to be the line 
at infinity. Let v’ ==Y/X and y=Z/X; previously we had =X/T 
and z==Z/Y, ie, y==2/e and x= 1/x, ie, g==y/e and æ—1/* so 
that (y/ar)et + (1/a’e*)y + (1/a7?*) =0, Le, yttta'ytil=—0. Hencs 
1/z= = (—1— y”) /y = — (1/y) —y Now x=0 if and only if 
=». Replace x by (—?’). Then yP“ — sy -+1 = 0, so that t =y + y5, 
+ @==00 is the only branch point in k(a)/k for k(y) and on it lie y—0 and 
y==co. If we replace y by y then yt— ap + 10, t= y + y”, r=% 
is the only branch point and on it lie y—0 and y =œ. Thus we may state 
and directly reprove 


THEOREM 1. Let k(y) be a simple transcendental extension of an 
arbitrary ground field k of characteristic p0. Let x—y+yr. Then 
(1) [k(y):k(z)]—=p +1; (2) v: s=% is the only valuation of k(x)/k 
which is ramified in k(y); (3) v splits in k(y).in the valuations wo: y= 0 
and Wa: y=% ; and (4) d(wo:v) =p and d(ws:v) =1. 


Proof. c=y+y?= (y*+1)/y?; since the numerator and denomi- 
nator are coprime we have [k(y) : k(x) ] =p + 1 and y+ ry? + 1—0 is the 
minimal equation of y over k(x) [see § 63 of V] i.e, F(X) = 21 +. xZ9 +1 
is the minimal monic polynomial of y over k(x). Now F’(Z) =Z? so that 
DF(Z) =1 and hence no valuation of k(x)/k except possibly v is ramified 
in k(y). Also the equation c=-y-+ y? implies that if w is a valuation of 
k(y)/k with ww, and W&W, then w(x) Zmin[w(y),w(y?)]=0 and 
hence w, and Wa are the only valuations of k(y)/k which can possibly. lie 
over v. Since 1/r—y?/(y?*+-1), wo(1/z) =p and hence w, does lie 
over v and d(wo:¥) =F(wo:v) =p. Again 


(1/0) = y?/ (ye + 1) = [ye ty?) /[y Pt (ye? + 1D) yt (14+?) 


so that w.(1/r) = wo(y*) —we(1 + y?*) =1 and hence Wa does lie over 


v and d(Wa: V) =F(weiv) =1. [Check: 
p+1— [k (y) :k(2)] = Sworers d(w:v) =d(w:0) +4(wa: v) =p +1] 


THEOREM ?. Let k(y) be a simple transcendental extension of an 


arbitrary ground field k of characteristic p=£0. Let w, to, + -,w, be a 
finite set of given valuations of k(y)/k which are rational over k, i.e., we 
are given a finite set of distinct elements ¢,,€2,- ` *, Ch in kU {oo} such that 


c is the residue of y at wi Then there exists x in k(y) (not in k) such 
that v: r=œ is the only valuation of k(x)/k which is ramified in k(y) and 
Was We, © °, Un lie above v. 
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Proof. It is enough to prove that there exists a subfield K of k(y) such 
‘that K is a simple transcendental extension of e such that w,,w,,- ` `, Wn 
contract in K to a single caluation v and v is the only valuation of K/k 
ramified in &(y); for then the rationality of w,/k implies the rationality of 
v/k and by Lemma A3 of Section 8 we may find a generator x of K/k such 
that v corresponds to soo. Now we shall make induction on n: for n =1, 
we may take K = k(y), so let n>1 and assume the theorem for n—1. 
Then by the induction hypothesis there exists a simple transcendental exten- 
sion L of k contained in k(y) such that Wi, Wa, - - , us. contract in L toa 
single valuation u, and u, is the only valuation of L ramified m k(y). Let 
Ua be the contraction of w, to L. If w=u, we may take K = L, so now 
assume that u)54t.. By Lemma A3 of Section 8 we can find a generator y’ 
of L/k such that «o is y’—0 and us is y==00. Applying Theorem 1 to 
k(y’)/% find x in L (not in k) such that v: v==æ is the only valuation of 
k (a) /k which is ramified in L and uo and us are exactly the valuations of L 
lying above v. If we let K=k(x) the induction is complete. 


Remark 2. If k is finite, we may take w,We,--*,Wp to be all the 
rational valuations of k(y)/k. Then all the rational points of the y-line 
will lie on the point at infinity of the s-line so that each finite rational 
point of the s-line will undergo residue field extensions but no ramification. 
Question. How far can we assign these residue field extensions? 


_Provosrrion 1. Lei k(y), wo and we be as in Theorem 1. If we take 
e= yt + y + coy? ++ + cyt? with Ci, Ce, +, Cn in k, 0, E> 0 
with t540 (mod p), then (1) [k(y):k(x)] = hp +t; (2) v: s=% is the 
only valuation of k(x)/k which is ramified in k(y); v splits in k(y) into 
w and Wa; and (4) d(wo:v) =hp and d(wa:v) =t. 


Proof. This is similar to the proof of Theorem 1. 


Proposition 2. Let k(y) and w—=w, be as in Theorem 1. If we take 
B= CoY bY? + + + Cay DP LE M with Co, Cas" © + Cma in k and Co 40 
then (1) [k(y):k(&)] = mp; (2) v: v=% is the only valuation of k(x)/k 
which is ramified in k(y); and (3) w is the only valuation of k(y) lying 
above v [so that d(w:v) —r(w:v) = mp}. 


Proof. Now F(Z) = 2"? + emage o +4 6,2? + 6,2-—-2 is the 
minimal monic polynomial of y over k(x) ; F(Z) = co and hence DF(Z) — co”? 
so that v: ==% is the only valuation of k(x) /k which can possibly be 
ramified in k(y). Let w* be a valuation of k(y)/k. Then from the equation 
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defining = it is clear that w*(y) 20 if and only if w* (2)=0 and hence 
w: y=% is the only valuation of k(y) lying above v: z—00. 
We may strengthen Theorem 2 thus: 


P2 


THEOREM 3. Let the notation be as in Theorem 2. By Lemma A3 of 
Section 8 we may assume that cı ==00, Assumen>1 and let ma, Ma, * +, Mn 
be arbitrary positive integers which are divisible by p and let m, =1. Let 
wy + (y— e) (y — ce) me (yon). Then (1) [k(y):k(e)] 
=m, Mot +m; (2) v: g=% is the only valuation of k(x)/k 
which is ramified in k(y); (3) w1,w2,- * -,w, are exactly the valuations of 
k(y) which lie above v; and (4) d(wi:v) =F(w:v) =m; for i=1,2,---,n. 


Proof. This is similar to the proof of Theorem 1. 


Remark 3. In reference to Theorem 3, by Proposition 6 (Section 3) 
we know that at least one of the m, is divisible by p. However, in Theorem 
3 we have assumed that m, = 1 and the other m; are divisible by p; invoking 
Proposition 2 before applying Theorem 3, we may take m, also to be an 
arbitrary integer divisible by p. Question. How far can the assumptions on 
the m; be relaxed? | 

Given wi,‘ `` Wn and ma, ` *, M, determine all &—or rather k(æ)— 
of the type described in Theorem 3 or rather determine all possible structures 
of k(y)/k(x). Now reverse the problem: i. e., suppose k(x), v and m,,:-:,m, 
are given. Find all finite algebraic extensions K* of K=k(z) [to begin 
with those K* which are simple transcendental extensions of k and then 
others as well] such that v is the only valuation of k(x)/k which is ramified 
in K*, there are n valuations w,,: : -,w, of K*/k lying above v and 
d(w;:v) =m; for i—=1, --,n. Do this for & algebraically closed and 
n—1, then n—? and so on. Is there any smallest value of n which would 
yield all function fields? Now replace k(x) by an arbitrary one-dimensional 
function field. a 

From Theorem 2, we at once derive the following theorem which will 
be put into its right perspective in Section 4. 


THEOREM 4. Let K be a simple transcendental extension of an alge- 
braically closed field k of characteristic p0 and let v be a valuation 
of K/k. Then (I) given a one-dimensional algebraic function field L/k 
there exists a finite algebraic extension L, of K such that L, is k-isomorphic 
to L and such that v is the only valuation of K/k which is possibly ramified 
in L. Also (II) given a one-dimensional algebraic function field L/k and a 
finite separable algebraic extension L* of L there exists a finite algebraic 
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extension L, of K and a finite algebraic extension L*, of L, such that L*, 
is isomorphic to L* under a k-isomorphism whick maps L, onto L and v is 
the only valuation of E/k which is possibly ramified in L*,. 


Proof. Taking L= L*, (I) follows from (II), hence it is enough to 
prove (II). Fix y in L, not in k, and let K*—k(y). Let wi, Wa’ `, Wa 
be the valuations of K*/k which are ramified in L* (if no valuation of K*/k 
is ramified in.L* we may take for w,,: ' -,w, any valuations of K*/k). 
By Theorem 2 there exists z in K*, not in k, such that w,,: - -,w, contact 
in &(x) to a single valuation w and w is the only valuation of k(x) /k which 
is ramified in K*. By Lemma A3 of Section 8 there exists a k-isomorphism 
s of k(x) onto K which maps w onto v; extend s to an isomorphism # of L* 
into an algebraic closure of KÆ, let L*,=#(L*) and’'L,—t(ZL). Then v is 
the only valuation of K/% which is possibly ramified in L*,. 


Remark 4. Part (I) of Theorem 4 may also be stated thus: “Given 
a one-dimensional algebraic function field L over an algebraically closed 
ground field & of characteristic p 540, there exists x in L not in k such that 
x=% is the only valuation of k(x)/k ramified in L; in other words, the 
total differential dx has no zeros or. poles except at v =œ.” An extremely 
special case of this is known, namely it follows from the work of Hasse [H] 
and Deuring [D], see also Serre [S], that for each value of p32, there 
exist a finite number of alliptic function fields L/k for which this is true; 
of course we prove it for all function fields. 


3. Coverings of the line with one, two or three branch points. In this 
section, denotes a simple transcendental extension of an algebraically closed 
field k of characteristic p, and S, denotes the symmetrie group on n letters. 


PROPOSITION 3. Let v1, v2, vs be any three distinct valuations of K/k 
and let n be a positive integer bigger than one such that either (I) n, 
n—1540 (modp) in case p30, or (II) n is odd and n, n—2, 2546 
(mod p) in case p0. Then there exists a finite algebraic extension L/K 
such that (1) L/k is a simple transcendental extension, (2) for a least normal 
extension L* of K containing L, the galois group of L*/K is isomorphic 
to Sn, (3) V1, Va, va are exactly the valuations of K which are ramified in L, 
ie, in L* (except when n=? in which case only v, and v, are ramified), 
and (4)-K is tamely ramified in L and hence (by Proposition Y of Section 5) 
in L*, . ER: | 


Proof. Let L—%(y) be a simple ‘transcendental extension of k, 


t 


834 SHREERAM ABHYANKAR. ` 


let s= y" (y—1) and f(Z)=2Z"*(Z—1)—z in case (I) and: let 
z=y"?(y—1)? and f(Z)—=Z"r?2(Z—1)’—z in case (II). . Then 
[L:k(z)] =n and f(Z) is the minimal monie polynomial of y over k(z) 
[863 of V], and in view of Lemma A3 of Section 8 it is enough to prove 
that there are exactly three valuations of k(æ)/k which are ramified in L 
and f(Z) is unaffected over k(x), i.e., the galois group of f(Z) over k(x) 
is 8,. Let wo, wi, We be the valuations of k(y)/k given by y==0,1,00 
respectively and let vo, Vo be the valuations of k(x)/k given by «0,0 
respectively. It is clear from defining equations of x that w,(x) ——n so 
that wa lies above Ve and d(w,.:v,) =n so that Wa is the only valuation 
of k(y) lying above ve; also in case (I): w(x) =n— 1, wi(x) —1, 
n—1-+1l=—n—= [k(y):k(x)] and in case (II): w. (2) =n—2, w,(x) = 2, 
n— 2 +2 =n = [k(y):k(x)], hence in either case w, and w, are the only 
valuations of k(y) lying above u. Now (n—1) + [(n—1) —1] = 2n—3 
= (n—1) + [(n—2) —1]+[2—1] and hence in either case 2n—3 
is the contribution of vp and v, to the degree À of the different of 
k(y) over k(2)! Since both these fields are of genus zero, we have : 
—2=—=A—2n, i.e, A=2n—2 so that A— (2n— 3) —1. Hence there is 
only one more valuation v of k(x) which is ramified in k(y) and only one 
valuation w of k(y) lying above v is ramified over v and d(w:v) ==-1+1—2 
[v will be different in cases I and IT; its value can at once be found, by 
computing Df(Z), to be z——n"{n—1)"? and «= 4n™(n— 2)" respec- 
tively]. Since p2, 2540 (mod yp) and hence it follows [by Section 5 and 
Lemma A5 of Section 8] that if ¢ is a uniformizing parameter at v then the 
galois group of f(Z) over k((t)) is generated by a 2-cycle and hence the 
galois group of f(Z) over k(x) contains a 2-cycle. In case (I) the galois 
group of f(Z) over k((x)) is generated by an (n—1)-cyele [see Section 5 
and Lemma A5 of Section 8] and hence the galois group of f(Z) over k(x) 
contains an (n—1)-cycle and hence it must be 8, [Lemma 1 of A3]. 
Again in case (II) the galois groups of f(Z) over &((x)) and k((1/x)) 
are generated respectively by an n-cycle and by a permutation of type 
(1,2) (8,4,- - -,n) so that the galois group of f(Z) over k(x) contains an 
n-cycle and a permutation of type (1,2)(8,4,---,n) and hence it must 
be S, [Lemma 3 of A8]. 


PROPOSITION 4. Assume that PAR. Let vı, va, vs be any three distinct 
valuations of K/k and let q be any integer. Then there exists a tamely 
ramified finite algebraic extension L of K such that (I) L/k is simply 
transcendental, (II). vı, Vz, vs are exactly the valuations of K/k which are 
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ramified in L and (III) (the number of valuations of L lying above v4, v2, 
vs) Zq+1. 


Proof. By any one of the constructions used in the proof of Proposition 
3, there exists a finite algebraic extension K, of K such that (I.1) K./k 
is simple transcendental, (II.1) v1, vs, vs are exactly the valuations of K/k 
which are ramified in X, and (III. 1) if by q, we denote the number of valua- 
tions of K, lying above vı, və, vs then 4: =38<+1. Replacing K and v, v2, 
vs by K, and any three valuations of K,/k lying above v,, v2, v3 obtain K3; 
then from K», obtain X, and so on; denote by g, the number of valuations 
of K, lying above v4, v2, vs. Then g, 3 +n and hence it is enough to 
take L= Ky. 


Proposition 5. Assume p==2, let n be any positive integer and let 
v, and v, be any two valuations of K/k. Then there exists a galois extension 
L of K with galois group isomorphic to S, such that v, and v, are the only 
valuations of K/k which are possibly ramified in L. 


Proof. For n==1 or 2 the matter being trivial we assume n> 2. If n 
is even, let F(Z) = Zr + ZH fal? 4 > H faal? + (fra ty) ZH tn 
be any one of the polynomials obtained in Chapter I of [A3]; we may 
replace fn + y by y so that F(Z) = Zr + Zei +- 4 fred? HYE 4 fa 
and DF(Z)=y". If n is odd, let F(Z) = 2" + HZ Zei en 
+ fna + fs + y be any one of the polynomials obtained in Chauter II of 
[A8] ; we may replace fa + y by y so that F(Z) = Z" + Zu + 27? he 
+ froiZ+y and DF(Z)=y"". Thus in either case we have 


F(Z) =Z PIN PZ LE, 


with F,€ k[#,y] and DF(Z) =y" or y"? according as n is even or odd. Let 
S be the projective x, y plane over k so that &(S) —k(z,y) = K* and let 
S* be a normalization of S into a root field L* of F(Z) over K*. Then 
the branch locus of S* over S is contained in the union A of the z-axis (y = 0) 
and the line at infinity in § and by the results of [A3], the galois group of 
L*/K* is isomorphic to S,. Let $, be a generic line (rational over kì) in S 
and let S*, be the curve on S* corresponding to Sı. Then as in [L2], S*; 
is irreducible, the branch locus of S*, over 8 is contained in #8, NA and 
hence consists of at most two points and &(8*,) is a galois extension of 
k(S;) with galois group isomorphic to Sa. Since k(8,)/k is simply trans- 
cendental, we are through by invoking Lemma A3 of Section 8. 


Proposiriox 6. Let L be a finite algebraic extension of K with [L:K] 
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=m>1. Then (I) there is at least one valuation of K/k which is ramified 
in L. (IL) If there is only one valuation of K which is ramified in L, then 
it must be nontamely ramified. (III) If L/K is tamely ramified and if 
there are only two valuations of K/k which are tamely ramified in L, then 
L/K is cyclic and m >& 0 (mod p) in case p40. (IV) Given two valuations 
v, and v, of K/k and an integer n such that ns40 (modp) in case p0, 
there exists a unique (up to a K-isomorphism) tamely ramified cyclic exten- 
sion L of K of degree n such that v4, v2 are the only valuations of K/k 
ramified in L. 


Proof. Let g= genus of L/k and à= degree of the difference of L 
over K. By [Corollary 2, p. 106 of C], 2g =A—2m-+2. Since g=0 
and m > 1 we have \=2m—2 =m > 0 which proves (I). 


Now assume that L/K is tamely ramified, let v be a valuation of K and 
let wi, @2,* - `, Ww: be the valuations of L lying above v; then the contribution 


2 . 
A(v) of v to À is given by Av) => [d(wi:v) —1] =m —t S m— 1. 
i=1 


Hence if q valuations of K are ramified in L then A&g(m—1); since 
A>2m—2—=%(m—1) we must have g>2. Now assume that g—2, let 
v, and v, be the valuations of K which are ramified in L, let L* be a least 
galois extension of K containing L and let ż and t, be the number of 
valuations of L* lying above v, and v, respectively, let A* be the degree of 
the different of L*/K and let m"—=[L*:K]. Then 2m*— (t*, +1*,) 
= (m* — t*,) + (m* — t*,) =A* = 2m*—2, hence t*,—t*,=-1; there- 
fore the galois group G of L*/K equals the splitting group S over v, of the 
L*-extension of v, Since v; is tamely ramified in L, it follows by Proposi- 
tion 7 of Section 5 that v, is tamely ramified in L* and hence $ is cyclic 
and m*s£0 (modp). Therefore L—L*. This proves (II) and (III). 

A proof of (IV) and a reproof of (II) and (IIT), all this using only 
(1), can at once be obtained by the method and results of Section 6. 


Remark 5. In the classical case when % is the field of complex numbers, 
parts (I) and (II) correspond to Proposition T1 and T2 (Section 7), 
respectively, and parts (III) and (IV) correspond to Proposition T3. II 
(Section 7). 


4. Algebraic fundamental groups and universality. For the sake of 
definiteness in this section we shall assume that the field of definition of all 
varieties concerned is a fixed algebraically closed field & of characteristic p. 


COVERINGS OF ALGEBRAIC CURVES. 837 


4.1. Definitions. Let F be a family of finite groups, given another 
family F, of finite groups we shall regard F and F, to be the same families, 
ie, F—F,, if f is in F implies there exists fı in F, isomorphic to f and 
conversely. Let G be a group (finite or infinite) and let p be a prime 
number. We make the following definitions: 


(Ff)? =the family of members of F whose order is prime to p. 
F,=the family of subgroups of members of F. 
F„=the family of homomorphic images of members of F. 
G, = the family of finite homomorphie images of G. 


Observe that Fons = Fan — Fan (proof is trivial). Let $ be a property of 
finite groups. F is said to be & if each member of F is ¢, F is said to be 
not & if at least one member of F is not ¢, F is said to be non & if each 
member of F is non ¢. Thus F is abelian means each member of F is 
abelian, F is not abelian means at least one member of F is nonabelian, and 
F is nonabelian means each member of is nonabelian. F is said to be 
complete if F equals the family of all finite groups. Observe that many 
important properties are shared by F, F, and F,, simultaneously ; for instance 
this is so for the following properties: (1) being abelian, (2) being solvable, 
(3) being a p-group for a fixed p, (4) being a p-group for various p; i.e., 
F is abelian if and only if F, is abelian, if and only if Fy, is abelian, and 
so on. Also note that if {Fe} ¿4 is a collection of families of finite groups 
and if the unions are taken over the indexing set A, then (UFe)s = (UF as), 
(UF a) = (UF,)» and the same for intersections. For a finite group G 
we shall denote by p(G) the (normal) subgroup of G generated by all the 
p-sylow subgroups of G; recall [see A3] that @ is called a quasi p-group if 
G==p(G); the family of all quasi p-groups will be denoted by Q(p). 

Let V be a normal variety and D a proper subvariety of V. If K* is 
a finite algebraic extension of &(V) and V* is a K*-normalization of V then 
the branch locus on V for the transformation between V and V* will be 
denoted by A(V*/V) or by A(K*/V). Now we define: 


(1) Q(V—D) =the family of finite algebraic extensions L of k(V) for 
which A(L/V) CD. 

(2) Q,(V—D)-=the family of members L of Q(V—D) such that 
L/k(V) is galois. 


(3) Q,(V—D) =the family of members L of 0,(7 — D) such that L/V 
is tamely ramified. ) 
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(4) 0*,(7/—D)—the family of members È of Q,(V-— D) such that 
[L:k(V)] 540 (modp) in case p>#0 (and no restric- 
tion if p=0). 

(5) wi(V—D), #4(7—D), w*,(V—D) 

==the family of galois groups of L/k(V) for members L 
of Q, (V — D), @,(V7 — D), 2*,(V — D), respectively. 

(6) 7a(V—D), #3(V —D), r*s(V—D) 

= [ra (V —D)]s [wa(V—D)]_ [r*ıV—D)], 
respectively. 

(7) mel — D), r'e(V—D),r*e(V — D) 

= [rs (V — D) ]u [Ys(/ —D)]n [r*a (V —D)]r 
respectively. 


Now let P be a point on V. Then we define: 


(L1) Q(V—D,P) =the family of finite algebraic extension L of &(V) 
for which the components of A(Z/V) passing 
through P are contained in D. 


(L2) Q,(V—D,P) =the family of members L of Q(V—D,P) such 
that L/k(V) is galois. 

(L3) (V —D,P) =the family of members L of Q (V —D, P) such 
that P is tamely ramified in L. 


(L4) 0*,(V—D,P) =the family of members L of 0,(V—D,P) such 
~ that for a point Q corresponding to P on the L- 
normalization of V we have d(Q:P)540 (mod p) 

in case p40 (and no restriction if p = 0). 


(L5) za((V—D,P), ws(V—D,P), r*a(F—D) i 
=the family of splitting groups over k(V) of points 
corresponding to P on the L-normalization of V 
for members L of 0,(V—D,P), 0’,(V—D,P), 
Q*,(V — D, P), respectively. 


(L6) and (L7): Similar to (6) and (7), respectively. 


(8) We shall say that V — D is respectively (I) universal, (II) strongly 
universal, (III) modelwise universal, and (IV) modelwise strongly 
universal, or, respectively, that (I’) D is a universal branch locus for V, 
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(IXY); - -, (LIT) - -, (IV?) if, respectively, the following conditions 
hold: (CI) given a finite algebraic extension K* of &(V) there exists L 
in Q(V-— D) such that L is k-isomorphic to K*; (CII) given a finite 
algebraic extension K*, of k(V) and a finite algebraic extension K“, 
of K*, there exists L, in Q(V—D) and L, with K C L, C Lz such 
that there is a k-isomorphism of L, onto K*, which maps L, onto K*,; 
(CIII) given a finite alegbraie extension K* of &(V) there exists L 
in Q(V— D) such that the normalizations of V in L and K* can be 
mapped onto each other biregularly; (CIV) : : - such that the normaliza- 
tions of V in L, and K*, can be mapped onto each other by a biregular 
map which induces a biregular map between the normalizations of V 
into L, and K*,. It is clear that (CII) is equivalent to: given a finite 
sequence of finite algebraic extension k(V) C K*, C K*, C+ --CK*, 
there exist kK(V) C L, C LC- - CL, in Q(V—D) and a k-iso- 
morphism of L, onto K*, which maps L; onto K*; for i= 1,2,-- -,n; 
and similarly, for (CIV). Furthermore, D will be said to be a minimal 
universal (respectively strongly universal, modelwise universal, model- 
wise strongly universal) branch locus for V if D is a universal (respec- 
tively s.u., m.u., m.s.u.) branch locus for V and if no proper sub- 
variety of D is such. 


Observe that if V is one-dimensional, then things depend only on 
k(V) and the set of valuations corresponding to the points of D; 
hence we may replace the models by their function fields. 


Having made all these definitions, we now turn to results, conjectures 
and comments. 


4.2. Fundamental groups. If k is the field of complex numbers, and 
if the (corresponding Riemann type) existence theorem for V — D is avail- 
able, then (7,(V—D)),—2a(V—D) where r, is the topological funda- 
mental group. Although 7, besides giving (71), also gives the manner in 
which these groups are intertwined together, nevertheless (+,), and hence 
ma is a good algebraic approximation to 7, [of course, eventually one may 
have to consider the galois group over k(V) of the compositum of all the 
galois group over &(V) of the compositum of all the members of 0(V—D) 
which cne expects to be the Krull-completion of 7,(V—D)]. For instance, 
7, is free with n generators implies (7), consists of all finite groups with n 
generators; m, is abelian implies (71), is abelian and so on. Since, as has 
been indicated, important properties are carried simultaneously by wa, TB, wo, 
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it is quite worthwhile, lacking a knoweldge of ma itself, to study #2 or ro. 
Exactly similar comments are valid for the local situation V—D,P. 
Concerning ramification theory in the abstract case, we offer the fol- 
lowing two general conjectures. For p>£0 let Sp be a situation either of 
type V—D or of type V—D,P; and let So be the corresponding situation 
in characteristic zero (i.e., in the classical case). Then, roughly speaking: 


(ramification theory for Sp) == (ramification theory for Sc) + Q(P); 
or better: | | 

(ramification theory for S,)/Q(P) = (ramification theory for So); 
and now more precisely: | 


CONJECTURE 1. 4(S,) =the family of all finite groups G such that 
7 p(G) € Q(p) and @/p(@) € wa (So)? 


CONJECTURE 2 (Supplement to Conjecture 1). 
(xa (So) )? = n*a (Sp) C wald) C wa (So) 
and the last inclusion is a near equality. 


Conjecture 1 consists of three steps: (1) to algebraize m, in the classical : 
case, see Remark 7; (2) to show that for a situation S, for which there exist 
nontrivial coverings, then all members of Q(P) are realizable; and (3) to do 
the extension problem for (1) and (2). Let us call step.(2), Conjecture 1.1; 
and the much weaker form of 1.1, where we replace Q(p) by the u of 
all p-groups, let it be called Conjecture 1.2. 

These conjectures on ra reflect in mg or wc in a diluted form. To illus- 
trate the meaning of “corresponding situation” by examples: (1) S,—line 
minus n points, Sy=-same; (2) Sp= curve of genus g, So—=same; (3) ` 
Sp = projective plane minus a curve with ordinary double points and com- 
ponents of orders nn,‘ ++,” So==same; (4) S,==projective n space 
minus m hyperplanes in general position, S,—same; now some local 
examples: (5) S,== (V = projective plane, D=a curve, P=a point at 


which D has a certain type of singularity), So—=(---,---+,---D has the: : 


corresponding -type of singularity). Now for certain situations S, there 
may not exist a corresponding So; for such Sp the conjectures of course ` 
would not apply, for instance in the last example for Sp, P may be a point: 
of D at which there is no Puiseux expansion! For the local theory, a bit 
of evidence for the conjectures is given in our previous papers [A1] and 
[A3] ; observe that for the local theory, in case of dimension one, Q(p) has 
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to be replaced by the family of all p-groups [see K]. For the global theory, 
when V is one-dimensional, the following evidence results from this paper: 

Let C be a nonsingular algebraic curve over an algegraically closed 
ground field k of characteristic p, and let D, be a set of n (distinct) points 
of O. 


Result 1. In the classical case by Proposition T3, there are only a finite 
number of (non k(C)-isomorphic) members of 0(C—D,) —Q(C—D,) 
of a given degree over k(C) ; by Theorem 5 (Section 6) this is so for any p 
with Q (0 — D,). 


Result 2. (Trivial) Q(C—D,) and 0’(C-—D,) are empty (except 
for C) and Q’ (C — D:) consists of all cyclic extensions (of degree prime to 
p if p0); Proposition 6 and Remark 5 (Section 3). 


Now we assume that C—a projective line L (or any rational curve). 


Result 3. Let n= 3. By Proposition T4 (Section 7) in the classical 
case #s(L—D,) is complete. To support the part of Conjecture 2 which 
‘says that 7’4(8,) is nearly equal to r1(85), we might expect that for 
arbitrary p not only mg(L— Da), but even #s(L—D,) is complete. For 
p2 it follows from Proposition 3 that #’z(L— Da) is complete, while for 
p==2, Proposition 5 gives the weaker result that wg(L—D,) is complete 
[in fact Proposition 5 yields the stronger conclusion that m#(L—D,) is 
complete]. Furthermore by Proposition T3 (Section 7) in the classical case 
wa(L—D,,) contains all the finite groups generated by two generators and 
hence in particular for any integer m the symmetric group on m letters: 
in the abstract case, we have proved in Proposition 3 that 7'4(L—D,) 
contains the symmetric group on m letters if p—0 and if p0 then 
provided either m,m—1540 (modp) or m is odd and m,m—2,2340 
(mod p). 


Result 4. Assume p=£0. Now Proposition 6 tells us that r4(L—D,) 
C Q(p) while, in view of Theorem 1, Conjecture 1.1 implies that 
7o(L—D,) =Q (p) D (family of all simple groups whose orders are divisible 
' by p) D the alternating groups on m letters for all m = p); this would 
tend to imply that we(Z—D,) is complete. Now it does follow from 
Theorem 2 and Propositions 3 and 5 that indeed mo(L— D.) is complete. 


Remark 6. It follows from Result 4 that r4(Z—D,) contains (plenty 
of them) unsolvable groups, i.e., the affine line L—D, has unsolvable- 
unramified coverings and hence in particular nonabelian ones. This is 
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surprising since the affine in line is a commutative group variety. Note 
that in [L1] Lang had obtained nonabelian coverings only for noncommu- 
tative group varieties. It would be interesting to characterize the possible 
galois groups of unramified coverings of commutative group varieties in 
general. 


Remark %. The main problem in algebraizing v, is to prove Theorem T 
(Section 7) algebraically, i.e., to prove Theorem T is the abstract case (for 
any charatceristic) restricting attention to tamely ramified extensions only 
(in which case we conjecture the theorem to be true). However, even part 
(III) of Theorem T is false for nontamely ramified extensions, thus: By 
Remark 6 there exists a galois covering of L with unsolvable galois group G 
and ramified only in D, while the splitting group S of any point above D, 
is solvable [K] and hence $ cannot possibly generate G; really! it is unneces- 
sary to be so round-about, for part (III) of Theorem T, if true in general, 
would imply that if there is only one branch point D, on L then D, cannot 
split (by itself) ; and in Theorem 1 this has been proved false for nontamely 
ramified extensions. Thus (alas!) for nontamely ramified extensions not 
only with L with one puncture is nonsimply connected (which has been 
well known), but the monodromy group is not even generated by the loops 
around the branch points (Section 7). 


4.3. Universality. We may state Theorem 4 as 


Result 5. If p 340 then for a projective line L over k, any one point 
of L is a minimal universal as well as minimal strongly universal branch 
locus for L. 


We note that universelity is a typical nonzero characteristic concept 
meaning thereby for characteristic zero one excepts that a universal branch 
locus could never exist, for instance if L is the projective line over k and D, 
a set of n points of L and p—0, then (by Theorem 5 of Section 6) the 
number of non &(C)-isomorphic members of Q(L—D,) is countable (i.e., 
of cardinality less than or equal to that of the set of integers) and a fortiori 
the number of non k-isomorphic members of Q(L—D,) is countable; if 
now we assume that & is of uncountable cardinality (for instance, k = complex 
numbers) then there are uncountably many non k-isomorphic extensions of 
k(L) as follows for instance, since the moduli varieties are positive dimen- 
sional varieties over k; hence L has no universal branch locus (this cardinality 
argument is due to Serre; one should find a proof without the cardinality 
assumption). However. for a field À of nonzero characteristic, we have 
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CONJECTURE 3. Every curve C over k has universal branch loci. 


After proving this conjecture, one should find the comomn properties 
shared by all the minimal universal branch loci of C; that should yield new 
(birational) invariants for C. Given a curve over a field of characteristic 
zero, reducing it modulo various primes would then yield invariants of the 
original curve for each of these primes. It is clear that if in the definition 
of universality, we replace overfields by subfields, then there results another 
concept which we may call antiuniversality; it would be interesting to inves- 
tigate this as well. 


5. Least galois extensions. Let K be a one-dimensional algebraic 
function field over an algebraically closed ground field & of characteristic p. 
Let L be a finite separab:e algebraic extension of K and let L* be a least 
galois extension of K containing L and let A(L/K) and A(L*/K) denote 
respectively the differents of L and L* over K. It is convenient to have a 
formula expressing A(L*/X) in terms of A(L/K) (it would give the genus of 
L* in terms of the genus of K). This can, for instance, be used in studying 
the following question: What kind of function fields L* (and what kind ‘of 
galois groups) can be obtained as the least galois extension of a simple 
transcendental extension of k containing another simple transcendental exten- 
sion of k; in other words, given L*/k under what condition can we find x 
and ż in L* such that k(t} C k(x) and L* is a least galois extension of k(t) . 
containing k(«)? The study of such L* is facilitated due to the fact that 
it is gotten by a covering of a line by a line. In this section, we obtain 
such a formula provided L is tamely ramified over K. Let v1, v2,- - +, vs be 
the valuations of K/k which are ramified (tamely) in L; then these are exactly 
the valuations of K which are ramified in L* (Proposition 1 of A1). Let 
Vis Vizy ' ©» Via, be the valuations of L* lying above v; and let Wi, Wizy - `, Wer, 
be the valuations of L* lying above w%. Let d(vy: v) = ey and d(wy: ui) = fi 
[since L*/K is galois d(w75;:v,) does not depend on j]. Then the formula 
is fi == [2i eiz" ' *, ia] Where the square brackets denote the least common 
multiple, in other words, 


eet t d 
if A(L/K) = II 1100, then A(L*/K) = JI latest 
rg - 41 j=l 


where in each equation the first product sign is taken over all valuations v; 
of K/k and the second product sign is taken over all the valuations respec- 
tively of L and L* lying above v, (for unramified v, the corresponding 
exponents of v; and wy are zero). This formula is motivated by Proposi- 
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tion T5 (Section 7) for the classsical case where k is the field of complex 
numbers and K/k is simple transcendental. Now to the proof. We start 
with a remark on compositums of fields. 

Let K be a field and let Kı, Ka,- © °, Kı be finite algebraic extensions 
of K. Recall that an extension K* of K is called a K-compositum of 
Ky, -,K4 if K* contains subfields K’: - -,K’; containing K such that 
K* is generated over K by K’,,- - -,K’; and K’; is K-isomorphic to K; for 
t==1,---,t. To see that K* exists it is enough to take an algebraic closure 
Q of K, to take for i—1,- - -,¢ subfields K of Q containing K and K-iso- 
morphic to K; and to let K* be the compositum of K”,,: - -,K’; in Q. 

Now let L,,L2,---,L, be least normal extension of K containing 
K,, Ke: + +, Kı respectively. Let L* be a K-compositum of Lu, c, Dp 
Then L*/K is normal (obvious) and is uniquely determined up to iso- 
morphism by the extensions L,/K,:---,L,/K, i.e, if L** is any other 
K-compositum of L,,- - -, Da, then there exists a K-isomorphism 7 from L* 
onto L** such that if f; and g, are the given isomorphisms of L; onto sub- 
fields Z’; and L”, of L* and L** respectively, then fir = g. For fix a poly- 
nomial A;(X) in K[X] such that L; is a root field of A,(X) over K, our 
assertion then follows from the fact that LZ’; is the root field of A,(X) over 
K in L* [hence f;(L,) as a subield of L* depends only on L; and not on fi] 
and hence L* is a root field of A(X) —A,(X)A4,(X): -A (X) over K. 
The same argument shows that L* can also be defined as a least normal 
extension of a K-compositum of K,,---:,K, We shall call L* a least 
normal K-compositum of Kı, --,Ky. 


Lemma 1. Let K/k be an r-dimensional algebraic function field, let 
L be a finite separable algebraic tension of K and let L* be a least galois 
extension of K containing L. Let R be the quotient ring of a point on a 
normal projective model of K/k. Let 8,,--+,8; be the local rings in L 
lying above R and let S* be any local ring in L* lying above R. Let R be 
a completion of R and let K 3e a quotient field of R containing K. Let 
Sı be a completion of 8; canonically containing È and let L; be a quotient 
field of $; containing K and L. Let $* be a completion of S* canonically 
containing R and let L* be a quotient field of S* containing K and I*, 
Then (I) L* is a least normal K-composition of Li, a'> *, Lx. Let 
f(X) be the minimal monic polynomial of a primitive element of L/K. 
Let x be a root of F(X) in L, then (III) x as an element of L is a primitive 
element of Li/L, so that (IV) L; is the compositum of L and K in È; and 
if we let f;(X) be the minimal monic polynomial of x over K, then (V) 
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F(X) =fi(X)fe(X)- - -f(X) is the factorization of f(X) into pairwise 
mE irreducible factors in K[X]. 


Proof. (III) and (V) are proved in Proposition 1 of [A2] in the 
case where x is integral over F, however this implies that L; is the compositum 
of L and À in L; and hence any primitive element x of L/K is a primitive 
element of Z,/K which proves (III) and (IV); again since for a suitable 
nonzero element c in R, cx is integral over R, Proposition 1 of [A2] gives 
(V) for ex which in turn implies (V) for x. Now(IV) applied to S* tells 
us that Z* is the compositum of L* and K in £* and since L*/L is given 
by the roots of f(X), we obtain (II). Finally (I) follows from (Il) 
and (V). 


LEMMA 2. Let H==k((x)) be the power series field in one variable 
over an algebraically closed field k of characteristic p and let E* be a finite 
algebraic extension of E with [E*:E] =n such that n540 (mod p) if p340. 
Then E* = E(x”). : 


Proof. This proof is well known. 


Proposition 7. In Lemma 1, assume that k is algebraically closed 
and r—1 and R is tamely ramified in L and let d(Si:R)=m. Then 
d(S*:R) = [n no; tu], (and hence R is tamely ramified in L*). 


Proof. R is normal, r—1 and k is algebraically closed implies that 
K = k((x)) where x is a regular parameter in R. By Lemma 2, L; = K(xt/n) 
and hence by Lemma 1.1, L*— K(aV/l™- m) so that d(8*: R) —[L*:K] 


[nr na’ ', ny). 


Remark 8. Is there a corresponding formula if we omit the assumption 
of tame ramification ? 


6. Finiteness of the number of coverings with assigned branch points. 
In their recent paper, Lang and Serre have proved [Theorem 4 of LS] 
that if K is a one-dimensional algebraic function feld over an algebraically 
closed ground field & of characteristic p, then for any given integer n the 
number of non K-isomorphic unramified extensions of K of degree n is 
finite. Here we extend this result to extensions with assigned branch points 
(this is done by using a globalized form of a trick which we had used in 
[A1] for focal purposes), namely 


THEOREM 5. Let V be a given finite set of valuations of K/k and let 
n be a positive integer. Then the number of non K-isomorphic tamely 
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ramified extensions K* of K of degree n such that A(K*/K) is contained 
in V is finite. | 


We first prove two propositions. 


Proposirion 8. Let K* be a finite separable algebraic extension of e 
one-dimensional algebraic function field K over an algebraically closed ground 
field k of characteristic p. For yeK, yék, let K*, be a root field of 
AI— y over K* where g>=0 (modp) if p0 and let K, be the root field 
of X? —y over K in K*,. Let v*, be a valuation of K*,/k and let v*, v, v 
be the restrictions of v*, lo K*, Ky, K respectively. Let h—v(y), 
n—d(v*:0), g= (gh), = 9/4 T= (gun), N*—91/g* and N —n/g* 
[parenthesis denotes the greatest common divisor]. Then (I) d(v*,:0,) =N 
and d(v*;:v*)—N%, (II) If h=v(y)=1 and g=0 (modn) then 
Ne=d(v*,:v,;)==1. (II) T d(v*:v)—1 then d(v*,:01) 1; this 
remains true if K*, ts replaced by any finite separable algebraic extension 
of K* and K, is replaced by a subfield of K*, containing K such that K*, 
is the compositum of K, and K*. | 


Proof. Fix « in K with v(2)=]1. Then y—2"8 where 8€ K with 
v(8) =0. Letz be a root of ¥?—y in K*,. Let FE —k((xr)) and let E*, 
be a v*,-completion of K*, so that Z becomes the corresponding v-completion 
of K, let E* and E, be the sufields of E*, which are the corresponding com- 
pletions of K* and K, respectively, then [Proposition 1 of A2] #*, == E*(z) 
and H,= F(z), also [#*%,:2,]=d(v*,:v,), [#*,:#*] =d(v*,:v*) and 
[E*:E]— d(v*:v) =n. Since g=20 (modp) if p40 and 8 is a unit in. 
k[[x]], there exists a unit e in k[[z]] such that e781 and we have 
(ze)? == 2909 == ther = rh. Hence, by replacing z by ze we may assume that 
y=:ı*. Now it follows from Lemma AS (Section 8) that [#*,:2,]=—=N 
and [E*,: E*] == N* which proves (I), while (II) follows at once from (I). 
In the present case (III) follows from (I) while in the general case it 
can be proved directly as follows: Let #*, be a v*,-completion of K*, and 
let E,, E*, E be the corresponding completions of K,, K*, K respectively. 
Let z be a primitive element of K*/K so that z is also a primitive element 
of K*,/K, and hence [Proposition 1 of A2] #*—Æ(2) and H*, == E, (2); 
‘now d(v*:v) —1 means [#*: E] 1, i.e. z€ E* and hence z€ E, so that 
d(v*,:0,) = [#*,: E] =1. - 


PROPOSITION 9. Let K* be a finite separable algebraic extension of a one- 
dimensional algebraic function field K over an algebraically closed ground 
field k of characteristic p. Let L* be a finite separable algebraic extension 
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of K* and let L be a subfield of L* containing K such that L* is the com- 
positum of L and K*. Let w* be a valuation of L*/k and let w, v*, v be 
the restrictions of w* to L, K*, K respectively. Let n—d(v*:v).- Assume 
that there exists z€ L and a positive integer g divisible by n with g 0 
(mod p) if p0 such that DER and v(#)—1. Then d(w*:w) =1. 


Proof. Let K,=K(z), K*,=K*(z). Apply Proposition 8.II to 
K*,, Kı, K*, K and then apply Proposition 8.IIl to L*, L, K*,, Ky. 


Proof of Theorem 5. We may restrict our attention to the extensions 
of K in a fixed algebraic closure 2 of K. It is enough to prove that there 
exists à finite number ož finite separable algebraic extensions Ly, Le, © >, Le 
of K such that if K* is a tamely ramified algebraic extension of K of degree 
n with A(K*/K) C V then for some Lr the compositum L*r of Ly and K* 
is unramified over Lr. For then each such K* will be contained in an 
unramiñed extension L*, of some Lr with [L*r:Lr] Sn. By the Serre- 
Lang theorem, the number of these L*r is finite for each T and hence the 
number of fields between L*r and K for the various L*r for the various Lr 
(T—1,: ::,q) is finite; hence a fortiori the number of extensions K*/K 
of the said type is also finite. 

Proposition 9 gives us various ways of constructing extensions Ly,’ - -, Lg 
with the required properties. Let vı, v2,- --,v¢ be the valuations in V; 
fix Yi in K with vi(yi) =1. Let Mr = { (Mra, Arie,‘ * `, Mrir,) Moi > 0, 
5£0 (modp) if p0; Mra + Mori +: > + Moi, =n for i= 1,2, : :,t} 
with T—1,2,---,q be the various simultaneous (for +—1,2,-- -,¢; Le, 
t at a time) partitions of n into positive integers which are prime to p if 
p70. For T—1,2,---,¢ let 


fn(X) = au — y), 


i=l j=1 

and let Ly be the root field of fr(X) over K. Then given K* (of the said 
type) there is a (unique) T such that for i= 1,2, : -,t the degrees over 
vi of the various extensions of v; to K* are Mru, Mris,‘ © +, Mrir, ; and hence 
by Proposition 9, the compositum of Lr and K* is unramified over Lr. 

Also we can, in various ways, manage that it will be enough to take 
one single L. Firstly, we can take for L the root field over K of 
fi(X)fe(X) + - -fa(X). Secondly, letting N to be the product of all positive 
integers which are less than or equal to n and which are prime to p if p0, 
we can take for L the root field over K of (XN —y1)(X"N — yo): © -(XN — y). 
Thirdly, by the theorem of independence of valuations there exists ye K 
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such that vi(y) =1 for t==1,2,---,¢; and we may take for L the root 
field of XN — y over K. i | | 

That the condition of tame ramification is essential is well known. 
For instance, let K=k(z) be simple transcendental with k algebraically 
closed of characteristic p540 and let K*,, be a root field over K of fn(X) 
== X? — X — x" where m is any positive integer prime to p. Then K*,/K 
is cyclic of degree p. Since f’,,(X) ——1, v: g=% is the only valuation 
of K/k which is possibly ramified in K*,,. Let z be a root of fm( X). Then 
K*n—k(z) (x) and gm(X) =X" + 2— 2 is the minimal monic polynomial 
of a over k(z). Let w; be the valuation of k(z)/k given by z=i for 
t==1,2,---,p and let Wa be the valuation of k(z)/k given by 2—00. Then 


Dgm(X) = (2—2)"" so that ©, - -,w,,w, are the only valuations of 
k(z)/k which are possibly ramified in K*„. "Also w;(æ") = 1 fori==1,--:,p 
and w,(2”) =— 1 imply that there are unique valuations w%,,- : -,w*,,w*, 


of K*, lying above w,,: - :,«,,w, respectively and d(w*;:w;) =mz£0 
{mod p) for i=1,2,- > :,p,c. Therefore the genus gm of K*,,/k is given 
by: gm= (3) (p +1) (m—1) —m+1= (4)(p—1)(m—1). Hence for 
the various values of m the extensions K*,, are of distinct genera so that 
they are non k-isomorphic and hence a fortiori non K-isomorphic. 


Remark 9. Presumably one can at once generalize Theorem 5 to higher 
dimensional varieties by taking a generic plane section and applying 
Theorem 5. À 


7. Some topological considerations in the classical case. In this 
section, we shall not try to be completely precise since logically the contents 
of this section do not belong in this paper and are used only for descriptive, 
motivating, and comparative purposes. For well-known properties of topo- 
logical coverings to be used, we refer for instance to Part I of [82]. 

Let K be a pure transcendental extension of the field & of complex 
numbers, and let L be a finite algebraic extension of K with [L:K]=n >1. 
Let T be the Riemann surface of L/k, i.e., the set of all valuations of L/k 
topologized in the classical fashion and let S be the Riemann surface of K/k; 
then S is the Riemann sphere and T is a ramified covering of 9, let f be the 
projection of T onto S, let D be the set of points of S which are ramified 
in L and let Æ be the set of points of T lying above the points of D, 
then T— E is an unramifiel covering of S— D; we may think of S as the 
euclidean plane R together with 4 point Pa at infinity. Since 9 as well as 
R are simply connected, D must contain more than one point and we may 
state 
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Proposition T1. There are no unramified proper extensions of K/k. 


Proposition T2. There are no proper extensions of K/k which are 
ramified only at one valuation of K/k. 


Let y be an are in S—D from a point X, to a point X,, let Yọ be any : 
point in f1(%,), then there exits a unique arc 8 in T—E starting at Y, 
and lying over y, let Y- be the point of 8 lying avove X,; thus y gives rise 
to a mapping of f’(X,) into f1(X,) which we shall denote by k(y); 
observe that h is multiplicative; now h(y) does not change if we vary y by a 
homotopy (stationary at X, and X,) and hence we obtain a mapping from 
the homotopy classes of arcs in S— D into the class of mappings of the 
fibres of their starting points into the fibres of their end points; this mapping 
we shall also denote by h; the restriction of h to the loops at a point X, 
then gives the homomorphism of mı(S— D, Xo) into the group of permu- 
tations of F*(X,) and this will again be denoted by 2; which particular 
meaning of À is to be taken will always be obvious from the context. For a 
point X, in S—D we shall denote h(ai(S—D,X_) by H(X,). Let P be a 
given point in D, we may assume that Pe is any point of D other than P; 
let Qi Qot © *,@: be tae points in F'(P) and let d(Q;:P)=. Let A 
be a small closed circular neighborhood with center P (not containing any 
other points of D); then the use of uniformizing parameters at once shows 
that the connected components of f-'(A) are neighborhoods By, Bat © -,B, 
of Q1, Qs," © +, Qi respectively and B,—0Q; is an 1-fold cyclic covering of 
A—P. Let a be the positively oriented (with respect to a fixed orientation 
of S) boundary of A. Let M be a point on a and let Nu, Ni, © +, Nir, be 
the points in B; lying above M. Now a is a deformation retract of A—P 
stationary at M and hence a generates m (A—P,M). Therefore the action 
of a on Na, Nas, * *, Mar, is to permute them cyclically, i.e. if for each 
fixed à we arrange the Ny suitably, then the action of a is given by the 7;-cycle 
(Na, Nin’ + +, Ni). Hence the action of a on f (IM), i.e, h(a), is the 
permutation on ten —r+ + :+r,=n points Ny which is the product 
of the £ disjoint cycles (Na, Nin’ > Ni), t==1,2,---,t. Now let Mo 
be any point of S—D, let u be any are from M, to M in S—D, and let 
a= uau. Then h(a) is gotten from h(a) by a one-to-one mapping from 
F"@f) onto f'(M,). Hence we have 


Lemma T1. The canonical decomposition of h(a) into disjoint cycles 
consists of cycles of orders Ti, Ta ' +51 


Now let P =P, Pat ee, Po Po be a labelling of the points of D. 


850 SHREERAM ABHYANKAR. 


Let a, be the positively oriented boundary of a small circle A; around P; 
(t—=1,2,---,¢), let M, be a point in S—-D not on any line passing 
through any two of the points P,, Pa’ - -,P,; let M, be the points of inter- 
section of MP, with a; let u, be the straight line from M, to Mj, and let 
a = Ua; ; let a. be the positively oriented circumference of a large circle 
A. containing @,@s,° ` do (which is thus a small circle around Pe), let 
u, be a straight line from 17, to a point Me on a, such that wu, such that 
Ue does not meet any of the a; and let Qo == Udo». Arrange the labelling 
of the P; so that u, Uz,’ - *, Ug, Ua are consecutive lines through M,. (The 
reader may draw a diagram.) Then it can easily be seen that 


LzmMa T2. a, is homotopic to aa: -ag (with M, fixed). 
Also the one-dimensional (cell) complex J =a U gU- -Ugay is a 
deformation retract of R—D—S—D and 7,(J,M,) is the free group 


generated by @,@,,--°,@%~ (or loosely speaking: by 4:,,@,-:::,a,) and 
hence we have : 


Lemma T3. 7,(8— D, M) is the free group generated by a, as, * +, ag 
Hence we have 


PROPOSITION T3. (I) 7,(8— (q +1) points) is the free group F} on 
q generators. In particular (IT) 7,(8—%2 points) is infinite cyclic and 
(III) m SRE points). is the free group F, on two generators. 


Corollary. A proof of Schreier’s theorem. By Proposition 4, 3—3 
points can be covered by S—(q-+1) points for (arbitrarily) large q, hence 
F,=m(S— (g+1) points} C 7,(8—8 points) = F, for (arbitrarily) large 
q and hence F, C F, for all q. 


Moreover, by Proposition 4, for large q, Squ==S—(q¢-+1) points in 
a finite unramified covering of S, == S — 3 points; given a finite unramified 
regular covering T of Sqn we may pass to the least regular unramified 
covering T* of S, dominating T, then T* is a finite covering of S, and the 
deck group of T over Sqn is the homomorphic image of a subgroup of the 
deck group of T* over S; since in Proposition 4 we could replace S; by 8, 
for any n = 8, then denoting the free group on n generators by Fa, we have 
that (Pas)asn—= (7182) asa is complete. However if we observe that any 
finite group is isomorphic to a permutation group and that the symmetric 
group on any number of letters can be generated by two generators and 
that (mı(Sn))as D (%(S3))nge there results a stronger assertion, namely 
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Proposition T4. For n= 3, (m($S—n points) )ns is complete. 


Now let L* be a least normal extension of K containing L, let G be 
the galois group of L*/K, let [L*:K]—n*. Let T*, f*, E*, h*, H*(X,), 
Ož Qa A 7%1,7%2,° + +, 7* 1+ be the entities gotten from T, F, FE, k, 
H(X, Q1,Q2,° * 05 TiTa’ * > 7%: respectively by replacing L by L*. 
Since L*/K is normal, t% = f” =- ts, let r* be this common value. 
Let B*; be the connected component of f**(A,) containing Q*. 

Let X, be any point of S—D. Recall that H(X,) is a permutation 
group of f-1(X,) ; it is called the monodromy group of T over S. It is well- 
known that H(X.) is isomorphic to G; a classical proof can be found in 
any older treatise, secondly a modernistic proof in terms of associated 
principal bundles [S2] can be easily reconstructed, and thirdly the required 
isomorphism x of G onto H(X.) may be obtained thus: by the approximation 
theorem for valuations, we can find £ in Z whose values at the various points 
of f7(X,) are distinct, then for e in H(X,) define x*(e) by setting 
- Y{[art(e)é] =e(Y) [é] for all F in F'(X.) (if we replace the points of 
f> (Xo) by their associated places, instead of the approximation theorem of 
valuations it would be enough to use the independence of places), observe 
that then for any € L, g € G and Y € f*(X,) we have Y[g(m)} = (2(g)¥) [7]. 

Replacing L by L* and X, by Mo, we obtain an onto isomorphism =*:G 
— H*(M,). Let Ÿ and V be the groups of fibre preserving (over S) auto- 
homeomorphisms respectively of T*— E* and T*; by continuity, extension 
and restriction give an isomorphism between Ÿ and V. Since T*— E* is 
a regular covering of S—-D, if we fix a point V*, in f*-1(4/,) we obtain 
a unique onto isomorphism y*: H*(M,) > V as follows: let ee H*(M,) and 
Y*e T*— E* be given; let X —f*(¥*), fix a loop 8 in S—D at M, with 
h*(8) =e and fix an arbitrary arc $* in T’*— E* from Y* to N*, and let 
y—f*(8), then [y*(e)][¥*] = [h*(yBy2)](¥#). Now y* gives an onto 
isomorphism: H*(M.)—> V which we again denote by y*. Thus we have 

z* y* 
an onto isomorphism y*r*: g——> H(M,)- y; observe that for ge@ 
and Y*E T* we simply have [y*x*(g)](VY*) =g(Y¥*), (Y* is a valuation 
of L*). í 

Let v, be the unique arc in T*— E* starting from N*, lying above 
u, and let N*, be the point of v, lying above M,, then N*, = [h*(u:) | (N*0). 
Let B*, be the connected component of f*"(A,) containing N*.. 
Let au ta, then y*(h*(a1)) (N) =A* (p) (V*). Now p= u. au 
= Ur Ur Uy, =a, and hence y*(h*¥(a,))(N*,) =h* (a) (N*,) € BY. 
Therefore y*(h*(a,))(Q*:) —Q*. By Lemma Ti the canonical cecom- 
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position of h*{«,) consists of r*-cycles and hence the order of k*(æ}, i.e- 
‘the order of y*(h*(a,)) is r*, Let gi be the element of G which goes into 
y*(h*(a,)) under the isomorphism y*2*, then g, = z*"y!y*h*(a,) = 2*"1(a), 
gı is of order r* and g, maps the valuation Q*,; of L* onto itself, since the 
splitting group of Q*, over P, is of order r*, g, must generate this group. 

Similarly for i—1,2,---,g,0 if we let g;—2* (a), there exists a 
valuation Q*, of L* are lying above P; such that g; generates the splitting group 
of Ö*, over Pi. Now suppressing the bar over Q*, and observing that the 
splitting groups of all the points of T* lying above a given point of 8 form 
a complete conjugate set of subgroups of G, we conclude by Lemmas T2 and 
T3 the following 


THEOREM T. Let k be an algebraically closed field of characteristic zero 
having the cardinality of the continuum, let K be a simple transcendental 
extension of k, let L* be a finite normal extension of K and let G be the: 
galois group of L*/K. Let Pı, Pa’ - «+, Pou be the valuation of L* lying, 
above P,. Then there exist valuations Q*2,Q*s,- © -,Q*qu of L* lying above 
Pa Pa,’ © :, Pau respectively and a generator gi of the splitting group of 
Q*, over P; for i=1,2,- - -,q+1 such that (I) gige: * `J — 1 and any 
q of the gı generate G. . In particular (IT). the splitting groups of any q 
of the g-+-1 points Q*; (over the corresponding points P,) generate G and 
hence a fortiori (III) the splitting groups of all the g+1 points Q*, 
generate G. 


Now observe that the order of H(M,) order of G=[L*:K]—n* 
ond fixe loops y1,y2,° * ‘yas in S—D at M, such that the elements 
é==h(y1),@2—=h(ye)," © +, ene =A (yas) are all distinct and hence these are 
all the elements of H(A/,). Since T*— E* is an unramified covering of 
T—E it follows that h*(y.),h*(y2),- > +, k* (yas) are all distinct and hence 
these are all the elements of H*{ Wo). Recall that N*, is a fixed point in. 
f*- (Mo). Let NY, —=h*(y)N*,.. Then N” N*a - e, N*a are all distinct 
and these are all the points of f*-!(M,). Now 


RE (yiy) N*o = RE (yi) [A* GONE] = h* (y) N* 


and hence if we identify yı, Y2' - `, Yne respectively with &,&,' - -,en. and 
N*,,N*,,- °,N*« respectively with h*(y.),h*(y2),° © ©, h* (yne), there 
results the following: H*(M,) is the right regular representation of H (Me). 
Hence by Lemma Ti: [least comon multiple of r1,72,° * *,r:] = [order of 
h((1)] = [the order of a cycle in the canonical decomposition of k*(yı)] = r*. 
Hence we may state 
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Proposition T5. Let K/k and L* be as in Theorem T and let L be 
a field between K and L* such that L* is a least normal extension of K 
containing L. Let P be a valuation of K/k, let Qı, Qa °°, Qi be all the 
valuations of L lying above P and let Q* be any valuation of L* lying above 
P. Then d(Q*:P) =the least common multiple of d(Q::P),d(9::P), 
7+ +, d(Qe:P). 


8. Appendix. We put together here the proofs of some of the lemmas 
we have used. 


Lemma Al. Let G(Z) =Z + G (X)Z + G(X) +--+ -+G4,(X) 
with G(X) € k[LX]] =k [Xn Xo; + -,X1]] where k is an arbitrary field. 
Assume that | Gi(X)|x2Zi for i=1,2,: - -,g—1 and | G,(X)|x—=—g—1. 
Then G(Z) is irreducible in k[{[X]][Z]. 

Proof. Suppose if possible that G(Z) = H(Z)K(Z) with 
H(Z) =Z + H(X)Z + H,(X)Z"* 4: + Hy (X), H(X) € k[[X]]; 
KE (Z) =Z + Ki (K)Z + Ky (X)Z +: + K(X), K(X) € REX]. 


Let H*(Z,X) and K*(Z,X) be the leading forms respectively of H(Z) and 
K(Z) considered as elements of k[[X,Z]]. Then H*(Z,X) and K*(Z,X) 
are in k[[X]][Z]. Let G*(X) be the leading form of G,(X). Since 
| G,(X) [x.z =g—1 < g = min{| Z9 |x2, 
| G(X) 29 [x25 a) | G(X) Ix2] 
G* (X) is also the leading form of G(Z) as an element of k[[X,Z]]. Hence: 
H*(Z,X)K*(Z,X) are in [[X]]. Hence H*(Z,X) —leading form of 
H,(X), and K*(Z,X)—leading form of K(X). Hence h=|Z"|x,z 
>|Hy(X)|xz—=|Hı(X)|x so that h—1 2 | H,(X)lx. Similarly &—1 
=|K,(X)|x. Therefore 
=| G(X) |x=g—1. 

This is a contradiction and the lemma is established. 

: Lemma A2. Let F(Z) =2+2°°Z Lomme k[[x]][Z] and let 
H(Z) = 20 + 22274 + 29 where k is an algebraically closed field of charac- 


teristic p20. The galois groups of F(Z) and H(Z) over k((z)) are 
isomorphic as permutation groups. 
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Proof. By equation (7) of Section 2, F(Z) = G(Z)(Z +ux*), where 
u€ k{[x]] and G(Z) is an irreducible monic polynomial in &[[2]][Z]; the 
isomorphism in the statement of the lemma is to be interpreted as an 
isomorphism between the galois groups of G(Z) and H(Z) over k((x)) 
as premutation groups. 


Let Z, =Z + ua’, F,(Z,) = F(Z), H:(Z:) =G@(Z). Then 
F(Z) = F(Z) = F(Z, — ur) = (Z, — ur?) [ (Z, — ua)? + art] + amt 
== (Z, — ur?) [Z — ure? + ze) + ge 
== Zt — ua? Z yp + oP (1 — ure) Z, + F,(0) 
= Z, [Z — ua2Z,P + art (1—ur2t)], since F,(0) = F(— ua?) — 0. 
Therefore 
H,(Z,) = ZP + da?z, pt + ex, 


where d and e are units in k{ [el]. Let Z, = Z*8, and «—2x*8, where 8, 
and 8, are units in k[[=]] to be chosen. Now 


PACA AE ER 
| — 8,9(Z#? Ze + pr), 


We want 

(1) dèr? —1 and ed rd, 1 
i. e., 

(2) 8, = dd? and §,?-? = ¢-18,?. 


Equations (2) imply: 8- = edr P which in turn implies tt == ed”. 
Now (ed-?) (0) = ¢(0)d(0)?—e(0)u(0)?—1. Sines p-+1540 (modp), 
by. Hensel’s Lemma, we can find a unit 6, in k[[=]] with &,(0) —1 and 
8,?+1 — ed-?. Substituting in the first equation of (2), we let 8; = d8.”. Then 
the required equations (1) are satisfied and we have 


8,-°G(Z) =8,-?H,(Z,) = Ze + art otre, 


Lemma A8. Let k be an arbitrary field, let y be a transcendental over 
k and let u,, ue, us be any three distinct valuations of k(y)/k rational over k. 
Then there exists a generator z of k(y)/k such that u: 2—0, us: 21 
and us: 2==0. Hence if vı, Va, vs are any three distinct rational valuations 
of k(y)/k, then there exists a k-automorphism of k(y) which maps u, onto 
„for i= 1,2,3. | 


Proof. Tf us is not y—c then there exists unique c in k such that 
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us(y—c) =1, let Y=1/(y—c); then k(y’) =k(y) and u, is y =o; 
hence to begin with, we may assume that us is y=w. Then there exists a 
unique d in k with u,(y—d) =1; replacing y by y—d we may assume 
that u, is y=0. Then there exists a unique e in k with e540 and 
u(y —e) =1. It is enough to take z= (1/e)y. 


Lemma A4 Let G be a finite group and p a prime number. Assume 
that G has only one p-sylow subgroup S (which is therefore a normal 
subgroup of G). Let H be a given subgroup of G and let [G: H] = n = mpt 
with mé0(p)? Then [G:HS] =m, i.e, [HS:H] =p, and HS is the 
only such subgroup of G re H. If G/S is abelian, then HS is a 
normal subgroup of G. 


Proof. Let [H:1] =n = mp” with m’s40(p). Then [G:1]=nn 
= mm’ pv and mm’s£0(p) so that [9:1] =p’. Let S* be a p-sylow 
subgroup of H; then the order of S* is p”. Since 8 is the only p-sylow sub- 
group of G, S*C 8 (Theorem 4, p. 107 of [Z]} and hence S*— 8 N H. 
Therefore HS/S is isomorphic to H/S* and hence [H8:5] = [H : 8*] =m’ 
so that [G:HS] = [@:9]/[HS8:S] = (mm')/m —m. If G* is a sub- 
group of G containing H such that [G: G*] =m, then [G*:1] = mp” and 
hence the unique p-sylow subgroup S of G must be contained in @* and 
hence G* D HS; since [G:G*]—m—[G:HS$S] we must have G*—HS, 
If G/S is abelian, HS/S is a normal subgroup of G/S and hence HS is a 
normal subgroup of G. 


Lemma A5. Let E=k((z)) where k is algebraically closed of charac- 
teristic p. Let E* be a finite separable algebraic extension of E, let [E*:E] 
=n and n=mp with ms40(p) if p<0 and n=m if p—0. Then 
ame E* so that [E*:F]—p and [F:E] =m where F—k((xt")) 
= F (m). Let E*, be a root field of X9—x* over E* where g and h are 
integers, g is positive and g=&0(p) if p0; let E, be the root field of 
X — et over E in H*,; let q= (g,h), ı=9/g, = (gun), N* = 91/9" 
and N=n/q*. Then [E*,:E1] =N and [E*,:E*]=N*. 


Proof. For p==0, everything follows from well-known theorems, 50 
assume p40. Let E’ be a galois extension of E* containing F, let G be 
the galois group of E’ over E and let H be the galois group of E’ over E*. 
Then G contains a unique p-sylow subgroup S and G/S is cyclic (see [K]). 
Let F be the fixed field of HS. Then by Lemma A4, [F:E]—ms£0(p) 


2 For a subgroup H of a finite group @ we shall denote the index of H in G by 
[G: H]. 
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and hence F==H(2/"), To prove the second part, let z be a root of 
X9—z*, Then E*, — E#(z) and multiplying z-by a root of unity, we may 
assume that 2%— where hı =h/q. Then (g:,41) —1 and hence (as in 
Section 5 of [A2]) we may arrange matters so that k,=-1. Since by the 
first part we know that x” is the lowest positive power of z in E* and 
since g* == (g1,n) = (gm), we conclude that X%*—«/@ is the minimal 
polynomial of.z over Æ*. Therefore [E*,:E*]—N*. Hence [#*,: F] 
= [B*,:F][E,:£]> = [B*,: E*][E*: FE) (By: E] = N* ng, = gg tng 
= WN, 
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VARIATIONAL METHODS IN ENTIRE FUNCTIONS.* 


By R. P. Boas, JR. and A. C. SCHAEFFER. 


1. Introduction. Consider the class of entire functions f(z) of expo- 
nential type r, such that | f(x)| = M for all real x. We ask for the smallest 
A,(r) such that 


(1.1) [SP +2)| SAM 


for all f in the class. By S. Bernstein’s famous theorem (see, e.g., [2], 
p. 206), An(r) does not exceed (~-+1)r. In another paper [3] we have 
shown that A,(r) Sr when +7; the example f(z) —sinre shows that 
this estimate is sharp when n is even, but we have shown that it is not sharp 
when n is odd; in particular, A,(7) < 8/7 < 7. In the present paper we 
attack the problem of finding the best possible A,‘r). It is not difficult to 
show that, for a given £o, there is a function fo(z) for which (1.1) becomes 
an equality. We shall show by variational methods that f,(z) satisfies a 
differential equation which is generally hyperelliptic; the determination of 
An(r) is then reduced to the investigation of solutions of this differential 
equation. We shall develop the variational methods for a more general case, 
since they can be used for other questions in the theory of entire functions. 
There are analogous questions for polynomials, which have been investigated 
by Chebyshev [4] and Zolotarev [6]. 


For n= 1 (that is, for | f(x) +f’(x+1)]) we can give the extremal 
function fairly explicitly for every 7, although for some values of 7 it is 
expressed in terms of elliptic integrals and we do not obtain an explicit 
formula for A,(r). A detailed statement is given in Section 10. As 
simpler applications of the variational method we determine the maximum ` 


of |Af(z) +7”(x)| (85) and of | f(z) —f(z+1)| ($9). 


* Received February 18, 1957. 

1 This represents work done by Boas with partial support of the National Science 
Foundation and by Schaeffer under Contract N7 onr-28507 with the Office of Naval 
Research, 
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2. The variational problem. Let £ be the linear functional defined by 


u m ny ` : 
(2.1) Lif) =E Saf (x), 
p=1 j=0 
where æ,,---,2,,a,0) are given real numbers, with the x, all different. 


We suppose that a," 0, and that n, > 0 for at least one v. We call 
l= n 4 rete ttn tm 


the order of the functional &. Thus (4) -+/’(—4) is a functional of 
order 4. 

We wish to investigate the existence and properties of the entire function 
f(z), of exponential type 7, bounded by 1 on the real axis, for which | £(f)! 
is largest. We may, without loss of generality, restrict our attention to 
functions which are real for real z. For, if 8 is real, we have etf (z) 
= f,(z) + ifa(2), where f, and f, are entire functions of exponential type r, 
real for real z, and bounded by 1 on the real axis. Since £(ef) — e#æ(f), 
we can choose 8 so that (ef) =| £(f)|, and so L(f,) =| £(f)|. Hence 
the maximum of | £(f)| is attained, if at all, for an f which is real on the 
real axis, and for which £(f) 20. 

Let F, denote the class of entire functions f of exponential type r which 
are real for real z and satisfy | f(x)| & 1 for —o<a<oo. (We emphasize 
that in our terminology F, includes all functions of order 1 and type not 
exceeding r, as well as all entire functions of order less than 1.) 


Lemma 22. If r and a linear functional E are given then M 
=sup|£(f)|, FE Fr, is finite, positive, and attained. 


It is well known (cf. [2], p. 83) that if fe F, then 
(2.3) |F (2 + iy) | Sel, 


so that F, is a normal family. Bernstein’s theorem shows that M is finite, 
and so it is attained for some element of ¥,. Finally, M is positive because 
we can readily exhibit elements of ¥, for which f(a,) —0 for all 7 and y 
entering the definition of £, except v=m, j==n,. Indeed, we can have 
£(f) 0 for an f such that f(x) +0 as |x|—>o. To verify this, let p(z) 
be a polynomial with real coefficients which has a zero of order n at s, 
and zeros of order n,+ 1 at 2, for y341, so that p(z) is of degree 1—1. 
Then 


f(z) = e{ [sin e(2— 21) ]/ (2—21) }'p(z) 


has the desired property if e and c are small enough positive constants, since 
f(2,) =0 for k=0,1,--+,n, and v==2,3,--+,m, while f(z,) 0. 
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Our central result is as follows. 
THEoREM 1. The element f of F, for which 


(2.4) £(f) = sup £(g), gE Fr, 


is unique, and either constant? or of order 1 and type r (i.e., not of expo- 
nential type less than +). If not constant, it satisfies a differential equation 


(2.5) {f’ (2) }°/ (1 — {f (2) F) = iple) (2), 


where p(z) and q(z) are monic polynomials with real coefficients; the degree _ 
of p(z) is at most 1—2 and the degree of g(z) is precisely twice that of p(2). 
The zeros of q(z) are simple and not real, and q(x) Z {p(z)}? for real x, 
with equality at some point if and only if p(z)=q(z) =1. 


This result may be formulated in somewhat different language. If 
Z` © ‘Em are given distinct real numbers and n,,: * *,nm are nonnegative 
integers, then 


Ge), F (21), > yf (er), + + +f” (tm) ) 


is a point in {-dimensional Euclidean space, and we say that this point 
belongs to f(z). Let E be the set of points belonging to the elements of Fr. 
The content of Lemma 2.2 is that # is closed and bounded and contains a 
point other than the origin. Furthermore, E is convex since F, is convex. 
Theorem 1 shows that a boundary point of E belongs to a unique element. 
of F, and this function satisfies (2.5). 

When all the n, are zero in (2.1), so that 


L(F) = = af (2), 


Theorem 1 fails, but similar results can be obtained; see Section 15. 


3. Lemmas for Theorem 1. I£ f(z) € F, the real zeros of 1—f(z)? 
are of even order and the imaginary zeros occur in conjugate pairs. Let 
Ay,A2,° > + be the distinct real points where 1 — f(z)? =0. We wish to con- 
sider the imaginary zeros of 1— f(z)? together with the real zeros whose 
orders exceed 2. These are the zeros of the entire function 


(3.1) (1—f(2)?)/{TI (1 —2/An) 7672}, 


2 We do not know of any example in which the extremal function is constant, but 
since the possibility causes little difficulty in any particular case, we have not attempted 
to exclude it. 
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and there are either a nonnegative even number of them, or infinitely many. 
If some A, = 0, the denominator contains the term z? and the product extends 
over nr. | 


Lemma 3.2. If (8.1) has at least 2k zeros then there is a function 
g(z) in Fr which has a zero at each À, and is such that x*g(x) is bounded 
for real a, ` | 


The zeros of (8.1) are either real or occur in conjugate pairs. Let 
p(z) be a polynomial of degree 2k, with real coefficients, which is non- 
negative for real z and whose zeros are among the zeros of (3.1). Then 
F(z) = {(1—f(z*}/p(z) is an entire function of exponential type 27, real 
and nonnegative for real z, and it has a zero of order at least 2 at each Ap. 
Furthermore; F(s) is bounded for real æ (indeed, it is O(a**) as |2|>»). 
Then if z, are the zeros of F (z), it follows ([2], p. 86) that X | S(1/z:)| Ko. 
This implies ([2], p- 125) that there is an entire function #(z) of exponential 
type r such that F(z) = (z){¢(z*)*}, where the star denotes the complex 
conjugate. Then $(r) ==O(|x|*) as |z|->œ and ¢(A,)=0. Finally, 
g(z) =c{p(z) + $(2*)*} has all the properties stated in Lemma 3.2 if c 
is a sufficiently small positive constant. 


Lemma 3.3. Let f be an element of Fr, not constant, satisfying (2.4). 
Then |f(z)|=1 for at least one real x; and if F(z) € F, and F has a zero 
at each of the distinct real points where f(x) == +1, then (F) —0. 


We shall prove the second part of Lemma 3.3 here only under the 
additional hypothesis 


(3.4) lim F(x) —0. 


B+ 


After obtaining more information about the extremal function f(z) we shall 
prove the lemma in full generality. 


Consider the function ge(z) f(z) +eF(z), where e is real. Then 
ge(z) is entire and of exponential type r. We begin by showing that if F(z) 
is any element of 7, and 


(3.5) sup | f(x) -+ eF(x)|—1+o(e), e0,. 
-a<e<e 


where e is real, then Z(#}—0. For, let O0<p<1. According to (3.5), 
if je] <eo(p), the function . 


Welz) = (f(z) + eP(2)}/{1+ | ele} 
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belongs to ¥,. If Y(F) 40 then 


Llp) = {L(F) HEEF ele). 


Choose p so that p£ (f) < | L(F)|, then e so that |e] <eo(p) and so that 
e£(F)>0. We then have £(y.) > £(f), contradicting the maximizing . 
property assumed for f. Hence £(F) —0. 


To establish the first part: of Lemma 3.3, suppose |f(z)| <1 for all 
finite x. We can find an F in 7, satisfying (3.4; and with £(F) 4G as 
in the proof of Lemma 2.2. Write g.(z)—=f(x) +eF(x). Let 8 be a 
positive number and let zo = z (8) be so large that F(x)| 8 for |x| >x.. 
Then : 


(3.6) O [g(a] S148] el, PEL 


Since |f(xæ)| <1in |2]|=z, we have | g.(x)| <1 in |r| Sa if e is small 
enough, so the inequality in (3.6) holds for all z. Hence (3.5) holds and 
we infer that (F) = 0, a contradiction. i 


Now suppose that F satisfies (3.4) and has a zero at each of the 
‘distinct real points where f(x) =+ 1. Since F satisfies (3.4) we have 
. (3.6) again, and (3.5) follows unless | f(x)| = 1 at some point in |z | Sap. 
In the latter case there are only a finite number cf such points. Let À be 
one of these points. Then there is an interval J with center at À such that 


| f(«)| S1—h(w—a)% 


in Z, where h > 0 and p is a positive integer. Since F(A) —0, Bernstein’s 
theorem shows that [F(x)| <r|æ—X|, so 


Igel) S 1— h(s — A)" ter |s —A | 


in J. The maximum of the right-hand side does rot exceed 1 + Bet*#/@x-1), 
where B depends only on A, r and p. Thus |a.(z)|S1-+0(e) in the 
intervals I, while | g.(æ)| £1 for small e outside these intervals. These 
facts, together with (3.6), establish (3.5). This implies, as we saw, that 
&(F) —=0. This establishes the second part of Lemma 3.3 under the 
hypothesis (3.4). 


Lemma 3.7. Given a set of distinct real points àn Àn’ <, if there 
is an element G(z) of Sr, not vanishing identically, such that G(A,) = 0 
and G(«) =O(|a|?-") as |x|—>00, then there is an element g(z) of Fr 
such that g(dy)=0 and L(g) 40. If G(x) =O(|x|-") as Iz|—0, 
then, in addition, g(x) 0 as |a|—>x. 
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If G(z) has a zero at any of the points æ, let G,(z) = G(2)/p (2), 
where p, (z) is a polynomial with real coefficients whose zeros are in the 
intersection of {z,} and {A,}. If @(z) has no zero at any z, let G (z) = G(z). 
Then G,(z) is an entire function which has zeros at the A, which are not 
- in {z,}. We have assumed that some n, > 0; suppose for definiteness that 
M > 0. Let po(z) be a polynomial with real coefficients which has a zero 
of order n, at x, and zeros of order n»+1 at x, for »5£1. Then po(z) 
is of degree 1—1. Define g(z) =cG@,(z)po(z), where c is a real constant, 
not 0, but so small that ge F.. Then g®(x,) —0 for k=0,1,2,---,m 
and v=2,3,---,m. Hence £(g) =a g0 (x,) 40. The hypothesis 
G(x) == O(|2|?-!) makes g(x) bounded; so G(r) = O({a|-'!) makes g(x} 
— 0 as |z| oo. 

The only place where we have used the fact that some n, > 0 (i.e., that 
£(f) actually involves derivatives) is in the last part of the proof of Lemma 
3.7. If all n, are 0, g(2,) 5£0, and in case z, happens to be a A, we 
cannot complete the proof. Indeed, if all n, are 0 and all x, are A,’s we 
cannot have g in F, such that g(A,) —0 and L(g) 0. 


4. Proof of part of Theorem 1. We prove part of Theorem 1, and 
then use this part to prove Lemma 3.3 without the additional hypothesis 
(3.4). Then we shall use Lemma 3.3 to complete the proof of Theorem 1. 

Let f(z), not a constant, belong to F, and maximize £ in Fr. To 
show, first, that f(z) is not of exponential type less than +, suppose that 
it is of type y<r. Let O<e<r—y and define &(2) = {sinez}/p(z), 
where p(z) is a polynomial of degree 7 with real coefficients, whose zeros are 
among the zeros of sine. If c is a sufficiently small positive number, 
G{z) =cf’(z)¢(z) belongs to F,. If À, are the distinct real points where 
f(x) = +1 (there is at least one, by the part of Lemma 3.3 that has been 
established), Lemma 3.7 gives us a function g such that g(A,) =0, £(g) 40, 
and g(x) — 0 as |z|->%. The special case of Lemma 3.3 which has already 
been proved now shows that £(g) —0, a contradiction. Hence f is not of 
type less than r. 

Again let f, not a constant, belong to F, and maximize £ in Fr. We 
know that 1—f(z)? has at least one real zero; let the distinct points where 
f(v) = +1 be Ay, Ay,’ > >. Then F (à) —0. We shall show that 1—f(z)* 
has at most 2I—2 zeros besides its double zeros at the A,, and that f’(z) 
has at most Ł¿— 1 zeros besides its simple zeros at the À». 

For, suppose 1—f(z)? has 22 additional zeros. Then the function 
(3.1) has at least 27 zeros. Let g(z) be the function constructed in Lemma 
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3.2 with k=l. By Lemma 3.7 there is a function g,(z) which belongs to 
F, and has the properties 


(4.1) pm) =0, L(a) 0, gr) 0 as |z|. 


This contradicts Lemma 3.3. 

If f(z) has at least I zeros besides simple zeros at the Ap, let Z of them 
be divided out; that is, write G(z) =f’{z)/p(z), where p(z) is a polynomial 
of degree | with real coefficients, such that G(z) € Fn with G(\,)=0. By 
Lemma 3.7 there is a function gi(z) in f, with the properties (4.1). 
This again contradicts Lemma 3. 3. 

Thus there is a polynomial P,(z) of degree at most 21-2 such that 
{1—f(z)*}/P;(2) has zeros of order 2 at each A,, and no other zeros. 
There is also a polynomial P,(z) of degree at most !—1 such that f’(z)/P2(z) 
has simple zeros at each A,, and no other zeros. Hence 


b(2) = {f’(2)?/(1—f(z)*)} + {Pi (2)/P2(2)*} 
is an entire function with no zeros, taking real values on the real axis. It is 
of exponential type, as may be seen, for instance, from minimum modulus 


theorems ([2], p. 52). Hence (z) is of the form e%*? with real a and b. 
Thus 


F (2)°/Pa (2)? = et (1 — f (2)°)/P: (2). 
The left-hand side is bounded on the real axis, and if a>£0 it must decrease 
exponentially either as r—> +æ or as > — om. This is impossible, since 


F(z) x20 ([2], P- 69), so a—0. 
We thus have 


(4.2) P(2)°/(1—F(2)?) = yp (2)?/q(2); 


where p is a polynomial of degree at most !— 1 and g is a polynomial of 
degree at most 21—2, each with real coefficients and leading coefficient 1. 
We suppose that all common factors of p? and g have been cancelled. Since 
everything is real on the real axis and the left-hand side of (4.2) is positive, 
y>0. Thus 


F (2)/ 0 — f (2)?}8 = pp (2)/( (2) P. 
Integrating this, we have 


(4.3) f(z) —siny(2), 


where 


(4.4) Ye) = f Upo) du + sin (0). 
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Since f(z) is not of exponential type less than r, we see that the degree of q 
is precisely twice that of p, and that = +7. 

Since the rational function in (4.2) is in lowest terms, p(2) 40 if zo 
is at least a double zero of g(z). It now follows that q(z) has only simple 
zeros., For, if z is at least a double zero of g(z), then p(%) #0, and (4.4) 
shows that |#(2)|—>co as 2—>2. But f(z) —siny(z) is regular at zo. 

Hence g(z) has no real zeros, since everything in (4.2), except possibly 
g(z), is nonnegative for real z. Thus g(x) 20 and any real zeros of q 
would have to be multiple. i 

Our next task is to show that p(z) is of degree at most 7—2. This 
will follow from Lemma 3.3 without the additional kypothesis (3.4), so 
we now complete the proof of Lemma 3.3. 


5. Completion of the proof of Lemma 3.3. Let f, not a constant, he 
an element of J, maximizing Æ(f) and let Fe F,, with F(A,) —0 for 
each A, such that f(A,) — +1. Define ge(z) —f(z) + eF(z) with « real. 
Then f(z) =siny(z) with ¢(z) defined hy (4.4). We can find a point a, 
such that i 


(5.1) prs |y (a| S ?r, |a| Z rı —1/ (27). 


If {A,} are the points where | f(x)|—1, we know that f’(z) has at most 
1— 1 zeros besides simple zeros at the A,, so we can choose x, also so large 
that none of these 1—1 zeros occurs in |a|2a,—1/(27). Finally let a, 
be such that | f(-a,)| <1. In [—,2] we have 

(5.2) sup | ge(z)| —=1+ o0(e), e— 0, 

: -mn S252, 

as was shown in the first part cf the proof of Lemma 3.3 in Section 3. 

© Now consider a point À, in |s] >s, Since f(z) =siny(z) where 
w(z) is given by (4.4), and the integrand in (4.4) tends to 1 as > Æ œ 
through real values, y(x) — rt as > +œ and so there are an infinity of 
Ay in >a, and inæ<—zx,. In an interval |e—dA,| <1/(2r) we have 
by (5.1) l 

|e—A,|7/2 S| y(r) —¥(,)| S ?r|r— u| <1. 


Since #(A,) == (n + $)r and cosg S1—6/3 for —1 S0 S1 this implies 
that ; 


(5.8) | F(z) | = | cos{y (£) — y (à) }| S 1—7? (£ — à)? /12 


for |æ—2a,|Æ1/(?r). In particular, at the end points of these intervals 
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we have | f(z)|S%. Now f(s) has no zeros in the part of |s] > + that 
lies outside these intervals, and so f(s) is montonic in each of them: and 
there are A, arbitrarily near +œ. Hence |f(æ)| Æ8<1 in the part of 
le | 2, that lies outside all the intervals, where § is the maximum of 
| 5, |f(+2,)|; so | ge(x)| S1 outside these intervals if e is small enough. 

Now |F(e)|Sr|2—ı,| since F(A,) =0 and |F’(z)|<+ by Bern- 
stein’s theorem. Hence by (5.3) we have 


|ge(@)|S14 8e, [2— | S1/(2r), 
if |e| is sufficiently small. We thus have 


sup |ge(z)|=1-+0(e), el. 
0 Lee 


This is (3.5), now without any auxiliary hypothesis on F(z), and the proof 
of Lemma 3.3 can be completed as in Section 8. 


6. Completion of the proof of Theorem 1. Now let f be an element 
‘of Fr, not a constant, maximizing Z(j). If À, are the distinct real points 
where f(x) == + 1 we have shown that f’(z) has at most 1—1 zeros besides 
simple zeros at the A,. We now show that this number is actually at most 
1—2. If it is 1—1, let pı(z) be a polynomial of degree 1—1, with real 
coefficients, having zeros at the 1—1 extra zeros of f(z), and consider 
P(z)/pı(2). Taking this as the G(z) of Lemma 3.7, we have an element 
g of F, such that g(A,) —0 and ¥(g) 0. But Lemma 3.3 says that 
£(g) 0. This shows that the polynomial p(z) of (2.5) is of degree at 
most 1— 2. 

We next show that the extremal function in Theorem 1 is unique. 
Suppose that f, and f, are two extremal functions, not constants, and consider 
f(z) = 4{f.(2) +f2(z)}. Then fe F, and f is also an extremal function. 
At each real point À, where f(x) —+1 we must have f,(A,) =fz(X,) 
= f(A,) = + 1 since | f(x)| S 1 and |f.(x)| S1. Thus g(z) = fi(z) —fe(2) 
has a zero of order at least 2 at each A,. Thus g(z\, a function of exponential 
type 7, has approximately as many zeros as the function 1— f(z)”, which 
is of order 1 and type 27 (i.e., not of type less than 2r), and since most of 
the zeros of 1— f(z)? are real, this is impossible. More precisely, f is given 
by (4.3), where y(z) — rx as [æ|—cc, so the distance between consecutive 
Ays must be r/r—+o(1) as |\,!>o. If ng(x) denotes the number of 
zeros of the function $ in |z| <v, we have n,(x) Zm(z), h=1— f, and 
this exceeds (4r/r) + o(1) ; while, since g is of the exponential type r, we 
have from Carleman’s theorem n,{r) S (2r/r)e+0(1) (ef. [2], p. 155). 
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(It would be enough to use the fact ([2], p. 16) that by Jensen’s theorem 
not) rt + o(1) for an infinity of x tending to œ.) This contradiction 
shows that f1(z) —f.(z) =. 

Now suppose that f,(z) ==1 and f,(2) s41 are extremal functions. Then 
f(z) =4{7,(2) +f2(z)} is another non-constant extremal function, which 
therefore has the form (4.4) and consequently takes negative values; but 
clearly f(z) 20. This contradiction shows that if an extremal function is 
constant, there is no other extremal function. : ; 

Now we complete the proof of Theorem 1 by showing that the poly- 
nomials p(z) and g(z) satisfy 


(6.1) qls) 2 p(x)? 


on the real axis with equalty at some point if and only if p and q are both 
constant. For, since f(z) belongs to Fr, by a sharpened form of Bernstein’s 
theorem it satisfies ([2], p. 215) f(x)’ HEYS r, ie r*(1—f(x)?) 
=f’(z)? on the real axis, with equality at some point if and only if 
f(z) —sin(rz + 8) for some real 8. Combining this with (2.5) we have, 
at any point where 1—f?540, the inequality p(z)?/g(z) =1, with equality 
if and only if f(z) =sin(rz-+ 8); and in the latter case p==q==1. There 
remains the possibility that p(s)? =q(z) at a point a, where fu.) = +1. 
In this case the left-hand side of (2.5) approaches + f” (s) as >: By 
Bernstein’s theorem, | f”’(x)|<7? unless f(z) =sin(rz + 8), and so again 
p(t)? < q(x) unless p=q=1. 


7. Continuity of the extremal function. We make the following re- 
mark, which is useful in analyzing special cases of Theorem 1. 


THEOREM 2, Let fr(z) be the extremal function of Theorem 1. Then 
L(f-) and fr(2) are continuous functions of + in 0 <r<m,. 


Suppose o >r. Then fr(21 € F- C Fo, so L(fr) < L (fo). The in- 
equality is strict since fo is unique and not of type less than o. Thus Z(fr) 
is a strictly increasing function of r. To show that it is continuous it is 
then enough to show that 


(7.1) lim £ (fe) S £(fr). 


Since | fo(x+ ty)| Serli, as o—>7r through any sequence of values there 
is a subsequence for which fo(2) > g(2), uniformly on compact sets. Then 
g(z) € Fr, and since fo(2,) > g™(z,) it follows that Life) > L(g) = L(fr)- 
This shows that (7.1) is true. 


i 


VARIATIONAL METHODS IN ENTIRE FUNCTIONS. 867 


Now again let o—>r through some sequence. Then there is a sub- 
sequence such that fo (2) — g (2) € F,. Since £(g) —lim,,,L(fo) = L(fr) 
and f, is unique, g (2) =fr(z). 


8.- A functional of order 3. The remainder of this paper is prin- 
eipally concerned with finding A,(r) in (1.1) for n==1, when the relevant 
functional is of order 4. In principle this problem is solved by Theorem 1, 
but it is not possible to read off numerical results directly from that theorem. 

First, however, we shall consider briefly some simpler cases, in particular, 
functionals of lower, order. When l == 2, the genaral functional has the form 
&(f) =af(a) + pf’ (a). Theorem 1 shows that the unique extremal is 
either constant or of the form sin (rz -4-sinf (0)). The calculation of the 
maximum of £(f) is then elementary. 


There are two essentially different types of functionals of order 3, 
namely 


(8.1) Mf (0) +) + yf’ (1) 
and 
(8.2) Af (0) + u (0) + yf”(0). 


In either case, Theorem 1 shows that the unique extremal is either 
constant or of the form 


(8.3) f(z) =sin(rz + sin? f(0)) 
or 
(8. 4) f(z) =siny(z), 


We) =e f wp (w—6))¥(w—a) dw + sin f(0), 


where a is real and 8 is not real. Let b—M(6;. 
The integral in (8.4) can be evaluated explicitly in terms of elementary 
functions, and we obtain 


We) = =V (#22 + | Bl) 

+ (b—a)log(V (2 — 202 + | B|?) +2—b) 
—] 8 |— (6—a)log(| 8 | —b)} + sin* f(0). 

If siny(z) is to be entire, we must have b—a-—0 and so 

(2) = + r{V (2? —2b2+ | 8 |?) —| |} +sin* f (0). 
Thus either 
f(z) = sin r V (2? —2bz + | 8 |?) cos(r | 8|—-sin+f(0)) 

—cosrV (22—2bz + | £ !?)sin (r | 8|—sin“f(0)) 
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or. 
f(z) =—sinrV (2—2bz + | 8 |?)cos(r |£ | + sin f(0)) 
+ cosrV (22—2b2 + | 8 |*)sin(r | 8] + sin+f(0)). 


In either case f can be entire only if the first term on the right vanishes, 
so that r|8|+sin*f(0) must be an odd multiple of «/2, and then 





(8.5) . f(z) = = cost V (27 —2bz + | B|?). 

We now consider the special case of (8.2) when »=0, y>0. There 
is then no loss of generality from taking y=1, and it is convenient to 
change the notation and consider 
(8.6) LF) = af(0) +f” (0). 


Then the maximum of ¥(f) is sttained either by a constant (+1); a 
function of the form sin(rz-+c), for which Æ (f) =r?(k—1)sinc, whose 
maximum is 7° |]A—1|; or by a function (8.5). 

In the last case put 8 = ret$, Then 


(8.7) ar? (f) =à costr — (rr) sin rr 
l + (irr) sin rr— cos rr)cos? ¢. 


The maximum modulus of the right-hand side clearly occurs when cos? ¢ = 0 
or 1. But for the extremal function, B is not real, so we have cos D == 0. 
Thus the extremal function is either of the form (8.3) or of the form 


(8.8) f(z) = + cost V (2 + 1°) 
with ' 
+ TL (f) = A cos rr — (77) sin rr. 


When À < 0 the extremal function is given by (8.3). For, the maximum 
modulus of the right-hand side of (8.7) (cos$=0) is at most |a| +1, 
and this is equal to |A—1| if ASO. | 

Also, if f(2)=—1, E(f) =r [1] <r|a—1| 

If f is of the form (8.8), and so À > 0, then if we set 4==7rr, we have 


(8.9) Lf) =7° Acos8—6 sin | 


for some 0 in 0 << 4< co ; 8 == 0 is excluded since r > 0. In fact, 0 < 655 2r. 
` For, if #>®r the uniqueness of the extremal function implies that 
| À cos 8 — 8-1 sin 8 | must be decreased when 8 is either increased or decreased 
by 2r. But this cannot be the case if 0 > 2r. 

On the other hand, if AZ 4 the extremal function is of the form (8.8). 
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For, if 6—7 then (8.9) shows that £(f) >”, and this is at least as large 
as 77|1—A| when ASB. 


THEOREM 3. For AZ} the maximum of r°Af(0) +77(0) for fE F, 
is r°(1— À) and is attained for the function f(z) =— costz. If A>4 
the extremal function f is of the form = cos{r(2?-+r?)?} and 


(8. 10) £(f) = 7? max (8 sin 6— 2 cos 4). 
<Er 


If the extremal function is of the form (8.8) then A>0 and E(f) 
is given by (8.9) for some 8 in 0 <0 S 2r. If r <60 3r/2, the value of 
| à cos 4 — 6-1 sin | is increased if we replace 6 by 2r— 0. If 8r/2 << 6S ?r, 
the value of this same expression is not decreased if we replace @ by 6—z. 
Thus 6 lies in 0<0S7m, as indicated in (8.10). Now &(f) > 0, so if 
7?2(f) = À cos 0 — 6 sin 8, then À cos > 8-1 sin 9 and 8 lies in 0 <0 < 9/2. 
In this'case | À cos 4 — 8-1 sin 8 | is not decreased if we replace 4 by 7 —6. 

| Thus if the extremal function is of the form (8.8) the maximum £(f) 
is given by (8.10), with A> 0, or is 7°A, corresponding to f(z)==1. We 
can exclude the latter possibility, however, since when # is near m, we have 


6-1 sin 8— (1 — cos 4) = 267 sin 40 cos 49 — 2A cos? 18 
= 2 cos 44 (0 sin 6 — A cos 40) > 0. 


The extremal function depends continuously on A, since it is unique for 
each A. If AXO the extremal function is of the form (8.3) and if AS} 
it is of the form (8.8), so there must be a value of A for which it changes 
from one form to the other. The change can occur only when r= 6/1 = 0. 
Now 

6+ sin §—Acos0=1—A+ A(HA—}) + TEE HAG BH) — 
Thus 6-?sin@—2Acos@ takes values greater than 1—A near 8—0 if and 
‘only if A> 4, so for À >4 the extremal function is of the form (8.8). 

When AZ 4$ the maximum of £(f) can also be obtained by using an 
interpolation series (as in [2], chapter 11): 


PLN) = (A—$)f (0) = 4? & (—1) nf (m/z). 
n=l 
For A> 4 we naturally cannot obtain the best inequality in this way. 


9. The maximum of f(4)—f’(— 24). Tke functional 


Lf) =F) —P (9), 
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like f(4) -+ F (— 4), is of order 4, but it turns out to have a much simpler 
theory than (4) + f’(—+#), which we shall consider in Sections 10ff. If 
£(f) attains its maximum for the function f(z) in F», it also attains its 
maximum for the function f(—z), and since the extremal function is unique 
this shows that f must be even. We showed in Section 6 that (x) has at 
most two zeros (“extra zeros”) besides simple zeros at the points where 
f(x) — +1. There are two cases to consider: (i) | f(0)| < 1; (ii) f(0) = + 1. 
In either case (0) =0 since f is an odd function, and f’ has a zero of odd 
order at 0. In case (i), f cannot have three or more zeros at 0, so it has 
just one. If f has any other extra zeros it has at least two (since it is 
odd), and so at least three extra zeros in all, which is impossible. Thus 
in case (i) f has no extra zeros except at 0, and p(z) — (z) in (4.2). 

In case (ii), if f has any real extra zeros except at 0, it has two 
between à maximum and a minimum of f and hence (since it is odd, and 0 
is an extremum of f) it has four, which is impossible. If the extra zeros 
are all at 0, there is a triple zero there; in this case, p(z)?/q(z), when 
reduced to lowest terms, has only a double zero at 0, so again p(z) —2. 
Thus either p(z) =z or f (z), if it has extra zeros, has a conjugate imaginary 
pair which must be pure imaginary, since otherwise since f” is odd) there 
would be four extra zeros. Thus f (= ic) —0,c>0. Consider the function 


g (2) = ef’ (2) (2 + 0?) *(2?— 3), 

where e is real. Then JEF. if |e| is small enough, g(A) —0 for every 
real zero À of 1—f?, and (since g is odd) L(g) =2g' (4) = 2f’(4)/(F + e) 
0, since if f’(4) — 0 and f is odd, f is certainly not an extremal function. 
But this contradicts Lemma 10.3. Hence f has no extra zeros in case (ii). 

Thus either f(z) = + cos r2, corresponding to p(z) — 1, or f(z) = sin ÿ(2) 
with y(z) given by (4.4) and p(w) =w. In the second case, 

q(x) =+ axr +b > p(x)? 


for all real +, and so a =0 and b > 0. Thus if f(z) ++ cos rz, we have 
f(z) = = sinfr Se + 62) de +A} = + sin{r[ (2° + 62) — 6] +a}. 
o 
Since f(z) is entire, we must then have A— cr = (2k + 1)r/2, and so 
(9.1) f(z) = = cos 1 (2? + c2)i. 
I£ f(z) = + cosrz we have 


£(f) =F (5) = + rsin jr. 
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If f(z) is given by (9.1), we have | 
LP) = Ertl ©) 4} /{2(9 + e). 


Hence the maximum of £(f) is the larger of 
(9.2) Blind), &r|{sine(2 + PRHE, c>0. 


Clearly, if r==2ka (k—1,2,: - +) the first expression in (9.2) is zero 
and the extremal function must be of the form (9.1) ; while if 7 = (2k + 1)z, 
the first is 27, the maximum permitted by Bernstein’s theorem, so the 
extremal function must be + cosrz. A complete solution of our problem 
- is given by the following theorem. i 


THEOREM 4. Let t, (n—1,2,: :-) be the root of tant==z in 
(nm, (n+-1)r), and let s, be the point in In—1)r <z<nr where 
| sin sn |/Sn = | sin tn |/tn. Then the function in F, maximizing f (4) 
—f(— 4) is +cosrz for r in the intervals (0,2s:), (2t1, 282),° + +3 for r 
in the intervals (Rs, 2t,), (282,282), + +, it is of the form (9.1), and the 
maximum of E(f) is 1? | sin ta |/tn if Wn<1 < Bty. 


Write o=4r and u? = 1 -+ 4e? > 1. Then the extremal function is of 
the form (9.1) if and only if the second quantity in (9.2) is larger than 
‘the first, i.e., 


(9.3) (cu)? sin? ou > o* sin? o. 


Now the graph of the function osin? consiste of a series of arches of 
decreasing height, with maxima at the points 0, ta (n= 1). There is a 
u>1, for which (9.3) holds if and only if o is in the intervals (Sn tn) 
(F. Riesz’s “rising sun” Jemma), and the largest value of |sinu|/(ou) is 
the value of | sing |/o at ty. 


10. The maximum of f’(4)+f(— +4). We now consider the case 


n=1 of (1.1). To obtain a symmetric result, lei us put z= — } and ask 
for the maximum of 
(10.1) Pa) +f(-4) 


when f{z) is an entire function of exponential type r with |f(z)| =1 for 
real x. As we showed in Section 2; there is no loss of generality in taking 
f(z) real on the real axis, so we may assume that f€F,. Then (10.1) is 
a linear functional of order =4. There is, by Theorem 1, a function f 
for which (10.1) attains its maximum. Then (10.1) also attains its 
maximum for the function —f(—z), and since the extremal function is 
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unique this shows that f(z) is an odd function. Hence from Theorem 1 
we have 


(10.2) | f(z) =siny(2), 
where . 
(10.3) vor f iaw) y p(w) dw, SR 


p(z) and g(z) are monic, with real coefficients, and even, with p(z) either 
constant or of degree 2, and q(z) of twice the degree of p(z) and with no 
teal roots. We take the square root which is positive for real w. For real z 
we may take the path of integration along the real axis. Then 


(10. 4) L) =F) +f (—4) = 2y' (4) cos y (4). 
If p(w) is constant, so is g(w), and then . 
f(z) =8sinrz,  L(f) =28rcos4r 
By Bernstein’s theorem we have |f(z)|Sr for all real x, so if n is a 
positive integer and r==2nz, the function (—1)*sin 2nmz is the extremal 
function for (10.1). 
If p(w) is not constant, it is “of degree 2 and ieh. is of degree 4. 
We can then write 
(0.5) p(w)/{q(w) P = (w? +.a)/{ (w — w) (w — 0?) 
= (w? + a)/{wt—2w?r? cos 26 + r*}}, 
where « is real and w, == re, D < 0 < 2/2. 1 
We first find restrictions imposed on the parameters by the fact that 
f(z) is entire. Near a zero w, of g(w) we see that © 
ve) =ġ (w1) + (2—w) 49 (2), 


where g(z) is regular in a neighborhood of w, Now 


sin ÿ(z) = sin ylwı) cos {(2 —1)4g(z)} + cos y(w:) sin { (2 — w:)Ag(2)}, 


so that for sin y (z) to be single-valued we must have cos y(w,) =0. We can 
accordingly write 


(10.6) y (w) yee 


fi 


where m is an n integer and & is the same as in (10.3). (We introduce 8 
here only to simplify the appearance of later formulas.) | 


To calculate w(w,) we take as the path of integration the segment of 
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the real axis from 2—0 to z==r together with the circular arc w = re”, 
05$=9 Then 


y(w,) = rò fe — 2227? cos 26 + 14) A (2? + a) dr 
© 


3 | 
+ {ir8/(2r)} f (sin? 0— sin? p) (1270 + a) dọ. 
0 
If we put a==7rt in the first integral and then take real and imaginary parts 
(using (10.6)) we find 


8 
(10.7) f (sin? 9 — sin? 6) (a + 1? cos 2g) do = 0, 
A ; 


(10.8) (m—3}x/(rr) — [428 cos 26 + 1)-3(# + a/r*) dt 
5 9 6 
— À f (sin? 6 — sin? $)-4sin 29 de 
0 


-f (tt — 212 cos 28 + 1) (t? + a/r?) dt — sin. 
0 


Conversely, if (10.7) and (10.8) are satisfied then if w(2) is defined by 
(10.3), (10.5), the function f(z) =siny(z) belongs to Fr. 

In the next section we shall find a simpler version of the relations 
among the parameters a, 8, and r implied by (10.5), (10.6). First, however, 
we shall state our results. 

For n=0,1,2,: : : let y», y, be the unique numbers defined by 


dy, tan Exn =], ana <L xn L (2n + 1)r, 
yout, dyn tan fyn = — (yn? + 277)/(yn? — r"), 
(2n-L1)3 <yn < (nH) n>1. 


We append a short table of x, and yn, which was computed for us by Marilyn 
J. Woodyard. 


n 0 1 2 3 4 5 
nr 0 6.28 12.57 18.85 25.18 31.42 
Xn - 172 6.85 12.87 19.06 25.29 31.54 
(2n +1) 3.14 9.42 15.71 21.99 28.37 34.56 
Yn 3.14 12.19 18.62 24.97 31.29 37.59 


Tesorem 5. The extremal function f(z) m Fr for £(f}=7($) 
+fP(—3) is sin rz in the interval 0 <7 & xo; in the intervals „ZT Xu 


11 
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at is (—1)"sinsz. In mn 7 <'yn, it is siny(z), where w(z) is defined 
by (10.3), (10.4), the parameters satisfy (10.5), (10.6), with m—0, and 
ô= + 1 is chosen to make f’(4) > 0. 


More explicitly, the extremal function in x, < 7 < y, is siny(z), where 
rte f Trut — 2u2K? cos 29 + K*}-{u? + K (K —2E) }du, 
0 


K and E are complete elliptic integrals of argument cos 8, and 0 < 4 < x/2. 


11. Relations among parameters. The integral in (10.7) can be con- 
veniently expressed in terms of complete elliptic integrals. We can write 
it as 


0 
(sin) f (1 — ese? 8 sin? 6)? (a + 77(1—2 sin? 4) ) dd 
Q 
= cscH (a +. 7? ese 20) F (0, esc 0) + 27? sin? 0E (8, csc 6) } 
= («— 1") F (2/2, sin 8) + 277 (2/2, sin 6) 
= (a—1r?)K (sin 9) + 27°F (sin 8), 


in the usual notation for elliptic integrals, so that (10.7) states that 
(11.1) (a—7?)K (sin 6) + ?r?E (sin 8) = 0. 


Alternatively, we can calculate y(w,) by taking the path of integration | 
along the imaginary axis from ¢ to ir and along the are w = rett, m/2 =o & 6. 
Then we obtain 


(ws) = irs fur + 2y%r* 00520 + 14) (— y + a) dy 
0 
æ/2 
— ir8/(2r) f (sin? 6 — sin? 0) (red + a) dé. 
0 
Taking real parts and using (10.4), we now find 
w/e x 
f (sin? ¢ — sin? 0) (1? cos 2p + a) =— (2m — 1)r/ (rr). 
9 
This leads to 
(11.8) (a +77) K (cos 8) — ?r?E (cos 0) = — (2m — 1)rr/r. 
We may abbreviate (11.1), (11.2) in the usual notation as 


(a—7?) K + 3E == 0, 
(a + 7?) K’ — 27°’ = pr, p=— (2m —1)r/r. 
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Solving for « and r, we find, using Legendre’s relation EK’ + E’K — KK’ 
= a/ 2, 


(11.4) r=pK/r, a—1"(K—2E)/K—pK(K—2E£)/r°. 


It follows that 7 and a are continuous functions of 6 for 0 < 8 < 7/2, since 
K > 0 in this range. ` 


We require a number of lemmas. | 
Lemma 11.5. As 6-0, 
(11. 6) a/ == —1 + 6? + O(6:), 
(11.7) (m — $)a/ (rr) =—1 + 36 + 9(6*). 
If 66 and r= p>, then 
(11.8) p(w)/{q(w) }8 =—1 + {92 (1? + w?)/(1? — w?)?} 0? + 0 (8), 
| uniformly in OS w Sh. 


From (11.4) we have a/r? = (K—2E)/K, and (11.6) follows from 
the expansions ([5], p. 3) 


(11.9) K= }łr(1 + 4sin?¢+ O(sin*6)), E=4r(1—4sin? 6 + O (sint 0) ). 


We also have (m—4)r/(rr) =— p/ (2r) =—2/(2K), and (11.7) 
follows from (11.9). | 


To obtain (11.8), write ; 
p(w) /{q(w) } = { (w° + a)/ (1° — w?) H1 + [4w (r — w?)*] sin? 8} à. 
By (11.6), this is 
{(—1 4 729/ (r° — uw?) + O (0) }{1 —2rtw?0/ (r? — w*)? + 0(64)} 
and (11.8) follows. 


Lemma 11.10. As 0— 7/8, if s=xr/2—68 we have 


(11.11) | a/r? = 1 — 2/log(4/s) + C (s), 
(11.12) (m—4)n/ (rr) =— 4n/log(4/s) + O(s), 
and 


(11.13) p(w) /{q(w) }# = 1 — {2/log (4/s) } {1?/(7? + w?)} + O(s), 


uniformly in 0 Sw=4., 
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Here we use (11.4) and the expansions ([5], p. 3) 


K == log (4/cos 6) + 4{log(4/cos 6) — 1}cos? 8 
(11.14): _ + 0{] log | cos 8 | | - cost 8}, 
E =1 + }{log(4/cos 8) — $}cos? 8 + O {| log | cos 8 | | - cos* 6}. 


12. Estimates of siny (z). In this section we consider a function, not 
necessarily extremal, of the form f(z)—siny(z), where y(z) is defined by 
(10.3), (10.5), the parameters satisfy (10.7) and .(10.8), and 8 is the 
same as in (10.3). We shall obtain several estimates for f’(4); the error 
terms are independent of m and r over any bounded range of r. 


Lemma 12.1. If 0-0 and r=p> then 
— $f’ (4) = r cos dr + 767{7rG (1) sin 47 — H (r, $) cos $7} + O(6*), ) 
where | | | 


x l 4 
H(r,w) —=r?(r? + w)/(r®@—w2)2, G(r) -f H (r, w) dw, 
f 2 0 
For, by Lemma 11.5, | 
DCE) = 3{— $r +76 (r) + 0(8'}, 
whence 
cosy (4) = cos $7 + rG(r)6° sin 47 + 0 (64); 
and : 
i WE) =8r{—14 H(7,3)P HOY} 
Finally f (4) =y($) cosy(4), and the conclusion follows. 
LEMMA 12.2. If 6>r/2 then 
SF (4) = 7 cos dr + er ($7 sin r — cos 4r) + O(e*), 
where l 
e= 1/log{4/ (4r —8) }. 
This follows in the same wey from Lemma 11.10. 
Lexma 12.3. If 0—>0 and r>r, where 0 < to <4, then 
8f (4) = r cos dr — {20°rr?/ (1 — Ar?) } {r sin dr 
2914 41?) (1 — Ar) cos $7} + 0 (6°). 


For, by Lemma 11.5, 


aes Í "er — cos 26)? -+ sin? 26} (42 —1 + 6 + 0(6*)) dt. 
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We make the substitution #? + cos 29 — usin 26 over the part of the interval 
of integration where — #3 < u < >, that is, over t, < t< t, where 


tı = {cos 20 — 8 sin 26}! — 1 65 — 19 — 303 — Lg + O(6E), 
ta = {cos 20 + 0È sin 28} — 1 + 6 — 30 + 498 — 46? + O (03). 


The integral defining #(4) will be written as the sum of integrals over the 
intervals (0,4), (tı, t2), (te, $777). 


The integral over (¢;,¢.) is equal to 
f- ; 
4 (u sin 28 — 6? + O (0+) ) /{ (u? +1)3(cos 8 + u sin 20) }du 
9-4 . 
0 
== $ (sec 20) f { (usin 8 — 6 + O(6*))/(u? +1) 
-0-3 7 
x {1 — Fu tan 26 + Bu? tan? 29 — Zu’ tan 26 
35 5 
+ mu tant 26 + O (w6 }du. 
Collecting the even part of the integrand, we see that this integral is equal to 
84 | | 
— (see 26) f (2u20° + Suto + 62) (u? + 1)-Idu + 0 (6°) 
0 
=—9— 58 + 0(6). 
The integral over (0,4) is | 
ty š 2 
f [{2@—1+ 6+ 0(6)}/(1—#) ] (1 +4 sin? 6(1 — #2) 2} di | 
«7 0 


=f "14 40H ya—#)) 2A 0) sin 
+0(0/(1—t)*) )at | 


= f 1+ a+ ea +00) 
HPA) —1/(1 + 4)) +0). 
The integral over (ts, 1/(2r)) is . 
S ie + 6? +0 (6) /(#@—1) }{1 + 4t (P — 1)? sin? 6} 3 dt 
= FR a4 eaei + 0(68) 


= 1/ (2r) — + 40°{1/(1— ta) + 1/(1 + ta) } — 2r62/(40* — 1) 
+0(8). 
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Adding these results we obtain 
By(4)/ (or) = 1/ (2r) —2 + RE —2r/ (4? —1)} + 0 (68). 


Then, referring to Lemma 11.5, we see that 


r=r (1 + 46° + 0(68)), To = (4 —m)r/r. 
Thus 
Sy (4) = gr — P2rro/ (4r —1) +0 (8°), 
so that l 
cos ý (4) = cos dr — 2277 (1 — Ar?) sin dr + o (0°). 


Since the limit of r is less than 4 we have 
Sy (4) =r — Prdro (1 — Ar) / (1 — Ar)? + 0 (67), 


and the lemma follows. 


13. The case of small r. We now turn to the proof of the results 
stated in Theorem 5. In this section we prove that for all small positive + 
the extremal function is fr(2) =sinsz. We shall sometimes write #.(2) 
instead of y(z) since the parameters «, r, 6, § of the extremal function 
depend on r. 

Let 0O<r<r. As we showed in Section 10, the element of ¥, which 
maximizes (f) is either fr(2) —sinrz or f(z) =sinyr(z), where y,(z) 
is defined by (10.3), (10.5). The case fr(2) =—-sinrz is excluded since 
£(f) > 0. 

The proof that the extremal function is sin +2 for all small r is by eon- 
tradiction. Suppose that for a sequence of values of + approaching 0 the 
extremal function is f;(z) =sinyr(z). Then 


br’ (4) cosyr($) > 7 cos dr. 
Now q(w) = p(w)? for real w, so cos¥7(4$) — 1, cos$r—> 1 as 70. Also 
. Wf) =D) PS 
so it follows that | EN 
(13.3) PDP >; 


There is a subsequence of values of + approaching zero such that @— 4, 
06 < x/?, and r approaches a limit, finite or infinite. There are several 
cases to consider. 


If 0 <6) < 7/2 then, by (10.7) or (11.4), «/r?-» A, where — 1 <A < 1. 
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} 
But the right-hand side of (10.8) approaches a finite limit as #—6,, so 
(10.8) shows that roo. Then from (10.5) we have 


| tim pr (4)/{gr(4)}8] = | üm a/ |= [A] <1, 


and this contradicts (10, 1). | : 
If @)==0, then Lemma 11.5 shows that r>o. In Lemma 12.1 we 
have $——1 and ' 


fe’ (4) =r cos dr + 2767G(r) cos ‘eee tan jr— 4H (1; 4)/G(r)} +0(#). 


Now H(r, w) is an increasing function of w in 0S w S 4 so H(r,4) > 24(r). 
Also $rtan 4r—0 as r— 0, so the term in curly brackets is negative. Thus 
| fr’(4)| <rlcos$r| for small r as 0—0. | 

If fo = 7/2 then in Lemma 12.2 we have 8— 1 and 


fr (4) = 7 cos $r + er cos $r{4r tan £r— 1} + o(e). 


Hence | fr (4)| <r|cos$r| for small r as 0 7/2. 
Thus for all sufficiently small positive r the extremal function is sin rz. 


14. Completion of the proof. We know that f(z) = (—1)*sin 2krz 
is the extremal function in F, in case r==2kx. However, in the intervals 


(14.1) . Xn LT € yn . m=0,1,2,° °°, 


the extremal function in Fr is siny(z), where ¥(z) is defined by (10.3), 
(10.5). For, if r lies in the subinterval xn <7 (2n +1) then r | cos $r | 
is a decreasing function, and 


¥¢(+ sin 72) = + 27 cos kr < (—1)"2y, cos Syn = L((— 1)" sin ynz). 


Thus for x, <7 (2n-+1)z the extremal function is not + sihrz and is 
therefore sin y (z). 

If + lies in a subinterval (in + 1)4<7<yn we shall define a func- 
tion f(z) belonging to F, such that |f’(4)|>7]|cos$r|. For each 6 in 
0<#<r/2 define & and r by (11.4) with m—0. Thus « and r are 
functions of 8 for each fixed r, and r—r,—7/(2r) <4 as 8—0. Sub- 
stituting these values of «a, r, 4 with è= + 1 in (10.3), (10.5), we obtain 
a function y*(z), depending on v and #4. Then j*(z) =siny*(z) is entire 
and belongs to F+. If r is fixed and 0—0, Lemma 12.3 shows that 


df* (4) = 7 COS dr — 467775? (1 — 4175”)? . 
X cos $r{4r tan $r + (1 + 417) /(1 — 4102) } + 0 (6°). 
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Since r lies in some interval (?n +1)r <r < y, the term in curly brackets 
is negative. Thus if 4 is small, for suitable choice of 8— +1, we have 
f# (4) > r/cosir|. The extremal function in Fr therefore cannot be 
+ sinzz and hence must be siny(z) for some y(z) defined by (10.8), (10.5). 


Suppose now that for some r, the extremal function is f;,(z) = sin yr (2). 
Since fr(2) is a continuous function of r there is an open interval containing 
r for which the extremal function is not + sin rz and therefore is sin yr (2). 
Let (r’,r”) be the largest such interval containing 7, Then 


(14. 2) fr(z) = + sin r’z, fre (2) = + sin rz, 


and f-(z) =siny,(z) for r <r<r”, where #-(2) is given by (10.3) and 
the parameters satisfy (10.7), (10.8) (or (11.4)). Also 8-1 is such 


We have to prove that, for some n, T= yn, 7” = yn. 


We note first that because of (14.2) the points r’, 7” lie outside all the 
intervals (14.1). Also, since fr(z) depends continuously on r the parameters 
6, a, r are continuous functions of r for "<r<r” Thus in (11.8) the 
integer m must be the same for all r in r <r<r”. 


Now let r approach one of the endpoints of (7’,7”) from inside through 
a sequence of values such that 6=6(r) tends to a limit, and r—r(r) tends 
to a limit, finite or infinite. We shall denote this endpoint by r*, and write 
0—> 0%, OS 6* »/2. 


We show first that 6*==0 or 7/2. For, if 0 < 4* wah and r>o 
then (10.7) or (11.4) shows that «/r? approaches a limit dA, —1 < 4 <1. 
Then (10.3), (10.5) show that f-(2) — + sinr*Az, and this contradicts 
(14.2). If 0 <6* < 7/2 and r tends to a finite limit r* then (11.7) shows 
that « also tends to a finite limit «*. Then y,(z) tends to a limit defined 
by (10.3), (10.5) for the parametric values 6*, r*, a* as r—>7*. This again 
contradicts (14.2). 


If 69*—0, then, by Lemma 11.5, the right-hand side of (10.8) 
‘approaches —1 and, since m is fixed, this shows that r cannot tend to 0 
or co. Thus 0<r*<oo. In case r* > 4 Lemma 12.1 shows that 

— 8f’(4) = r cos $r + 276?G(r) cos dr {47 tan dr — LH (r, $)/G(r)} + 0(8). 


Since r lies in (7’,7”) and f(z) is an extremal function we have | f’(4)! 
= |ces4r|. Thus the term in curly brackets is nonnegative, and so is its 
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limit as r—r* Now H(r*,w) is an increasing function of w in 0S wf, 
so H(r*,4) > 2G(r*). Thus 


4r* tan dr > 4H (r*,4)/G(r*) > 1. 


2 


This shows that +* lies in some interval (y,,(2%-+1)x] C (xm Yn), but 
this has been excluded. 

If 09*—0, then r* S 4, and we now show that r* < 3. For if r*—4, 
then Lemma 11.5 shows that (2m—1)a/7->—1 as r—7*. But r* cannot 
lie in any interval (14.1), so this is a contradiction. 

If 6* == 0, we show that t" == y, for some n. For, we have shown that 
Rie re: Lemma 12.3 applies. Thus 


SF (4) = 7 cos gr — 40°rr*? (1 — 4rr#?) 
X cos $r {dr tan 4r + (1 + 4r**) /(1 — 4r*?)} + 0(67), 
where, by Lemma 11.5, 
(14.3) r* = lim r = (4 — m)r/7*. 


Since - lies in (r’,r”) and f is an extremal function we know that 
IF(&)|>rjeos$r|. The term in curly brackezs is therefore nonpositive, 
and so is its limit as r—>r*. Thus 


(14.4) _ dr* tan rt S— (1+ 4) / (1 —4r*?), 


We recall that 0 <r*<4. Then in (14.3), m is 0 or a negative integer. 
The point r* cannot lie in any interval (14.1), and this shows both that 
(14.4) is an equality and that m—0 in (14.3). Thus *=y, for some n. 
Now m in (14.3) is the same integer m that oceurs in (10.8) for all r in 
‘the interval r <r<r”. Thus if 9*—0 then for all r in r<r<7” the 
parameters of the extremal function satisfy (10.8) with m—0. 

If 6*—=r/2 then Lemma 12.2 shows that 


df’ (4) =r cos $r + er cos $7 {47 tan 47 — 1} Lo(e). 


Since f is an extremal function we have |f’(#)| >r|cosir|, and since 
r~>7* this implies that 47*tan47* 1. If this were a strict inequality, 
r* would lie in one of the intervals (14.1), and this is impossible. Thus 
TË ==, for some n. | | 

We have thus shown that the open interval (r’,r”) has its end points 
in the sets {yn}, {yn}. On the other hand, the interval cannot contain any 
point &kr since at these points the extremal function in + sin krz. It 
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follows that for some nonnegative n we have 7 == Xn 7’ =yn. Then 6-> 1/2 
as t—>7’=y, and 0—0 as r>7” = yn through values in (r’,r”). 


As r moves from 7’ to r” the angle @ moves from 7/2 to 0, taking all 
values in (0,7/2). The parameters satisfy (10.7), (10.8), or (11.3), 
(11.4), with m=0. The left-hand side of (10.8) is never zero for 
r <r<r”, so the right-hand side of (10.8) is never zero for 0 < 8 < 1/2 
when the value of a/r? in (10.8) is that determined by (10.7). 


In the intervals in which the extremal function has the form siny(z}, 
the maximum of £ (f) could be calculated for any given r by determining 
a and r from (11.3), (11.4) and calculating the maximum of £(f) as a 
function of 8. 


15. Functionals which involve no derivatives. If all n,— 0 in (2.1), 
i.e, if (f) has the form i 


m 
(15.1) L(F) uf), 
Theorem 1 does not apply. For example, if 
(15.2) LP) =f(4) FH; 


then when + >, an obvious extremal function is f(z) = sin wz, which is of 
type less than 7; and if r > 3m another extremal function is f(z) =— sin $rz, 
.so that the extremal function is not unique. However, functionals (15.1) 
can be discussed by using the following device. Consider the functional 


(15. 3} LP) = tf (us) + E), t>0. 


This is a functional of order m +1 to which our theory applies for each t. 
Let f:(z) be the extremal function for Æ, Then {f;(z)}, where ¢ runs 
through a sequence whose limit is 0, is a normal family; let fo(z) be a 
limit function of this family. Then f, is an extremal function for the 
functional £. For, by Bernstein’s theorem, 


L (ft) = Life) — Gl (1) Z Le (fr) — tr. 


We know from Lemma 2.2 that there is at least one extremal function f, 
for £. Then : 


tf! (a1) + LP) = Life) Lil) = Hy’ (a1) + Elf): 
Since (a) —> fo (m) and E(f) > L(fo), it follows that Æ (fo) = L(f:). 
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Since f, is extremal for £, so is fo, and L(fo) = L(f1). Now since f; is of 
order m +1, either f; is a constant or 


(15.4) fı(2) = sin y: (2), 
where 


(15.5) ela) = Er flute) nitro) du + sin“ 5400), 


p: is of degree at most m— 1 and q is of degree twice that of p, and the 
other conclusions of Theorem 1 hold. 


As t->0 either the coefficients of p, and q: are bounded and we can 
select a sequence of ts so that ps and gq; approach limits of the same kind; 
or the coefficients of p; and q: are unbounded, in which case the integrand of 
ÿi(+) approaches a function of the same form, »(w)/{q(w) }4, but with p 
and q not necessarily monic. Hence we can obtain an extremal function 
for £ by taking either a constant, or a function of the form described in 
Theorem 1, or one of the same form with p of degree at most 1—2, but 
with + possibly replaced by a smaller number. 


The simplest nontrivial functional of the kind under consideration is 
£(f) =f($) —f(— 4), which was considered by S. Bernstein [1]. He 
showec that an extremal function is sinrz if O<rSr, when max (f) 
= 2sindr (see also [2], p. 214); while if r>7 an extremal function is 
sinwz and max £(f)=2. Here, although the variational method can be 
used, it is not advantageous since the extremal functions can be completely 
determined by more direct methods. The same is true for 


£(f) =f(—1) — 2f(0) +F). 


However, the less symmetrical functional 


£(f) =f(—1) +f(0) —f() 


is better suited to our method. For possible extremal functions of the form 
sin(oz+c) we have max £(f) = (1 + 4sin’o)4, which is actually extremal 
for sufficiently small o. On the other hand, our method also suggests possible 
extremal functions of the form 


(15.6) f(z) = + coso V (2° + 2rz cos p+ 17), 


and for sufficiently large o we can make Æ (f) for such a function attain the 
largest possible value, namely 3. Hence there is a number o such that 
(15.6) is an extremal function for £ in F, for all zo. It is possible 
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that fanctions of the kind considered in Theorem 5 are extremal for an 
intermediate range of values of r, but we have not investigated this possibility. 


NOBTHWESTERN UNIVERSITY, 
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ON KAEHLERIAN HOMOGENEOUS SPACES OF UNIMODULAR 
LIE GROUPS.* 


By Jun-ıcHı HANO. 


Recently the results of E. Cartan on Hermitian symmetric space have 
been extended to the case of Kaehlerian homogeneous spaces by several authors. 
In particular the structure of compact Kaehlerian homogeneous spaces has 
been fully exploited. As for the non-compact case, there are few known 
results except in the case where the groups are semi-simple or’ reductive. 
A. Borel [1] and J. L. Koszul [6] have studied the structure of Kaehlerian 
homogeneous spaces of semi-simple Lie groups and have shown, independently 
of each other, an interesting result that a bounded domain in a unitary 
space admitting a transitive semi-simple Lie group of complex analytic 
homeomorphisms is symmetric. This result gives a partial answer to the 
problem of E. Cartan. In his important paper in 1935 [2], E. Cartan 
raised the question whether a bounded homogeneous domain is always a 
symmetric bounded domain. Y. Matsushima [8] has studied the structure 
of Kaehlerian homogeneous spaces of reductive Lie groups and has shown 
that these spaces are the direct product of a locally flat Kaehlerian space and 
a Kaehlerian homogeneous space of a semi-simple Lie group. 

The purpose of the present paper is to study the structure of Kaehlerian 
homogeneous spaces of a more general class of Lie groups, that is, those of 
unimodular Lie groups. Specifically, we shall deal with the following two 
cases. First we shall consider the case where the isotropy group is semi- ' 
simple and obtain the following two theorems: 


THEOREM I. If a homogeneous space of a connected unimodular Lie 
group by a closed connected semi-simple subgroup admits an invariant 
Kaehlerian structure, then the Kaehlerian structure is locally flat. 


THEOREM IT. Jf a connected unimodular Lie group has a left invariant 
Kaehlerian structure, then the group is meta-adelian. Especially if the 
group is nilpotent, then it must be abelian. ; 


* Received April 15, 1957; revised September 18, 1957. 
* The last part of Theorem 2 is a generalization of a result of Koszul (unpub- 
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Secondly we deal with a Kaehlerian homogeneous space of a unimodular 
Lie group whose Ricci curvature is non-degenerate and prove the following: 


THEOREM III. If the Ricci curvature of a Kaehlerian homogeneous 
space of a connected unimodular Lie group is non-degenerate and if the 
group acts effectively on the space, then the group is semi-simple. 


A bounded domain in a unitary space has the Bergman metric which 
is Kaehlerian and invariant by all complex analytic homeomorphisms of 
the domain. If a bounded domain admits a transitive group of complex 
analytic homeomorphisms, the Ricci curvature of the Bergman metric co- 
incides with the metric itself, and hence it is positive definite. Therefore, 
from Theorem III and from the result of A. Borel and J. L. Koszul men- 
tioned above, we have the following answer to the problem of E. Cartan: 


THEOREM IV. A bounded domain which admits a transitive connected 
unimodular Lie group of complex analytic homeomorphisms is symmetric. 


We remark that these theorems hold true under a slightly weaker 
assumption which is explained in 4, and that in order to prove Theorem III, 
we only use the result in 6 concerning the Ricci curvature of a Kaehlerian 
homogeneous space. - 

The author wishes to express here his sincere thanks to Professor Y. 
Matsushima and Professor K. Nomizu for their kind suggestions and valuable 
criticism during the preparation of this paper. 


I. Preliminaries. 


1. Let G be a connected Lie group and let B be a closed subgroup 
of G. We denote by g the Lie algebra of all left invariant vector fields on 
G and by b the subalgebra of g consisting of all left invariant vector fields 
which are tangent to B at the identity e. Let G/B be the homogeneous 
space of left cosets of G by B, and let x be the projection from G onto G/B. 
The differential me of + at the identity e maps the tangent space ge of G 
at e onto the tangent space T, of G/B at o, where o denote the point x(e). 
By assigning re(Xe) to each X€g, we have the linear mapping =’ from g 
onto T., where X, is the value at e of the vector field X. i 

When g has a direct sum decomposition g=b-+ m into two subspaces’ 


lished). He has proved the same result for rational nilpotent Lie groups. He has 
also proved that if a compact homogeneous space of a nilpotent Lie group admits a 
Kaehlerian structure, not necessarily invariant, the group must be abelian. 
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b and m such that adb-m Cm for all bE B, the homogeneous space G/B 
is called a reductive homogenous space by Nomizu [10]. We shall call this 
decomposition of g an ad B-stable decomposition. When, more strongly, the 
induced representation of B on the Grassmann a-gebra of g is completely 
reducible, we say that the subgroup B is reductive in G according to Koszul 
[5]. Clearly, if B is recuctive in G, G/B is a reductive homogeneous space. - 

A homogeneous space G/B having a Riemannian metric invariant by 
the group. G is called a Riemannian homogeneous space. We shall prepare 
the following proposition for later use. 


(1.1) Let G/B be a Riemannian homogeneous space. If G operates 
effectively on G/B, then the subgroup B is reductive in G. 


In fact, let us consider the largest connected group G* of isometries. 
It is known that G* is a Lie group and the isotropy subgroup B* at o is 
compact. Hence the Lie algebra g* of G* has a positive definite symmetric 
bilinear form f* invariant by ad b for all b € B*. Since @ is effective on G/B, 
G can be embedded in $* as a Lie subgroup. The restriction f of f* on 
the subalgebra g is evidently a positive definite symmetric bilinear form and 
invariant by adb for all b€ B. The. Grassmann algebra of g has a positive 
definite symmetric bilinear form induced by f, which is invariant by the 
induced representation of B on the Grassmann algebra. Therefore this repre- 
sentation is completely reducible, and our assertion is proved. 


2. Let G/B be a reductive homogeneous space and let g=b+m be 
an ad B-table decomposition. The subscript m (resp. b) of an element X 
in g means the m-component (resp. the b-component) of X with respect to 
this decomposition. The restriction of =’ on m gives an isomorphism from 
m onto T. Hereafter, when we consider a reductive homogeneous space, 
we shall identify the tangent space T. of G/B at o with the subspace m by 
this isomorphism. 

Now, we assume that G/B has an invariant Riemannian metric g. 
Following Nomizu [9], we shall prepare some fundamental notions of an 
invariant Riemannian connection on G/B. Let X be an element in m. 
We denote by o; the one-parameter subgroup generated by Zem. We 
set 4 'o=r. Clearly o: defines the type preserving isomorphism from 
the tensor algebra at o onto the tensor algebra at rẹ which we denote also 
by os Moreover, we denote by ps 1 the parallel translation from 7; to o along 
the curve r; in the opposite direction, which is defined by the Riemannian 
connection associated to the metric g. We have the linear mapping Dy of 
the tensor algebra of m defined by 
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DzA = lim (p;o; —A)/t, where t—> 0, 
1-0 


for all tensors A on m. Clearly Dx preserves the type of tensors and is 
linear with respect to X. Moreover, Dy ‘satisfies the following conditions: 


(2.1) adb- Dx¥ = Daa o- xad b: Y for all X,Y € m and for all be B. 
(2.2) g(DxY,Z) +g(Y,DxZ)=0 for all X, Y,Zem. 
(2.3) DxY—DyX—[X,Y]m—0 for all X,Y €m. 


(2.4) If a tensor field a on G/B is G-invariant, Dya coincides with the 
covariant derivative of a at o along X. 


The value at o of the curvature tensor field R, of type (1.8), is 
given by i 
R. (X, Y)Z = [Dx, Dr]Z — Dix, 2 —ad[X, F]57 


for all X,Y,Zem. The value at o of the Ricci curvature r is given by 
ro(X, T)=trn(Z R. (¥,Z)X) for all X,Y €m. 

Let G/B be a simply connected Riemannian homogeneous space. Since a 
Riemannian homogeneous space is complete, G/B has the canonical decomposi- 
tion with respect to the homogeneous holonomy group given by de Rahm [8]. 
G/B is a Riemannian direct product of spaces M.,Mı,' - -,Ms, where M, is 
a Euclidean space and M; 1Si=s, has the non-trivial irreducible homo- 
geneous holonomy group. Morecver each M; is isometric to the Riemannian 
homogeneous space G/B of a connected closed subgroup G; in G containing 
the subgroup B ([10], Theorem 3). We can denote this decomposition by 
G./B X G/B X: ` © X G/B. 

Now let I be a G-invariant tensor field of type (1,1) defining an 
invariant complex structure on a homogeneous space G/B. By a result of 
Koszul [6], the value Z. at o of I satisfies the following conditions: 


(ad b}m° Ze — Io: (adb)m for all DEB, 


LEX,Ylnm—[LX, Y]n — [X, IY Jun —Ie [IeX,1.Y]m = 0 
for all X, Y € m. 


When G/B'has an invariant complex structure, an invariant Riemannian 
metric g on G/B is called Hermitian if g satisfies the condition: g(IX,IY) 
==9(X,Y) for any vector fields X,Y on G/B. In this case we have a 
2-form Q given by D(X,Y)=g(IX,TY) for all vector field X,Y on G/B, 
which is called the Kaehlerian form associated to the Hermitian metric g. 
Of course, Q is G-invariant. If the Kaehlerian form Q is a cocycle, that is, 
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dO == 0 we call the pair of the complex structure J and the Hermitian metric 
g an invariant Kaehlerian structure. A homogeneous space having an 
invariant Kaehlerian structure is called a Kaehlerian homogeneous space. 
It is well known that a G-invariant Hermitian metric g on a complex homo- 
geneous space G/B, defines a Kaehlerian structure if and only if the co- 
variant differential of the tensor field I is equal to zero. When G/B is a 
reductive homogeneous space, this condition is equivalent to the following: 


(2.5) Dr'I.—=I. Dr for allX€m. 


The value at o of the Ricci curvature r associated to an invariant 
Kaehlerian structure may be expressed by 


ro (X,Y) =}trm Io: R(LX,Y), 


a formula which is equivalent to the one in [7]. The bilinear form defined 
by «(X,Y)=r(IX,Y) for all vector fields X,Y is a G-invariant exterior 
form of degree two. We call this 2-form « the Ricci form. 


8. Let C*(G) be the Grassmann algebra of all left invariant differential 
forms on a connected Lie group G. Let C?(G@) be the subspace of C*(G) 
consisting of all homogeneous elements of degree p. We denote by w the 
linear mapping of C*(G) such that wa (—1)%a for all ae C?(G). For 
each a€ C*(G), we have the linear mapping e(a) of C*(G) given by 
e(a)b=a Ab for all bEC*(G). For each X£g, we have the linear 
mapping ı(X) of C*(G) such that 1) ae for all ac C°(G) 2) if 
ae (G) (p21); 


i | 
G(X)a) (Xs: > +, Xp) ar ee Xp) 
for all X,,- © +, Xp €g. We know that .(X) is an anti-derivation of C* (G), 


ie. (X) (a A b) =(X)a À b+ wa A (X)b for all a, b€ C*(G). More- 
over, for each X € g, the derivation 6(X) of C*(G) is defined by 
Na) (Xo: © £) =— 2 Eu +, [XX]; + +, Xp) 
ists 
for all s€ C?(@) and for all X,,---,X,€g; 6(X) is nothing but an 
infinitesimal transformation defined by the right invariant vector field X’ 
whose value at e coincides with X.. If ae C*(G), the exterior differential 


da is also contained in C*(G). The following relation among these opera- 
tions will be used frequently: - 


(8.1). E(X) =(X)d+ aX). 


12 
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We denote by H*(G) the cohomology HER of C*(G) with respect 
to the coboundary operator d. 


Let G/B be a homogeneous space of a connected Lie group G. We 
denote by C*(G/B) the space of all G-invariant differential forms on G/B. 
Clearly C*(G/B) is finite dimensional over the field of all real numbers. 
We denote C?(G/B) the subspace of all homogeneous elements of degree p. 
Since the exterior differential da of a€ C*(G/B) also belongs to C* (G/B), 
we have the cohomology algebra H*(G/B) of C*(G/B) with respect to d. 
Let r* be the dual of the differential of the projection m from G onto G/B, 
and let L*(G/B) be the image of C*(G/B) by r*. Obviously L*(@/B) is 
a subalgebra of C*(G) and is equal to the subspace of all element a € C*(G) 
such that 1) «(X)a==0 for all X € b and 2) the right translation defined by 
any bEB leaves a variant. Since the exterior differentiation and 7* are 
commutative, L*(G/B) is d-stable. 


We denote by N!(G:B) the subspace of C+(G) consisting of all elements 
a such that ı(X)a—0 for all Xeb, and by N*(G@:B) the subalgebra in 
C*(G) generated by 1 and N*(G@:B). The subalgebra N*(G:B) is the 
direct sum of its homogeneous parts Nr(G:B)—N*(G:B) NC?(G), and 
is b-stable, i.e. 6(X) leaves N*(G:B) stable for all ZE 6. We say that an 
element a € C*(G) is b-invariant if 8(Æ)a— 0 for all Xebb. We denote by 
L*(@:B) the subalgebra of all b-invariant elements in N*(@:B); L*(G:B) 
is the direct sum of its homogeneous parts ZP(G:B) == L*(@:B) N Cr(G). 
In virtue of (3.1), the exterior differentiation d leaves L*(G:B) stable. 
We can easily see that the subalgebra L*(@/B) is contained in L*(G:B) 
and that if B is connected, L*(@:B) coincides with L*(G/B). 


For an arbitrary differentia! form a on a manifold, we have also the 
operation e(a) which maps any differential form b to a Ab. When a 
manifold has a Riemannian metric g, we have the dual operation ı(a) of 
e(a) given by g(ı(a)b,c) =g(b,e(a)c) for all differentials forms b and c. 


4. Later on we shall have frequently to do with the condition that 
the highest dimensional homogeneous part of H*(G/B) does not vanish, 
which we now explain. This. condition is equivalent to the following two 
conditions: 1) there exists a G-invariant n-form, where n = dim G/B, and 
2) dCw1(G/B)—0. By a theorem given by Koszul ([5], Theorem 12.1), 
we know that if a connected Lie group @ is unimodular and if a closed 
connected subgroup B is reductive in G, then dim H"(G/B) =1. We prove 
the following proposition: | 
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(4.1) If a Riemannian homogeneous space of a connected unimodular 
Lie group G is orientable and if G acts effectively on G/B, then dim H"(G/B) 
= j. 


In fact, since G/B is orientable, there exists a G-invariant non-zero 
n-form, the so-called volume element. Since G is effective on G/B, we have, 
as is already seen in 1, a positive definite symmetric bilinear form on the 
Lie algebra g, which is ad b-invariant for all b€ B. Hence, the connected 
component B, of B is also reductive in G. Applying the above theorem of 
Koszul for the pair of @ and B., we have dC**(G/B.) —0 and hence 
dLr1(G/B.) —0. Since B, is connected, we have dL-1(G:B.) = 0. Clearly 
L1(G/B) is contained in L"?(G:B.), and hence we have dL1(G/B) —0, 
which implies dC1(G/B)—0. Thus our assertion is proved. 

Conversely, if dim H*(G/B) —1, the space G/B is orientable. 


II. Invariant forms on a Riemannian homogeneous space. 


5. Let us consider an orientable n-dimensional Riemannian homogeneous 
space G/B with metric tensor field g. Since G/B is orientable, there exists 
a differential form v of degree n which is invariant by G and has the unit 
length. Making use of v, the star operator * is defined by *a—.(a)v for 
any differential form a on G/B. We define the codifferential operator à 
by + d + w, where w (resp. ©) is the linear mapping such that wa = (—1)}a 
(resp. Da == (—1)°*Da) for any p-form a. The Laplacian operator A is 
given by ŝd + dô, and we say that a differential form a is harmonic if and 
only if Aa=0. Since these operators commute with the transformations 
in G, they leave C*(G/B) stable. 

We shall give expressions of the operators d, 8 and A in terms of covariant 
differentiation. For this purpose, let us take a frame {X,,---,X,} on an 
open set and let {wt,: - -,w"} be the dual frame of {X1,---,X,}. Then 
we have 


d= X e(w') Vx,, $=— X tot) Vzx,, 
ıSisn 


1£i£n 
where Yx denotes the covariant differentiation along the vector field X. 
If a is a 1-form, we have 


Aa =— S (Va, Va Vv) — 2 e(w*)i(w!) R(X, Xj)a. 


1S4£n Si ján 


When a is a G-invariant 1-form, g(a,a) is a constant over GB, and hence 
we have g(Vxa,a)=0. It follows that if a€ C1(G/B), then 
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g (Aa, a) = = g(V xt, Vxa) —r(a, a), 
Si£h 


where r is the bilinear form on C!(@/B) given by the Ricci curvature vr. 
On account of this formula, we obtain the following proposition: 


(5.1) Let G/B be an orientable Riemannian homogeneous space. If 
a G-invariant 1-form a on G/B is harmonic and if r(a,a) —0, then a is a 
parallel field. 


Now, we restrict our consideration to C*(G/B). For any two elements 
a,b € C*(G/B), g(a,b) is a constant over G/B. We can regard g as an 
inner product on the finite dimensional vector space C*(G/B) over the field 
of all real numbers. Using a property of the star operator, we have 


“(ant 0) =#(day*b) + * (wan ded) —g(da,0) —g (a, 8b) 


for all ae Cr(G/B), bE Ce (G/B), OS psn. Let us assume that 
dim H” (G/B) =1. Then the exterior differential of any G-invariant (n — 1)- 
form is zero and we have g(da, b) = g(a, 8b) for all a €0?(G/B), be Or*t(G/B). 
If be Ca(G/B), gÆp +1, it is clear that g(da, b) = g (a, 8b) —0. There- 
fore we have g(da,b) = g(a,8b) for all a,b € C*(G/B). Moreover, we have 
g(Aa, a) = g (da, da) + 9(8a,8a). This equality shows that a G-invariant 
differential form a is harmonic if and only if da = ŝa ==0, in other words, 
if and only if a is orthogonal to the subspaces dC*((G/B) and 8C*(G/B). 
On the other hand, the subspaces dC*(G/B) and 5C*(G/B) are mutually 
orthogonal to each other. As is already mentioned, C*(G/B) is finite dimen- 
sional. Hence we obtain the proposition: 


(5.2) Let G/B be an n-dimensional Riemannian homogeneous space of 
a connected Lie group. If H"( G/B) = {0}, any G-invariant form a on G/B 
has the unique decomposition a = do + 4,-+ G2 such that a, is a G-invariant 
harmonic form, a, € dC*(G/B) and a,€ C*(G/B). 


WI. The Ricci curvature. 


6. Let G/B be a reductive homogeneous space admitting a G-invariant 
Kaehlerian structure which is defined. by the pair of an invariant complex 
structure I and an invariant Hermitian metric g. We take an ad B-stable 
decomposition g=b+ m. The Ricci curvature 7 is equal to the canonical 
hermitian form defined by Koszul [6]. Hence the image w*a of the Ricci 
form g is an exterior differential of a left invariant 1-form on @ by a 
theorem of Koszul ([6], Theorem 1). We shall give a different approach 
to this fact from the view-point of differential geometry. 
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Let us consider the 1-form 7 in C*(G) given by 
(X) =—trml.: (ad X5)m for aL X €g. 


Since I, commutes with che restriction (adb)m of adb on m for all DE B, 
we have 


(ad by) (X) ——trml,.(ad(adb-ZX)5)m 
= — ttm (add) m, Io‘ (ad #5) - (ad b) yt =y(X), 
which implies that » is invariant by the right translation defined by any 
element in B. Since «(X)dy+ di(X)y—6(X)y —0 for all X € b and since 
du(X)y==0 for all XY € b, we have ı(X)dn==0 for ell Xeb. It follows that 
dyn € N*(G:B). Moreover dy belongs to L*(G/B), because ad b: dy = dad b:n 
= 0 for all be B. Next, let us consider the 1-form 2 in N*(G:B) defined by 
E(X) =—trnl.:Dx,, for all X€g. 
Using (2.1) and the fact that (adb)m, DE B, commutes with I., we have 
(ad bé) (X) =— trl: Daa-sXm 
== —trm(add)m le Dr, (ad b)n = E(X), 
which shows that é belongs to L> (G/B). Set 6—n-+-é, then dẹ € L?(G/B). 
By definition of the curvature tensor field R, we have 
doi X, Y) = —3p([X, Y]) = Strm le (ad[ XF ]o)m + dtrmloDix.viq 
= 1m Io: (R(X, Y) — [Dx, Dy]) 
for all ¥,Y €m. According to (2.5), we have 
Em Le B [ Dx, Dy] = tIn[/e 5 Dy, Dy] = 0. 


Therefore we have dọ (X, Y) =r*a(X,Y) for all X,Yem. Since both dọ 
and r*« are contained in L*(G/B), we have dọ = r*a. Moreover, é being 
in L*(@/B), w*a and dy are cohomologous in L*(G/B). Thereby we have 
obtained the following proposition. 


(6.1) Let G/B be a reductive Kaehlerian homogeneous space of a 
connected Lie group G, and let g=b+ m be an ad B-stable decomposition. 
The Ricci form a on G/B is cohomologous to the G-invariant 2-form y 
defined by? 


? Reading this manuscript, Koszul remarks that if a complex homogeneous space 
is reductive, the same result for the canonical Hermitian form is verified from his 
formula ([6], Theorem 1). 
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yo (X,Y) =trml.-(adLX, Y ]o)m for all X, F € m. 
We shall give a proof of the following fact: 


(6.2) The Ricci form. a on a Kuehlerian homogeneous space is kar- 
monic [T]. > 


Since the fact that the Ricci form is harmonic does not depend upon 
the Lie group acting transitively on the space, we can assume the homo- 
geneous G/B to be reductive on account of (1,1). Therefore, applying the 
fact that r*a— de, we have da—0. - 

Let {X, © °, Xm IX ,IX„} be an orthogonal frame defined on an 
arbitrary open set. We set Za = Xa + (—1)IXo Za = Xa — (—1) Xa, 
1£a<m. Since a(IX,IY)=«(X,Y) for all vector fields X, Y, we have 
a (Za, 28) =a (Zas, Zge) =0, 1<a,BSEm. Moreover, © a(Za Za)lis a 


1£a£m 


constant over the open set, because the scalar > a(Za Zas) is invariant 
1£a£m : 
.by G. From the fact that da—0, we have j 


= (da) (Zp, Zas Zas) 
= B8((V 29%) (Zu Zar) + (V 78) (Zar, 28) + (Vara) (Zp; Za) ). 


It follows that (Vza) (Zas, Z8) = — (V 29%) (Za Za), 1S, B&E m. Using 
this, we have 


(8a) (Zp) =—3 Z ((Vz.a) (Zar, Zo) + (Vet) (Zu Ze) ) 
=—} D (Vz) (Za Za) =0, 15 8Sm. 


By the same argument, we have (ôa) (Zge) —0, 1S B=m. Thus we have 
da—=0 and Ag = (d8-++-3d)2—0, completing the -proof. 


IV. Theorems. 


7. When a homogeneous space G/B has a G-invariant and non-degen- 
erate 2-cocycle Q, we say an invariant symplectic structure is defined on G/B. 
If G/B admits an invariant Kaehlerian structure, the Kaehlerian form Q 
defines an invariant symplectic structure. When G/B has an invariant 
symplectic structure defined by a 2-cocycle Q, the dimension of G/B is an 
even integer 2m and 2”, the Grassmann m-th power of Q, is not zero. In 
general, an exterior form © of degree 2 on a real 2m-dimensional vector 
space is non-degenerate if and only if Q"=40. 

The purpose of this section is to prove the following: 


; 
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Lemma 1. Let G be a connected Lie group and let B be a closed con- 
nected semi-simple subgroup of G. If the homogeneous space G/B admits 
an invariant symplectic structure and if H°"(G/B) = 0, where 2m = dim G/B, 
then B is a maximal connected semi-simple subgroup of @.° 


Let Q be a G-invariant 2-cocycle on G/B defining the invariant sym- 
plectic structure.. We denote by h the left invariant 2-cocycle r*Q on G. 
Since Q is non-degenerate, we see that an element X of g belongs to b if 
and only if h(X,¥) —0 for all YEg. Let S be a maximal connected semi- 
simple subgroup containing B. 

In order to prove the lemma, we introduce a filtration in C*(@) by 
means of §. We denote by C? the ideal in C*(G) generated by N?(G:8). 
The sequence C*(G) =C D CD ---DCPD--- defines a filtration in 
C*(G). Let Z’, be the set of all elements a€ C? such that da € Crs, and 
put dZvs,— Dr. Then Z%1,,+ D?,, is an ideal of Zr, We denote by 
Er, the factor algebra ZP,/Zr*', , and by w, the natural projection from Zr, 
onto Er,. Let Er, be the subspace of EP, consisting of all elements which 
are images of elements of degree p<+q in Zr... As for Eor, it is known 
from a theorem of Koszul ([5], Theorem 15.2) that there is an isomorphism 
from H4(S8) @ Lr(G:S) onto E0?,, where H%(S) is the g-homogeneous part 
of the cohomology algebra H*(S). Since $ is semi-simple, we have H1(S) 
= H?(S) = {0}. It follows that Zr, — #??,=— {0}, 0p. 

Since the form h is a cocycle, h belongs to Z°, for any s. Since the 
degree of h is two, we have 7°,h¢ E#%,. Hence we have 7°,4—0, which 
shows that h € Zt + D% that is, k is cohomologous to an element h’ € Z>. 
The form h’ being a cocycle in Z1,, we have h’ € Z1, for all s. From the facts 
that E>! {0} and that yh’ € E>, we have yh’ —0 and h’€ Za + Dy. 
Hence h’ is cohomologous to an element h” € 7%. Since the degree of I” 
is two, h” is in N?(G:8). Moreover, k” being a cocycle, we have 0(X)h” 
== «(X) dh” + di(X)h” =0 for all X € $, where 3 denotes the subalgebras of g 
corresponding to S. Therefore h” belongs to L?(G:S). It follows that the , 
cocycle À is cohomologous to the cocycle A” which is in L?(G:8), that is, 
h—h” == da for a certain a€ O1(G). ` 

Next we shall prove that h and A” are cohemologous to each other in 
L*(G:B). For this purpose, it is sufficient to show that a is contained in 
L*(G:B). Since BCS, we have L*(G:B) D L*(G:8), and so k” and 
da are in L?(G:B). Hence we have 6(X)a==1(X)da-+ &(X)a—0 for all 


* First the author dealt with the case where the isotopy group B= {e}. The 
generalization is due to Matsushima. 
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X € b, that is, a([X, Y]) —0 for all Xeb and Yeg. Since b is semi- 
simple, the derived algebra [b,b] of b coincides with b. Therefore we have 
.(X)a—0 for all XE b, and so we have a€ L°(G:B). 

From our assumption, the 2m-cocycle h" is not zero. Hence h” is not 
cohomologous to zero in L*{G:B). This follows from our assumption that 
H?™( G/B) 54 {0} and from the fact that G is connected. Suppose that b 
- were not equal to 8, and let X, be an element of 3 not contained in b. Since 
k” e L*(@:8), we would have (c(Xo)h”)(Y) = gh’ (Xa Y)=0 for all 
Yeg and accordingly h”™==0. On the other hand, h” and h’™ are co- 
homologous to each other in L*(G:b). This is impossible and hence we 
have b=3, which implies B==&. Thus the proof is completed. 


8. In this section we prepare two lemmas for the first theorem. 


Lemma 2. Let G/B be a Kaehlerian homogeneous space of dimension 
2m. If B is a connected semi-simple i and if H°™(G/B) {0}, 
then the Ricci curvature r is zero. 


From our assumption that B is à connected semi-simple subgroup; G/B 
is a reductive homogeneous space ; let g=b-+m be an ad B-stable decom- 
position. Let us consider the complexification m° of m, and let m* (resp. n°) 
be the complex subspace spanned by all vectors X— (—1)37.X (resp. 
X + (—1)32.X), Xem. The space m* and nr are eigenspaces of J, 
belonging to the eigenvalues (—1)4 and —-(—-1)4 respectively. If Xeb, 
(ad. X)m commutes with I. and so leaves m* and m” stable respectively. 
Hence we have two representations of the subalgebra b given by X — (ad X m+ 
and X —> (ad X)m-; these representations are mutually conjugate. Recalling 
that (ad X)m is skew symmetric with respect to the inner product ge on m, 
we have trpl.- (ad X) m= 2(—1)3trm (ad X)m+ for all X€6. Further- 
more, since b is semi-simple, we have trm (ad X)m+—0 for all Xeb. Thus 
we have trml.: (adX)m==0 for all X € b, which implies 


wo(X,Y) = trm Io ` (adX)m= 0 


for all X,Yem. In virtue of (6.1), the Ricci form « is cohomologous to 
‘zero. On the other hand æ is a harmonic form by (6.2). Accordingly we 
‘have «= 0 by proposition (5.2), completing the proof. 


Lemma 3. Let G/B be a Riemannian homogeneous space on which 
G acts effectively. If the restricted homogeneous holonomy group is irre- 
ducible and if the Ricci curvature is zero, then the group G is unimodular. 
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Let. us consider the left invariant 1-form ¢ on G defined by (X) = tra ad X 
forall XY € g: Obviously ¢ is also right invariant and we have di—0. Since 
G is effective on G/B, ad X, X€ 6, is skew symmetric with respect to an 
inner product of g by the argument in 1. Hence we have (X) —0 for all 
Xeb. These facts show that the 1-cocycle ¢ is contained in Z’(@/B), and 
there is a G-invariant 1-cocycle + on G/B such that „"r=t. We have 
Ar == dôr + 8dr = 0, because Sr is a constant over G/B. Since the Ricci 
curvature is zero, we see that r is a parallel field, on account of (5.1). As 
we assume that the restricted homogeneous holonomy group is irreducible, 
we can conclude that either ¢ is zero or the dimension of G/B is equal te one. 
In the second case G is a 1-dimensional abelian group. In any case, the 
group G@ is unimodular. We-have completed the proof. 


9. We shall prove the following 


THEOREM 1. Let G/B be a Kaehlerian homogeneous space of dimension 
2m. If B is a connected semi-simple subgroup and if H?™(G/B) = {0}, 
then the restricted homogeneous holonomy group reduces to the identity 
group. 


Since the Kaehlerian form © defines an invariant symplectic structure 
on @/B,.B is a maximal connected semi-simple subgroup of G by Lemma 1. 
Let R be the radical of G, that is, the maximal connected solvable normal 
subgroup of G. Then by a well known theorem of Levi-Malcev, we have 
G—B-R and BNR is a discrete normal subgroup, which ‘we denote ‘by D: 
Hence the solvable group R is transitive on G/B ‘and the isotropy group of o 
is equal to D. We have a left invariant Kaehlerian structure on the group 
R which is locally isomorphic with given one on G/B by the projection from 
R onto G/B. By Lemma 2, the Ricci curvature of G/B is zero and accordingly 
the Ricci curvature of R is also zero. Therefore, in order to complete the 
proof, it is sufficient to prove the following 


Lemma 4. Let G be a connected solvable Lie group. If the Ricci 
curvature of a left invariant Riemannian metric is zero, then the restricted 
homogeneous holonomy group is equal to {e}. 


We take the universal covering group of G, then this space has a left 
invariant Riemannian metric naturally induced by that of G and the pro- 
jection is locally isometric. Therefore, for our purpose, we have only to prove 
that the homogeneous holonomy group reduces to {e}, when the group G 
is simply connected. Let G=G. X GX: -X Gz be the canonical decom- 
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position with respect to the homogeneous holonomy group. Each component 
Gi is also a solvable Lie group and its Riemannian metric is left invariant. 
Moreover, the Ricci curvature r, on G; is equal to zero. We shall show that 
the subgroups G, 1Si=s do not appear in the decomposition, which means 
that the homogeneous holonomy group of the Riemannian space G is equal 
to {e}. 

Assume that, say, dim G, == n, > 0. Since the space G, is irreducible and 
since the Ricci curvature r, is zero, the group @, is unimodular by Lemma 3 
and then we have H™(G@) {0}. Since the Lie algebra gı of G, is a non- 
zero solvable algebra, the dimension of the derived algebra g,’ is less than 
that of g,. It follows that dim H+(G,) = dim g, — dim g 340. In virtue of 
(5.2), the dimension of H1(G;) is equal to that of the space of all left 
invarient harmonic forms of degree 1. Therefore, there is a non-zero har- 
monic form of degree 1. Therefore, there is a non-zero harmonic form a. 
By proposition (5.1), a is a parallel field. Since the homogeneous holonomy 
group is irreducible, we have dim @,=1, which is impossible. Thereby. 
we have proved the lemma and completed the proof of Theorem 1. 

` Now, we shall clarify the algebraic structure of solvable Lie groups G 
which admit a locally flat Riemannian connection. Since the curvature 
tensor R is zero, we have [Dx, Dy] = Dix,y for all X,Y €g by (2.3). The 
correspondence X — Dx gives a representation of the Lie algebra g. By a 
well known theorem of Lie, the derived algebra of a linear solvable Lie 
algebra consists of nilpotent linear mappings. Therefore D is nipotent for 
all X € g’, where g’ is the derived algebra of g. On the other hand, Dy is a 
skew symmetric linear mapping with respect to the inner product g by (2.2), 
and hence we have Dy=0 for all X€q’. If X,YE€q’, we have [X,Y] 
= DY —DyX = 0, which shows that g’ is abelian. Thus we have shown 
that the group @ is meta-abelian. Let § be the orthogonal complement of 
g’ with respect to the inner product g. If X€h and Y€ g, we have [X,Y] 
= DyY — DyX = DxY. Since g’ is an ideal, we have DxyY€q’. Hence 
we see that g’ and accordingly are stable by Dx for all € D, and that 
ad X and Dy induce the same linear mapping on g’ for allXch. It follows 
that if X,Yeh, [X,Y]J=DxY —DyXeh. On the other hand we have 
[9,9] Cg’. According we have [5,h] =0. ` 

Now, let us assume that g is nilpotent. Then ad Æ is nilpotent for 
al eg. If XE, the restriction on g’ of ad X, which coincides with that 
of Dx, is simultaneously nilpotent and skew symmetric and accordingly is 
equal to zero. Hence we have [b,g']—0. After all we have proved that g 
is abelian. From these considerations we have 
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THEOREM 2. If a unimodular Lie group G admits a left invariant 
Kaehlerian structure, then the restricted homogeneous holonomy group is 
equal to {e} and the group G is meta-abelian. Especially if the group G 
is nilpotent, then it must be abelian. 


If a Lie group G admits a left invariant Kaehlerian structure whose 
Ricci curvature is zero, then we have the same corclusion as above on account 
of Lemma 4. 


10. We now prove the following 


THEOREM 3. Let G/B be a 2m-dimensional Kaehlerian homogeneous 
space having the non-degenerate Ricci curvature. If G acts effectively on 
G/B end if H?™ (G/B) {0}, then the group G is semi-simple. 


Since @ is effective on G/B, the subgroup B is reductive in @ by (1.1), 
and if bE B, adb is orthogonal with respect to a certain positive definite 
` symmetric bilinear form on g. Let g=b-+m be an ad B-stable decomposi- 
tion of g. l 


Since the Ricci curvature is non-degenerate, so is the Ricci form a. 
Hence ‘we have «40, which shows that «” is not cohomologous to zero on 
account of our assumption that H?"(G/B) {0}. By (6.1), the cocycle « 
is cohomologous to the G-invariant cocycle y defined by 


ye (X, Y) =trmle- (ad[X, F ]o)m 


for all XY, ¥ € m. Hence y”, being cohomologous to a”, is not cohomologous 
to zero, and a fortiori, y” is not zero. Thus we see that y is non-degenerate, 
that is trmZ.: (ad[X, Y ]5)m—0 for all Y € m, if and only if X —0. 


Let a be an arbitrary abelian ideal of g. If ¥ €a, ad X is a nilpotent 
linear mapping. We can easily verify that a b= {0}. In fact, if an 
element X. is contained in aN b, ad X is simultaneously skew symmetric. and 
nilpotent. Hence we have ad X =0 for all Xeanb which implies that 
aN b is an ideal contained in the center of g. Since @ is effective on G/B, 
the subalgebra b cannot contain any ideal of g except the zero ideal, and 
hence we have aN b= {0}. Since the subgroup B is reductive in G, we 
can take an ad B-stable decomposition g—=6-+m such that m contains a. 
Let us apply the above consideration to this decomposition. If ZE a and 
Yeg, [X,Y] belongs to a and hence we have [X,Y]5—0. It follows that 
if Xea, trule‘ (ad[X, F ]o)m = 0 for all Ÿ € m, which shows that a= {0}. 
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Thus we have seen that any abelian ideal in g reduces to {0}, and accordingly 
the algebra g is semi-simple, which completes the proof. 
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SINGULAR INTEGRAL OPERATORS AND DIFFERENTIAL 
EQUATIONS.* ! 


By A. P. CALDERÓN and A. ZYGMUND. 


1. Introduction. Let P(u) be a linear partial differential operator with 
smooth coefficients and of homogeneous order m. Then P==HA™ where A 
is a square root of the Laplacian (see definition [1] below) and H is a 
singular integral operator (see Theorem 7). This fact seems to call for a 
closer study of the properties of singular integral operators in their connection 
with the operator A and supplies the subject matter of the present paper. 

Our results can be briefly summarized as follows. With each singular 
integral operator there is associated a function (its “symbol” in the ter- 
minology of Giraud and Mihlin) in a one-to-one fashion. This correspondence 
is linear and pseudo-multiplicative in the sense that, modulo a class of regular 
operators, singular integral operators can be multiplied (in the ‘sense of 
operator composition) by simply multiplying their symbols. The regular 
operators in that class have the property of remaining hounded after being 
multiplied on the left or on the right by A. An algebraic formulation of 
these facts will be found.in Theorem 6. The reader familiar with the work 
of Giraud, Mihlin and Tricomi* will recognize the similarity of some of our 
results with theirs. The main distinctive feature is that we are concerned with 
the operator A which they do not consider, and that our operators act on 
Lre, 1<p<o, instead of on L? only. For many applications, though, it 
suffices to consider the case of L2, and, in this respect and as far as mean 
convergence of the singular integrals goes, the paper is self-contained. To 
conclude these preliminary remarks, we want to stress the fact thas many 
' of the assumptions on which our results are cbtained can be considerably 
relaxed. Since these improvements do not seem to be of particular relevance 
at the present time, we ‘prefer not to burden the reader and postpone their - 
discussion to another opportunity. 


* Received June 12, 1957. 
+ This research was partly supported by the United States Air Force under contract 
No. AF18(600}-685 monitored by the Office of Scientifie Research. 

. 1 A description of the work of these authors can be found in the paper “Singular 
integral equations” by S. G. Mihlin, Uspekhi Matematicheskikh Nauk, No. 25 (1948), 
29-112. 
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2. Definitions and notation. We will be concerned with functions 
defined in the k-dimensional Euclidean space Ex. Points in Z, will be 
denoted by t= (2:,: : -, 2x), s= (Y° © Yu) ete. and we will use the 


following abbreviations | z |= [ Da! 1], Aw= (Az: : Mx) z a= ||", 
s4 y= (ny THY), Y= Saws The sphere |z|=1 in Fy 


will be denoted by 3, the element of mis area on S by do, and dz will 
stand for the volume element in Ep. By Ca, « 0, we shall denote the class 
of complex valued continuous bounded. functions on Æ, with bounded con- 
tinuous derivatives up to order [«] (integral part of «) and with derivatives 
of order [a] satisfying a (uniform) Hölder condition of order «—[e]. 
When dealing with functions depending on more than one argument, we 
will denote by Ca” the class of functions in Ca which are in O” with respect 
to the last argument and whose derivatives of all orders with respect to 
variables in the last argument are in C4 Given a subclass of Ca or Ca”, 
we shall say that the subclass is uniform if the bounds and Hölder conditions 
on the functions and their derivatives are uniform in the subclass. 

We shall also consider the class L,? of functions in Lr(E,) with deriva- 
tives up to order r in ZP(E,). The notion of derivative used here is that 
of Schwartz; that is, g—0f/ûx; means (f,0p/0x;) =— (9,$) for every 
pEC® vanishing outside a bounded set, where here, as in the rest of the 
paper, (f,g) stands for the integral of fg over Es. ‘By A and C we will 
denote constants, though they will not be necessarily the same in different 
occurrences. 


8. In this section we shall establish some properties of expansions of 
functions in spherical harmonics. Let Y,,(#’) be a normalized real spherical 
harmonic of degree n, that is, such that 


S sde 


and Vrn(2’), m=1,2, >, a complete orthogonal system of normalized 
- harmonics of degree n. Our first objective is to obtain bounds for the Y,(z2’) 
and their successive derivatives. Consider first the case k>3. Then we 
have the formula (see [4]) 


(D BanFmn (22) APO) (aA) /O% S PA Fay) do 


where à = 4(k—2), Bun is Kronecker’s delta and P,%(t) is the ultraspherical 
polynomial defined by 
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(2) "(1 ewe 4 De) = Sw PDL). 


For each z, the function P,4(a’:2’) is a spherical harmonic of degree n, 
whence, replacing in (1) and setting 2’ == 2’, we obtain 


P.(1) = FE (A) (n4 A) /™ Í. AO M 


On the other hand, from (2) it follows that 


(1— w) +2 = $ wP À (1), 
o 


which implies that P,\(1) is of the order n*?3 as n-—>0. Hence 
| f PAly 2)? do 
= 
is of-order n*-*, and Schwarz’s inequality applied to (1) gives 


(3) | | Ya(a’)| S Cnie-», n>1, 


where C is a constant depending only on k. In order to estimate the 
derivatives of F, (x), let P,(x) denote temporarily the solid harmonic coin- 
eiding with Y„(=’) on 3. Then, if S denotes the sphere | x | <1 and OP,/év 
is the derivative of P, in the direction of the outer normal to the boundary 
X of S, we have 


f Pa(@Pa/èr)de = f° | grad P, | de. 
z | s 


Now P, and | grad P, |? are homogeneous functions of degrees n and An — 2, 
respectively, and from this it follows readily that the two integrals are 
‚ respectively equal to | 


| nf P,2do=n and (np h— f | grad P, |? do, 
g z = 
which implies that 
f | OPp/ba, |? do < Cn’. 
= 


But 9P,/@x; is a homogeneous harmonic polynomial of degree n—1, and 
therefore we can write @P,/0%;—2P»+1, where Py. is a solid harmonic coin- 
eiding with a normalized spherical harmonic of degree »—1 on 3, and 
Jà] SOn. f 

Now we write Y, (x) =|2|-"P, (x), and by differentiating and applying 
(3) and the formula above to the successive derivatives of P,, we obtain 
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(4) LD Fa (2°) | < Crier, |e |B, 


where D,Y, denotes a derivative of Y, of order r and C is a constant 
depending on r and k. If &==2, a normalized spherical harmonic is the real 
part of rie (w | w |+)”, where w= x, + iz, and 8 is a real nümber: Clearly 
(8) still holds in this case and (4) is obtained by differentiation. 

Our next step will be to establish the formula (8) for the coefficients 
of the expansion of a function in spherical harmonics. 

Let F(%) =F (2’), G(z)—G(x) be two homogeneous functions of 
degree zero, and let Se be the spherical shell between the spheres of radii 1 
1+e Since F and G are homogeneous of degree zero, their normal deriva- 
tives at points of the boundary of S, are zero. Consequently, if we apply 
Green’s formula to the pair F, G, the surface integral vanishes-and we obtain 


frac as f GAF dr; 
Se Se ` 


dividing by e and letting « tend to zero it follows that 


Si FaG dom f GAR do. 
If we define now 


(5) L(P)=|2[ar(2), 


then, since | #|—1 on 3, it follows that 


Í. FL(G)do = Í. GL(F) ds. 


But if F is homogeneous of degree zero, so is L(F), and a repeated application. 
of the last formula gives 


(6) | Sea f° GL? (F) do 


‘which holds, of course, if F and G have sufficiently many continuous deriva- 
tives in |2| > 0. 
Let us consider now a sphérical harmonic Y,,(4). Then |2 |"Ynm(2’) 
is a solid harmonic and its Laplacian vanishes. Since the gradients of 
Fam @) | and |z|” are mutually orthogonal, we have that 


0 =A[]| z |*Yan(2’)] =| 2 "Am + n(n + k—2)] g|” Yan; 
whence, we obtain | 


(7)- ; Le) =n 2) aa). 
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Let now F(a’) be a homogeneous function of degree zero and let 
F(z’) = Go + Z nm Fam (7°) 


be its expansion in spherical harmonics. Then 


fam = Í : F(z’) Yım(a’) do, n= 1, 
$ z 


and an application of (7) and (6) to the last integral gives 


(8) tm = (mn), Er (BF) Yin (2") do, nei. 


Now we shall compute compute the Fourier transforms of homogeneous 
functions coinciding with a normalized spherical harmonic on 2. Let us 
write i 


Yan(2’)|a|* if ese] £3, 


Fam (582) = + otherwise, 


(9) . 


un(e, €) == | Yum (2") | x |* if eS | x |, 


0 otherwise. 
Then 
Pum (6 3, 2) -f DF an (Y) | y > dy 
eSly|S6 


Now we set r= |s|, p—|y| and denote by y the angle between z and Y, 
and the integral above becomes 


S error. (y) | y [* dy à. à | - 
ö ôr > 
(10) = f do/p former} f ds/s f encr(yyde, 
€ Z er = | 
and since the integral of Yam over 3 is zero, the last integral can be written as 


ôr | 
Í, ds/s f. (ets cosy — ce) Y nm (y’) do 
er = 


| -Í Yın(y') Seren as | a 


Now the inner integral can be estimated readily by integrating between er 
and 1, and 1 and ör, and one verifies that it is dominated in absolute value 
by log C/| cosy | and that it converges as e—> 0 and 8->00. Hence, applying 
Schwarz’s inequality to the last integral, we obtain 


(11). ms) SC, | an(s 2)| SO, 


13 
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where C depends only on k. Further, as e>0 and $—>, both functions 
converge to ‘the same limit which we shall denote by Fan (z). 

Now we wish to obtain an explicit expression for 7, nm(&) (see also [2]). 
For this purpose, let us revert to (10) and assume first that k2=3. Then 
from the expansion 


` gtacosy = 2AP (A) S (n + AIT aa (8) /9P,> (cos y), 29), 
n=0 


where Jy is Bessel’s function of order k and which converges uniformly in y 
and s for s in any finite interval (see [5], p. 368), and from (1), we obtain 


m ôr 
Fam (6, 8,2) =i" (2m) ¥/? [ f Jna (s)/8*X as | Yum (2"). 


Letting e tend to zero and 8 tend to infinity and on account of the formula 
(see [5], p. 391) 


(12) J Foals) /o ds = 28T (3n) /PE[n-+ FI), 
we obtain | 
(13) . Yam (2) = Pr (4n) /T (G [k + n1) Fam(t/). 


In the case k — 2, we write yı = pcos $, Yz = p Sin $, tı = 10080, ta = r sin 6, ` 
and the inner integral on the right-hand side of (10) becomes 


2 te 
Son cosn(g— do) db — Bed (ir cos n (9 — du), 
À x 


and integrating and applying (12) we obtain (13). 


4. In this section we shall consider the Riesz transforms and the 
operator A. 
The Riesz transforms are defined as follows. Let 


(14) Bmelf) in (E 429] Sn md/ 89 PT) à. 
Then 
(15) Ralf) — Line Rulf). 


‚ Tusorem 1. If felr, 1<p<w, the limit on the right of (15) 
exists as a limit in the mean of order p, and 


(16) © | Bef lo S Ap À f lo 
where A, depends only on p and k, and || f ||» is the L?-norm of f. If f€ Le, 
r= 1, then Rufe LP 


` 
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(17) . (6/0%n) Rm = Rm (8/02) , 
(18) Ry, (8/da,) = Ra (8/bEm), 
where 0/dz, is the operator differentiation with respect to ap. 


Finally, R ts selfadjoint in the sense that if f € Le and g € L1,.1<p<oo, 

Pf], then (Enf, 9) = (f, Rng)» and 
k 
(19) = Rm = I, Ruf = RR, 
m=1 

where I is the identity operator. 
In order to establish these results it will be convenient to prove first the 
following 


Lea 1. Let fE Le, then there exists a sequence of functions fn in 
C”, each vanishing outside a bounded set, such that ||fa—f |p—>0 and 
|| Difn— Dif llp—> 0 for each derivative Df of f of order jr. 


Let (x) and y(x) be two functions in C” vanishing outside a bounded 
set. Assume that (x) —1 in a neighborhood of «0 and that 


f y(z)dr=1. 
Ex 
Let ,—p(x/n) and „=nty(nz). Then, if y,*f denotes the con- 


volution of #, and f, we have that 

(20) I ye"? —f lo 0 
and . 

| ya* Dif — Dif lp —> 0 


as n—>co. Now, since y, is in C® and vanishes outside a bounded set, 
from the définition of derivatives of functions in L,? (see Section 2) and by 
differentiation under the integral sign, we obtain that 


D5 (pn f) = (Din) *f = pa Dif. 
Consequently, 


(21) | Dilat) —Dif lo 0. 


Now since &,(2) — 1 for each x, and since each derivative of a(s) con- 
verges uniformly to zero as n—>c, we have that 


“| Din (Yaf) ] — ba D (Unf) lp > 0 


PP) Dur) — Dilat f) p> 0. 
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If we set now = pu(yn*f), the desired result follows from (20), (21) 
and (22). 

We revert now to the proof of Theorem 1. If fe L? the fact that Rme(f) 
converges in the mean of order 2 follows by taking Fourier transforms in 
(14). In the previous section, we showed that the Fourier transform of 
the kernel of the integral operator (14)? converges boundedly to £m | a | 
as e—> 0, and this clearly implies the convergence of Rme(f) and (16). 

In the general case, the convergence in the mean of Rme(f) and (16) 
follows from Theorem 1 in [3] (see also the remark on page 306 of the 
same paper). 

In order to show that &,,(f) belongs to L,” if f does, it will be sufficient 
to consider the case r= 1; the general case will follow from (17). 

Let fE £,? and let f, be a sequence of functions as in the preceding 
lemma. Then by differentiating under the integral sign, we obtain 


` (0/821) Rmefn— Rome (0/01) fay - 


and, if g is in C” and vanishes outside a bounded set, 


(9, Rme(0/021) fn) = (9, (8/001) Rinefn) = — ( (8/021) 9, Rmefn) 
and letting first « tend to zero and then n tend to infinity, on account of 
(16) we obtain \ 
i | (9; Rm (0/021) f) ms ((8/8m)9, Ruf), 


which shows that R„fe L,? and that (17) holds. 
` In order to establish (13), we observe that, for every g in C® vanishing 
outside a bounded set, we have R„dg/dz, = Rôg/0x, (as one readily sees by 
taking Fourier transforms), and replacing g by the f, of Lemma 1 and 
passing to the limit, we obtain 2,,0f/éz, == R,0f/0x, for every fin LP, r= 1. 
Finally, if f and g are bounded and vanish outside a bounded set, we 

have (2£,f,g) = (f, Rng) by interchanging the order of integration, and 


| Zr (f)=f, RaRa (f) = RaRa (f) 


by taking Fourier transforms, whence the general case follows from the 
continuity of Em in LP, 1 < p < oo. 


Definition 1. Let fe LP, rÆ1, 1<p<o. Then 
k k 

Af = i $, By Of/00m = ù > (8/02m) Bf. 
1 1 


2 Observe that this kernel coincides, except for a numerical factor, with one of the 
functions Y,,,,(e,@) in (9). 
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COROLLARY. If fE LP, ri then Afe Ly? and . 


(23) if ðt, = Ry Af = ARıf. 
IffEL#,r2ZR then 
(24) Mei =— A*f. 


, 


The first assertion follows from the definition of A and the fact that the 
operators Rm preserve the classes Z,?. The formulas (23) and (24) are 
obtained from the definition of A by using (18) and (19). 


_ 5. We proceed to present the main results of the paper. We begin 
with i 


THEOREM 2. Let h(x,z2), x,2€ Er, be a function in. Cg°, BZ 0, homo- 
geneous of degree —k in z, that is, such that h(x, àz) —X#h(x,2) for 


every À > 0, and assume that Í, h(x,z)do — 0 for every x, where X is the 
z 


sphere |z| =1. Let aix) be a function in Cg, and consider the operator 


(5) Bf =ala)fle) +f en tray 
and its adjoint BR 

(26) . Bëj alfe) +f Kyy—a) flu) dy. 
Then Rd 


i) H. and H,* are defined for fE LP, 1 < p <oo and as e— 0, H.(f) 
and He #(f) converge in the mean of order p. If H(f) and a denote 
their a ee limits, we have 


LAPS I f l Apsup (a+ | A (z,2)]), É 
I HF le 5 If lp À a (| a(z)|+ |h(z,2)]), 


er) 


where p'+gq'—=1 and A, Se only on p and k. 
ii) if fe L,,1<p<o, with r<B, then Hf und H*f belong to L,?, 
ii) af fe L, 1 < p Kw, and is Hölder-continuous of order a, 0 < a < B, 
Hf and H*f are Hölder. continuous of the same order. 


Part of i) concerning the operators He and H was proved in [3], 
Theorem 2. The estimate of || Hf |p, which also holds for || Hef lp, is not 
given explicitly there out is contained in the proof of the theorem. We 
shall therefore concentrate in the case p=2. We begin with 
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Lemma 2. Let 
(28) 3 Lin = Yım(e vy —y)f(y) da 5 
Ie-yl>e . 
where Yon(e x) is the function defined in (9). Then if fE L, 1 < p <o, 
there is a constant À, depending on p and k such that | 


(29) | Tumef lp S Ao À f llo 


and as e—> 0, Trmef converges in the mean of order p to a limit Tumf. If 
fe Le, then Tumf € LP. The operators Tum commute with the Ry of Theorem 
1 and when acting on L,?, they also commute with the 0/dzy. 


The proof of this lemma proceeds as that of Theorem 1 and we need not 
repeat it here. 

Now we revert to the operator H,. Let us expand the function k(x,2) 
in spherical harmonics 


(31) h(2,2) = Sanm (2) Fam (2) | 2 |*, 


where the a,m (©) can be calculated by means of formula (8) after replacing 
F by h. Since, for each n, the number of distinct spherical harmonics Yum 
is of the order n*? and since, according to (3), Yam has a bound of the 
order n4*-), it follows from the formula (8), by choosing r sufficiently large, 
that the series of absolute values of the terms of the series above is dominated 
by a multiple of |z|-*. Consequently, given f € L”, we can replace h by the 
series in (25) and (26) and integrate term by term obtaining 


(32), Hf—a(x)f + 3dum(Z) Tome, He*f = à(z)f + S(—1) "Tome (nm) - 


Now the @y,,(z) are dominated in absolute value by the terms of a. conver- 

gent numerical series, and according to (29), the Tnmef are bounded in norm 

and converge in the mean as e>0. Hence H.f converges in the mean. 

Similarly, the functions Tnme(Gamf) converge in the mean and their norms 

are dominated by the terms of a convergent numerical series, which implies 

that H.*f also converges. ` 
` Passing to the limit we obtain 


(33)  Hf—a(x)f + Saun(z)Tamf,  H*f=a(x)f + 3(—1) "Tam (äm), 


the series converging in the mean of order p. If f and g vanish outside a 
bounded set and are bounded, from absolute integrability, it follows that 
(Hf,g) = (f,H#g) and from the continuity of the operators He and H,* 
in every LP, 1 < p <œ, we obtain (Hf, g) = (f, H&g) for f€ L? and g€ LY, 
pitq'=1, which justifies the assertion that He” is the adjoint of He. 
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By a passage to the limit we obtain that also H* is the adjoint of H. 
| Our next step will be establishing (27) in the case p=. In the first 
place, we have that 


| a(2) |? +3 | Gam (2) |? £ sup (leet f | h(x; 2) |? do] =C, 
and from (33) and Schwarz’s inequality, we obtain 
| Hf |? SCPC f |? E | Lime |°]. 


Integrating and applying Plancherel’s theorem to the ee hand side, we 
obtain (see formula (18) ) 


|| Hf |? = C? fo +3 {r ($n) /T (S[k + n])} Yam (2)*]| (2) |? de. 


Now the sum of the squares of the spherical harmonics of a given degree n 
is a constant equal to the number of such harmonics divided by the area 
of 3 (see [1], p. 242). Since this number is o? the order n*?, the series 
in the last integral is absolutely convergent and represents a constant, and 
we obtain | 

I H; ll? < CAS || f la? = CAS || f lle”, 


where A,? is the value of the series, which is the first inequality in (27). 
The second is obtained from the fact that H* is the adjoint of H. 

We turn now to the proof of ii). Since the dum(x) can be calculated 
by means of formula (8), replacing the function F there by h(z,z); it follows 
readily by choosing r sufficiently large, that the a, (x) and their derivatives 
of order less than or equal to B are dominated in absolute value by the terms 
of a convergent numerical series. Now if fe Lp, then Tynf and Tan (Gant) 
belong to L,?, and from (29) it follows that the series in (33) can be differ- 
entiated term by term, which establishes ii). 

In order to establish iii), we shall first investigate the Hölder con- 
tinuity of Tumf. Write h(x) = Yan(z’)| z | and let $ be any set contained 
in a sphere of radius p with center at x. Then if f(x) is Hölder continuous 
of order &, O<a<1, and | f(z,) —f(x)| SA] — T2 
gives 


eo |f Menu —reriey| sf J, game» | ey Hedy 


= C/a Anit- pt, 





e, inequality (3) 





In particular, we have 


(35) 





Souder wals Im (f(y) — fe) Jay | 


S O/a And dp, 


912 A. P. CALDERÖN- AND A. ZYGMUND. 


Let now 2, and x, be two points. Set p=? | Ti — Le | and write 


(Tumf) (21) — (Tom) (22) 
=f penou fi taO Fle) I, 


=); 


Kandel + farm) —F (22) lan 
wijt Js 

where the integrals over |[y— | Z p are ca as the limit as Row 
of the integrals extended over p S | y— z, | SR. Then from (34) and Aes 


we obtain 
| (Lamf) (21) — (Tamf) (#2) | S C/a Anit- pa 
+ LG) —h(t2—y)| | F) —f (22) | d 


laı-viZp 
Now according to (4), | h(a:— y) — (a. — y)| S On®? | x, — x; | [es — y |? 
in |zı—y |Z p, and since |f(y) —f(x)| SA | y— 2, je and |y—2, 
S2|y—-2,| in |x,—y| =p, it follows that i 


| (Tamf) (21) — (Tamf) (x2) | S C/a Ante pe , 
+ CAnk?? | x, — x; | I» ds S [1/a + 1/ (1 — a) ]CAn*/? |x, — x, |$, 
; : 








where the constant C in the last expression depends only on &. Further, 
since || Tamf ||» is bounded, as is readily verified, (36) implies that (Tunf) (x) 
has a bound of the order n®?. Now we can estimate (Hf) (x) — (Hf) (#2) 
from the series in (33). To obtain the desired result, it suffices to observe 
that, for every r, the functions Aym(z)n” are uniformly bounded and uni- 
formly Holder continuous. This follows from formula (8) and allows us to 
estimate the preceding difference by estimating the corresponding differences 
of the terms of the series. The Holder continuity of H*f is established by a 
similar argument. 


Remark. Infinite differentiability of (e,z) with respect to z is not 
indispensable for the validity of the preceding theorem, and, indeed, the 
argument used in its proof remains valid under weaker assumptions. 

Another fact worth mentioning is this. Not only do the functions Hef 
and H,*f converge in the mean of order p if f is in LP, l<p<o, but they 
converge pointwise almost everywhere and are dominated in absolute value 
‘by functions in L”. For Hef, this result is contained in Theorem 2 of [3]. 
‘The result for H,*f can be obtained by applying Theorem 1 in [8] * to cach 


3 See also the remark on page 306 of the same paper. 
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of the terms of the expansion in (33) after observing that the a,,(x) are 
dominated in absolute value by the terms of a convergent numerical series. 


Definition 2. A singular integral operator cf type Cg” is an operator 
such as the H of Theorem 2. The symbol of the operator H is the function 


(37) o(H) =a(z) + Stam (2) yn¥ am (2); 


where a(x) is the function in (25), the asn(x) are the functions in (31), 
and | 


_ (38) nier (in)/r(Gn+E]). 


The reader will notice that, on account of (13) the summation sign in (37) 
represents in a sense the Fourier transform of (x, z) with respect to z. This 
fact could be used in defining the symbol o(H) of H, but in the present 
set-up we find the preceding definition more convenient. 


THEOREM 8. If H is a singular integral operator of type Cg” its 
symbol is a homogeneous function of degree zero with respect to z and in Cg” 
in |z| 21. Conversely, every function of x and z which is homogeneous of 
degree zero with respect to z and belongs to Cg” in |z| 21 is the symbol 
of a unique operator of type Cp”. If M is a bound for the absolute value 
of o(H) and its derivatives with respect to the coordinates of z in |z| 21 
of order 2k, then . 


(39) | Bf lo S MA, | f lo 
where A,.depends only on p und k. 


According to formula (8), we have 


y(t) = (—1)'n-*(n + k—2)7 Í, Lr (his, 2)]Fan(#)do, 
(40) 


Anm) FT (— 1Yyn n(n + k + 2)” J, Er [o(H)(z, z)] Yum(2’)do, 


where L is the operator defined in (5) and x is regarded as a parameter. — 
From this representation it follows readily that, if h(#,z) or o(#) (2,2) 
belongs to Cg* in |z| 21, then, for each r, the functions dim(2)n’ are 
uniformly in Cg. Conversely, if the latter holds, by taking (4) into account 
and .differentiating the series (31) and (37) term by term, we obtain ‘that 
both k(a,z) and o(H)(x,z) belong to Cg” in |2| 21. 

In order to establish (39) we just set r= k in the last formula and 
obtain | dum(z)| S CMn- where C is a constant depending only on k. 

This combined with (3), (31) and the fact that the number of distinct 
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spherical harmonics of degree n is of the order n*? yields |A(x,z)| SCM, 
where again C depends only on k. ‘But on account of (27), this implies (39). 


` Definition 3. Let H, H, and H, be singular integral operators of type 
Cg”. We define H* and H,oH, by the formulas 


o(H*) =6(H), o(H,° Ha) —0o(H;)o(H;), 
where &(H) is the complex conjugate of o(H). 
THEOREM 4. If the symbols of H, H, and H, are independent of x, 


then H*#—H*, H,oH,—H,H,—H.H, where H,H, is the composition 
product of H, and Hz, 


Let f(x) be bounded and vanish outside a bounded set and let ? be its 
Fourier transform. Then. according to (32), we have Hef = af + 3@amT amf, 
where a and dj, are the same as those in (37) and are therefore assumed 
to be independent of x. Taking Fourier transforms and ‘letting e tend to 
zero, we obtain on account of (13) 


(Hf)* = af (2) + Sdnmyn¥ um 2’) (2) 5 
that is, (Hf)*—o(H)f, whence 
(AM = (D) = HN, (Hie Hs)f]4—o(Hs)o(He)f = (Hi) 
which implies that H*f = H*f and (H,>oH.)f=H,H:f: From this and 
the continuity of H in LP, the desired result follows. 


COROLLARY. If the symbol of the singular integral operator H is 
independent of x and does not vanish, then H has an inverse and the inverse 
is also a singular integral operator. 


Clearly the operator H, defined by o(H,)=o(H)" is an inverse of H. 
The following theorem deals with the relationship between H* and H*, 
and H.H. and H,°H, in the general case. 


Tasorex 5. Let H be an operator of type Cg” with B>1. Let M 
be a’ bound for o(H)(x,z) and tts derivatives with respect to coordinates 
of z of order 2k, the first derivatives of these with respect to the coordinates 
of x, and the Hölder constants of the latter. Then for every ‚FE LP, 
I< p<oo, we have 


| (HA—AH)f lp S Apli | fly, |(Z*A—AH*)f lo € Apd | f lv 


2 . Ka*— HF) Af |p S AM | fl AC — ARENA 
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where A, depends only on p, k and B. Further, if H, and H, are two 
operators in Cg” and fe Ly then 


|| (Hı ° Ha— His) Af = AMM: || Flo 


(42) 
| A (H, ° H,— HyH»)f |p S AMM | Flo» 


where, again, Ap depends only on p, k and B and M, and M, are defined 
as above. 


Let c(z) be a function in Cs, T a singular integral operator with 
symbol independent of z, and f a function in C® and vanishing outside a 
a bounded set. Denote by ¥(z) the kernel of the operator T, and consider 
the expression 


(48) (er To) Um f Le) Wr (e —y)fn dy, 
e>0 + |e-yl>e 
where fs, stands for @f/02; Since c(z)E Cu, B>1, if 0<a=B—[8], 
and « < 1, we have 
| Cz, (T) — Cz, (y)| =A |2—y hes 
e(z) —c(y) =È (2) — y) cs, (2) + b(z,y), 


where | b(z,y)| SkA|2—y|'*“. Now we replace this expression in the 
integral in (43) and integrate by paris, obtaining 


DCE OO 
+f E(u) cale) Ya (s —y)i (y)dy 
e<le-yl&1 j 
(4) + CO 
FS ce Fa (ent (nd 


ae Je [e(®) —c(y)]Y(z—y)f(y) vide, 


where the last integral is extended over the surface of the sphere |e—y|=e 
and y; is the i-th direction cosine of the normal to the spherical surface. 
Denote now. by N, a bound for | c(x)|, | cz, | and the Hélder constants for 
the derivatives cs, and by N, a bound for | F(z)| and | ¥.,(z)| on | :| —1, 
and observe that the functions 2;Y.,(z), are homogeneous of degree — k and 
their mean value over the sphere | z|—1 is zero (otherwise, if f(x) 0 and 
Cr, == &nj, the second integral in (44) would diverge as e tends to zero while 
the remaining terms and the whole expression converge). Thus if we let € 
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tend to. zero in (44) and apply Theorem 1 in [3] (see also the remark on 
page 306 of the same paper) to the first two terms, we see that they represent 
a function of z whose Z?-norm does not exceed ANN- | f |, where A depends 
only on p and k. In the case f€ L*, we apply Theorem 2 to the first term. 
The second term is not suitable for a direct. application of Theorem 2, but 
the convolution integrals 


f (a; — y) at —y)f (y)dy 
e<|r-yls1 


can be easily. estimated by taking Fourier transforms and estimating the 
transform of z;F+, (2) multiplied by the characteristic function of e < |z| £1 
using the method used in Section 3. 

Since Y, (z) is homogeneous of degree — k —1, it is absolutely table 
over |z| 21, and, on account of the estimate for b(x,y), one sees readily 
that the third and fourth terms in (44) are dominated by convolutions of 
[f(y)| with absolutely integrable functions. Hence, it follows from a 
theorem of Young that they represent functions whose Z?-norms are less 
than or equal to || f |, times the L*-norms of those integrable functions, and 
an easy computation yields AN,N, | f |» as a bound for the Z?-norms of those 
functions, where the constant A depends on k and a. Finally, one sees 
readily that, as « tends to zero, the last term in (44) tends to a limit whose 
absolute value is dominated by AN,N,|f(z)|, where A depends only on k. 
Collecting results and applying Lemma 1, we obtain 


(45) | (cT — To) fa, lp & AN N2 | Flo. 


for every f in L, 1 < p<, wkere A, depends only on p, k and a (or 8). 
Having established (45), we can ee to prove the inequalities (41) 
and (42). 

Consider the representation of af and H*f given in (33). Write a(x) 
for a(x) and T, for the identity operator. Then since the @um(#) are 
dominated in absolute value by a convergent numerical series and since the 
Tam as operators on LP, 1 < p<, have bounded norm for each fixed p, we 


may write 
H = > AnmT nm; H* = > (— 1 ) a nmÕnm Hr ne > (— 1 ) los 5 
n= n20 ~ nzo 


where the series on the right converge in the operator norm. If f is in Le, 
then 


ee _HA)f = Š B( San Tamf) o; — È Anm Dum (> Rıfa,) 
= LIRE T amf + = (Etam — amk) (Tant es 


i 
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since the (@nm)«, are dominated by a convergent numerical series which 
justifies term by term differentiation of the first series above. Now we apply 
(45) te each of the terms of the last series, estimating N, each time from 
the second formula in (40), and use (29) obtaining readily the first inequality 
in (41). The second inequality in (41) follows by an argument almost 
identical to thé preceding one. In order to-prove the third inequality in 
(41),.we write 


(H* —H*)sf—=3 (H* — HF) (Rif) o: 
ory, 2 (— 1)" (Pandan — im Ton) (Rif) «,, 


and again (45) combined with (40) and (4) yields the desired result. 
The last inequality in .(41) is readily seen to be an immediate conse- 
quence of the preceding ones. 
Let now H, = 3 bpmInm, He—=3CamT'nm, and consider the series of 
operators a 
(46) > DamCraT amt. vu 


z 


the sum being extendec over all indices, and the series of their symbols 
3 Dam (x) Coy (2) Fom (2’) Yin (2) Ynyr 
= (X bamh2)Y nm (2 ) yn) (È Cou ®) ¥ yu(2’)yv) = o(H;)o(H,) == o(H, ° H3). 


From the estimate (4) of the successive derivatives of Y,,(2’) and the 
formula (40) applied to the coefficients bam and Cva, it follows that the first 
series in (47) converges uniformly as well as the series obtained from it by 
differentiating its terms with respect to coordinates of z any number of times. 
But then Theorem 3 implies that (46) converges in the operator norm and 
that (47) is precisely the symbol of (46), or, equivalently, that (46) is 
precisely H,oH,. On the other hand, since the functions b,,(xz) and 
Cnm(z) are dominated by convergent numerical series we have 


(47) 


HH, = 3 DamT nmCvu T vus H, o Hy, — HH = 3 dam (CypT nm — TronCru) Tune 
Thus | 
(Hy 0 Ha— H Ha) Af = 3 Bam (Cou Tam — Fame) Ton (Rif) 2 
= 3 bam (ra Tan — Tantra) (TB) oy 


If we now compute the c,, and bnm by means of (40) and apply (45) using 
(3) and (4) in order to estimate the kernel of Tam and its first order deriva- 
tives, and bear in mind that the T,„ are uniformly bounded in LP and that, 
for each n, the number of distinct Tam is of the order n*-?, we obtain the 
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first inequality in (42). The second follows immediately from the first and 
the first inequality in (41). Theorem 5 is thus established. 


THEOREM 6. Let Qp be the algebra of bounded operators on LP, 
1<p<o generated by all singular integral operators H of type Cg”, 
B>1, and their adjoints H* (see definition 2 and Theorem 2). Then 
there exists a homomorphism hy of A, onto the algebra of all functions F (x, 2) 
in Cg” which are homogeneous of degree zero with respect to z, such that, 
for every singular integral operator H, the identities hy(H) —o(H), h,(H*) 
=6(H) hold. The kernel of hp can be characterized as follows: K belongs 
to the kernel of hp, or, equivalently, k,(K) — 0, if and only if there exists 
a positive constant A depending on K such that | KAF lo S À | f |» for every 
feLr. If h,(K) is bounded away from zero, then there exists K'€ Q, 
with a two sided inverse, such that h,(K) —h,(K"). 


Every bounded operator on LP which commutes with every operator in 
Q, is a multiple of the identity operator. 

The algebras Qp Aq corresponding to any two spaces LP and Li, 
l<p<q<o, are isomorphic and there is a natural isomorphism & between 
Qp and Gq such that hp = hab. 


We start with the following 


Lemma. Let H be a singular integral operator of type Cg”, 8 > 1. 
“Assume that for some positive constant A and every FE L the inequality 
| ZAfl,>SAl fll, hold. Then H=0. 


Let @ be the class of functions which are symbols of singular integral 
operators with the property that HA is bounded in the sense just described. 
Then @ is linear, and, on account of (42) and the definition 3, it is closed 
under multiplication by functions F(x,2) in Cg” which are homogeneous 
of degree zero with respect to z. Let u be a rotation of E, about the point 2. 
Then, if we denote f[u(x) | by fu(z=) and o(H) by BG)» and define À, 
and Fa by 

Fy (2,2) =o(Hy) = F[u(x),u(z + 20) en 
we have the following identities 


Ifllo= full, (Au Afo  (Hfu= Hufu. 
Consequently, if F(z,2)€ @ then 
| HuAfu lle = || Ha (Af) u lo = I (HAP) lo = I BAF lo SA 1 F lo = À | fu le 


which shows that F, € @. Assume now that F (zaz) is not identically zero 
in z Then there exist finitely many rotations u; of E, about x, such that 
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G(x,z) =X | Fy,(«,2)|? has the property that G(2,z) does not vanish. 
Let now a(x) be a function in Cg such that a(z,) 40 and vanishing outside 
a neighborhood of x, where G(x,2) is bounded away from zero, and define 
G, (2,2) =a (z) G (z,2)*, where a(x) 0, and G,(z,z) —0 otherwise. Then 
GGz, | z|-* =a(x)a, | z |", and since Fu, € 8, it follows that a()z,|2|*€ 8. 
Now a(x)z,|2|* is the symbol of the operator a(x)R, and therefore, on 
. account of (23), we have that 


| a(x) Rs Af |p = ale), lo SA | f llo 
for every function f in L,?. But this is clearly impossible unless a(s) == 0 
identically which contradicts our, assumptions. Hence we must have F (£o, z) 
— 0 for every z. Since the same argument applies to an arbitrary point te 
we must have F(z,2) —0 identically, and the only function in @ is zero. 
This establishes the lemma. 

Now let us revert to the proof of Theorem 6. Consider the class @ 
of opeartors K in @, with the property that there exists a singular integral 
operator H and a constant A such that |(K — H)Af |» =A | f ||» for every 
fe Lp. Then @ is clearly linear. Further, it follows from (41) and (42) 
that @ is closed under multiplication. Now every singular integral operator 
belongs to @, and the third inequality in (41) implies that their adjoints 
also belong to @} that is, @ is an algebra containing all singular integral 
operators and their adjoints. Hence @ coincides with G,. 

The singular integral operator H associated with K in the manner 
described above is unique, as follows immediately from the preceding lemma. 
Now we define h,(K) to be o(H). Then hp is clearly linear and, on account 
of (41) and (42), multiplicative. ‘Since the mapping H—c(H) is onto 
the class of all functions F(x,z) in Cg” which are homogeneous of degree 
zero with respect to z, the same applies to hp. The identity hp(H) =o(H) 
for every singular integral operator H is clear, and h(H*) —6(H) follows 
from the third inequality in (41). Further, the fact that h,(K)=0 if 
and only if KA is bounded in the sense descrited above is an immediate 
consequence of the definition of hp. 

Suppose now that hp(K) =F («,z) is bounded away from zero. Let 
2) 0 be a fixed point in Ey and set 


a(x) E F(z, zo) F (0, Zo), G (z, 2) = F(a, z)a(x)*F (0, z). 
Then G@(0,z) == G(x, 2) —1 and this, as is readily verified, implies that 
@(z,2) has an n-th root G(z,2)Y* in Cg. If we choose G(z,2)"/" so that 
G(0,2)/"==1, the boundedness of the first order derivatives of G(z,2) and 
the fact that G(x, zo) =1 imply that G(z,2)”Y* converges uniformly to 1 
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and its derivatives with respect to coordinates of z of order 2% converge 
uniformly to zero in |2|>1. Thus theorem (3) implies that, for n suth- 
ciently large, the operator H defined by o(H) = @(z,2)”Yr is close to the 
identity operator, or, more precisely, |I—H | <4, where I is the identity 
and the norm is taken in the sense of operator norm. But this implies that 
H has a two sided inverse. Further, define H, and H, by o(H,)=F(0,z) 
and o(H,)=a(z). Then since a(x) is bounded away from zero, H, has 
an inverse, and since F(0,z) does not vanish, according to the Corollary to 
Theorem 4, H, also has an inverse. Define now K’’=H,H,H". Then K’ 
has an inverse and | 


hy (K’) = hp (Hi) hp (Hz) hp(H}* 
—o(Hy)o(H2)o(H)" a(x) F (0,2) G(a, 2) =F (2,2) = hp(K) 


which establishes the corresponding statement in the Lemma. 

Let now K be a bounded operator on L? which commutes with all singular 
integral operators. In particular, X commutes with multiplication by func- 
tions in Cp, that is, if a(z)E Cg then K(af) ak (f) for every fe Le. 
Assume now that f is positive, continuous and in Z? and consider the 
function y(z) =f*K(f). Then for.every g(x) of the form g(a) == f(x)a(a) 
with a(x) € Cg we have K(g) =K (af) —aK(f) =af[ "RK (F) ] = g (2)4 (2). 
Since K is continuous on L? and the functions of the form a(x)f(x) are 
dense in LP, it follows both that y(2) is essentially bounded and that 
K(g) wg for every ge Le. Let now © be a point at which y(a) is equal 
to the derivative of its indefinite integral and f(x) a function which is 
constant on the sphere with center at @ and radius 1/n, vanishes outside 
this sphere and has integral equal to 1. If H is a singular integral operator 
with kernel h(a—y), then 


HEf, = lim jot ETO In Cu) du 


€0 


converges towards h(a—)w(Z) tor all x, «Az. On the other hand, 


KHfn Fr y(x) lim Ce (y) dy 


€>0 


converges towards h(w—#)y(x). Since H and K commute we have 
KHf,==HKf,, and therefore h(w«—#Z)y(«) =h(a—Z)y(£) almost every- 
where. If we assume, as we may, that h(x) does not vanish identically on a 
set of positive measure, it follows that y(x) —y(#) almost everywhere, and 
this implies that K is a multiple of the identity. si 

In order to prove the last part of the theorem, we observe that the 
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singular integral operators and their adjoints are defined in all spaces LP, 
1<p<o, and continuous in the corresponding topologies. Therefore an 
operator K in Q, will map LFN L« into itself, and since L? n Le is dense 
in Ls, the restriction of K to Le N La will have a unique continuous extension 
to Le, which we take as the definition of $(K). Then one verifies that ¢ is 
the desired isomorphism between @, and Cz. 

Theorem 6 is thus established. 


THEOREM 7. Let a— (a, ` ',a,) be a k-tuple of non-negative integers 
and write Dau = 00/0710, + + Ag, Oh, Ze == 27,92. - -2,0n, Let P(w) 
== Di da(z)Dau be a linear partial differential operator of homogeneous 
order m with coefficients a.(z) in Cg, B20. Then if we LP, P(u) = HA"u 
where H is a singular integral operator of type Op”? and 


o(H) = (—i)" Sag(x)2*|z|-, where |z| = (4? +: La). 


According to (23), we have du/da, = —iR,Au and therefore, since the Ry 
and A commute, it follows that 


Du ae (— i) mR “R, airn Rpr AG PE (— i) m Ra A May 
and 
P(u) == > ta (2) Dau = (—i)” D au(x) RA”, 
a 


Now according to (14) and (37), o(R,) = Zna | 2 |7 and from this the desired 
expression for 


o(H) —=a[(—1)™ Zaulz)R*] 


follows. This proves the theorem. 
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ON SIMPLE GROUPS OF TYPE B,.* 


By JEAN DIEUDLONNÉ. 


1. C. Chevalley [1] has recently defined simple linear groups over an 
arbitrary field K, corresponding to the classes of simple Lie algebras over the 
complex field; and, with one exception, R. Ree [4] has identified the groups 
corresponding to the classes Ay, By, Cr, D, and G to well-known classical 
groups. The exception concerns the class B, when »=2 and K is an 
imperfect field of characteristic 2; I will prove in this note, using Ree’s 
other results and the general structure of orthogonal groups corresponding 
to defective quadratic forms [2, pp. 52-60], that in that exceptional case 
the Chevalley group is again isomorphic to the commutator subgroup of the 


orthogonal group defined by the quadratic form Q(x) = > (with respect 
120 


to a suitable basis (ei)-nzisn of a (2n + 1)-dimensional space E over K). 


2. It is proved in [4, p. 898] that the Chevalley group of type By 
leaves invariant the 2n-dimensional subspace Æ, of E generated by the e; of 
index 540, and is isomorphic to its restriction H to that subspace. More- 
over, H is generated by the matrices 


Vit =I + PE u and Wijt =Í + t(Ei-;— E,-); 


where Ge K; and i,j take the values +1,+2,---:,+n, the Hy being as 
usual the matrices such that Fy: j= ei, Bi‘ ex =0 for k47. Now, in the 
case we are considering, the K?-subspace M of K from the general theory 
of detective forms [2, p. 52] is reduced to K?; therefore, for fixed t, the 
Viz constitute all singular orthogonal transvections [2, p. 55] corresponding 
to the vector e;. But, for fixed à, the Vi; and Viz obviously generate the 
unimodular, group SZL;(K?) corresponding to the K?-plane P; generated by 
ei and e; there is therefore in that group a matrix U which transforms ei 
into a vector a€ P; such that Q(a) 0; furthermore Q(a) € K?, hence the 
transformations UV;,,U- constitute all semi-singular orthogonal transvections 
[2, p. 54] corresponding to the vector a. 


© * Received May 21, 1957. 
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Next we remark that, as n 2 2, the subgroup generated by the matrices 
Waje contains the commutator subgroup Q.,(K, Qı), where Q, is the restric- 
tion to Æ, of the quadratic form Q [4, p. 397]. But from Witts theorem 
it is easy to deduce that for any vector be E, such that Q(b) € K? and 
Q(b) 0, there is a transformation of Q.,(K,Q:) transforming a into a 
scalar multiple of b, and that for any vector c€ E, such that Q(c) = 0, 
there is a transformation of Q.,(K,Q1:) sending e_; into a scalar multiple of 
c [3,810,7),p.65]. It follows that the group H contains all semi-singular 
transvections, and therefore the commutator subgroup Qana (K, Q) ([21, p. 59 
and [3], §11, p. 69); on the other hand, as W;,;, belongs to the orthogonal 
group Om(K,Q,), and a fortiori to the orthogonal group Ooeni(K,@Q), the 
group Dans (K,Q) is a normal subgroup of H, and is not contained in the 
center of H; hence H = Qon (K, Q). 

It may be remarked that the theorem still holds when n= 1. Indeed, 
we have seen above that H is then the unimodular group SL,(K 2), hence H 
contains all semi-singular transvections corresponding to vectors && + &ıea 
such that £é € K?, and these are in fact all serni-singular transvections ; 
the argument is then concluded as above. 
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EXTENSIONS OF REPRESENTATIONS OF LIE GROUPS 
AND LIE ALGEBRAS, L* 


By G. Hocuscuitp ** and G. D. Mosrtow.t 


1. Introduction. Let K be a group, G a subgroup of Æ, p a repre- 
sentation of G, V the representation space of p. We shall say that a repre- 
sentation ¢ of K is an extension of the representation p of G if the 
representation space W of o contains V as a G-stable subspace and o 
coincides with p in V. If we insist on remaining within the category of 
finite dimensional representations, such an extension does not always exist. 
In the case where G is normal in K and there is a complementary subgroup 
H in K such that K is a semidirect product H- G, the extension problem 
for finite dimensional representations can be analyzed in terms of repre- 
sentative functions. In fact, using the representative functions associated 
with the given representation p of V, we shall give a standard construction 
yielding a representation space W for K such that W contains V as a G- 
stable subspace, and is finite dimensional whenever such a representation 
space exists at all. If K is a connected Lie group, and for the category of 
finite dimensional continuous representations, this gives a complete solution 
of the extendibility problem (Theorem 3.1). Moreover, we give a construc- 
tion that enables us to treat the more general case where K == HG, with HN G 
compact (Theorem 3.2). 

In Section 4, we shall show how some of the basic result on the existence 
of faithful representations for connected Lie groups can be proved compara- 
tively simply by means of the extension theorem. In particular, the use of 
Ado’s theorem on the existence of a faithful representation for a Lie algebra 
is completely eliminated. 

On the other hand, the extension theorem for representations has an 
analogue for Lie algebras, which is due to Zassenhaus and was used by him 
in proving Ado’s theorem. The technique of representative functions, here 
defined as functions on the universal enveloping algebra, gives a very simple 


* Received May 15, 1957. 
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and natural proof of Zassenhaus’s extension theorem, and thus of Ados : 
theorem. We shall give this proof in Section 5, which is quite independent 
of what precedes. | 


, 2 Notation and general facts. Let F be a field, and let V be a vector 

space of finite dimension d over F. A representation p of a group-G@ in FV, 
or with representation space V, is a homomorphism of G into the group of 
all linear automorphisms of V. If ze G and ve V, we abbreviate p(x) (v) 
by z'v. . Let #(V) denote the algebra of all linear endomorphisms of FV. 
If À is any linear map of E(V) into F, the composite function A°p from 
G to F is called a representative function on G associated with the repre- 
sentation p. These functions make up a finite dimensional vector space R(p) 
over F. If f is any furction on G, and z€ G, we define the left translate 
æ-f as the function on G that is given by (z-f) (y) —f(yx), for all ye G. 
Similarly, the right translate fx is defined by (f-2)(y)==f(zy). In 
particular, if f€ R(p), then «-f and f:x belong to R(p), for every ve G. 
Using only the left translations, we thus have a natural representation of 
G in R(p). 

Let y be any linear map of V into F, and let ve V. Then we 
define a function p/v€ R(p) by setting (u/v) (y) —w(y:v). Observe that 
g: (p/v) =u/x'v. Now let a,‘ ‚pa be a basis for the dual space 
Home(V,F) of V. Let d-R(p) stand for the direct sum of d copies of R(p), 
regarded as a representation space for G in the natural fashion. We define 


a map of V into d-R(p): v> (u1/0,- © -;pa/v). It is immediately verified 
that this is a G-monomorphism. 
Let V =V, D: -D Va= (0) be a composition series for the repre- 


sentation space V. Let V’ be the direct sum of the factor representation 
spaces V;/V:, where i ranges from 0 to n—1. Then V’ is a semisimple 
representation space for G. Moreover, to within G-isomorphisms, V’ is 
independent of the particular choice of the composition series. Hence the 
representation p’ of G in V’ is essentially determined by p; we shall call it 
the semisimple representation associated with p. Clearly, if p is a semisimple 
representation, p’ may be identified with p. 

We shall say that a representation p of G is unipotent if the repre- 
sentation space V has a descending series of G-stable subspaces such that 
the representation in each factor space of the series is trivial. It amounts 
to the same thing to say that p’ is trivial. More precisely, let K be a sub- 
group of G. Then, if p’ is trivial on K, it clearly follows that p is unipotent 
on K. Conversely, if E is normal in G, and if p is unipotent on K, then 
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p’ is trivial on K, because every semisimple representation space for G is 
then semisimple as a representation space for ‘K. 

Let 1 stand for the identity transformation on V, and let K be an 
arbitrary subgroup of G. It is easily seen that the representation p of @ is 
unipotent on K if and only if there is a positive integer # such that, for 
every n-tuple zı,° ` -,æ, of elements of K, 


(1—p(2:)) WER (1—r(2,)) = 0. 


It is clear from this that, if p is unipotent on K, so is the representation 
of K in R(p), since H(1— 2) - (a/v) =p/(TL(1—p(a)) (v). Tt is equally 
evident that a’subrepresentation or a factor representation of a unipotent 
representation is unipotent. Similarly, a sum of unipotent representations 
is unipotent. , Finally, the tensor product of two unipotent representations p 
and o is unipotent, as is seen from the relation ; 


181—p(2) @o(x) = (1—p(2)) 81+ p(x) 8 (1—0(x)). 


It has been shown by Kolchin that p is unipotent if, for every sE G, 
the transformation 1— p(s) is nilpotent. We remark that this follows 
readily from Wedderburn’s theorem on simple algebras. Observe first that 
we may asume without loss of generality that F is algebraically closed. Next, 
note that if we proceed by induction on the dimension of V we reduce the 
problem to the case where V is a simple representation space for G. Now 
let A be the algebra of linear endomorphisms of V that is generated by the 
endomorphisms 1— p(s), with æ€ G. Clearly, an A-stable subspace of V 
is also G-stable, so that V is simple as an A-module. Hence, if A (0), it 
follows from Wedderburn’s theorem that A is the algebra of all lincar 
transformations of V. - On the other hand, we see immediately that every 
element of A is actually a finite linear combination of elements 1 —p(z), 
with ze G. If every such element is nilpotent it follows that every element 
of A has trace 0. Hence A cannot contain every linear transformation of V, 
and therefore must be (0). 


3. Extensions of representations. Let G be a Lie group. By a repre- 
sentation of G we shall mean a continuous representation by linear trans- 
formations of a finite dimensional vector space over the field of the real 
numbers. The radical of @ is defined as the unique maximum solvable 
normal analytic subgroup of G. . It is closed in G, and its Lie algebra is : 
the radical (maximum solvable ideal) of the Lie algebra of G. 


Lemma 3.1. Let G be a connected Lie group, R the radical of G, Sa 
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maximal semisimple analytic subgroup of G. Let p be a representation of G, 
and let A be a set of analytic automorphisms a of G such that (1): for 
every £E R, p’(a(x)a*) =1, and (2): for every c€ 8, pla(z)2*) =1. 
Then, if f is any representative function associated with p, the space spanned 
by the functions foa, with a€ A, is finite dimensional. 


Proof. First we show that we may assume Ẹ to be simply connected. 
Let @* be the simply ccnnected covering group of G, and let p: G*— G be 
the covering epimorphism. Then fop is a representative function on G* 
that is associated with the representation pop of G*. The map f—fop is 
evidently a linear monomorphism of the space of functions on @ into that 
of Gt. Hence it suffices to show that the space spanned by the functions 
foaop, with a€ A, is finite dimensional. Now, for every a€ A, there is 
one and only one analytic automorphism a* of Gt such that poat—aop. 
We have foaop=fopoa*. Clearly, #op is the semisimple representation 
of G* that is associated with the representation pop of G*. If R* is the 
radical of Gt, then p(R*)=R. For se R*, we have (pop) (a*(x)a*) 
=p’ (a(p(x))p(x)+) =1. Similarly, there is a maximal semisimple analytic 
subgroup $* of G* such that p(S*) = S, and if z € S*, we have (po p)(at(a) a) 
—p(a(p(z))p(x) 1) =1. Hence the automorphisms a* satisfy the con- 
ditions of our lemma for the representation pop of G*. Hence it suffices to 
prove the lemma in the case where G is simply connected, which we shall 
now assume. - 

Then G is the semidirect product $-R. Let R be the Lie algebra of R, 
and let X be the Lie algebra of the kernel of p’ in R. Since R is normal in 
G, p’ yields a semisimple representation of R, and its differential yields a 
semisimple representation of R. Hence we may apply Lies theorem to: 
conclude that [R,R] CT. Let t’, be representatives in R for a 
basis of R/T. Then TC (T, t) C-- -C (T, Ta © `, 2n) =K is a sequence 
of ideals of R. Since P is simply connected, the analytic subgroup T of R 
that corresponds to the ideal & of 9 is closed in R and simply connected.* 
Since € is nilpotent, the exponential map is a homeomorphism of X into T* 
Moreover, R can be reached from T by successively constructing semidirect 
products according to our series of ideals from X to R. Hence we have a 


+ According to a well known result due to Malcev, every. normal analytic subgroup 
of a simply connected Lie group is closed and simply connected. The proof is obtained 
by reconstructing the group through a sequence of semidireet products, as is done below 
for R in order to define y. un u 

? This well known result is proved by induction on the length of the ascending 
central series for &, using the result of footnote 1. 
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homeomorphism y of % onto R, where, for u€Æ and real numbers t, 


y(u + Š ta) = exp (u )exp ($121) © : -exp (tatn). 


| Every analytic automorphism a€ A induces an automorphism a: of R. 
It follows from condition (1) that we have a (Z) CL, and a-(z;) = t -+ £p 


nn 
with a€ ©, for each à If. z=u-+ Sita, we have therefore 
x i=1 


a(y(z)) = exp (œ (u) )exp {t (a+ 31)) ` ` -exp(tn(an + Tn) ). 


Now let p stand for the representation of A that is induved by p, and 
write «i= p (m), 4 —p(x). Then we have 


p(a(y(z))) = exp (p'a (u) exp (tı (%1 + &)) >» -exp(tn(an + fn) ). 


` q 

Choose a basis y1,°--,%, for T, and write a-(y;) = X bryk, and 

a q ar 
ai = 2 auÿx. Then ai= Daun, where mx = p (Yk). 

=1 &=1 

The representation p is nilpotent on È, and p(X) is an ideal in p (%). 
It follows that, if d is the dimension of the representation space V of p, 
every monomial in elements of p(R) in which there occur more than d—1 
factors in p(&) is 0. 

Writing out the exponential series in our expression for p(a(y(z))), 
we obtain the absolutely convergent series 


(pra (u)) (a + é): SEA (aa + Sn) ety A ten (ele! A - ent), 


where the summation goes over al (n-+1)-tuples (e,e,,' - -,e,) of non- 
negative integers, with e < d. Write u = X crys, so that pa (u) = > brun. 
k jik 


Now substitute this for pæ (u), and Fa for &,.in the above, and then 
k 


multiply out each term of the series in full. Each term can be written in 
the form p,q.(@,@:,° * *,en) H’ + p,gr(e, 61," - -,e,), where the p; are 
the various monomials of degree < e + e, +: + en in the coefficients by, 
and dy, of a, and the qu(e,e,: : -,e,) are certain homogeneous (non-commu- 
tative) polynomials in the 7; and £, whose coefficients depend on the t and 
the cy, i.e., on z, but not on the automorphism a. It is easily seen by the 
usual estimate of the size of the elements of a product of matrices that, for 


each 1, the series xX gile,e@,° - +>) is absolutely convergent. More- 
(&£1: eee sen) s 


over, it is clear from our remark above that qe, €1,* * -,e,) =0 whenever 
pi is of degree greater than d—-1. Hence we conclude that, if p,,- - +, ps 
are all the monomials of degree < d in the coefficients of a, there are certain 
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S, this map must be constant, whence we conclude that yur commutes with 
every element of S.. 

We extend the left G-translations of functions on G to K-operations on 
these functions: let f be a function on G, h an element of H, x and y 
elements of G. Then the function (Ar) -f on G is defined by setting 


(he). f) (y) = f (ryha). 


Clearly, if f is continuous, so is (kv) f. Furthermore, it is easily verified 
that u: (v: f) = (w)-f, for all u and v in K. 

By what we have shown above, given any element h€ H, we can find 
an element z€ G such that hz commutes with every element of S. Let a be 
the automorphism æ— (hz)*x(hz). Then we have h-f— (z'-f-z)oa. 

Now suppose that f€ R(p). By the assumption of our theorem, the 
automorphism a satisfies the conditions of Lemma 3.1. Since the functions 
zt-f-.2 lie in the finite dimensional space R(p), it follows therefore from 
Lemma 3.1 that the space spanned by the functions 4 -f, as h ranges over 
H and f ranges over R(p), is finite dimensional. Hence the K-transforms 
of the elements of R(p) make up a finite dimensional space U of functions 
on G, and U is a representation space for K containing R(p) as a G-stable 
subspace. We have seen in Section 2 that there is a G-monomorphism of V 
into d-R(p). Composing this with the injection R(p)—> U, we obtain a 
G-monomorphism of V into the representation space d-U for K. Let o 
denote the representation of K in d-U. There remains only to show that 
the kernel of o’ contains the kernel of p. 

It follows from the condition of our theorém that the kernel of p is 
normal in K, not only in G. Indeed, let z be an element of the kernel of 9’, 
and let y€ K. We can write z=sr, with s€ S and r€ R. As we have seen 
above, there is an element u€ @ such that uy commutes with every element 
of S. We have i 


yey = (ysy) (yry) = (u>su) (yry) = (uzu) (uru) (yry). | 


Since the kernel of p’ is normal in G, we have p' (uzu) =1. Applying p’ 
to the last expression for yzy, and using the condition of our theorem, we 
find therefore `p’ (yzy) = 1, and we have shown that the kernel of p’ is 
normal in K. ` 

Hence it suffices to show that the representation of the kernel of p’ 
in U is unipotent. The elements of U are linear combinations of function 
yf, with y€ K and fE R(p). Ii z lies in the kernel of p’, so does each 
conjugate y zy, and we have z:(y-f)—y:(y2y-f). Since, as we have 


LIE GROUPS AND LIE ALBEBRAS, I. 931 


seen in Section 2, the representation of the kernel of p’ in R(p) is unipotent, 
this shows that the representation of the kernel of p in U is unipotent. 
` This completes the proof of Theorem 3.1. 

Although we shall need Theorem 3.1 only in the form stated above, 
we pcint out the following generalization. , 


THEOREM 3.2. Let K be a connected Lie group, G a closed connected 
normal subgroup of K, p a representation of G satisfying the condition of 
Theorem 3.1. Suppose that H is an analytic subgroup of K such that 
K = HG and H N G is a compact subgroup of the analytic group H. Assume 
that there is a representation of H that is faithful on HOG. Then p can 
be extended to a representation + of K such that the kernel of +’ contains 
the kernel of p. 


Proof. We construct the appropriate semidirect product H- G, so that 
we have the natural epimorphism H-G— HG—K, whose kernel consists 
of the elements x-a, with se HN G. Let W be the representation space 
for the semidirect product H-G, as defined in the proof of Theorem 8.1. 
The right translations of representative functions give us the structure of a 
right G-module on W, because W is a direct sum of copies of a space of 
representative functions on G that is stable under the right translations. 

Now let A denote the group algebra, over the real number field, of the 
group HNG. The right G-module structure of W allows us to regard W 
as a right A-module. Let U be a representative space for H. Then we may 
also regard U as a left A-module, and we can form the tensor product W @, U. 
This is the canonical homomorphic image of the tensor product W@JU over 
the real number field, the kernel consisting of all finite sums of elements of 
the form w-t@u—w@a-u, where wE W, uE U, and ve HNG. Clearly, 
W@U is a representation space for H -G such that, with k€ H and JEG, 


(hg): (wu) = ((h-g)-w) D (h-u), 


where Ag stands for the product of A and g in the semidirect product H: G, 
not in K. It is easily verified that (k-g):{w-x) = ((h:g) w) heh, 
while h: (zu) = (heh): (h-u). . Hence we see that the kernel of the 
canonical epimorphism W@U— W@4AU is stable under the operations with 
the elements of H-G, so that we obtain the structure of a representation 
space for H-G on W®,U. Moreover, if re HNG, we have (zw 
= w: z, whence we see that the representation of H-G in W®&,U is trivial 
on the kernel of the epimorphism H:G—K. Thus we obtain a repre- 
sentation of K in W,U. 
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Let 7 be a representation of H by complex linear automorphisms that 
is faithful on H N G. Since H N G is compact, the restriction of y to HN G 
and the dual representation of H N G generate all representations of H N G, 
by the processes of forming direct sums, tensor products, and subrepresen- 
tations. This well known fact is the content of Prop. 3, p. 190, in [0]. It 
follows that every representation space for HM G is an HN G—subspace of 
some representation space for H. 

Now let J denote the set of all elements «€ A such that w-a==0, for 
every w€ W. Then J is a two-sided ideal of A, and A/J is finite dimen- 
sional. Regard A/J as a representation space for H N G. The natural anti- 
monomorphism of A/J into E(W) shows that the representation of H N G 
in A/J is continuous. By whet we have scen above, there is a representation 
space U for H that contains A/J as an HN G—stable subspace. As a 
representation space for Hr.G, U is semisimple, so that U is the direct 
sum of A/J and another H N G-stable subspace P. Thus we have the direct 
decomposition 


W Qu U = W a (A/J) + W QP, 


and each of the two direct summands on the right is clearly a G-stable 
subspace of W@4U. Moreover, since J annihilates W from the right, the 
first summand is canonically isomorphic with W, as a representation space 
for G. 

Thus, if 7 is the representation of K in W®,U, then r is an exten- 
sion of the given representation p of G, via the representation of G in 
W—W @1(4/J) CW®@,U. Furthermore, since the kernel of o’ (where 
a is the representation of H-G in W) contains the kernel of p’, and since, 
for ze G, x (wu) = (x-w) Qu, it follows that the kernel of 7’ contains 
the kernel of p’. This completes the proof of Theorem 8.2. 

Observe that the condition imposed on p in the statement of Theorem 
3.1 is necessary for p to be extendible to a representation of K. Indeed, 
the commutators yxy txt, where y€ K and ze R, belong to the connected 
component of the identity in the intersection of the commutator subgroup of 
G with R, on which every representation of K must be unipotent, by Lie’s 
theorem. t 

Let K be a group, G a normal subgroup of K, H a subgroup of K 
such that K=HG (not necessarily semidirect). We remark that if a 
representation p of K is unipotent on @ and on H then p is unipotent. 
In showing this, let us operate with the group algebra of K. Let kE H, 
ze G. We have | i 
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(1—hae) =h(1—2)+ (1—h), and (1—a)h—=h(1—h"zh). 


Hence a product of such elements, (1—hızı) : : - (1—hara), can be written 
as a sum of products of the form hu, where h€ H and u is a product whose 
factors are either of the form 1—z, with z€ G, or of the form 1—h, with 
h € H, the total number of factors being q. We have 


(1—z) (1—h) = (1— z) —h(1—hzh). 


Hence each u can be rewritten as an integral linear combination of products 
of the form A(1— 1): (1—h,)(1—m): - - (1— x), where h and the 
h; are in H, the z; are in G, and ¢ is the number of factors of the form 
1—, with ze G, that occurred in the original form of u. Henze the 
endomorphism that corresponds to u in our representation p is 0 whenever 
t exceeds d— 1, where d is the dimension of the representation space of p. 
On the other hand, if ¿< d and q È= d?, u must contain at least d successive 
factors of the form 1— Ah, so that the corresponding endomorphism must again 
be 0. Thus the endomorphism corresponding te (1—hızrı): > - (1—h,x) 
is 0 whenever q = d?, which means that. p is unipotent. 


Lemma 3.2. In the situation of Theorem 3.1, suppose that G is simply 
connected .and nilpotent, and that p is a unipotent representation of G. 
Assume also that the representation of H in the Lie algebra © of G that is 
obtained from the adjoint representation of E is unipotent. Then the 
representation o of K that is constructed in the proof of Theorem 3.1 is 
unipotent. 


Proof. The exponential map is a homeomorphism of G onto G. Further- 
more, if f is any element of the representation space U for K that we have 
constructed in the proof of Theorem 3.1, the composite map foexp is a 
polynomial function on G of degree < d, where d is the dimension of the 
representation space V of p; since f o exp = À ° po exp = Ao expo p, where À is 
a linear function on E(V). For every h€ H, we have 


(hf) oexp =f oexpo (K>). 


Since the representation of H in @ is unipotent, so is the dual representation 
with operations p—>po (h>) in the space of the linear functions on ©, 
The space of the polynomial functions of degree < d on © is a homomorphic 
image of a direct sum of tensor powers of the space of the linear functions 
on ©, whence we see that the representation of H in this space of polynomial 
functions is unipotent. The map f—foexp is an H-monomorphism of U 
into the space of these polynomial functions, so that we may conclude that 
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the representation of H in U is unipotent. Hence the representation o of 
K in d-U is unipotent on H. We know from Theorem 3.1 that o is 
unipotent on G. By what we have seen above, this implies that o is unipotent. 


4, Existence of faithful representations. The results of the preceding 
Section greatly facilitate the proofs for the known basic results on the exis- 
tence of faithful representations of connected Lie groups. We shall sketch 
these proofs. 


THEOREM 4.1. (E. Cartan). Let G be a simply connected solvable Lie 
group, and let N be the maximum nilpotent normal analytic subgroup of G. 
Then there exists a faithful representation of G that is unipotent on N. 


Proof. Let Z be the connected component of the identity in the éenter 
of N (actually, it is known that the center of N is connected). Then Z is 
closed and normal in G, and Z is simply connected. Furthermore, Z is non- 
trivial (unless @ is trivial) so that, making an induction on the dimension 
of G, we may assume that there is a faithful representation of G/Z that is 
unipotent on N/Z. This may be regarded as a representation p of G that 
is unipotent on N and whose kernel is precisely Z. On the other hand, Z is 
a vector group, and we can clearly find a faithful unipotent representation 
of Z. We can reach N from Z by making a sequence of constructions of 
semidirect products each of which statisfies the requirement of Lemma 8.2. 
Hence, by applying Lemma 3. 2 at each level, we can extend our representation 
of Z to a unipotent representation of N. Now we can reach G from N by 
making a sequence of constructions of semidirect products. Since the com" 
mutator subgroup of @ lies in N, we can apply Theorem 3.1 at each level 
to extend our representation of N to a representation o of @ that is unipotent 
on N and faithful on Z. The direct sum of p and o satisfies the requirements 
of Theorem 4.1. 

For the next proofs, we need the following two facts: 


1. Ifa nel connected Lie group has a faithful representation 
then its center is finite. 


2. Let G be a Lie group, and let P be a finite normal subgroup of G. 
Then, if G has a faithful representation, so has G/P. 


1. is well known and easy to prove.‘ As to 2., note that if G is connected, 
then a finite normal subgroup is necessarily in the center of G. This is the 
only case we need, and it is covered by a result of Goto.” However,.it-seems — 


4 Lemma 5, in [2]. = 5 Lemma 8, in [3]. 
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worth while pointing out the following proof, which establishes a result that 
is more general than either 2. or the result of Goto. 

Let p be the given faithful representation of G, V the representation 
space of p, L the group of all linear automorphisms of V. Let N be the 
normalizer of p(P) in L. Then N is an algebraic linear group, and p(P) 
is a normal subgroup of N. Moreover, since p(P) is finite, it is an algebraic 
subgroup of N. By a theorem of Chevalley,® there is a rational representation 
+ of N whose kernel is exactly p(P). The representation rop of G has 
exactly P for its kernel, and thus yields a faithful representation of G/P. 


THEOREM 4.2 (Goto).” Let G be a connected Lie group, and let 8 
be a maximal semisimple analytic subgroup of G. Suppose that S has a 
faithful representation, and that the radical T of the commutator subgroup 
G of G is closed in G, and simply connected. Then G has a faithful 
representation. 


Proof. Let R.be the radical of G. Then R/T is a connected abelian 
Lie group, whence R/T — A X V, the direct product of a toroidal group A 
and a vector group V. Let Jf denote the full preimage of V in R. Since 
T and M/T are simply connected, M is simply connected. Now R/M = 4, 
and, since A is compact and M is simply connected and solvable, it follows 
that R is a semidirect product B-M.® By Theorem 4.1, there exists a faithful 
representation of M that is unipotent on the maximum nilpotent normal 
analytic subgroup of M. Since T is contained in this maximum nilpotent 
normal analytic subgroup, our representation is unipotent on T. Hence we 
can apply Theorem 3.1 to extend our representation of M to a representation 
of R that is faithful on M and unipotent on T. On the other hand, since 
B is compact, there is a representation of R whose kernel is precisely M. 
Taking the direct sum of these two representations of R, we obtain a faithful 
representation of R that is unipotent on T. 

Now let S-# be the semidirect product in which ‘the multiplication is 
given by (51,71) (S2, To) == (8182, 82 ri8272). By Theorem 3.1, our faithful 
representation of À can be extended to a representation of S- R. 

Now observe that the kernel of the natural epimorphism of $-R onto 
G is contained in (SN R)- (SN R). Since SNP is a discrete subgroup 
of the analytic group S, it is contained in the center of $. Since S has a 


* Prop. 11, p. 119, in [1]. 

7 Essentially, Th. 10, in [3]. 
: ® This result is easily proved by induction from the special case where M is a vector 
group, which is due to Iwasawa; the generalization is given as Lemma 8.1, in [5]. 
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faithful representation, the center of S is finite. Hence the kernel of the 
epimorphism S-R—G is finite. By what we have said before stating 
Theorem 4.2, it suffices therefore to show that the semidirect product S:R 
has a faithful representation. We have already obtained a representation of 
S- R that is faithful on R. Using a faithful representation of § in addition, 
we obtain a faithful representation of S-R. This completes the proof. 

We remark that the conditions of Theorem 4.2 are necessary for the 
existence of a faithful representation.® 


THEOREM 4.3 (Malcev).2° Let G be a connected Lie group, R the 
radical of G. Suppose that R has a faithful representation, and that one 
(and hence every) maximal semisimple analytic subgroup of G has a faithful 
representation. Then G has a faithful representation. 


Proof. By Lie’s theorem, every representation of R is unipotent on the 
commutator subgroup R’ of R. It follows that the image of R’ under the 
representation is closed in the full linear group, and simply connected. 
Since R has a faithful representation, it follows that R’ is closed in R, and 
simply connected. Hence we can proceed exactly as in the beginning of our 
proof of Theorem 4.2, using R’ in the place of T, to show that R is a semi- 
direct product A-M, where A is a toroidal group and M is a simply con- 
nected normal closed subgroup of R that contains R’. 

Let ©, R, X denote the Lie algebras of G, R, A, respectively. Since A 
is compact, the representation of 4 in @ that is obtained from the adjoint 
representation of G is semisimple. Hence © is semisimple as an X-module, 
whence © is the direct sum of the submodule [M,@] and the centralizer $ 
of X in ©. Since [A, G] C À, we have therefore G—P+R Now let © 
be a maximal semisimple subalgebra of HP. Clearly, © is then also a maximal 
semisimple subalgebra of ©. Now A- [R, R] is an S-submodule of N, and 
AN [R, R] = (0). Hence we can write the S-module À as a direct sum 
1+ 8, where B is an G-submodule containing [R, N]. Hence B is an 
ideal of Œ, the corresponding analytic subgroup B of R is normal in G, and 
R= AB. Furthermore, our Lie algebra decomposition shows that the radical 
T of G is contained in B, because the Lie algebra of T is [G, R] = [6,9%] 

Now consider the natural epimorphism B/R’—>R/(AR’). The kernel 
‘of this epimorphism is the discrete subgroup B/R'N (AR’)/R’ of the 
analytic group B/R’. On the other hand, the image R/(AR’) is isomorphic 


? See [3]; or Th. 7.3, in [5]. 
19 [6]; or Th. 7, in [3]. 
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with M/R’, which is a vector group. Hence R/(AR’) has no non-trivial 
covering, whence our epimorphism must be an isomorphism. Thus we have 
B/E N (AR’)/R’ = (1), and B/R is simply connected. It is clear from the 
former that the natural epimorphism (AR’)/R’ X B/R' R/F is an iso- 
morphism. Consequently, B/R’ is closed in R/R’. Hence B is closed in R, 
and therefore in G. In addition, B is simply connected, because both” 
and B/R’ are simply connected. 

As a normal analytic subgroup of the simply connected group B, the 
radical T of G’ is closed in B, and simply connected. Hence it is clear that 
the assumptions of Theorem 4.2 are satisfied. We conclude from Theorem 
4.2 that G-has a faithful representation, and our proof is complete. 

It is evident that the conditions of Theorem 4.3 are necessary for the 
existence of a faithful representation of G. 


5. Faithful representations of Lie algebras. Let L be a finite dimen- 
sional Lie algebra over a field F of characteristic 0, and let K be an ideal 
of L. We assume that there is a subalgebra H of Z such that L is the semi- 
direct sum H-+K. Let U(L), U(K) denote the universal envelcping 
algebras of L, K, respectively. We define right L-operations on U(K) as 
follows: let we U(K), hE H, ke K. We define u: (h + k) = uh — hu + uk, 
observing that, since K is an ideal of L, uh—hu lies in U(K), where we 
regard U(K) as a subalgebra of U(Z) in the natural fashion. It can be 
verified immediately that, for arbitrary elements z and y of L, we have 


(ur) y— (u y) zu: [sy]. 


It follows that these right L-operators on U(K) define the structure of a 
right U(Z)-module on U(K). We make the dual space Homr(U (x) ), F) 
into a left U(L)-module accordingly: (æf) (u) =f(u- x). 

A representation p of K gives rise in the canonical fashion to a repre- 
sentation, which we still denote by p, of the associative algebra U (K). If V 
is the representation space of p, and à is any linear map of E(V) into F, 
then the composite function Aop on U (K) is called a representative function 
associated with p. As before, we shall always assume that V is finite 
dimensional. 

The kernel of p in U(K) is a two sided ideal 7 of U(K). Since V is 
‘ finite dimensional, U (K)/I is finite dimensional, i.e., / is of finite codimen- 
sion in U(K). The representative functions associated with p vanish on J, 
and constitute a finite dimensional space R(p) over F. Clearly, R(p) is a 
U(K)-submodule (though not always a 7 (L)-submodule) of Homp(U(K), F). 


15 
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U(K) has a natural increasing filtration by the subspaces U(K), 
(m=0,1,---) consisting of the elements that can be written as (non- 
commutative) polynomials of degree = m in the elements of K(U(K),=F). 
The associated graded algebra SU(K)m/U(K) m+ is isomorphic with the 


symmetric algebra built over K, i.e., with a polynomial algebra in n variables, 
where n is the dimension of K. One verifies easily from this that U(K) 
satisfies the maximal condition for ideals. On the other hand, one shows 
easily that, if A is any algebra, and I and J are ideals of finite codimension 
in A one of which is finitely generated as an A-module, then the product 
ideal IJ is of finite codimension in U(X). Hence the important fact (first 
proved and utilized by Zassenhaus) that the product of ideals of finite co- 
dimension in U(K) is of finite codimension. | 

In these terms, we can give a simple proof for the following extension 
theorem. 


THEOREM 5.1 (Zassenhaus).** Let L be a finite dimensional Lie algebra 
over a field F of characteristic 0, let K be an ideal of L, and suppose that L 
is a semidirect sum H + K, where H is a subalgebra. Let p be a finite 
dimensional representation of K, and suppose that p’({H,K]) = (0), where 
p is the semisimple representation associated with p. Then the representation 
space V of p can be K-monomorphically imbedded in. a finite dimensional 
representation space W for L. If o is the representation of L in W the 
kernel of a’ contains the kernel of p’. Furthermore, if H is nilpotent on K, 
under the adjoint representation, then o’(H) = (0). 


Proof. Let I, I’ be the kernels of p, p’, respectively, in U(K). Then 
it is clear that (I’)# C I, where d is the dimension of V. Since [H,K] CT, 
it follows that uh—hwe I’, for every u€ U(K) and every hE H. Hence 
(T)? is a U(L)-submodule of U(K). Hence, for every fE R(p) and every 
ze U(L), the function æ-f vanishes on (1’)*%. Since, by what we have 
said above, (I)? is of finite codimension in U(K), it follows that the U(L)- 
submodule $ of Hom»(U(K),F) that is generated by R(p) is finite dimen- 
sional and is annihiliated by (7”)®. | 

Now (cf. §2) we have a U(K)-monomorphism V—>d:E(p). Composing 
this with the injection R(p) > S, we obtain a U(K)-monomorphism V-> d-S 
=W. Since (7°) annihilates S, our representation o of L in W is nilpotent 
on the ideal FAOK of L. Hence, using that, for any ideal P of L, and 
any L-module M, P-M is an L-submodule of M, we conclude that the 


1 See [7], which also establishes the required facts concerning the universal 
enveloping algebra, 
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associated semisimple SPESEN g’ annihilates I'N K, i.e., the kernel 
of o’ contains the kernel’ of p. 

Now suppose that H is nilpotent on K. Then, for every u€ U (K ); 
there is an integer n such that u: (hı' -h,) —0, for all h€ H. Since 
U(K)/{T’)® is finite dimensional, this shows that the (anti-)representation 
of H in U(K)/(T)* is nilpotent, whence the representation of H in S is 
nilpotent. Thus our representation ø is nilpotent on the ideal ’NK and 
on the subalgebra 7. By an elementary combinatorial argument (easier than 
the group. analogue of 83), it follows that o is nilpotent on H+I’NK. 
Since this is an ideal of L, it must therefore be contained in the kernel of o’. 
This completes the proof of Theorem 5.1. 

The existence of a faithful representation for a finite dimensional Lie 
algebra L over a field F of characteristic 0 is easily deduced from Theorem 5.1. 
Let N be the maximum nilpotent ideal of L, R the radical of L, S a maximal 
semisimple subalgebra of L. We shall prove that there is a faithful repre- 
sentation of L that is nilpotent on N. 

‘ Let Z be the center of L. The adjoint representation of L is nilpotent 
on N and has kernel Z. There is a chain N= N, D- -D N,=Z of ideals 
of N such that each N;/N;,, is 1-dimensional, so that N; is a semidirect sum 
of Ni, and the 1-dimensional Lie algebra. Starting with a faithful nilpotent 
representation of Z, we apply Theorem 5.1 repeatedly to construct a ae 
representation of N that is faithful on Z. 

Now there is a chain R = R, D -D R;—=N of ideals of À such that 
each R;/R;41 is 1-dimensional. Using only the first part of Theorem 5.1, 
noting that [R, R] C N, we extend our representation of N to a representation 
of R that is still nilpotent on N and faithful on Z. 

Finally, since L is the semidirect sum S +R and [S,R] C N, we can 
extend our representation of R to a representation of L that is nilpotent on 
N and faithful on Z. The direct sum of this representation and the adjoint 
representation satisfies our requirements. 

6. Correspondence between representative functions. Let G be a 
connected Lie group, let @ be the Lie algebra of G, and let U(G) be the 
universal enveloping algebra of ©. Let A be the algebra of all real analytic 
functions on G. The elements of © are left invariant infinitesimal trans- 
formations on G, in the sense of §JI, Ch. IV of [0]. Hence A has the 
structure of a G-module, the elements of © acting as derivations on A that 
commute with the right translations. Accordingly, we may regard 4 as a 
left U (@)-module. | 
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For an element u of ©, we denote by e, the corresponding homomorphism 
of the additive group R of the real line into G, i.e., e,(r) = exp(ru), for 
every real number r. Let fe A, ze G, and put g(r) = (zexp(ru)). Then 
g is a real analytic function on R, and it follows from the definition of 
the exponential map exp that the n-th derivative gm of g is equal to 
(ur: (f:æ))oe, where ur is the n-th power of u in U(®). Since the 
U(G)-operations on A commute with the right translations, we have gt 
= ((u"-f)-x) oe, Hence, for all r in a.sufficiently small neighborhood of 
0 in À, 


f(æexp(ru)) = 2 (urf) (2) -rr/n! 


Now, for every f€ A, let us define the function f: on U(®) by setting 
f-(u) = (u-f) (1), for every u€ U(G), where 1 denotes the identity element 
of G. Clearly, the map f— f- is-a linear map of A into the dual space 
Homr(U(G), R) of U(G). Moreover, if f — 0, we conclude from the above 
that, for every u € ©, foe, vanishes on some neighborhood of 0 in À, whence 
we conclude that f vanishes on some neighborhood of 1 in @. Since f is 
analytic everywhere on G, and since @ is connected, this implies that f—0. 
Thus our map ff: is a linear monomorphism. 

Now let p be a representation of G, and let V be the representation 
space of p. Let f=A0p be a representative function on G that is associated 
with p, i.e., À is a linear function on H(V). Let p:-be the representation of 
U(G) in V that is induced by p. We claim that (A°p):==Aop. The 
proof is as follows. | 

Let se G, ue®. We have 


(u: (A ° p))(@) = (Cu (A © p)) IN = (u - (ep) 2))(1) LA) p))(1); 


where à- p(x) is the linear function on E(V) that is defined by (a e(z)) (e) 
=A(p(x)e). By the above, with r in a neighborhood cf 0 in R, 


(A+ p(2)) © p) (exp(ru)) =È (w (A p(2)) &p)) (1) myn!. 


The expression on the left can be written A(p(z)exp(rp (u))). If we expand 
this in a power series in r, and then compare the coefficients of r on the two 
sides above, we find that 


A(p(@)p(u)) = (u: (As p(t)) °p)) (1). 


Hence we see from the first result of this proof that u- (A o p) = (p(w) “) Op, 
where (p'(u)-A)(¢) =A(ep(u)). Clearly, this last result generalizes imme- 
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diately to arbitrary elements u of U(G). Evaluating these functions at 1, 
we obtain (A°Cp):(u) =A(p'(w)), which is the result to be proved. 

Let W be a finite dimensional space consisting of representative func- 
tions on G, and suppose that W is stable under the left translations, so that 
W is a representation space for G. Let + denote the representation of G 
in W, and let r be the induced representation of U(®) in W. If we G, 
and r is any real number, the left translation on W that is effected by the 
element exp(ru) of G is then given by exp(rr(u)). Thus we have, for 


every ze G and every FEW, 
; \ 


f(cexp(ru)) = = (r (u) )"(f) (2) m/n. 


Comparing this with our general result (for r in some neighborhood of 0 
in À) we find that r(u)(f) =u- f, for every fe W and every uc Œ. This 
generalizes immediately to arbitrary elements ve U(G). Thus W isa U(G)- 
stable subspace of A, and the U(®)-module structure of W that is induced 
by that of A coincides with the U(®)-module structure given by r. In 
particular, it follows immediately from this that the image W of W under 
the map f>Ff- is a U(G)-submodule of Homr(U(G), £), for the module 
structure we have defined at the beginning of Section 5, and that this 7(G)- 
module structure of W coincides with the structure that is obtained by 
transporting 7 to W through the isomorphism f— f. 

Now let us consider a semidirect product H-G and a representation p. 
of G, as in Theorem 3.1. We have R(p) =R(p), by the above. In the 
proof of Theorem 3.1 we have obtained a representation space U for H-G. 
U is the space of representative functions on G that is spanned by the trans- 
forms i(f), with he H and FER(p), where A(f)(#) —f(h'ixh). Let a, 
denote the conjugation with A in G, i. e., a,(@)=hah". Then h(f) = fo (a) !. 
Let À: denote the automorphism of © that is induced by a. Then we have, 
with ws G, 

u (h(f)) =u: (fo (an) °) = (A) (u): F) o ar? == AC): (u) P). 


Passing to the induced Lie algebra representation of the Lie algebra § of 
H, we deduce that, with vE §, 


u: (v(f)) =v (u: f) + [uv]; f- 
This generalizes immediately to arbitrary elements u€ U(G), where [u,v] 
== uv— vu. Since, for every fE U, h(f) (1) —f(1), for every hE H, we 


have v(f)(1) =0, for every v€ §. Hence, evaluating the above at 1, we 
find that (v(f)) (u) =f(Luvl). 
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Thus our isomorphism f—j- transports the §-operations on U to the 
$-operations we have defined at the beginning of Section 5. Since U is the 
§-module generated by R(p), it follows that J is the -module generated 
by R(p) —=ER(p). Moreover, we can conclude from what we have seen 
above that, if o is the representation of H-G.in U, the isomorphism U > U 
transports the representatior. o of the Lie algebra 6+ © of H-G to the 
representation of © + © in U that we have used in the proof of Theorem 5. 1, 
Thus the representation of © + that is obtained in Theorem 5.1 may be 
identified with the differential of the representation of H-G that is obtained 
in Theorem 3.1. | 

We can therefore apply. Theorem 5.1 to conclude that, if the repre- 
sentation of H in © that is obtained from the adjoint representation of H ->G 
is unipotent, then H is contained in the kernel of the representation a’ of 
Theorem 3.1. | 


INSTITUTE FOR ADVANCED STUDY. 
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NOTE ON CONVERGENCE OF THE PRODUCT OF BASIC SETS 
OF POLYNOMIALS.* 


By M. Nassrr. 


1. In his paper [1], W. F. Newns considered my note which appeared ` 
in this Journal some time ago [2]. Newns has shown that Theorem I of 
[2] is false and consequently, Theorem II, which depends for its proof on 
Theorem I, remains unproved. In the present note a modified version of 
the unproved Theorem II is established. For simplicity the notations used 
here, apart from those newly defined, are those of Newns paper to which 
the reader is referred.! Let {*p,(z)} be the inverse of the W-basic set {pa(2)} 
[1; p. 455, L 17] and let M (r) = lim{M,(r)}*/" as n— œ, if the limit exists. 
The result to be established is the following theorem. 


THEOREM. Let {p,“(z)} be a W-basic set of polynomials and let 
{pa (z)} be another W-basic set for which? 


(1.1) dy?) —=O(n),  *d, =O(n), 


as n tends to infinity. Suppose further that the set {pn (z)} is effective 
in |z| SR, where 


(1.2) M@(R) =ak, 0<a<w;R>0, 


and that «(aR +) is finite. Then the product set {p,(z)} of the two sels 
{pu (z)} and {pr (z)}, in the given order, will be effective in |z| SR if, 
and only if, the set {pa (z)} is effective in |z| SaR. 


In our notations, Č denotes positive finite constants which are not 
generally of the same value at different occurrences, and p will be always 
written for alt. Now, for any set {p.(z)} an (1.1), there exist finite 
numbers & > 1, 8>1 such that 


* Received March 5, 1956; revised January 20, 1957. 

* Newns’ notations used here are those defined in the following places of his paper: 
p. 445, 1. 30; p. 446, 11. 8, 11, 23, 27-29; p. 447, l. 2; p. 455, 1. 25; p. 458, ll. 7, 8 and 
finally p. 464, 1. 16. 

? Newns convention of notations [ef. 1; p. 456, 1. 7] is adopted here also. Thus dp? 
and *d,® are the degrees of the polynomials p,(z) and *p,® (z) respectively. 
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(1.32)  d,<an, (1.3) "dS Bn. (n= 1) 


The proof of the above theorem depends on two lemmas. 


2. Lemma 1. Let {p,(z)} be a W-basic set which is effective in 
|z| SR, where 


(2.1) M(R) =p. 
If *d,—=O(n), then 
(2.2) *M(p) =R. 


If, moreover, dy — O(n) then the inverse set {*p,(z)} will be effective in 
|z| Sp. 


This lemma can be derived from Theorem 18.1 of Newns paper [cf. 1; 
pp. 459, 460]. For sake of completeness a direct proof is given here. 


In fact, choosing a positive number p, <p and finite numbers ps >p, 
Rı>R then it follows from (2.1) and the effectiveness of {p,(z)} in 
|z| SR that 


(2.3) pi” < CM, (B) < Cp" 

(2.4) on (R) < OR”. (n= 0}. 
Hence, in view of (1.8b), (2.8) and (2.4) yield 

(2.5) *Mn(p) < X | mus | o < C (p/p) MR". 


It readily follows, in view of (1.2a), that 

(26) "ul =F | pax | Mul) < O (an +1) (p/p) "Ma (R). 

Also, applying (1.3b) and (2.3) we obtain 

(2.7) R» S on (R) = 3 | ran | My (R) < O (Bn + 1)*M (pe). 
Now, from (1.3) and (2.1) it easily follows that 

(2.8)  p(Rı)/Rt S a(R) /R*—=p/R*; *v(pa)/p® S *v(p)/p8. 


‘Taking the n-th root and making n tend to infinity, (2.5), (2.7) and (2.6) 
respectively yield 


*u(p) S (p/m)PRı; RE *rlp); AE) S (p/m) Fal Bs). 
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Hence (2.8) gives 


*u(p) S (p/a)PRı; BS (p2/p)P#v(p); Alp) S p(r/ni) P(Rı/R)® 


- Finally, since R, can ke taken as near to R as we please and p, and ps are 
taken arbitrarily near to p we conlelude that 


*u(o) SR; v(e) ZE; *A(p) Sp. 


The first two relations imply (2.2) and the third implies that the inverse 
set {*p,(z)} is effective in |z| Sp; and the lemma is proved. 

The following examples show that, in both assertions of the lemma 
the condition that *d,—O(n) cannot be dropped, while if “da, =O (n) 
and a 2 SUP d,/n—=, (2.2) may hold although the inverse set may not 


be dev in |z| Sp. 


Example 1. Let jm; 2%", where k is a positive integer or zero, and 
let c be a real number greater than 1. It is easily seen that, for the set 
{pn(2)}, given by 


Pme (2) = oe" zer, pala) = (at), nem; = 0, 
M(r)=r; r>0, d,=O(n), limsup*d,/n—=o ; 
and that the set is effective in |z|<1. For the inverse set {*p,(z)}, it can 
be verified that *»(1) Zc > 1, and that it is not effective in |z| <1. 


Example 2. It is easily verified that the set {p.(z)}, given by 
Pim, (2) == oom: D, (2) = cS 25, Mr CN Mu; b ZO, 
i jen f 


where mx and c are defined in Example 1, is effective in |z| S1 where 
M(1)=1. It is also seen that “da = O (n), while lim sup dn/n==œ. Now 
the inverse set {*p,(z)} can be shown to be not effective in |z |=1 while 
*AT (1) — 1. 

3. Lemma 2. Let {p,(z)} be any W-basic set of polynomials and 
let {pr(2)} be another W-basic set satisfying (1.1) and (1.2). Then, 
for the product set {p,(z)}, we have 
(3.1) K(R +) S A® (B) {(p +5 /p}8. 


For let p’ be any finite number greater than p and choose the numbers 
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pı and p such that 0 <p < p < pa <p <o. Then choosing the number 
r> BR such that (r/R)° < p2/p, it easily follows from (1.2), (1.3) and the 
properties of a(r) that u(®(r) < pe; so that 


(3.2) MO (r) < Cpe" (n=0). 
Also, (1.2) implies that 
(3.3) pa" < CM, (R) (n= 0). 


New choose the integers s, and ta for the product set {pn(z)}, so that 
tn 
(3.4) Fa (r) = max | 3 mupe(2)| = max | Sam Ofr(e)], 
z|=r 4=8n zer ok 
in tn 
where fx(z) = DimeMpi(z). Write gx(z) = N map, (z), then if g,(z) 
1=8n 4=8n 
= D gti, it follows that 
j 
(3.5) f(z) — 2 gui (2). 
Let A,(r) no applying Cauchy’s inequality to gx(z) we 
zier 
easily obtain from (3.2) and (3.5), 
Ax(r) < RAD (p")/p” < CS (po, p’) Fx (p’), 


where S(p2,p’) is bounded. Inserting this in (3.4) and applying (3.3) 

it follows that 

(3.6) Fa(r) < 2 [mu | Ax(r) < C'S(p2, p’) 2 | nr? | M(B) Fe (p’)/pr* 
< CSips p Jon (R)Fo,(p’)/pr™, 

where Hu, (p’)/p1% = max F,(p’)/py* > 1. If on remains finite as n tends 

to infinity, (8.6) yields. 

(3.7) «(r) SAO(R). 


Tf, on the other hand, lim sup en =œ, (3.6) gives, in view of (1.3), 
(3.8) x (1) SAP(R) {KO (pP) /p:}8. 


Finally, since p’ and p, can be taken arbitrarily near to p, and since r tends to 
R as p’ tends to p, the required relation (3.1) follows readily from (3.7) 
and (3.8). . 
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4. Proof of the Theorem. Suppose that the set {p,@(z)} satisfies the 
conditions of the theorem, and that «“)(p-t-) is finite. To prove the first 
part of the theorem suppose that the set {p,(z)} is effective in |z] Sp; 
then the known properties of «(r) [ef. 1; p. 449, Theorem 11.3] imply that 
x®(p+-) =p and (3.1) of Lemma 2 shows that «(R) —R, so that the 
product set {p,(z)} is effective in |z| SR. 


To complete the proof of the theorem we first note that since «()(p +) 
is finite and the set {v,@(z)} is effective in |z| SR, (3.1) implies that 
«(R-+) is finite. Alsc Lemma 1 implies that the inverse set {*p,@(z)} is 
effective in |z| Sp, where *M® (p) exists and is equal to R. Suppose now 
that the product set {p,(2)} is effective in |z| SR. As we can put 
{Pn (2) } = {pn(z)}{*% 0, (2)}, then the set {p,(z)}, as an outer set, and 
{*p,(z)}, as an inner set, both satisfy the conditions of the “if”-state- 
ment of the theorem for |z|—p and with 1/a for a. Consequently the 
product set {p,@(z)} will be effective in |z| p and the theorem is there- 
fore established. 


It should be observed that to prove the “if”-statement of the theorem 
the condition that d,@)=-O(n) can be dispensed with. In fact, with the 
proceduré of Lemma 2, the exclusion of the above condition leads to the 
“weaker” relation «(R) SA@(R){xck™(p+)/p}8, from which the “if”- 
statment of the theorem can be deduced. This result has been given by 
Newns fef. 1; p. 464, Theorem 22.1]. The fact that the other condition, 
*d,) == O(n), cannot be dropped is illustrated by the following example. 


Example 3. Let m, and c be defined as in Example 1, and consider 
the sets {p,.™(z)}, {p,2(z)} given by 


PO (z)— 2", (neven); pa (2) = zr — tige, (nodd); 
Ping (2) =; pa (2) =, nme; k20. 


The set {p,((z)} is effective in |z| Sr and «™(r) is finite for r > 0. 
Also it is seen that the set {p,®)(z)} satisfies the conditions of the theorem 
for 0 <r= 1 and with a = 1, except that lim sup *d,®/n =œ. The product 


n-> © 
set is easily seen to be not effective in |z| <1. 


- We finally append the following examples? to show that the theorem 
does not remain true if the condition «®(aR-H) <% is omitted or even 
weakened to «(aR +) =x® (aR —). 


3 These examples were suggested to me by the referee. 


948 M. NASSIF. 
Example 4 Let {p,(z)} be the product of {p,@(z)} and .{pal(2)}, 
where | 
Pa) (2) = 2" (neven); p,(z) = 2" + 23" {n odd) ; 
po (2) =1, pal(2) nier (neven > 0); pa(2)—=2" (nodd). 


The inner set is a simple set with leading coefficient unity, effective: in 
|2|<Sr for all r2=1. The outer set is effective in |z| Sr for r& 1, but 
Kk®(1+)—00. Now we find that 


po(2) = 1, pa(2) =n" +2" (n even = 0), pa(z) — (2n)? + zu + at, 
(nodd), and that «(*) =œ for all r. 
Example 5. Consider now the product set {p,™(z)} = {pa(z)}{*p,(z)} 
where {p ®)(2)} and {p,@(z)} are given in Example 4 The inner set 
satisfies the hypotheses of the theorem at R==1 with a—1. The outer set 


is no where effective, in, fact «(1—) —=«(1-++) =œ. However, the product 
set {pa (z)} is effective in |z| <1. 


Finally, I should like to express my thanks to the referee of this note 
for the examples provided by him and for his other helpful and constructive 
suggestions. 


ASSIUT UNIVERSITY, 
ASSIUT, EGYPT. 
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A PROOF OF THE UNIQUENESS OF MINKOWSKTS PROBLEM 
FOR CONVEX SURFACES.* 


By SHIING-SHEN CHERY. 


For 0” closed convex surfaces in ordinary Euclidean space # the unique- 
ness of Minkowski’s problem says that the knowledge of the Gaussian curvature 
(supposed to be strictly positive) as a function of the unit normal vector 
determines the surface up to a translation. Let S, be the unit sphere about 
the origin 0 in Æ. Since the normal map onto S, of a convex surface M 
with Gaussian curvature K > 0 is one-one, M can be defined by a vector- 
valued function æ(£), £E Sp. 

Let T be the space of all right-handed rectangular frames 0e,6,e, about 0. 
Then T is a circle bundle over So, the projection being defined by mapping 
the frame into the end-point of the last vector 23. Let @;==— 0; deie; 
(Throughout this note small Latin indices run from 1 to 3 and small 
Greek indices from 1 to 2.) Then we have 


` (1) dôi; = È bir A On 


On the other hand, let F be the space of all right-handed rectangular frames 
Tfifefs in E (dim F=6). If we put 


(2) w= dx: fi, wy = — of = dif; 
or 

(3) dx = X wif, dfi = > wifi 

we have | : 

(4) du; = 2 wj N wi, doi; = 2 wir À okie 


The mapping s: S—>M defined by sending £€8, into the point 
æ(£) € M at which the unit normal vector is é induces a mapping z: T>F, 
which sends the frame Oeiese, to t(es)eieses. Lat Gta, y= "wy be 
the differential forms in T induced by Z. Then we have õi = bin &3 —0 
and we can put 


(5) Sa be 2 AasO pss Aog = Aga: 
where Arıdaa a A2Ào1 = 1/K (£) ` 
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Suppose there be a second convex surface M’ defined by the vector- | 
valued function + (é), with the same Gaussian curvature K(£). We denote 
by dashes notions pertaining to M’. Then we have &' =, —0, &'y= dy, 
and j 
(6) Sa = ZX appo» l Nop =A’ pa 


‘It suffices to prove that #,—ü«. For then 2 71:2(T) > #(T) will be a 
one-one map under which w';—= (4 %*)*w,, o'y = (Z *)*uy. By a well- 
known theorem on moving frames (E. Cartan; La théorie des groupes finis 
et continus . . . Paris, 1937), 2’&* is the identity, if it is the identity for 
one frame of (7). But this can be achieved by a translation. 

. To complete the proof we derive from (3), (5), (6) the formula 


da(s, x, dx’) =p! (ôs A i—i, À &2) + 2p’, À ws 


pe Ni — àn Ni2— Daz R , 
po. {p More Aa Vote + ze p ) }0ı3 A 023 


where p(&) is the distance from @ to the tangent plane at ate); By Stokes 
Theorem we get : 


f | {2 


Since (Aug) and (Aag) are positive definite symmetric matrices with the 
same determinant, it is well-known that 








Nua 7 + Au Nis ua Aig 


Nai Aa Vie, +72 2 ay A A 623 = 0. 








aie Nie — Aiz <0 
= y) 


Nox + Azı A22 Kar Asa 
and that the equality sign holds only when Wog==Aug It follows that 


SS. = (p—p’) Os A 923 S 0 


(p’ <0, by choosing 0 to be in the interior of M’). But the relationship 
between M and M’ is symmetrical, so that the relation still holds, when p 
and p’ are interchanged. Hence the above integral is zero, and we have 


E 


Here the integrand keeps a constant sign; the relation is possible, only when 
the integrand vanishes identically, which in turn implies Aag = Àag. This 
completes our proof. 





Nan Aie— Me 
Noy — Àn A22 — Ace 





bris A 023 =O. 
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` CORRESPONDENCE.* 


À correspondent, who wishes to remain anonymous, writes as follows: 


_. . . Una notissima congettura di F. Severi (Rend. Pal. 28 (1909), p. 45) 
asserisce che “ogni varietà dotata di punti multipli si può considerare come 
limite di una senza singolarità, appartenente alla stesso spazio.” 


Secondo una notizia orora diffusa da Nancago dall’agenzia “United 
Press,” Vipotesi dell’illustre autore sarebbe stata confutata dall’egregio geo- 
metra francese Renato Thom, basandosi sull’esempio-dei coni del 3° ordine 
nello spazio Sẹ e mediante assai delicate considerazioni topologiche. 

Forse non dispiacerà ai lettori del Suo pregiato periodico trovare qui 
una trattazione geometrica elementare dell’esempio di Thom. Di faiti, si 
determineranno tutte le varietà del 3° ordine in uno spazio 8, qualunque. 
Questo trarrà con sé, come conseguenza immediata, la falsità dell’ipotesi 
suddetta. ; l | 

Sia V, una varietà del 3° ordine nello spazio Sn, di dimensione r < n— 1, 
non contenuta in un iperpiano. Sia C il cono, proiettante la V, da un punto 
semplice qualunque M'di V,; sia M’ un altro punto di V,, semplice sul 
cono €. Il cono C é del secondo ordine; quindi la sua proiezione da M’ & 
una yarietä lineare di dimensione r + 1, sicché la V, è contenuta in una 
varjetà lineare di dimensione r+2. À dunque r—n—2, e C ha la dimen- 
sione n— 1. Lo stesso vale per il cono C’, proiettante V, da W’. I coni O, 
C’ sono distinti, giacché M” è semplice sul cono C; la loro intersezione è 
dunque una varietà riducibile del 4° ordine, spezzata nella V, e una varietà 
lineare. Siano 4 == 0, B—0 le equazioni di quest’ultima. Allora si possono 
scrivere le equazioni dei coni C, C’ nella forma: ; 


(1) AP = BQ, AP’ = BQ’, 


denotando con P, Q, P’, Q’ quattro forme lineari nelle coordinate omogenee 
nello spazio. Sia s il numero di forme indipendenti fra le sei forme 4, B, 
P, Q, P’, Q’; questo è almeno 4, giacché, se fosse 2, i coni C, O” non sarebbero 
irriducibili, e, se fosse 3, la loro intersezione si spezzerebbe in quattro varietà 
lineari distinte o coincidenti. I valori possibili per s sono quindi 4, 5 e 6. 
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Sia L la varietà. lineare, di dimensione n—s, definita dalle equazioni 
A=B- 0, P=Q =P =Q =0. Ogni varietà lineare, proiettante da L 
un punto dell’intersezione di- O e0, è contenuta in questa, ‘come si vede g 
subito sulle equazioni (1). Proiéttando V, da L, si ottiene quindi una 
varietà W del 3° ordine di dimensione s—3 in uno spazio 8,:; e V, non è 
altro che il cono proiettante W da L. Nello spazio S,.,, si può prendere per 
coordinate omogenee s forme indipendenti fra le forme A, B, P, Q, P’, Q'; 
allora le equazioni (1) vi definiscono una varietà del 4° ordine, spezzata 
nella W e una varietà lineare. Adesso distinguiamo tre casi: 








(a) s=6: W è la varietà di Segre Ws immersa in Ss immagine ` bi- 
razionale senza eccezione del prodotto di un piano e una retta; come è noto, . 
è priva di punti multipli. ° | ~ 

(b) s—5: W è sezione iperpiana della sopradetta Wa. È facile vedere 
che- tutte le sezioni iperpiane irriducibili della "W; -sono proiettivamente 
equivalenti fra di loro; denotando con W, ima di esse, è anch’essa una varietà 
razionale senza punti multipli. | 


a 


(c) gak: W è la ben nota enbica razionale LA immersa in £a. 


Cosi & dimostrato che ogni varietà del 3° ordine appartiene a uno dei 
seguenti tipi: | 

1° le varietà di dimensione r, contenute jn una varietà lineare di 
dimensione r +1; ‘ l 


20 le tre varietà razionali Wz,- Wa,, W; enumerate disopra ; 


3° i coni proiettanti una di queste tre da una varietà near di dimen- 
sione qualunque. 


Evidentemente, una varietà del secondo.o terzo tipo non pud essere 
limite di una varietä del primo tipo, e perciò una varietà del terzo tipo, 
di‘dimensione maggiore di 3, non può essere limite di varietà prive di punti- 
multipli. ze 


